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PREFACE. 


Th£  present  American  edition  is  ia  part  a  re- 
print of  the  Ninth  English  edition  by  Dr.  OiiK- 
THUS  6RS6ORT9  with  most  of  the  improvements 
introduced  into  former  American  editionis  by  tk. 
AnRAm,  togefSier  with  such  modifications  of  the 
English  editions  as  appeared  calculated  to  inr 
crease  the  general  usefulness  of  the  worlu*  At 
die  same  time  two  or  three  Chapters,  devoted 
to  subjects- of  no  great  value  at  present  to  die 
American  student,  have. been  omitted^  to  leave 
foom  for  matter  of  more  interest  and  importaku^e. 
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MATHEMATICS,  &c. 


9EinBlU.L  FBI^fClFLES. 

1.  QuAimTr,  or  Maokitude,  is  any  thing  that  will 
admit  of  increase  or  decrease  ;  or  that  is  capable  of  any  sort 
<>f  calculation  or  mensuration ;  such  as  luunbeiBy  lines;  space, 
time,  motion,  straight,  &c. 

2.  Mathekatics  is  the  science  which  treats  of  all  kinds 
of  quantity  whatever,  that  can  be  numbered  or  measured.— 
That  part  which  treats  of  jiumbering  is'  called  Ariihmeiie; 
and  that  which  concerns  measuring,  or  figured  extension, 
IS  called  Geometry. — Not  only  these  two,  but  Algebra  and 
FluxioiMi  which  are  conversant  about  multitude,  magnitude, 
form,  and  motion,  being  the  foundation  of  all  the  other 

§art8,  are  Cfalled  Pure  or  Ahttrdct  Mathemalies ;  because 
ley  investigate  and  demonstrate  the  properties  of  abstract 
numbers  and  magnitudes  of  all  sorts.  And  when  these  two 
parts  are  applied  to  particular  or  practical  subjects,  they 
constitute  the  branches  or  parts  called  J^Bsped  Mathenuuies. 
-^Mathematics  is  also  distinguished  into  SpeculaHve  and 
Pragtieal:  viz.  Spectdatwey  when  it  is  concerned  in  dis- 
covering  prpperties  and  relations ;  and  PracHad^  when 
applied  to  practice  and  real  use  concerning  physical  objects* 
The  peculiar  topics  of  investigation  in  the  four  principal 
departments  of  pure  mathematics  may  be  indicated  by  four 
Vol.  L  2 
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9  ttEIfERAL  PAINCIPLUr* 

words :  viz*  arithtnetic  by  ttumter,  geometry  hyfirmy  olgArm 
by  generdUyyfiuxiom  by  moCton. 

d.  In  matbematies  are  aeveral  general  terms  or  ptinciplee ; 
such  as,  Definitions^  Axioms,  Ptopositionsy  Theorems,  Pro* 
bleros,  Lemmas,  Corollaries,  Scholia,  fcc* 

4.  A  Defimlion  is  the  explication  <^  any  term  or  word  ia  a 
science ;  showing  the  sense  and  meaning  in  which  the  term 
is  employed. — Every  Definition  ought  to  be  clear,  and  ex- 
pressed  in  words  that  are  common  and  perfectly  well  under- 
stood. 

5.  A  PraposUion  is  something  proposed  to  be  demon* 
stiatedy  or  something  required  to  be  done ;  and  is  accordingly 
either  a  Theorem  or  a  Problem. 

6.  A  Theorem  is  a  demonstrative  Proposition ;  in  which 
some  property  is  asserted,  and  the  truth  of  it  required  to  be 
proved.  Thus,  when  it  is  said  that.  The  sum  of  the  three 
angles  of  a  plane  triangle  is  equal  to  two  right  anglfB,  that  is 
a  Theorem,  the  truth  of  which  is  demonstrated  by  Geometry.. 
— A  set  or  collection  of  such  Theorems  constitutes  a  Theory. 

7.  A  Problem  is  a  proposition  or  a  question  requiring 
flDmething  to  be  done  ;  either  to  investigate  some  truth  or 
property,  ot  to  perform  some  operation.  As,  to  find  out  the 
quantity  or  sum  of  all  the  three  angles  of  any  triangle,  or  to 
draw  one  line  perpendicular  to  another.-—^  LimUed  Pro* 
hkm  it  that  which  has  but  one  answer  or  solution.  An  Vh' 
limited  Problem  is  that  which  has  innumerable  answers. 
And  a  Determinaie  Problem  is  that  which  has  a  certain  num- 
ber of  answers. 

8.  Solution  of  a  Problem,  is  the  resohition  or  answer 
given  U>  it  A  Numerical  or  Numeral  Solution^  is  the  an« 
swer  given  in  numbers.  A  Creometrical  Solution^  is  the  an* 
swer  ffiven  by  the  principles  of  Geometry.  And  a  Meehani" 
eal  Sdtttiony  is  one  which  is  gained  by  trials. 

9.  A  Lemma  is  a  preparatoiy  proposition,  laid  down  in 
order  to  shorten  the  demonstration  of  the  main  proposition 
which  follows  it. 

10.  A  Corollary,  or  Conteetary,  is  a  consequence  drawn 
immediately  from  some  proposition  or  other  premises. 

11.  ji  Scholium  is  a  remark  or  observation  made  upon 
some  foregoing  proposition  or  premises. 

12.  An  Axiom,  or  Maxim,  is  a  self-evident  proposition  ; 
requiring  no  formal  demonstration  to  prove  its  truth  ;  but 
received  and  assented  to  as  soon  as  mentioned.  Such  as. 
The  whole  of  any  thing  is  greater  than  a  part  of  it ;  or.  The 
whole  is  equal  to  all  its  paits  taken  together ;  or,  Two  quan- 
titles  that  are  each  of  then>  equal  ta  a  third  quantity,  are 
equal  to  each  ether. 
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13*  A  PotMtOe^  or'  PeTiftofi,  is  something  required  to  be 
done,  which  is  so  easy  and  evident  that  no  person  will  hesi* 
Cate  to  allow  it. 

14.  AnHypoAeM  is  asoppositioQ  assamed  to  be  true, 
in  order  to  argue  from>  or  to  found  upon  it  the  reasoning  and 
demonstration  of  some  proposition* 

15.  2>0m«ufrttfi(m  is  the  ooUecting  the  several  aigaments 
and  pioofr,  and  laying  them  together  in  proper  order  lo  show 
the  truth  c^  ihe  proposition  uoder  consideration. 

16.  A  Oireeij  PomUve^  or  J^firmaiioe  DemonOratimh  is 
that  whieh  concludes  with  the  direct  and  certain  proof  of  the 
proposition  in  hand. 

17.  An  Indired^  or  Ncg^im  Demmulratumt  is  that  which 
shows  a  proposition  to  be  true,  by  proving  that  some  ab* 
surdity  wouM  necessarily  fellow  if  the  preposition  advanced 
were  false.  This  is  also  sometimes  called  Reduclio  ad  Ah- 
mardum  ^because  it  shows  the  absurdity  and  falsehood  of 
all  suppobtions  contrary  to  that  contained  in  the  proposi- 
tion. 

18.  Method  is  the  art  of  disposing  a  train  of  arguments  in 
a  proper  order,  to  investigate  either  the  truth  or  ialsity  oC 
a  proposition,  er  to  demonstrate  it  to  others  when  it  has  been 
found  out.— This  is  either  Analytical  or  Synthetical. 

19.  Asudifiis  (NT  the  Anaiytic  Method^  is  the  art  or  mode  of 
finding  out  the  truth  of  a  proposition,  by  first  supposing 
the  thing  to  be  done,  and  then  reasoning  back,  step  by  step, 
till  we  arrive  at  some  known  truth.  This  is  also  called  the 
Mdhodof  Inoentionf  or  Reacluiian ;  and  is  that  which  is  com- 
monly used  in  Algebra. 

20.  SytUheiis,  or  the  l^fitiheiic  MsAod,  is  the  searching 
out  truth,  by  first  laying  down  some  simple  and  easy  prin- 
ciples, and  then  pursuing  the  consequences  flowing  from 
them  till  we  arrive  at  the  conclusion. — This  is  also  called 
the  MMod  of  Componium;  and  is  the  reverse  of  the  Ana- 
lytic method,  as  this  proceeds  from  known  principles  to  an 
unknown  conclusion  ;  while  the  other  goes  in  a  retrograde 
order,  from  the  thing  sought,  considered  as  if  it  were  true, 
to  some  known  principle  or  fact.  Therefore,  when  any 
truth  has  been  found  out  by  die  Analytic  method,  it  may  be 
demonstrated  by  a  process  in  the  contrary  order,  by  Syn- 
thesis :  and  in  the  solution  of  geometrieal  propositions,  it  is 
very  instructive  to  carry  through  bbth  <{ie  onalyiiM  and  the 
iiyiiAetit. 
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ARITHMETia 


ABimisTic  ia  the  ait  or  science  of  noinberiDg ;  being 
diat  branch  of  Mathematics  which  treats  of  the  nature  and 
properties  of  numbers. — When  it  treats  of  whole  numbers. 
It  is  called  Vulgar^  or  Common  Anthmeiic ;  but  when  of 
broken  numbers,  or  parts  of  numbers,  it  is  called  Dreetions, 

Unity^  or  an  UnU^  is  that  by  which  every  thing  is  called 
one  ;  being  the  beginning  of  number  ;  as,  one  man>  one 
ball,  one  gun. 

JVtcin^  is  either  simply  one,  or  a  compound  of  several 
onits ;  as,  one  man,  three  men,  ten  men. 

An  Integer^  or  Whots  NumJbery  is  some  certaii^  precise 
quantity  of  units  ;  as,  one,  three,  ten. — These  are  so  called 
as  distinguished  from  Fraclions,  which  are  broken  num- 
bers, or  parts  of  numbers  ;  as,  one*half,  two-thirds,  or  three- 
Iburdis. 

A  Prime  Number  is  one  which  has  no  other  divisor  than 
unity ;  as  2,  3,  5, 7,  17,  19,  <kc.  A  Compasiie  Number  in 
one  which  is  the  product  of  two  or  more  numbers  :  as,  4,  6, 
8,  9,  28,  &c. 


NOTATION  AND  NUMERATION. 

Thxsb  rules  teach  how  to  denote  or  express  any  pro- 
posed number,  either  by  words  or  characters  :.  or  to  read 
and  write  down  any  sum  or  number. 

The  Numbers  in  Arithmetic  are  expressed  by  the  follow- 
ing ten  digits,  or  Arabic  numeral  figures,  which  were  intro* 
duced  into  Europe  by  the  Moors,  about  eight  or  nine 
hundred  years  since ;  viz.  1  one,  2  two,  3  three,  4  four, 
5  five,  6  six,  7  seven,  8  eight,  9  nine,  0  cipher,  or  nothing. 
These  characters  or  figures  were  formerly  all  called  by  the 
general  name  of  Cipherer  -whence  it  came  to  pass  that  the 
art  of  Arithmetic  was  then  often  called  Ciphering.  The 
first  nine  are  called  Significant  Figures,  as  distinguished 
from  the  cipher,  which  is  of  itself  quite  insignificant. 

Besides  this  value  of  those  figures,  they  have  also  another, 
which  depends  on  the  place  they  stand  in  when  joined  to- 
gether ;  as  in  the  following  table  : 
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i 


I    ^    I 

1    a  I 
H   ^    I 

dee.      0     8     7 

9     8 

9 


i 


Here*  any  figure  in  the  first  place,  reckoning  from  right 
to  lefty  denotes  only  its  own  simple  value  ;  but  that  in  the 
second  place,  denotes  ten  times  its  simple  value  ;  and  that  in 
the  third  place,  a  hundred  times  its  simple  value  ;  and  so 
on  :  the  value  of  an3r  figure,  in  each  successive  place,  be- 
inaalways  ten  times  its  former  value. 

Thus,  in  the  number  1796,  the  6  in  the  first  place  debotea 
only  six  units,  or  simply  six ;  9  in  the  second  place  signifies 
nine  tens,  or  ninety  ;  7  in  the  third  place,  seven  hundred  ; 
and  the  1  in  the  fourth  place,  one  thousand :  so  that  the 
whole  number  is  read  thus,  one  thousand  seven  hundred  and 
ninety-six. 

As  to  the  cipher,  0,  though  it  signify  nothing  of  itself,  yet 
being  joined  on  the  right-hand  side  to  other  figures,  it  in- 
creases their  value  in  the  same  ten*fold  proportion  :  thus,  5 
signifies  only  five  ;  but  60  denotes  5  tens,  or  fifty  ;  and  500 
is  five  hundred ;  and  so  on. 

For  the  more  easily  reading  of  large  numbers,  they  are 
divided  into  periods  and  halSperiods,  each  half-period  con- 
sisting of  three  figures ;  the  name  of  the  first  period  being 
units;  of  the  second,  millions;  of  the  third,  millions  of 
millions,  or  bi-millions,  contracted  to  billions  ;  of  the  fourth, 
millions  of  millions  of  millions,  or  tri-milNons,  contracted  to 
trillions,  and  so  on.  Also  the  first  part  of  any  period  is  so 
many  units  of  it,  and  the  latter  part  so  many  thousands. 
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The  foUowiog  Table  contains  a  summary  of  the  whde 
doctrine* 


Periods.    Quadril. ;  Trillions ;  Billions ;  Millions ;  Units. 


th.  un.      th.  un.     th.  un.     th.  un«    th.  un. 


Half-per. 


Figures.  |123,456 ;  789,098 ;  765,482 ;  101,284 ;  567,890. 


NmiiATioN  is  the  reading  of  any  number  in  words  that 
is  proposed  or  set  down  in  figures  ;  which  will  be  easily  done 
by  help  of  the  following  rule,  deduced  from  the  foregoing 
tables  and  observations — ^viz. 

Divide  the  figures  in  the  proposed  number,  as  in  the  sum- 
mary above,  into  periods  and  half-periods  ;  then  begin  at  the 
left-hand  side,  and  read  the  figures  with  the  names  set  to 
Chem  in  the  two  foregoing  tables. 


SXAXPLES. 


Express  in  words  the  following  numbers ;  viz. 


84 

15080 

13405670 

06 

72003 

47050028 

380 

100026 

300025600 

704 

483500 

4723607689 

6134 

2500639 

274856390000 

9028 

7523000 

6578600807024 

NoTATioir  is  the  setting  down  in  figures  any  number 
proposed  in  words ;  which  is  done  by  setting  down  the  figures 
instead  of  the  words  or  names  belonging  to  them  in  the  sum- 
mary above  ;  supplying  the  vacant  places  with  ciphers 
where  any  words  do  not  occur. 

BXAXPLES. 

Set  down  in  figures  the  following  numbers : 
Fifly-seven. 

Two  hundred  eighty-six. 
Nine  thousand  two  hundred  and  ten. 
Twenty-seven  thousand  five  hundred  and  ninety^four. 
Six  hundred  and  forty  thousand,  four  hundred  and  eighty-one. 
Three  millions,  two  hundred  sixty  thousand,  one  hundred 

and  six. 
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Four  hundred  and  eight  millions,  two  hundred  and  fifly-five 
thousand,  one  hundred  and  ninety-two. 

Twenty-seven  thousand  and  eight  millions,  ninety-six  thou- 
sand two  hundred  and  four. 

Two  hundred  thousand  and  five  hundred  and  fifly  millions^ 
one  hundred  and  ten  thousand,  and  sixteen. 

Twenty-one  billions,  eight  hundred  and  ten  millions,  sixty- 
four  thousand,  one  hundred  and  fifty. 


OF  TBE-ROaLAN  NOTATION. 

The  Romans,  Uke  several  other  nationsi  expressed  their 
numbers  by  certain  letters  of  the  alphabet.  The  Romans 
used  only  seven  numeral  letters,  being  the  seven  following 
capitals:  viz.  i  for  (me;  v  for  Jiw ;  x  for  ten ;  l  iox  jifiy  ; 
c  for  an  hundred ;  d  £ot  jive  hundred ;  m  for  a  thgnuand ;  The 
other  numbers  they  expressed  by  various  repetitions  and 
combinations  of  these,  afler  the  following  manner : 

1  =1 

2  s  IX  As  often  as  any  character  is  re- 

3  =  III  peated,  so  many  times  is  its 

value  repeated. 

4  =  iin  or  IV  Alesscharacterbeforeagreater 

5  =  V  diminishes  its  value. 

6  =  VI  A  less  character  after  a  greater 

7  s=  VII  increases  its  value. 

8  =  vin 

9  =  IX 
10  «  X 
60  =  L 

100  =  c 
600  =  Dom 

1000  s=  K  or  cia 
2000  =  MM 

WOO  =  vj)r  KK> 
6000  =  VI 
10000  =  X  or  ccwo 

50000  =  J  L  or  1000 

60000  =  Lx 

100000  =s  <  c  or  ccciooo 


For  every  o  annexed,  this  be- 
comes 10  times  as  many. 

For  every  c  and  o,  placed  one 
at  each  end,  it  bec<«ies  10 
times  as  much* 

A  bar  over  any  number  in- 
creases it  1000  fold. 


1000000  =  M  or  coooxoooo 
2000000=5  MM 
dtc.         &c. 
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EXPLANATION  OF  GEXTAIN  CHASAdTEBS. 

There  are  various  characters  or  marks  osed  ia  Arithmetic, 
and  Algebra,  to  denote  several  of  the  operations  and  propo« 
eitions ;  the  chief  of  which  are  as  follow : 

+  signifies  j>Zti#,  or  addition. 

minuSf  or  subtraction. 

multiplication. 

division. 

proportion. 

equality. 

square  root. 

cube  root,  &c. 

diff.  between  two  numbers  when  it  is  not  known 
which  is  the  greater. 
Thus, 

5  +  3,  denotes  that  3  is  to  be  added  to  5. 

6  r;-  2,  denotes  that  2  is  to  be  taken  from  6. 

7  X  3,  or  7  .  8,  denotes  that  7  is  to  be  multiplied  by  3. 

8  -f-  4,  denotes  that  8  is  to  be  divided  by  4. 

2  :  3  : :  4  :  6,  shows  that  2is  to  3  as  4  is  to  6. 

6  +  4  =  10,  shows  that  the  sum  of  6  and  4  is  equal  to  10. 

v^3,  or  3^,  denotes  the  square  root  of  the  number  3. 

^5,  or  5^^,  denotes  the  cube  root  of  the  number  5. 
7^,  denotes  that  the  number  7  is  to  be  squared. 
8^,  denotes  that  the  number  8  is  to  be  cubed. 


X  or 


OF  ADDITION, 

Adbxtion  is  the  collecting  or  putting  of  several  numbers 
together,  in  order  to  find  their  mor,  or  the  total  amouatof  the 
whole.    This  is  done  as  follows :  ^ 

Set  or  place  the  numbers  under  eadi  other,  so  that  each  # 

tigure  011^  stand  exactly  under  the  figures  of  the  same  value, 
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that  18,  units  under  units,  tens  under  tens,  hundreds  under 
hundreds,  d^c.  and  draw  a  line  under  the  lowest  number,  to 
separate  the  given  numbers  from  their  sum,  when  it  is  found, 
— Then  add  up  the  figures  in  the  column  or  row  of  units, 
and  find  how  many  tens  are  contained  in  that  sum. — Set 
down  exactly  below,  what  remains  more  than  those  tens,  or 
if  nothing  remains,  a  cipher,  and  carry  as  many  ones  to  the 
next  row  as  there  are  tens. — Next  add  up  the  second  row, 
together  with  the  number  carried,  in  the  same  manner  as  the 
first.  And  thus  proceed  till  the  whole  is  finished,  setting 
down  the  total  amount  of  the  last  row. 


TO  PROVE  ADPITION. 

First  Method, — ^Begin  at  the  top,  and  add  together  all  the 
rows  of  numbers  downwards,  in  the  same  manner  as  they 
were  before  added  upwards  ;  then  if  the  two  sums  agree,  it 
<nay  bo  presumed  the  work  is  right. — ^This  method  of  proof 
is  only  doing  the  same  work  twice  over,  a  little  varied. 

Second  Method, — Draw  a  line  below  the  uppermost  num- 
ber, and  suppose  it  cut  off.— Then  add  all  the  rest  of  the 
numbers  together  in  the  usual  way,  and  set  their  sum  under 
the  number  to  be  proved. — Lastly,  add  this  last  found  num- 
ber and  the  uppermost  line  together  ;  then  if  their  sum  be 
the  same  as  that  found  by  the  first  addition,  it  may  be  pre- 
sumed the  work  is  right. — This  method  of  proof  is  founded 
on  the  plain  axiom,  that ''  The  whole  is  equal  to  all  its  parts 
taken  together." 

Third  Method. — Add  the  figures  in 
the  uppermost  line  together,  and  find  exahple  x. 
how  many  nines  are  contained  in 
their  sum. — Reject  those  nines,  and 
set  down  the  remainder  towards  the 
right  hand  directly  even  with  the 
figures  in  the  line,  as  in  the  annexed 
example. — Do  the  same  with  each  of 
the  proposed  lines  of  numbers,  set- 
ting  all  these  excesses  of  nines  in  a  co- 
lumn on  the  right-hand,  as  here  5,  5,  G.  Then,  if  the  excess 
of  9*8  in  this  sum,  found  as  before,  be  equal  to  the  excess 
of  9'siu  the  total  sum  18304,  the  work  is  probably  right.— 
Thus,  the  sum  of  the  right-hand  column,  5,  5,  6,  is  16,  the 
excess  of  which  above  9  is  7.    Also  the  sum  of  the  figures  in 

Voi.  I.  3 


3497 

^ 

5 

6512 

o 

5 

8295 

'S 

6 

18304 

7 
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ABiranmo* 


the  sum  total  18904,  is  16,  the  excess  of  whidi  above  9  is 
also  7,  the  same  as  the  former*. 


2. 

OTBEB  KZAXPIES. 

3. 
12346 

4. 
12345 

G7890 
98765 
43210 
12845 
07890 

67890 

0676 

543 

21 

9 

876 

9067 

56 

*284 

1012 

302445 

90664 

23610 

290100 

78338 

11265 

802445 

90684 

23610 

Ex.5.  Add  3426;  9024;  5106;  8890;  1204,  together. 

Aqs.  276M. 

6.  Add  509267;  235809;  72920;  8892;  420;  21;  and 

9,  together.  Ans.  826888. 


*  This  method  of  proof  depends  oo  a  piopertr  of  the  nomber  P, . 
wbioh,  except  the  number  3.  belongs  to  no  other  digit  wheteTer ; 
■amely,  that  **  any  number  divided  by  9,  will  leave  the  same  remain- 
der as  the  sum  of  its  figures  are  digits  divided  by  9:"  which  may  be 
demonstrated  In  this  manner. 

DtmoiulrttHon.  Let  there  be  any  number  proposed,  as  4668.  This, 
separated  into  its  several  part^  becomes,  4000  -4-000+60  +  8*  Boi 
4000=^4XlO0O  =  4X(999  +  l}  =  (4X999)  +  4.  In  like  man- 
ner  600  =  (6  X  99)  4-0 ;  and  50  =  (6  X  9)  4-5.  Therefore  the  A 
Ten  number  4658  =  (4  X  999)  +  4  +  (6  X  99)  -f  6  +(5  X9)  +  5  + 
8  =  (4  X  999)  -j-  (6  X  99}  4-  (5  X  9)  +  4  +  6  +  6  +  8;  and 
4668-i-9=(4x999+6X99  +  6X9  +  4+C  +  6+8)-i-9.  But 
(4  X  999)  +  (6  X  99j  +  ^5  X  9)  is  evidentiy  divisible  bv  9,  without 
a  remainder;  therefore  it  the  given  number  4668  be  divided  by 9, 
it  will  leave  the  same  remainder  as4+6+6+8  divided  by  9.  And 
the  same,  it  is  evident,  will  hold  for  any  other  number  whatever. 

In  like  manner,  the  same  property  may  be  shown  to  belong  to  the 
number  3 ;  but  the  preference  is  usually  ^ven  to  the  number  9,  on  acp 
count  of  its  being  more  convenient  in  practice. 

Now,  from  the  demonstration  above  given,  the  reason  of  the  rule  it- 
self  is  evident :  for  the  excess  of  9*s  In  two  or  more  numbers  being 
taken  separately,  and  the  excess  of  9's  taken  also  ont  of  the  sum  of  the 
former  excesles,  it  is  plain  that  this  last  excess  must  be  equal  to  the  ex* 
cess  of  9's  contained  in  the  total  sum  of  all  these  numbers ;  all  the  parts 
taken  together  being  equal  to  the  who1a.^This  rale  was  lint  given  by 
Dr.  Waflls  in  his  Arithmetio,  publiihed  in  the  y^ar  1667. 
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7.  Add  3;  19;  817;  4S98;  50916;  780305;  9180684, 
together.  Ana.  9966891. 

8.  How  many  days  ^re  in  the  twelve  calendar  mctaths  ? 

Ana.  865. 

9.  How  many  days  are  there  from  the  15th  day  of  April  to 
the  34th  day  of  November,  both  days  include)]  ?      Ann*  334. 

10.  An  army  conaialing  of  53714  infantr}^*,  or  foot,  5110 
horse,  6350  dragoons/  3937  light-horse,  938  artillery,  or 
gmmers,  1410  pioneers,  350  sappers,  and  406  miners  :  what 
is  the  whole  namber  of  men  ?  Ana.  70995. 


OF  SUBTRACTION. 

SiTBTRACTioir  teaches  to  find  how  much  one  number  ex^ 
ceeds  another,  called  their  differenee^  or  the  remaxnder^  by 
taking  the  less  from  the  greater.  The  method  of  doing  which 
isasfoDows: 

Place  the  less  number  under  the  mater,  in  the  same  man- 
ner as  in  Addition,  that  is,  units  under  units,  tens  under  tens, 
and  so  on ;  and  draw  a  line  below  them.— Begin  at  the  right 
hand,  and  take  each  figure  in  the  lower  line,  or  number, 
firom  the  figure  above  it,  settmg  down  the  remainder  below 
it. — ^But  if  the  figure  in  the  lower  line  be  greater  than  that 
above  it,  first  borrow,  or  add,  10  to  the  upper  one,  and  then 
take  the  lower  figure  from  that  sum,  setting  down  the  remain- 
der, and  cairying  1,  for  what  was  borrowed,  to  the  next 
lower  figure,  with  which  proceed  as  before ;  and  so  on  till  the 
whole  is  finished. 


*  The  whole  body  of  foot  sotdiert  is  denoted  by  the  word  IftfrnUw^g 
and  all  those  that  cbarKe  on  lionebeck  b^  the  word  Caoahy. — Some 
•olhon  eonjectere  that  the  term  infantiy  is  derived  from  a  certain  In- 
fiuita  of  Spftla,  wbo»  ftndiog  that  the  Acmy  eommanded  by  the  king 
her  father  bad  been  defeated  by  the  Moon^  assembled  a  body  of  the 
people  together  on  foot,  with  wnich  she  ensafred  and  totally  routed  the 
enemy.  In  hononr  of  this  erent,  and  to  disUngQish  the  u>ot  soldiers, 
who  were  not  before  held  in  much  estimation,  they  received  the  nama 
of  Iftfantiy,  from  her  own  title  of  Infanta. 
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to  PBOVE  8ITBTBACTI0N. 


Add  the  remainder  to  the  less  number,  or  that  which  is 
just  above  it ;  and  if  the  sum  be  equal  to  the  greater  or  up. 
permoet  number,  the  work  is  right*. 


EXAMPLES. 

12  3 

From    5386427  From    5386427  From    1234567 

Take    2164315  Take    4258792  Take      702973 


Rem.  3222112  Rem.    1127635  Rem.     531594 


Proof.  5366427  Proof.  5386427  Proof.  1234567 


4.  From  5331806  take  5073918.  Ans.    257888. 

5.  From  7020974  take  2766809.  Ads.  4254165. 

6.  From  8603402  take  574271.  Ans.  7929131. 

7.  Sir  Isaac  Newton  was  born  in  the  year  1642,  and  he 
died  in  1727 :  how  old  was  he  at  the  time  of  his  decease  ? 

Ans.  85  years. 

8.  Homer  was  bom  2660  years  ago,  and  Christ  1827  years 
ago :  then  how  long  before  Christ  was  the  birth  of  Homer  7 

Ans.  733  years. 

9.  Noah's  6ood  happened  about  the  year  of  the  world  1656, 
and  the  birth  of  Christ  about  the  year  4000  :  then  how  Jong 
waa  the  flood  before  Christ  1  Ans.  2344  years. 

10.  The  Arabian  or  Indian  method  of  notation  was  first 
known  in  England  about  ihe  year  1150  :  then  how  long  is 
it  since  to  this  present  year  1627  ?  Ana.  677  years. 

11.  Gunpowder  was  invented  in  the  year  1330  :  how  long 
was  that  before  the  invention  of  printing,  which  was  in  1441  ? 

Ans.  Ill  years. 

12.  The  mariner's  compass  was  invented  in  Europe  in  the 
year  1302 :  how  long  was  that  before  the  discovery  of  Ame- 
rica by  Columbus,  which  happened  in  1492  ? 

Ans.  190  years. 


*  The  reuon  of  this  method  of  proof  is  evident;  for  if  the  difference 
of  two  numbers  be  added  to  the  les9,  it  must  manifestly  make  up  a  sum 
aqnal  to  the  greater. « 
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OF  MULTIPLICATION. 

MiTLTtPUCATioN  IB  a  compendioua  method  of  Addition, 
teaching  how  to  find  the  amount  of  any  given  number  when 
repeated  a  certain  number  of  times  ;  as,  4  times  6^  which 
1824. 

The  number  to  be  multiplied,  or  repeated,  is  called  the 
ilftf2i{q3licafu2.-^The  number  you  multiply  by,  or  the  number 
of  repetitions,  is  the  Multiplier. — And  the  number  found, 
being  the  total  amount,  is  called  the  Product. — Also,  both 
the  multiplier  and  multiplicand  are,  in  general,  named  the 
Terms  or  Factors. 

Before  proceeding  to  any  operations  in  this  rule,  it  is 
necessary  to  learn  off  yery  perfectly  the  following  Table,  of 
all  the  products  of  the  first  12  numbers,  conunonly  caUed 
the  Multiplication  Table,  or  sometimes  Pythagoras's  Table, 
from  its  inventor. 

MVLTIPUCATION  TABtB. 


3 

4 

& 

6 

7 

8 

9 

10 

11 

12 

2 

4 

0 

8 

10 

12 

14 

16 

18 

20 

2ii 

24 

3 

6 

9 

12 

IS 

18 

21 

24 

27 

30 

33 

86 

4 

8 

12 

16 

20 

24 

28 

32 

36 

40 

44 

48 

» 

10 

15 

20 

25 

30 

85 

40 

45 

50 

55 

60 

6 

12 

18 

24 

30 

36 

42 

48 

64 

60 

66 

78 

7 

14 

21 

28 

35 

42 

49 

56 

68 

70 

77 

84 

8 

16 

24 

32 

40 

48 

S6 

64 

72 

80 

88 

96 

e 

18 

27 

36 

45 

54 

63 

72 

81 

90 

99 

108 

.10 

20 

30 

40 

50 

60 

70 

80 

00 

100 

110 

120 

11 

22 

38 

44 

55 

66 

77 

88 

99 

110 

121 

132 

12 

24 

36 

48 

60 

72 

84 

96 

108 

120 

132 

144 
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14  ABITHICBTIC 


To  muU^ly  any  Giten  Number  by  a  Single  Figure^  cr  hy  any  • 
Number  noi  eacceeding  13. 

*  Set  the  moltiplter  under  the  units'  figure  or  right-hand 
place,  of  the  multiphcand,  and  draw  a  line  below  it. — ^Then, 
beginning  at  the  right*hand,  multiply  every  figure  in  this 
by  the  multiplier. — Count  how  many  tens  there  are  in  the 
product  of  every  single  figure,  and  set  down  the  remainder 
directly  under  the  figure  that  is  multiplied  ;  and  if  nothing 
remains,  set  down  a  cipher.*— Cany  as  many  units  or  ones  as 
there  are  tens  counted,  to  the  product  of  the  next  figures ; 
and  proceed  in  the  same  manner  till  the  whole  is  finished. 


SXAMFi:.E. 

Multiply  9876548210  the  Multiplicand. 
By  .    -    ...    2  the  Multiplier. 

19758086420 


To  muUipiy  by  a  Number  caneisting  of  Several  Piguree. 

f  Set  the  multiplier  below  the  multiplicand,  placing  them 
as  in  Addition,  namely,  units  under  units,  tens  under  tens,  &c. 
drawing  a  line  below  it.  —Multiply  the  whole  of  the  multi- 
plicand by  each  figure  of  the  multiplier,  as  in  the  last  article ; 


6078 
*  The  reason  of  this  rale  is  the  same  as  for  4 

the  process  in  Addition,  in  which  1  Is  car- 
ried for  every  10,  to  the  next  place,  gradu- 
ally as  the  several  products  are  produced 
one  after  another,  instead  of  setting  them  all 
down  below  each  other,  as  in  the  annexed  ex- 
ample. 


32 

3= 

8X4 

280 

— 

WX4 

2400 

= 

600  X  4 

20000 

= 

6000  X  4 

22712  =    5678  X  4 

t  After  having  found  the  product  of  the  multiplicand  by  the  first 
figure  of  the  multiplier,  as  in  the  former  case,  the  multiplier  is  supposed 
to  be  divided  into  parts,  and  the  product  is  found  for  the  second  figure 
in  the  same  manner :  but  as  this  figure  stands  in  the  place  of  tens,  the 
product  must  be  ten  tiroes  its  simple  value ;  and  therefore  the  first 
figure  of  this  product  must  be  set  in  the  place  of  tens ;  or,  which  is  the 
same  thing,  dnreetly  under  the  figure  multiplying  by.    And  proceeding 
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setting  down  a  line  of  products  for  each  figure  in  the  multi- 
plier, so  as  that  the  first  figure  of  each  line  may  stand  straight 
under  the  figure  multiplying  by.  Add  all  tfre  lines  of  pro- 
ducts  together,  in  the  onler  in  whiyh  they  stand,  and  dieir 
sura  win  be  the  answer  or  whole  product  required. 

TO  FBOVE  XULTZPLICATIOrr. 

Thbbs  are  three  different  ways  of  proving  multiplication, 
which  are  as  below  : 

First  Method, — Make  the  multiplicand  and  multiplier 
change  places,  and  multiply  the  latter  by  the  former  in  the 
same  manner  as  before.  Then  if  the  product  found  in  this 
way  be  the  same  as  the  former,  the  number  is  right. 

Second  MMod.—*  Cast  all  the  9's  out  of  the  sum  of  the 
figures  in  each  of  the  two  factors,  as  in  Addition,  and  set 
down  the  remainders.  Multiply  these  two  remainders  to- 
gether, and  cast  the  O's  out  of  the  product,  as  also  out  of  the 
whole  product  or  answer  of  the  questidh,  reserving  the  re. 
mainden  ef  these  last  two,  which  remainders  must  be  equal 
when  the  work  is  right. — Note^  It  is  common  to  set  the  four 
remainders  within  Uie  four  angular  spaces  of  a  cross,  as  in 
the  example  below. 


lo  tbii  manner  separately  with  all  the       1234667    the  mnltiplieand. 

flgurei  of  the  mnltipUer,  it  is  evident  4667 

that  we  sliall  multiply  all  the  parts  of 

the  muUiplicand  by  all  the  parts  of      8641969=      7  times  the  mult* 

the  multiplier,  or  the  whole  of  the    '7407402  =    60  times  ditto. 

multiplicand  hj  the  whole  of  the  mul-  6172835    =  500  ti mes  ditto. 

tiplier:  therefore  these  several  pro- 4938268      =4000  times  ditto. 

ducts  being  added  together,  will  be  — —    

equal  to  the  whole  required  product ;  5638267489=4567  times  ditto. 
as  in  the  eiample  annexed.  — ^....^    .— . 

«  This  method  of  proof  b  derived  from  the  peculiar  property  of  the 
number  9,  mentionea  in  the  proof  of  Addition,  and  the  reason  for  the 
one  includes  that  of  the  other.  Another  more  ample  demonstration  of 
this  rale  may,  however,  be  as  follows :— Let  p  and  4t  denote  the  number 
of  9*s  in  the  factors  to  be  multiplied,  and  a  and  6  what  remain ;  then  9r 
4- a  and  9q-|~^  ^'l'  he  the  numbers  themselves,  and  their  product  is 
(9p  X  9q)  +*  (9p  X  *)  +  (9<l  X  a)  +  («  X  6) ;  but  the  first  three  of  these 
products  are  each  a  precise  numoer  of  9's,  because  their  factors  are  so, 
•Uher  one  or  both :  these  therefore  being  oast  away,  there  remains  only 
Ikxbi  and  if  the  9's  also  be  east  out  of  this,  the  excess  is  the  excess  of 
9*s  in  the  total  product :  but  a  and  6  are  the  excesses  in  the  factors 
themselves,  and  a  X  ^  is  their  product ;  therefore  the  rule  is  true.  This 
mode  of  proof,  however,  is  not  an  ample  check  agaittst  the  errors  thai 
might  anse  from  a  transpositioa  of  figures.         % 
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TUrd  Method. — ^Multiplication  is  alto  very  natorally  prov* 
ed  by  Divisioa ;  for  the  product  divided  by  either  of  the  fac- 
tors, will  evidently  give  the  other.  But  tbis4»uinot  be  prac* 
tteed  till  the  rule  of  division  is  learned. 


SXAXPLBS. 


Mult.  3542 
by      6196 

21252 

31878 
3542 
21252 

21946232 


Proof. 


or  Mult.  6196 
by      3542 


12392 
24784 
30980 

18588 


21946232  Proof. 


Multiply  123456780 
Multiply  123456789 
Multiply  123456789 
Multiply  123456789 
Multiply  123456789 
Multiply  123456789 
Multiply  123456789 
Multiply  123456789 
Multiply  123456789 
Multiply  302914603 
Multiply  273580961 
Multiply  402097316 
Multiply  82164973 
Multiply  7564900 
Multiply  8490427 
Multiply  2760325 


OTHBR  EXAMPLES. 

by  3.  Ans.  370870367. 

by  4.  Ans.  493827156. 

by  5.  Ans.  617283945. 

by  6.  Ans.  740740734. 

by  7.  Ans.  864197523. 

by  8.  Ans.  987654312. 

by  9.  Ans.  1111111101. 

by  11.  Ans.  1358024679. 

by  12.  Ans.  1481481468. 

by  16.  Ans.  4846633648. 

by  23.  Ans.  6292362103. 

by  195.  Ans.  78408976620. 

by  3027.  Ans.  248713373271. 

by  579.  Ans.  4380077100. 

by  874359.  Ans.  7428927415293. 

by  37072.  Ans.  102380768400. 


COIITBACTIOICS  IN  XDLTIPLICATION. 

I.  When  there  are  Ciphers  in  the  FaeSors* 

If  the  ciphers  be  at  the  right-hand  of  the  numbers  ;  mul« 
tiply  the  other  fiffures  only,  and  annex  as  many  ciphers  to 
the  right-hand  of  the  whole  product,  as  are  in  both  the  fac- 
tors.— ^When  the  ciphers  are  in  the  middle  parts  of  the  mul- 
tiplier ;  neglect  them  as  before,  only  taking  care  to  place 
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the  first  figure  of  every  line  of  products  exactly  under  the 
Ugare  you  are  multiplying  with. 


EXAMPLES. 


•  1. 

Mult.  9001035 
by    -     70100 


9001635 
63Cfll445 


Mult.  390720400 
by     -       406000 

23443224 
15628816 


631014613500     Products  158632482400000 


3.  Multiply  81503600  by  7030.  Ans.  572970308000. 

4.  Multiply  9030100    by  2100.  Ana.  18963210000, 
6.  Multiply  8057069    by  70050.         Ans.  664397683450. 

II.  When  the  Midliplier  is  the  Product  of  two  or  more  Num- 
bers in  the  Table  ;  then 

*  Multiply  by  each  of  those  parts  separately,  instead  of 
the  whole  number  at  once. 

EXAMPLES. 

1.  Multiply  51307298  by  56,  or  7  times  8. 
51307298  * 

7 


359151086 

8 

2873208688 


2.  Multiply  31704592    by  36. 

3.  Multiply  29753804    by  72. 

4.  Multiply  7128368      by  96. 

5.  Multiply  160430800  by  108. 

6.  Multiply  61835720    by  1320. 


Ans.  1141365312. 
Ans.  2142273888. 
Ans.  684323328. 
Ans.  17326526400. 
Ans.  81623150400. 


*  The  reason  of  this  rule  is  obvious  enough  ;  for  any  namber  miilti- 
plied  by  the  component  parts  of  another,  must  give  t£e  same  product 
as  If  it  were  multiplied  by  that  number  at  once.  Thus,  in  the  Ist  ex- 
anlple,  7  times  the  product  of  6  by  the  given  number,  makes  66  times 
the  same  number;  as  plainly  as  7  limes  8  make  66. 
Vol.  I.  4 
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7.  There  was  an  anny  coniposed  of  104  '*'  baUalionay  eaefa 
coDsisting  of  500  men  ;  what  was  the  number  of  men  con- 
tained in  the  whole  ?  Ana.  52000. 

8.  A  convoy  of  ammunitipn  f  bread,  consisting  of  ^250 
waggons,  and  each  waggon  containing  320  loaves,  having 
been  intercepted  and  taken  by  the  enemy,  what  is  the  num- 
ber of  loaves  lost  1  Ansi^  80000. 


OF  IHYISION. 

Division  is  a  kind  of  compendious  method  of  Subtrac- 
tion, teaching  to  find  how  often  one  number  is  contained  in 
another,  or  may  be  taken  out  of  it  :  which  is  the  tfame  thing. 

The  number  to  be  divided*  is  called  the  Dividend. — 
The  number  to  divide  by,  is  the  Dtvisor.— And  the  number 
of  times  the  dividend  contains  the  divisor,'  is  called  the 
QuoUaU. — Sometimes  there  is  a  Rtmamder  left,  after  the 
division  is  finished. 

The  usual  manner  of  placing  the  terma,  is,  the  dividend 
in  the  middle,  having  the  divisor  on  the  left  hand,  and  the 
quotient  on  the  right,  each  separated  by  a  curve  line ;  as, 
to  divide   12  by  4,   the  quotient  is  3, 

Dividend  18 

Divisor  4)  12  (d^otient;  4aubtr. 

showing  that  the  number  4  is  3  times  — 

contained  in  12,  or  may  be.  3  times  8 

subtracted  out  of  it,  as  in  the  margin.  4  avbtr. 

:J:  KiiZ«.— Having  placed  the  divisor  — 

before  the  dividend,  as  above  directed,  4 

find  how  often  the  divisor  is  contaiDed  4  subtr. 

in  as  many  figures  of  the  dividend  as  — 

.  are  just  necessary,  and  place  the  num-  0 

her  on  the  right  in  the  quotient     MuK  -^ 


*  A  battalion  is  a  body  of  foot,  consisting  of  600,  or  0OO|  or  700  men, 
more  or  less. 

t  The  ammunition  bread,  is  that  which  is  provided  for,  and  distribot- 
ed  to,  tbe  soldiers ;  Uie  asual  allowance  being  a  loaf  of  6  pounds  to 
everv'soldler,  once  hi  4  days. 

tiUithts  way  tbe  divideM  is  reeolvedJntowts^  andbf.tiial  is  fonod 
how  often  the  divisor  is^ooatained  in^eack  of  tboeepart%  one  after  an- 
other, mrangiagthe  several  6gare»  of  the  qnotieat  one  after  another^ 
into  one  number. 
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tiply  the  cJiTiaor  by  this  number,  and  set  the  prodiict  under 
the  figtifes  of  the  dividend  Mbii»<4nentioned. — Subtract  this 
product  from  that  nart  of  the  dividend  under  i^rhich  it  stands, 
and  brih;^  down  £ne  next  figure  of  the  dividend,  ot  more  if 
necessary,  to  join  on  the  right  of  the  remainder. — ^Divide  this 
number,  so  increased,  in  the  same  manner  as  before  ;  and  so 
on,  tin  all  the  figures  are  brought  down  and  used. 

NiOt,  If  it  be  necessary  to  bring  down  more  figures  than 
one  to  any  remainder,  in  order  to  make  it  as  large  as  the  di- 
visor, JOT  larger,  a  cipher  must  be  set  in  the  quotient  for  eveiy 
figure  so  brought  down  more  than  one. 


TO  PKOV£  DIVISfON. 

*  Multiply  the  quotient  by  the  divisor ;  to  this  product 
add  the  remainder,  if  there  be  any ;  then  the  sum  will  be  , 
equal  to  the  dividend,  when  the  work  is  right. 


When  tb^re  ii  no  fettiainder  to*a  dtvision,  the  qaotient  is  the  whole 
and  perfect  aniwer  to  the  question.  Bui  when  there  is  a  remainder,  it 
'coes  so  nuich  towards  anotner  time,  as  it  approaches  to  the  divisor :  so, 
ff  the  remainder  be  half  the  divisor,  It  will  eo  the  halT  of  a  time  more  ; 
if  tike  4tfa  pert  of  ttw  divisor,  it  will  go  one-Toitrth  of  a  tittle  more ;  and 
ao  oa.  XberefbrO)  f  complete  the  qeotieilt,  let  \h^  reflMinMer  it  the 
end  of  H,  above  a.  snail  line,  and  the  divisor  below  it»  IhiM  forming  a 
Draetional  part  of  the  whole  quotient 

*  This  method  of  proof  is  plain  enough :  for  since  the  quotient  is  the 
nnnber  of  titties  the  dividend  contains  the  divisor,  the  quotieot-mutti- 
pliad  by  lb*  divisor  must  evidentiy  be  equal  to  the  dividend. 

Xfaere  aie  seveFal  other  methods  sometiaieB  used  for  proving  Bivi* 
flioni  some  of  the  most  useful  of  which  are  as  fbllow : 

Smmd  MtA4fd — Subtract  the  remainder  from  the  dividend,  and  di- 
vide what  is  left  by  the  quotieof  ;  so  shafl  the  neW  qtrotient  from  this 
last  divWoo  be  eqnei  to  the  fonner  divisor,  when  the  work  is  right. 

Third  illsMad*— Add  together  the  itomainder  and  all  the  products  of 
the  several  quotient  figures  by  the  divisor,  according  to  the  order  in 
vrhich  they  stand  In  the  worlt;  4nd  the  sqbk  will  be  equal  to  the  4ivi- 
4end>  When  the  work  is  right. 
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ABITHMVTIC. 


EXAMPLES. 


1  Quot. 

3)1234567(411522 
12  mult.  3 


2  Quot. 

37)  12345678(333666 
.111  37 


3 
3 

1234566 
addl 

4 
3 

15 
15 

1234567 

Proof. 

2335662 
1000998 
rem.  36 

12345G78 


246    Proof. 
222 


6 

222 

* 

7 
6 

Rem.  1 

258 
222 

Rem.  36 

3. 

Divide  73146085 

by 

4. 

Ans.  1828652U. 

4. 

Divide  5317986027  by 

7. 

Ans.  7597122894. 

6. 

Divide  570196382 

by 

12. 

Ans.  47516365^. 

6. 

Divide  74638105 

by 

37. 

Ans.  2017246-3-\. 

7. 

Divide  137896254 

by 

97. 

Ans.  142161014. 

8. 

Divide  35821649 

by 

764. 

Ans.  46886^4f 

9. 

Divide  72091365 

ty 

5201. 

Ans.  I3&6I/5W 

10. 

Divide  4637064283  by 

57606. 

Ans.  80496i4JH- 

11.  Suppose  471  men  are  formed  into  ranks  of  3  deep, 
what  is  the  number  in  each  rank  ?  Ans.  157. 

12.  A  party,  at  the  distance  of  378  miles  from  the  head 
quarters,  receive  orders  to  join  their  corps  in  1 8  days  :  what 
number  of  miles  must  they  march  each  day  to  obey  their 
orders?  •  Ans.  21. 

13.  The  annual  revenue  of  a  nobleman  being  37960Z. ; 
how  much  per  day  is  that  equivalent  to,  there  being  365  days 

Jn  the  year  ?  '  Ans.  1042. 


CONTRACTIONS  IN  DIVISION. 

There  are  certain  contractions  in  Division,  by  which  the 
operation  in  particular  cases  may  be  performed  in  a  shorter 
manner  :  as  follows  : 
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L  ZHmstan  by  my  Small  Number y  not  greater  than  12,  may 
be  expeditiously  performed,  by  multiplying  and  subtracting 
mentally,  omitting  to  set  down  the  work  except  only  the  quo- 
tient immediately  below  the  dividend. 


6)  88672940 


EXAMPLES. 


3)56103961  4)52619675  5>    1879192 

Q(20t.  187013201 


7)  81896627 


8)23718920 


9)  43981962  11)  57614230  12)  27980373 


n.  *  When  Ciphers  are  annexed  to  the  Dwieor;  cut  off 
those  ciphers  from  it,  and  cut  off  the  same  number  of  figures 
from  the  right-hand  of  the  dividend ;  then  divide  with  the  re- 
maining figures,  as  usual.  And  if  there  be  any  thing  remain- 
ing after  this  division,  place  the  figures  cut  off  from  the  di- 
vidend  to  the  right  ei  it,  and  the  whole  will  be  the  truo^  re- 
mainder ;  otherwise,  the  figures  cut  off  only  will  be  the  re- 
mainder. 


EXAMPLES. 


1.  Divide  3704196  by  20. 
2,0)  3^/0419,6 


2.  Divide  31086901  by  7100. 
71,00)  310669,01  (4378f  Hi- 


Quot.  185209^^ 

«C9« 

268 

213 

• 

556 

497 

699 

568 

31 

*  This  method  serves  to  avoid  a  needless  repetition  of  ciphers,  which 
would  happen  in  the  common  way»    And  the  tmth  of  the  principle  on 
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3.  Divide  7360864  by  23000.  Ads.  330^||H* 

4.  Divide  3304109  by  5800.  Ans.  307^| (|« 

ni-  When  the  Divisor  is  the  exact  Product  of  ttoo  or  more 
of  the  small  Numbers  not  greater  than  12  :  *  Divide  by  each 
of  those  numbers  separately,  instead  of  the  whole  divisor  at 
once* - 

Note.  There  are  commonly  several  remainders  in  work- 
ing by  this  rule,  one  to  each  division  ;  and  to  find  the  true  or 
whole  remainder,  the  same  as  if  the  division  had  been  per- 
formed all  at  once,  proceed  as  follows  :  Multiply  the  last  re- 
mainder by  the  preceding  divisor,  or  last  but  one,  and  to  the 
product  add  the  preceding  remainder  ;  multiply  this  sum  by 
the  next  preceding  divisor,  and  to  the  product  add  the  next 
preening  remainder  ;  and  so  on  till  you  have  gone  backward 
through  all  the  divisors  and  remainders  to  the  first.  As  in 
the  example  following : 

BXAMPLES. 

;i.  Divide  31046835  by  56  or  7  times  8. 
7)  81046835  6  the  last  rem. 


mult.  7  preced.  divisor. 

42 
554407 — 6  second  rem.      add      1  to  the  1st  rem. 


8)    4435262— 1  first  rem. 


Ans.  554407}!  43  whole  rem. 

2.  Divide  7014596    by  72.  Ans.  97424^1. 

3.  Divide  5180652    by  132.  Ans.  38808f^V 

4.  Divide  83016572  by  240.  Aos.  345902/^. 


ivhiohit  18  fniinded,  is  evident;  for,  catting  off  the  same  number  of 
ciphers,  or  figures,  from  each,  is  (he  same  as  dividing  each  of  them  by 
10,  or  100,  or  1000,  &c,  accordtng  to  the  number  of  ciphers  cut  off; 
-and  it  is  evident,  that  as  often  as  the  whole  divisor  is  contained  in  the 
whole  dividend,  so  often  must  any  part  of  the  former  be  contained  in  a 
iilce  part  of  the  latter. 

*  This  follows  from  the  second  contraction  in  Multiplication,  being 
•«nly  the  converse  of  it ;  for  the  half  of  the  third  part  of  any  thing,  is 
trvidently  the  same  as  the  sixth  part  of  the  whole ;  and  so  of  any  other 
numbers. — The  reason  of  the  method  of  finding  the  whole  remainder 
from  the  several  particular  ones,  will  best  appear  from  the  nature  of 
Vulgar  Fractions.  Thus,  in  the  first  example  above,  the  first  remainder 
being  1,  when  the  divisor  is  7,  makes  -^ ;  this  must  be  added  to  the  se- 
cond remainder,  6,  making  6f  to  the  divisor  8,  or  to  be  divided  by  8. 

But  6+=— ^^- y ;  and  this  divided  by  8  gives  ^g-§. 
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IV.  Common  Dwigion  may  he  performed  mare  concisely ^ 
by  omitting  the  several  products,  and  setting  down  only  the 
remainders ;  namely,  multiply  the  *di visor  by  the  quotient 
figures  as  before,  and,  without  setting  down  the  product, 
subtract  each  figure  of  it  from  the  dividend,  as  it  is  produced ; 
always  remembering  to  carry  as  many  to  the  next  figure  as 
were  borrowed  before. 


BJfAJETLEfi. 

1.  Divide  3104679  by  833. 
833)  3104679  (3727yY^. 
6056 
2257 
5919 
'88 


2.  Divide  79165238  by  238. 

3.  Divide  29137062  by  5317. 

4.  Divide  62015735  by  7803. 


Ans.  332627V/y. 
Ans.  547»j'|4|, 


Ans.  794741  Jf 


■y 


OF  REDUCTION^ 

Reduction  is  the  changing  of  numbers  from  one  name 
or  denomination  to  another,  without  altering  their  value. — 
This  is  chiefly  concerned  in  reducing  money,  weights,  and 
measures.      . 

When  the  numbers  are  to  be  reduced  from  a  higher  name 
to  a  lower,  it  is  called  Reduction  descending ;  but  when, 
contrarywise,  from  a  lower  name  to  a  higher,  it  is  Reduction 
<ucending. 

Before  we  proceed  to  the  rules  and  questions  of  Reduction, 
It  will  be  proper  to  set  down  the  usual  tables  of  money, 
weights,  and  measures,  which  are  as  follow  : 

OP  MONEY,  WEIGHTS,  AND  MEASURED. 


TABiaS  OF  MOHBT. 


2  Farthings  ==  1  Halfpenny  | 

4  Farthings  =  1  Penny        d 

12  Fence       =»  l  Shilling       s 

20  SinUingfl   »  I  Pound        £ 


qrs         d 

4=1         s 
48  =    12  =?:    1       £ 
960:=  240  =  20==  1 
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PBNCB  TABLE.  ' 

SHOXINfiS  TABT.K.     ' 

d  , 

«.  d 

« 

d 

20 

is 

1     8 

1 

is 

12 

30 

— 

2    6 

2 



24 

40 



8    4 

a 



36 

50 

— 

4    2 

4 

— 

48 

60 

— 

5    0 

5 

— 

60 

70 

.  — 

6  10 

6 

— 

72 

.80 

— 

6    8 

V    7 

— 

84 

90 

— 

7    6 

8 

— 

96 

100 

— 

8    4 

9 



108 

no 

— 

9    2 

10 

— 

120 

120 

— 

10    0 

11 

— 

132 

IVbto.—- £  denotes  pounds,  t  shUlings,  and  d  denotes  pence. 

i  denotes  1  farthing,  or  one  quarter  of  any  thing. 

i  denotes  a  halfpenny,  or  the  half  of  any  thing. 

I  denotes  3  farthings,  or  three  quarters  of  any  thing. 
The  full  weight  and  value  of  the  English  gold  and  silver  coin,  both 
old  and  new,  are  as  here  below. 


Gold. 

Valut. 

Wei^. 

£    s    d 

dwtgr 

Guinea 

1    1    0 

6    94 

Half  do. 

0  10    6 

2  16 

Third  do. 

0    7    0 

1  1» 

Double  Sov. 

2    0    0 

10    6^ 

Sovereign 

1    0    0 

5    GVH 

Half  do. 

0  10    0 

2  13-fr 

SiLVXR. 


Value. 

8     d 


k  Crown     6  0 

Half-crown  2  6 

Shilling        1  0 

Sixpence     0  6 


Old  Wt 
dwt    fcr\dtot 
19    Bi     ~ 

9  16^ 

3  21 

1  224 


mtv  wt. 

9  2^ 
3  15^^ 
119.^ 


The  usual  value  of  gold  is  nearly  42  an  ounce,  orSSiia  grain;  and 
that  of  silver  is  nearly  6a  an  ounce.  Also  the  value  of  any  quantity  of 
gold,  was  to  the  value  of  the  same  weight  of  standard  silver,  as  l&x^ 
to  1,  in  the  old  coin ;  but  in  the  new  coin  they  are  as  14^  to  1. 

Pure  gold,  free  from  mixture  with  other  metals,  usually  called  fine 

S>ld,  is  of  so  pure  a  nature,  that  it  will  endure  the  fire  without  wasting,, 
ough  it  be  kept  continually  melted.  But  silver,  not  bavins;  the  purity 
of  gold,  will  not  endure  the  fire  like  it :  yet  fine  silver  will  waste  but 
very  little  by  being  in  the  fire  any  moderate  time  ;  whereas  copper, 
tin,  lead,  &c.  will  not  only  waste,  but .  may  be  calcined,  or  burnt  to  a 
powder. 

Both  gold  and  silver,  in  their  purity,  are  so  soft  and  flexible  (like  new 
lead,  &4i,)  that  they  are  not  so  useful,  either  in  coin  or  otherwise  (ex- 
cept to  beat  into  leaf  gold  or  silver),  as  when  they  are  alloyed,  or  mix- 
ed and  hardened  with  copper  or  brass.  And  though  most  nations  differ, 
more  or  less^  in  the  quantity  of  such  alloy,  as  well  as  in  the  same  place 
at  different  times,  yet  in  England  the  standard  for  gold  and  silver  coin 
has  been  for  a  long  time  as  follows— viz.  That  22  parts  of  fine  gold, 
and  2  parts  of  copper,  being  melted  together,  shall  be  esteemed  the 
true  standard  for  gold  coin  :  And  that  11  ounces  and  2  penny  weidits 
of  fine  silver,  andlS  pennvweifhts  of  copper,  being  melted  togatner, 
be  esteemed  the  true  stanoiard  tor  silver  com,  called  Sterling  silver. 

In  the  old  coin  the  pound  of  sterling  gold  was  coined  into  424  S^>* 
seas,  of  21  8hlllinfi;s  each,  of  which, the  pound  of  sterling  silver  was  di- 
tided  into  02.    Tne  new  coin  is  also  of  the  same  quality  or  degree  of 
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TROY  WBIOHT*. 

Grains  .  -  marked^ 
24  Grains  make  1  Pennyweight  dwl 
20  Pennyweightsl  Ounce  oz 

12  Ounces  1  Pound  lb 


gr      diet 
24=5     1      w 
460=20=1     Ih 
6760=240=12=1 


By  this  weight  are  weighed  Gold,  Silver,  and  Jewels. 

APOTHEOABX^'  WEIGHT. 

Grains    •     -    marked^ 

20  Grains  make  1  Scruple  m;  or  3 

3  Scruples        1  Dram    Jr  or  3 

8  Drams  1  Ounce    02  or  J 

12  Ounces  1  Pound    16  or  ft 

gr  sc 

20=       1        dr 
60=      3=1        ox 
480=    24=    8=1        lb 
6760  =288=96=  12  =1 

This  is  the  same  as  Troy  weight,  only  having  some  dif- 
ferent divisions.  Apothecaries  make  use  of  this  weight  in 
compounding  their  medicines  ;  but  they  buy  and  sell  their 
Drugs  by  Avoirdupois  weight. 

AVOISDDTOIS  VnilORT. 


Drams 

•        .        «        • 

marked  dr 

16  Drams 

make  1  Ounce 

. 

oz 

16  Ounces 

.      -     1  Pound    - 

•  • 

lb 

28  Pounds 

1  Quarter 

• 

^ 

4  Quarters 

.      1  Hundred 

weight  " 

cwi 

20  Hundred 

Weight  1  Ton 

• 

ion 

fineneif  with  that  of  the  old  sterling  gold  and  silver  above  described^  hut 
divided  into  pieces  of  other  names  or  values  ;  vis.  tbe  pound  of  the  sil- 
ver into  66  soillings,  of  course  each  shilling  is  the  66th  part  of  a  poaod ; 
and  20  pounds  of  the  gold  into  934^  pieces  calJed  sovereigns,  or  tbe 
pound  weight  into  4C^  sovereigns,  each  equal  to  20  of  the  new  shil- 
lings. 80  that  the  weight  of  the  sovereign  is  4&)4tlis  of  a  pound, 
which  is  equal  to  &^^  pennyweights,  or  equal  to  6  dwt.  3^  gr.  very 
neariy,  as  stated  in  the  preceding  table.  And  multiples  and  parts  of  the 
•overeign  and  shilling  in  their  several  proportions. 

*  The  original  of  all  weights  used  in  England,  was  a  grain  or  com 
of  wheat,  gathered  out  of  the  middle  of  the  ear,  and,  being  well  dried, 
32  of  them  were  to  malce  one  pennywei(;ht,  20  pennyweights  one 
Vol.  I.  5 
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JUUTBB 

dr              <a 

ISTIC. 

16=           1 

» 

256=         16  = 

1          qr 

7168  =      448  = 

28=     1 

«irt 

38672  a:     1792  = 

113  =     4  « 

I     ftw 

573440  s  35840  = 

3340  at   80  =s 

20*1 

By  duB  we%ht  are  weighed  aU  things  of  a  coane  ov  dnwsy 
nature,  as  Com,  Bread,  Butter,  Cheese,  Flesh,  Grocery 
Wares,  and  some  Liquids ;  dso  all  metals,  except  Silver 
and  Gold. 

oz  dwt  gr 
Note,  that  1Z&  Avoiidupois  =  14  11  15 j  Troy 
laz    '        .       =    0  18    H 
lifr    .        .      =    0    1    8J 


LONG  MEASURS, 

2  Barley-corns  make  1  Inch     - 

In 

12  Inches    -        -       1  Foot    -      '- 

Ft 

3  Feet       -        -        1  Yard     . 

Yd 

6  Feet     -        -          1  Fathom 

Fth 

&  Yards  and  a  half     IPoleorRod    . 

PI 

4aR>les        .        .     1  Furlong 

Fur 

8  Furlongs        .         1  Mile 

MOff 

3  Miles       ..        .      1  League 

Ua 

69^  Miles  nearly         1  Degree    . 

Deg  or 

In  Ft 

12^        1  Yd 

36=        8   «         1  PI 

198=      16J=        5J=      1     JFVir 
7820=    660  =    2«0   =    40=  1     NSle 
63860  =  5280  =  1760   =  320  =  8  =  1 

CLOTH  MEASVSK. 

3  Inches  and  a  quarter  make  1  Nail  Nl 

4  NaUs         ...        1  Quarter  of  a  Yard  Qr 


3  Quartern 
4' Quarters 

6  Quarters    - 

4  Qmurters  1^  Inch 


1  £11  Flemish  .     EF 
lYard        .  Yd 

1  Ell  Engtish  •     £JS 
1  Ell  Scotch  B'S 


miiice,  and  12  ounces  one  pound.  But  in  liter  times  It  was  thoeght 
sttflScient  to  diride  the  same  pennrvreight  into  24  equal  parts,  soil 
called  grains,  being  the  least  weignt  now  In  common  nse ;  and  from 
thanoe  the  rest  are  conpated,  as  in  the  Tables  above. 
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8WASE  JOSASVIUI. 

144  Square  Inches  make  1  SqPoot  •  .n 

9  Square  Feet       -       1  Sq  Tard  -     ¥» 

30^  Square  Tarda     •       1  Sq  Pole  -    Pofe 

40   Square  Poles     -       1  Rood  -    Rd 

4  Roods       .        -       1  Acre  -    Act 


144 »  1  SqYd 

1296 «  9   ^         1 

89904 «      272i»      SO^s 

1568160  »:^  10890  »  1310  :== 

6272640  ss  48560  ss  4840  =» 


SqPl 
1       Bd 
40  »  1      Aer 
160  =  4  s=:  1 


By  this  sneasure>  Land,  and  Husbandmen  and  Gaideneis' 
work  are  measured ;  also  Artificers'  work,  such  as  Board, 
Glassi  Pavements,  Plastering,  Wainscoting,  Tiling,  Floor- 
ing, and  every  dimension  of  length  and  breadth  only. 

When  three  dimensions  are  concerned,  namely',  length, 
breadth,  and  depth  or  thickness,  it  is  called  cubic  or  sblid 
measure,  which  is  used  to  meiMmre  Timber,  Stone,  dec. 

The  cubic  or  solid  Foot,  Which  is  12  inches  in  length  and 
breadth  and  thickness,  contains  17S8  cubic  or  solid  inches, 
and  27  solid  feet  make  one  solid  yard. 

DBT,  OR  CORN  MBASVSB. 


3  PiDto  owke  1  Quart 

-       Of 

3  Quarto    .    LPottle 

-        Pot 

2PottlM    .    1  Gallon       . 

CM 

2  GaUfloa  -    1  Peck 

Pee 

4f9tk»     .    I  Buahel      . 

.       Bu 

8  Boalida       1  Quarter     . 

-         «r 

5  Quuten     1  Wey,  Load,  o 

rToa    Wtg 

3  Weya  -  .    1  Lart 

.       La$t 

PU        Gal 
8^      1         Pec 
i6»      2=s      1        A» 
64»      8=      4=     1         Qr 
512=    64-   ^-    8=s    1      WSy 
2560  a  820  »  160  »  40=    5^1      Ixue 
5120  s640«820=60s»10«s2«:l 
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AiUTHXBnC. 


By  this  are  measured  all  dry  wares,  as.  Com,  Seeds, 
Boots,  Fruits,  Salt,  Coals,  Sand,  Oysters,  d^. 

The  standard  Gallou  dry- measure  contained  268}  cubic  or 
■olid  inches,  and  the  com  or  Winchester  bushel  2150}  cubic 
inches ;  for'the  dimensions  of  the  Winchester  bushel,  by  the 
old  Statute,  were  8  inches  deep,  and  18^  inches  wide  or  in 
diameter.  But  the  Coal  bushel  was  to  be  19^  inches  in  dia- 
meter ;  and  36  bushels,  heaped  up,  made  a  London  chaldron 
of  coaLs,  the  weight  of  which  was  3136  lb  Avoirdupois,  or  I 
ton  8  cwt  nearly.    See,  however,  page  29. 

AUB  Ann  BBBB  MXASUSE. 


2  Pints  make 

. 

1  Quart 

Q< 

4  Quarts      - 

.  - 

1  Gallon       . 

Gal 

36  Gallons     - 

. 

1  Barrel 

Bar 

1  Barrel  and  a 

half 

1  Hogshead    - 

Hhd 

2  Barrels     . 

. 

1  Puncheon    • 

Pm 

2  Hogsheads 

- 

1  Butt 

Butt 

2  Butts 

- 

ITun 

Tun 

Pts         (» 

2=      1 

Gal 

8=      4  = 

1 

Bar 

288  =  144  = 

86  = 

1       Rhd 

432  =  216  = 

54  = 

1^=  1      Butt 

864=  432  = 

108  = 

3=2=1 

iVoCe.  The  Ale  Gallon,  contained  282  cubic  or  solid  inches, 
by  which  also  milk  was  measured. 


WIVE  KEASVSE. 


2  Pints  make 

1  Quart 

Of 

4  Quarts 

1  Gallon       - 

Gal 

42  Gallons      . 

1  Tierce 

Tier 

63  Gallons  or  H  Tierces. 

1  Hogshead . 

Hhd 

2  Tierces      - 

1  Puncheon  . 

Pun 

2  Hogsheads 

1  Pipe  or  Butt 

Pi 

2  Pipes  or  4  Hhds 

ITun 

Tun 

Pts  Qjt 

2=         1         G(d 
8=        4=^      I      Tier 

336  =  168  =    42  =  1       Hhd 

504=  252=     63=1|=1        Pun 

672  =  336  =     84  =  2   =  1}  =  1        Pi 

1008  ^  604=126=3=2=1^=1     Tun 

2016  =  1008  =252  =6   =4   =3    =2=1 
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HoU^  by  this  are  measured  all  Wines,  Spirits,  Strong- 
waters,  Cycler,  Mead,  Perry,  Vinegar,  Oil,  Honey,  Sec. 

Th»  old  Wine  Gallon  contained  231  cubic  or  solid  inches. 
And  it  is  remarkable  that  these  Wine  and  Ale  Gallons  havo 
the  same  proportion  to  each  other,  as  the  Troy  and  Avoir- 
dupois Pounds  have;  that  is,  as  one  Pound  IVoy  is  to  one 
Pound  Avoirdupois,  so  is  one  Wine  Gallon  to  one  Ale 
Gallon. 

OF  TDCS. 

60  Seconds  or  W*  make        -  1  Minute  -      M  or ' 

60  Minutes  ...  1  Hour  •  .  Hr 

24  Hours  ...  1  Day^  •      Day 

7  Days  -        -        •  1  Week  -      Vfk 

4  Weeks  ...  1  Month  -      Mo 

Sec  Mn 

60=  1  Hr 

8600  =  60  ss  1        Day 

86400=  1440=  24=       1        Wk 

604800  =  10080  =  168  =      7=1       Mb 

2419200  =  40320  =  672=    28=4=1 

31557600  =  525960  =  8766  =  365^          «       1  Tear 

Wh  Da  Hr     Mo    Da  Hr 
Or  52      1      6  =  13       16=1  Mian  Tear 

Da  Hr  M  See 

But  365  5    48    45^  =  Solar  Year 


IMPERIAL  MEASURES. 

By  the  late  Act  of  Parliament  for  Uniformity  of  Weights 
and  Measures,  which  commenced  its  operation  on  the  1st  of 
January,  1826,  the  chief  part  of  the  weightsjand  measures 
are  allowed  to  remain  as  they  were ;  the  Act  simply  pre- 
scribing scientific  modes  of  determining  them,  in  case  Uiey 
ahould  be  losL 

The  pound  troy  contains  5760  grains. 
The  pound  aeoirdupoie  contains  7000  grains. 
The  imperial  eaUon  contains  277*274  cubic  inches. 
The  com  hushdj  eight  times  the  above. 
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AjmnuKBTic. 


Heneei  with  respect  to  Aie,  Wine,  and  Com,  it  will  be 
expedient  to  possess  a 

TABLE  OF  FACTORS, 

For  converting  old  measures  into  new,  and  tke  contrary. 


• 

By  decimals. 

By  vulgar  frac 
tions  nearly. 

Corn 
MMflure. 

Wine 
Measure. 

Ale 
Measm. 

Com 
Mea- 
sure. 

Wlnei 
Mea- 
sure. 

Ale 
Men- 

sure. 

To  convert  old 

>    -96943 

•83311 

1-01704 

1+ 

* 

H 

ToconTertnew   >  i,AoiR»i 

1*20032 

•98324 

f+ 

i 

n 

N.  B.  For  reducing  the  prices^  these  numbers  must  all 
be  reversed.  ~ 


RULES  FOR  REDUCTION. 

L  When  the  Numbers  are  to  he  reduced  from  a  Higher 
Denomination  to  a  Lower : 

MvLTiPLT  the  number  in  the  highest  denomination  by  as 
many  of  the  next  lower  as  make  an  integer,  or  1,  in  that 
higher  ;  to  this  product  add  the  number,  if  any,  which  was 
in  this  lower  denomination  btsfbre,  and  set  down  the  amount. 

Reduce  this  amount  in  like  manner,  by  multiplying  it  by 
as  many  of  the  next  lower  as  make  an  integer  of  this,  taking 
in  the  odd  parts  of  this  lower,  as  before.  And  so  proceed 
through  all  the  denominations  to  the  lowest ;  so  i^all  the 
number  last  found  be  the  value  of  all  the  nuraben  which 
were  in  the  higher  denominations,  taken  together*. 


*  The  reason  of  this  rule  b  verv  evident;  for  pounds  are  bfouglit 
into  shillings  by  multiplying  them  by  30 ;  shillings  into  pence,  by  mul- 
tiplying them  by  13;  and  pence  intofarthings,  by  multiply ing  by  4; 
and  the  reverse  of  this  rule  by  division.— And  the  same,  it  is  evident, 
will  be  true  in  the  reduetion  of  numbers  coosisting  of  aoy  deaominar 
tions  whatever. 
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BXAMPLB. 


1.  In  19842  lbs  7(2,  bow  many  fiotbiags  ? 
I        «     d 
1234    15    T 
20 


^4005  Shayngfl 
12   ' 


296347  Pence 
4 


Answer    1185388  Farthings. 


II.  Whm  iheNumhen  are  to  he  reduced  from  a  Lower  De* 
nomintuion  to  a  Higher : 

DivxDs  the  given  number  by  as  many  of  that  denomina- 
tion as  make  1  of  the  next  higher,  and  set  down  what  re. 
mains,  as  well  as  the  qaotient. 

Divide  the  quotient  by  as  many  of  this  denomination  as 
make  1  of  the  next  higher  ;  setting  down  the  new  quotient, 
and  remainder,  as  before. 

Proceed  in  the  same  manner  through  all  the  denomina- 
tions to  the  highest ;  and  the  quotient  last  found,  together 
with  the  several  remainders,  if  any,  will  be  of  the  same  value 
as  the  first  number  proposed. 


2.  Reduce  1185388  farthings  into  pounds,  sUiUiogs,  and 
pence. 

4)  1185388 

12)     296347<2 

2,0)    2469,6*— 7rf 

Answer    12341  15«  7d 


3.  Reduce  241  to  farthin|^.  Ans.  23040. 

4.  Reduce  337587  farthmgs  to  pounds,  dec. 

Ans.  3512  13«  0}. 
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5.  How  many  farthiogt  are  in  36  guineas?    An8«  36288. 

6.  In  36288  farthings  how  many  guineas  ?  Ane.  36. 

7.  In  69  lb  13  dwts  5  gr.  how  many  grains?  Ans.  340157. 

8.  In  8012131  grains  how  many  pounds,  d^c. 

Ans.  13901b  11  oz  18dwt  19  gr. 

9.  In  35  ton  17cwt  1  qr  23  lb  7  oz  13  dr  how  many  drams  ? 

Ans.  20571005. 

10.  How  many  barley-corns  will  reach  round  the  earth, 
supposing  it,  according  to  the  best  calculations,  to  be  25000 
miles?  Ans.  4752000000. 

11.  How  many  seconds  are  in  a  solar  year,  or  365  days 
5  hrs  48  min.  45^  sec  ?  Ans.  31556925^. 

12.  In  a  lunar  month,or  29  ds  12  hrs  44  min  3  sec,  how 
many  seconds?  Ans.  2551443. 


COMPOUND  ADDITION. 

Compound  AnDirioif  shows  how  to  add  or  collect  several 
numbers  of  different  denominations  into  one  sum. 

Rule. — ^Place  the  numbers  so,  that  those  of  the  same  de- 
nomination  may  stand  directly  under  «aeh  other,  and  draw  a 
line  below  them.  Add  up  the  figures  in  the  lowest  deno- 
mination, and  find,  by  Reduction,  how  many  units,  or  ones, 
of  the  next  higher  denomination  are  contained  in  their  sum. 
—Set  down  Uie  remainder  below  its  proper  column,  and 
carry  those  units  or  ones  to  the  next  denomination,  which 
add  up  in  the  same  manner  as  before. — ^Proceed  thus  through 
all  the  denominations,  to  the  highest,  whose  sum,  together 
with  the  several  remainders,  will  give  the  answer  sought. 

The  method  of  proof  is  the  same  as  in  Simple  Additioiu 
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esCamples  op  money. 


1. 

8. 

8. 

4. 

/  s      d 

I     1     d 

I    1    d 

I  <  d 

7  13  3 

14  7  5 

15  17  10 

53  14  8 

3  5  104 

8  19  2i 

3  14  6 

5  10  2f 

6  18  7 

7  8  IJ 

23  6  2} 

93  11  6 

0  2  5; 

21  2  9 

14  9  U 

7  5  0 

4  0  3 

7  16  8J 

15  6  4 

13  2  5 

17  15  4i 

0  4  8 

6  12  9f 

0  18  7 

39  15  9} 
32  2  6| 

39  15  9| 

5. 

lad 

6. 

7. 

8. 

I    t    d 

■  Ltd 

1  «  d 

14  0  7i 

37  15  8 

61  3  24 

472  15  3 

8  15  3 

14  12  9| 

7  16  8 

9  2  2^ 

62  4  7 

17  14  9 

29  13  lOf 

27  12  64 
870  16  2^ 

4  17  8 

23  10  9^ 

IS  16  2 

23  0  4f 

8  6  0 

0  7  S{ 

13  7  4 

6  6  7 

14  0  5^ 

24  13  0 

6  10  5j 

91  0  10| 

64  2  7i 

5  0  lOf 

SO  0  llf 

Exam.  9.  A  aobleman,  going  out  of  town,  is  infonned  by 
his  steward,  thiit  hb  butcher's  bill  comes  to  1972  13#  l\d  ; 
his  baker's  to  591  &f  2|d  ;  his  brewer's  to  85/  ;  his  wine- 
merchant's  to  103Z  13«  ;  to  his  com  chandler  is  due  75{  3cf  ; 
to  his  taUow.chandler  and  cheesemonger,  27Z  15«  ll\d\  and 
to  his  tailor  55Z  3ff  5jd  ;  also  for  rent,  servants'  wages,  and 
other  charges,  1272  3^  :  Now,  supposing  he  would  take  1002 
with  him,  to  defray  his  charges  on  the  road,  for  what  sum 
must  he  send  to  his  banker  ?  Ana^  8302  \i$  Bid, 

Vol.  I.  6 
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10.  The  strength  of  a  regiment  of  foot,  of  10  companies, 
and  the  amount  of  their  subsistence*,  for  a  month  of  30 
days,  according  to  the  annexed  Table,  are  required  ? 


Numb. 

Rank. 

Subsistence  for  a  Month. 

1 

Colonel 

£27    0    0 

1 

Lieutenant  Colonel 

19  10    0 

1 

Major 

17    6    0 

7 

Captains 

78  15    0 

11 

Lieutenants 

57  15    0 

9 

Ensigns 

40  10    0 

1 

Chaplain 

7  10    0 

1 

Adjutant 

4  10    0 

1 

Quarter-Master 

5    5    0 

1 

Surgeon 

4  10    0 

1 

Surgeon's  Mate 

,4  10    0 

ao 

Serjeants 

45    0    0 

30 

Corporals 

30    0    0 

20 

Drummers 

20    0    0 

2 

Fiffers 

2    0    0 

390 

Private  Men 

292  10    0 

607 

Total. 

£656  10    0 

*  Subsistence  Money,  is  the  money  paid  to  the  soldiers  weekly ; 
which  is  short  of  their  full  pay,  because  their  clothes,  accontrements, 
^kc.  are  to  be  accounted  for.  It  is  likewise  the  money  advanced  to 
officers  till  their  accounts  are  made  up,  which  is  commonly  once  a 
year,  when  they  are  paid  their  arrears.  The  followrng  table  shows  the 
tiill  pay  and  subsistence  of  each  rank  on  the  English  establishment. 
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KXAMPLCS  OF  WEIGHTS,  MEASURES,  ^. 

TtU>T  WBIGBT,  APOTHKCAK»>*  WEIOHT. 


1. 

2. 

3. 

4. 

ib    oz 

dwt 

oz  dwt  gr 

Ib   oz  dr 

sc 

oz 

dr 

8C 

«r 

17    3 

15 

37    9    3 

8    6    7 

2 

3 

5 

1 

17 

7    9 

4 

9    5    3 

13    7    3 

0 

7 

3 

2 

5 

0  10 

7 

8  12  12 

19  10    6 

2 

16 

7 

0 

12 

9    5 

0 

17    7    8 

0    9    1 

2 

7 

3 

2 

9 

176    2 

17 

5    9    0 

36    3    5 

0 

4 

1 

2 

18 

23  11     12        3    0  19  5    8    6     1     36    4     1     14 


AVOlRirOPOM  WBIGRT.                                         LOVd  MXASURX. 

7.  8. 

mis  fur  pis  yds  feet  inc 

29    3  14  127     1     5 

19    6  29  12     2    9 

7    0  24  10     0  10 

9     1  37  64     1  11 

7    0    3  5    2    7 

4    5    9  23    0    5 


5. 

6. 

lb  oz  dr 

cwt 

qr  lb 

17  10  13 

15 

2  15 

5  14    8 

6 

3  24 

12    9  18 

9 

1  14 

27    1     6 

9 

1  17 

0    4    0 

10 

2    6 

6  14  10 

3 

0    3 

CTOTB  MBA8URK.  LAHD  MSAflURB. 

9.  10  11.  12. 

yds    qr  nls  el  en  qrd  nls  ac    to   p  ac    ro  p 

26  3  1  270  1  0  225  3  ^  19  0  16 

13  1  2  57  4  3  16  1  25  270  3  29 

9  12  18  1  2  7  2  18  6  3  13 

317    03  032  429  23    034 

9     10  10     1     0  42     1  19  7    2  16 

6531  441  706  75    023 


wins  MCASOM. 

ALE  AirO  BUR  MXASORC. 

13. 

14. 

15. 

16. 

t 

hdsgal 

hdsgal  pU 

hds  gal  pts 

hds  gal  pU 

13 

3  15 

15  61     5 

17  37    8 

29  43    5 

8 

1  37 

17  14  13 

9  10  15 

12  19    7 

14 

1  20 

29  28    7 

3    6    2 

14  16    6 

85 

0  la 

3  15     1 

5  14    0 

6    8    1 

3 

1    9 

16    8    0 

12    9    6 

57  13    4 

72 

3  21 

496    6 

8  42    4 

5    6    0 
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COMPOUND  SUBTRACTION. 

Compound  Subtraction  shows  how  to  find  the  difference 
between  any  two  numbers  of  different  denominations.  To 
perfonn  which,  observe  the  following  Rule. 

*  PxjLCE  the  less  number  below  the  greater,  so  that  the 
^rts  of  the  same  denomination  may  stand  directly  under 
each  other ;  and  draw  a  line  below  them. — Begin  at  the 
right-hand,  and  subtract  each  number  or  part  in  the  lower 
line,  from  the  one  just  above  it,  and  set  the  remainder 
straight  below  it. — But  if  any  number  in  the  lower  line  be 
greater  than  that  above  it,  add  as  many  to  the  upper  number 
as  make  1  of  the  next  higher  denominatioii ;  then  take  the 
lower  number  from  the  upper  one  thus  increased,  and  set 
down  the  remainder.  Carry  the  unit  borrowed  to  the  next 
number  in  the  lower  line ;  after  which  subtract  this  number 
from  the  one  above  it,  as  before ;  and  so  proceed  till  the 
whole  is  finished.  Then  the  several  remainders,  taken  to* 
gether,  will  be  the  whole  difference  sought. 

The  method  of  proof  is  the  same  as  in  Simple  Subtraction. 


EXAMPLES  OF  MONEY. 


1. 

I     s 
From  79  17 
Take  35  12 

d 

^ 

2. 

I       s 

103    3 

71  12 

d 
5| 

3.                    4. 
ltd         I     , 
81  10  11      254  12 
29  13    3J     37    9 

d 
0 
4J 

Rem.  44    5 

3110 

8? 

Proof  79  17 

8| 

103    3 

^ 

6.  What  is  the  difference  between  732  b\d  and  192 13«  lOdf  ? 

Ans.  53Z6«7xd. 


*  The  reason  of  this  Rple  wiU  easily  appear  from  what  has  been  said 
in  Simple  Sabtraction ;  tor  the  borrowing  depends  on  the  same  princi- 
ple, and  is  onlf  different  as  the  numbers  to  be  subtracted  are  of  differ- 
ent denominations. 
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Ex.  6.  A  lends  to  b  lOOZ,  how  much  is  b  in  debt  after  a 
haa  taken  goods  of  him  to  the  amount  of  73Z  12^  4|c{  ? 

Ans.  26l78  7id. 

7.  Suppose  that  my  rent  for  half  a  year  is  20Z  12^,  and 
that  I  have  laid  out  for  the  land-tax  14s  6d,  and  for  several 
repairs  11  Ss  S^d,  what  have  I  to  pay  of  my  half-year's  rent? 

Ans.  lSll48  2id. 

8.  A  trader,  failing,  owes  to  a  35Z  7s  Gd,  to  b  91Z  13s  ^d^ 
to  c  53/  7}d,to  D  871  5s,  and  to  e  lllZ  Ss  5^d.  When 
this  happened,  he  had  by  him  in  cash  23Z  7^  5d,  in  wares 
53Z  Us  lOicZ,  in  household  furniture  63Z  17s  7^d,  and  in 
recoverable  book-debts  25Z  7^  5d.  What  will  his  creditors 
lose  by  him,  supposing  these  things  delivered  to  them  ? 

Ans.  212Z  5^  3^^. 

X  EXAMPLES  OF  WEIGHTS,  MEASURES,  4*C. 

TROT  WI10BT.  APOTHECARIXS*  WEIGHT. 

'1.  2.  ^  3. 

lb  ozdwt  gr         lb  oz  dwt  gr  lb    oz  dr  scr  gr 


From    9 

2  12 

10 

7 

10 

4 

17 

78 

4    7 

0  14 

Take    5 

4    6 

17 

3 

7 

16 

12 

29 

5    3 

4  19 

Rem. 

Proof 

ATOIBDVrOU  WIIOHT. 

LOHO  MSASOKB 

4. 

5. 

6. 

7. 

c  qrslb 

]b    oz 

dr 

m' 

fu  pi 

yd 

ft  in 

From  5 

0  17 

71     5 

9 

14 

3  17 

96 

0    4 

Take  2 

3  10 

ME 

17    9 

18 

7 

6  11 

72 

2    9 

Rem. 

Proof 

CLOTH 

JlSUBS. 

LAUD  MIUCIUI. 

8. 

9. 

10. 

11. 

yd 

qr   nl 

yd   qr 

nl 

ac 

ro    p 

ac 

ro  p 

From  17 

2     1 

9    0 

2 

17 

1  14 

57 

1  16 

Take    9 

0    2 

7    2 

1 

16 

2    8 

22 

3  29 

Rem. 

,. 

Proof 
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t 
From  17 
Take    9 

WUrS  HSASORX. 

12.                   18. 

hdeal  hd  gal  pt 
2  §3  5  0  4 
1  36         2  12    6 

ALE  AKD  BJ»R  H2ASDKX. 

14.                 15. 

hd  gal    pt       hd  gal 

14  29     3        71   16 

9  35    7        19    7 

X 

Renu 

Proof 

DRY  MBISVRX.  TIME. 

16.  17.                      18.  19. 

1^  qr  bn  bu  gal  pt        mo    we  da  ds  hrsmin 

From    9    4    7  13    7  1          71     2    5  114    17   26 

Take    6    3    5  9    2  7         17     1     6  72    10  37 

■                                  I         ■>  t                                                                                     ,                                     I       ■              ■■!    I  III 

Rem* 


Proof 


20.  The  line  of  defence  in  a  certain  polygon  being  236 
yards,  and  that  part  of  it  which  is  terminated  by  the  curtain 
and  shoulder  being  146  yards  1  foot  4  inches ;  what  then  was 
the  length  of  the  race  of  the  bastion  ?      Ans.  89  yds  1  ft  8  in. 


COMPOUND  MULTIPLICATION. 

Compound  Multiplication  shows  how  to  find  the  amount 
of  any  given  number  of  different  denominations  repeated  a 
certain  proposed  number  of  times  ;  which  is  performed  by 
the  following  rule. 

Set  the  multiplier  under  the  lowest  denomination  of  tho 
multiplicand,  and  draw  a  line  below  it. — Muhiply  the  num- 
ber in  the  lowest  denomination  by  the  multiplier,  and  find 
how  many  units  of  the  next  higher  denomination  are  con- 
tained in  the  product,  setting  down  what  remains. —In  like 
manner,  multiply  the  number  in  the  next  denomination,  and 
to  the  product  carry  or  add  the  units,  before  found,  and  find 
how  many  units  of  the  next  higher  denomination  are  in  this 
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amount,  which  carry  in  like  manner  to  the  next  product, 
setting  down  the  overplus.— Proceed  thus  to  the  highest  de- 
nomination proposed  :  so  shall  the  last  product,  with  the  se- 
veral remainders,  taken  as  one  compound  number,  be  the 
whole  amount  required. — The  method  of  Proof,  and  the  rea- 
son of  the  Rule,  are  the  same  as  in  Simple  Multiplication. 


EXAMPLES  OF  MONEY. 

1.  To  find  the  amount  of  8  lb  of  Tea,  at  5^.  8^.  per  lb. 
s    d 

5     8^      . 
6 


£2    5    8  Answer. 

I      s    d 

2.  4  lb  of  Tea,  at  7«  8d  per  lb.  Ans.    1  10    8 

3.  6  lb  of  Butter,  at  Q^d  per  lb.  Ans.    0    4    9 

4.  7  lb  of  Tobacco,  at  1«  8^(2  per  lb.  Ans.    0  11  lU 

5.  8  stone  of  Beef,  at  28  7ld  per  st.  Ans.    110 

6.  10  cwt  cheese,  at  22 17$  lOd  per  cwt.  Ans.  28  18    4 

7.  12  cwt  of  Sugar,  at  32  7*  4d  per  cwt.  Ans.  40    8    0 


CONTRACTIONS. 

I.  If  the  multiplier  exceed  12,  multiply  successively  by  its 
component  parts,  instead  of  the  whole  number  at  once. 


EXAXPLES. 


1.  15  cwt  of  Cheese,  at  17*  6d  per  cwt. 
2    s      d 
0  17    6 


2  12    0 
5 


13    2    6  Answer. 


}  s  i 

2.  20  cwt  of  Hops,  at  42  7«  2^  per  cwt.      Ans.  87  3  4 

3.  24  tons  of  Hay,  at  32  7«  (W  per  ton.       Ans.  81  0  0 

4.  45  ells  of  Cloth,  at  U  M  per  ell.  Ans.    3  7  6 
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I  ad 

£2C  5.  G3  gallons  of  Oil,  at  2«  3<2  per  gall.      Ans.    7  19 

6.  70  barrels  of  Ale,  at  1/  4a  per  barrel.    Ans.    84  0  0 

7.  84  quarters  of  Oats,  at  1212^  8d  per  qr.  Ans.  137  4  0 

8.  96quarters  of  Barley,  at  H  3^  4d  per  qr.  Ans.  1 12  0  0 

9.  120  days'  Wages,  9X^iM  per  day.      Ans.   34  10  0 
10.  144  reams  of  Paper,  at  13«  4d  per  ream.  Ans.   96  0  0 

II.  If  the  multiplier  cannot  be  exactly  produced  by  the 
multiplication  of  siniple  numbers,  take  the  nearest  number 
to  it,  either  greater  or  less,  which  can  be  so  produced,  and 
multiply  by  its  parts,  as  before. — ^Then  .multiply  the  givea 
multiplicand  by  the  difference  between  this  assumed  number 
and  the  multiplier,  and  add  the  product  to  that  before  found, 
when  the  assumed  number  is  less  than  the  multiplier,  but 
subtract  the  same  when  it  is  greater. 


1.  26 

EXAMPLES. 

yards  of  Cloth,  at  3s  O^d  per  yard. 
I     8    d    , 
0    3     0} 
5 

0  15 

? 

3  16 
3 

£3  19 

Of 
OJadd 

7J  Answer. 

EXAMPLES  OF  WEIGHTS  AND  MEASURES. 

2.  29  quarters  of  Com,  at  22  5«  B^d  per  qr. 

Ans.    65  12  10| 

3.  58  loads  of  Hay,  at  32 15«  2c2  per  Id.  Ans.  199    8  10 

4.  79  bushels  of  Wheat,  at  lU  bid  per  bush. 

Ans.    45    6  lOf 
6.  97  casks  of  Beer,  at  I2s  2d  per  cask.  Ans.    59    0    3 
6.  114  stone  of  Meat,  at  I5a  SJd  per  st.  Ans.    87    5    7j> 

1.                             2.  .    3. 

lb    oz  dwt  gr  lb   oz  dr  sc    gr  cwt  qr    lb   oz 

28    7     14  10  2    6    3  2    10  29    2    16  14 

5  8  12 


Vol.  I. 
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4.                   5.  e. 

mb  fu    pis  yds  yds  qre  tia  ac   xo  po 

2&    5    20    6  196    3     1  2ft    3  37 

4                          7  » 


•     7. 

8. 

9. 

twshhdlga]  pta 

ve  '  qr  bu  pe 

oio   we  da   bo  mta 

JM)    2    36  ,2 

24    2    5    3 

172    3    6    1«    49 

3 

0 

10 

COMPOUND  DIVISION. 

Coxpoum)  Diyisiozr  teaches  how  to  divide  a  number  of 
several  denominations  by  any  ipven  number,  or  into  any 
number  of  equal  parts ;  as  follows : 

Placb  the  divisor  on  the  left  of  the  dividend,  as  in  Simple 
Division. — ^Begin  at  the  left-hand,  aqd  divide  the  number  of 
the  highest  denomination  by  the  divisor,  si^ng  down  the 
quotient  in  its  proper  place* — ^If  there  be  any  remainder  after 
Uiis  division,  reduce  it  to  the  next  lower  denomination,  which 
add  to  the  number,  if  any,  belongipg  to  that  denomination, 
and  divide  the  sum  by  the  diviaor.— Set  down  again  this  quo- 
^Ht,  reduce  ita  remainder  to  the  next  lower  denomination 
again,  and  so  on  throngh  all  the  denominalioiii  to  the  Jast. 


SXJLMP]^  OF  XON£Y« 

1.  Divide  2372  8f6d  by  2. 
I      «    d 
2)  287    8    6 

£118  14    3  the  Quotient. 
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2.  DiWde    482  12    1}  byS.  Ana.  144    4    Oi 

8.  Diride    507    8    5    by  4.  Ana.  120  16  10^ 

4.  Divide    082    7    61  by  &.  Ana.  126    9    6 

5.  Divide    600  14    3|  byO:  Ans.  115    2    ^ 

6.  Divide    705  10    2    by  7.  Ana*  100  15  '  6f 

7.  Divide    700'  5    0    by  K  Ans.    95    0    8^ 
a  Divide    761    5    7}  by  9.  Ana.    84  11    8| 

9.  Divide    829  17  10    by  10.  Ana.    82  19    9^ 
10.  Divide    987    8    8}  by  11.  Ana.    85    4    5 
IL  Divide  1145  11    4^  by  12.  Ana.    95    9    8^ 


GoimucnoRs. 

I.  If  the  diviaor  exceed  12,  find  what  aimple  numbera, 
multiplied  together,  will  prodace  it,  and  divide  by  them 
aeparately,  aa  in  Siipple  Diviaion,  aa  below. 


BXAXPLBa. 

What  ia  Cheeae  per  ewt,  if  16  cwt  coat  25E  14«  6d? 
lad 
4)  25     14    8 

4)     6      8    8 

•y 

£  1    13    diheAnawat. 

I    s    d 


2.  If  20  cwt  of  Tobacco  come  to  h  a_  7  ia  ^ 

1501 6t8<l,  what  ia  that  per  cwtf$  ^^m.  s  iv  4 

8.  Divide  961 8t  bj^dO.  Ana.  2  14  St 

4.  Divide7U18fl0^by56.  Ana.!    5  7| 

5.  Divide  441 4s  by  96.  Adia.  0    0  2| 

6.  At  811  lOf  per  cwt,  how  much  per  lb  T  Ana.  0    5  7^ 

IL  If  die  diviaor  QannoC  bepxodticed  by  the  middpliea- 
tiofi  of  flinall  numbera,  divide  by  the  whole  diviaor  at  once, 
a^r  the  manner  of  Long»  diviaion,  aa  ibUow& 
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SXAHPLB8. 


1.  Divide  59Z  6«  3jd  by  19. 
lad        lad 
19)  59    6    3|      (3    2    5^  Ans. 
57 

2 

20 

46  (2 


8 
12 

99  (5 
95 

4 
4 

19  (1 

I    «  d  '                        I    8    d 

2.  Divide    39  14  5}  by    57.  Ans.  0  13  11| 

8.  Divide  125    4  9    by    48.  Ans.  2  18    3 

4.  Divide  542    7  10    by    97.  Ans.  5  11  10 

6.  Divide  123  11  2f  by  127.  Ans.  0  19    5^^ 


BZAICPLEB  OF  WEIGHTS  AND  MEASUBES. 

T  1.  Divide  17lb  Ooz  0  dwla  2  grby  7. 

Ans.  2  lb  6  oz  8  dwts  14  gr. 

2.  Divide  17  lb  5  oz  2  dr  1  scr  4  gr  by  12. 

Ans.  1  lb  5  oz  3  dr  1  scr  12  gr. 

3.  Divide  178  cwt  3  qrs  14  lb  by  53.  Ans.  3  cwt  1  qr  14  lb. 

4.  Divide  144ini  4  fur  20po  1  yd  2ft  0  in  by  39. 

Ans.  3  mi  5  fur  26  po  0  yds  2  fl  8  in. 

5.  Divide  534  yds  2qTS  2  na  by  47.  Ans.  11  yds  1  qr  2  na. 
fL  Divide  77  ac  1  ro  33  po  by  51.        Ans.  1  ac  2  ro  3  po. 

7.  Divide  2  tu  0  hbds  47  gal  7  pi  by  65.  Ans.  27  gal  7  pi. 

8.  Divide  387  la  9  qr  by  72.  Ans.  5  la  3  qrs  7  bu. 

9.  Divide  206  mo  4  da  by  26.  Ans.  7  mo  3  we  5  ds. 
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THE  GOLDEN  RULE,  OR  RULE  OF  THREE. 

The  Rulb  of  Thkeb  teaches  how  to  find  a  fourth  propor- 
tional to  three  numbers  given  :  for  which  reason  it  is  some- 
times  called  the  Rule  of  Proportion.  It  is  called  the  Rule 
of  Three,  because  three  terms  or  numbers  are  given,  to  find 
a  fourth.  And  because  of  its  great  and  extensive  usefulness, 
it  is  often  called  the  Golden  Rule.  This  Rule  is  usually  by 
practical  men  considered  as  of  two  kinds,  namely,  Direct 
and  Inverse.  The  distinction,  however,  as  well  as  the  man- 
ner of  stating,  though  retained  here  for  practical  purposes, 
does  not  weU  accord  with  the  principles  of  proportion ;  as 
will  be  shown  farther  on. 

The  Rule  of  Three  Direct  is  that  in  which  more  requires 
more,  or  less  requires  less.  As  in  this  ;  if  three  men  dig  21 
yards  of  trench  in  a  certain  time,  how  much  will  six  men  dig 
in  the  same  time  ?  Here  more  requires  more,  that  is,  6  men, 
which  are  more  than  three  men,  will  also  perform  more  work, 
in  the  same  time.  Or  when  it  is  thus  :  if  6  men  dig  42  yards, 
how  much  will  3  men  dig  in  the  same  time  ?  Here  then,  less 
requtres  less,  or  3  men  wiU  perform  proportionably  less  work 
than  6  men,  in  the  same  time.  In  both  these  cases  then, 
the  Rule,  or  the  Proportion,  is  Direct ;  and  the  stating  must 
be 

thus,  as  3  :  21  : :  6  :  42,  or  as  3  :  6  : :  21  :  42. 
And,  as  6  :  42  : :  3  :  21,  or  as  6  :  3  : :  42  :  21. 

But  the  Rule  of  Three  Inverse,  is  when  more  requires  less, 
or  less  requires  more.  As  in  this :  if  3  men  dig  a  certain 
quantity  of  trench  in  14  hours,  in  how  many  hours  will  6 
men  dig  the  like  quantity  ?  Here  it  is  evident  that  6  men, 
being  more  than  3,  will  perform  an  equal  quantity  of  work 
in  lestf  time,  or  fewer  hours.  Or  thus  :  if  6  men  perform  a 
cer&in  quantity  of  work  in  7  hours,  in  how  many  hours  will 
3  men  perform  the  same  ?  Here  less  requires  more,  for  3 
men  will  take  more  hours  than  6  to  perform  the  same  work. 
In  both  these  cases  then  the  Rule,  or  the  Proportion,  is  In- 
verse ;  and  the  stating  must  be 

thus,  as  6  :  14  : :  3  :    7,  or  as  6  :  3  : :  14  :    7. 
And,  as  3  :    7  : :  6  :  14,  or  as  3  :  6  : :    7  :  14. 

And  in  all  these  statings,  the  fourth  term  is  found,  by  mul- 
tiplying the  2d  and  3d  terms  together,  and  dividing  the  pro- 
duct by  the  1st  term. 

Of  the  three  given  numbers :  two  of  them  contain  the  sup- 
position, and  the  third  a  demand.  And  for  stating  and  woric- 
ing  questions  of  thesp  kinds,  observe  the  following  general 
Rule : 
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State  the  question  by  setting  down  in  a  straight  line  the 
three  given  numbers,  in  the  following  manner,  viz.  so  that 
the  2nd  term  be  that  number  of  supposition  which  is  of  the 
same  kind  that  the  answer  or  4th  term  is  to  be ;  making  the 
other  number  of  supposition  the  Ist  term,  and  the  demanding 
number  the  3d  term,  when  the  question  is  in  direct  propor- 
tion ;  but  contrariwise,  the  other  numbier  of  supposition  the 
3d  term,  and  the  demanding  number  the  1st  term,  when  the 
question  has  inverse  proportion. 

Then,  in  both  cases,  multiply  the  2d  and  3d  terms  together, 
and  divide  the  product  by  the  1st,  which  will  give  the  answer, 
or  4th  term  sought,  viz.  of  the  same  denomination  as  the 
second  term. 

Note^  If  the  first  and  third  terms  consist  of  different  deno- 
minations,  reduce  them  both  to  the  same  :  and  if  the  second 
term  be  a  compound  number,  it  is  mostly  convenient  to  re* 
duce  it  to  the  lowest  denomination  mentioned.  —  If,  after 
division,  there  be  any  remainder,  reduce  it  to  the  next  lower 
denomination,  and  divide  by  the  same  divisor  as  before,  and 
the  quotient  will  be  of  this  last  denomination.  Proceed  in 
the  same  manner  with  all  the  remainders,  till  they  be  reduc- 
ed to  the  lowest  denomination  which  the  second  admiN  of, 
and  the  several  quotients  taken  together  will  be  the  answer 
required. 

Note  also,  The  reason  for  the  foregoing  Rules  will  appear, 
when  WB  cpme  to  treat  of  the  nature  of  Proportions.— Some- 
times two  or  more  statings  are  necessary,  which  may  always 
be  known  from  the  nature  of  the  question. 

BXAXPLBS. 

1.  If  8 yards  of  Cloth  cost  \l  4s,  what  will  96  yards  cost? 
yds  1  8      yds     1    s 
As  8  :  1  4  : :  96  :  14  8the  Answer. 
20 

24 
96 

144 
216 

8)2304 

2,0)  28,85 

£14  8  Answer. 
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Ex.  2.  Ad  engiaeer  having  raised  100  yards  of  a  certain 
work  in  24  days  with.  5  men  ;  how  many  men  must  he  em- 
ploy  to  finish  a  like  quantity  of  work  in  15  days  ? 


ds  men    ds  men 
As  15  :  5  :  :  24  :  8  Ans. 
5 

15)  120  (8  Answer. 
120 


3.  What  will  72  yards  of  cloth  cost,  at  the  rate  of  9  yards 
for  bl  I2s  1  Ans.  44Z  ld#. 

4.  A  person's  annual  income  being  140Z ;  how  much  is 
that  per  day  ?  .  Ans.  8^^ 

5.  If  3  paces  or  common  steps  of  a  certain  person  be  equal 
to  2  yards^  how  many  yards  will  160  of  his  paces  make  ? 

Ans.  106  yds  2  fl. 

6.  What  length  must  be  cut  off  a  board,  that  is  9  inches 
broad,  to  make  a  square  foot,  or  as  much  as  12  inches  in 
length  and  12  in  breadth  contains  ?  Ans.  16  inches. 

7.  If  750  men  require  22500  rations  of  bread  for  a 
month  ;  how  many  rations  will  a  garrison  of  1000  men  re- 
quire 1  Ans.  36000. 

8.  If  7  cwt  1  qr.  of  sugar  cost  26llOs4d;  what  will  be 
the  price  of  43  cwt  2  qrs  ?  Ans.  159/  2s. 

9.  The  clothing  of  a  regiment  of  foot  of  750  men  amount- 
ing to  28312  5$  ;  what  will  the  clothing  of  a  body  of  3500 
men  amount  to  ?  Ans.  13212/  lOs. 

10.  Ho^  many  yards  of  matting,  that  is  3  fl  broad,  will 
covef  a  floor  that  ia  27  feet  long  and  20  feet  broad  ? 

Ans.  60  yards. 

11.  What  is  the  yalue  of  six4>ushels  of  coals,  at  the  rate 
of  1/  149.  6d  the  chaldron  ?  Ans.  5t  9d. 

12.  If  6352  stones  of  3  feet  long  complete  a  certain  quan- 
tity of  walling  ;  how  many  stones  of  2  feet  long  will  raise  a 
like  quantity  ?  Ans.  9528. 

13.  What  must  be  given  for  a  piece  of  silver  weighing' 
73  lb  5  oz  15  dwU,  at  the  rate  of  5«  9d  per  ounce  ? 

Ans.  253/  10^  Ofd. 

14.  A  gainsoD  of  536  men  having  provision  for  12 
months  ;  how  long  will  those  provisions  last^  if  the  garrison 
be  increased  to  1124  men  ?  Ans.  174  days  and  yf f^. 

15.  What  will  be  the  tax  upon  763/  15«  at  the  rate  of 
3«  6d  per  pound  sterling  ?  Ans.  133/  13^  Ijd. 
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16.  A  certain  work  being  raised  in  13  days,  by  working  4 
hours  each  day  ;  how  long  would  it  have  been  in  raising  by 
working  6  hours  per  day  ?  Ans.  8  days. 

17.  What  quantity  of  com  can  I  buy  for  90  guineas,  at 
the  rate  of  68  the  bushel  ?  Ans.  39  qrs  3  bu. 

18.  A  person,  failing  in  trade,  owes  in  all  977/  ;  at  which 
time  he  has,  in  money,  goods,  and  recoverable  debts,  420Z  6^ 
S^d  ;  now  supposing  these  things  delivered  to  his  creditors, 
how  much  will  they  get  per  pound  ?  Ans.  Ss  7^df 

19.  A  plain  of  a  certain  extent  having  supplied  a  body  of 
3000  horse  with  forage  for  18  days  ;  then  how  many  days 
would  the  same  plain  have  supplied  a  body  of  2000  horse  ? 

Ans.  27  days. 

20.  Suppose  a  gentleman's  income  is  600  guineas  a  year, 
and  that  he  spends  25s  6d  per  day,  one  day  with  another  ; 
how  much  will  he  have  saved  at  the  year's  end  ? 

Ans.  164Z  I2s  6d. 

21.  What  cost  30  pieces  of  lead,  each  weighing  1  cwt 
121b.  at  the  rate  of  16^  4d  the  cwt  ?  Ans.  27/  2«  6d. 

22.  The  governor  of  a  besieged  place  having  provision  for 
54  days,  at  the  rate  of  l^lb  of  bread  ;  but  being  desirous  to 
prolong  the  siege  to  80  days,  in  expectation  of  succobr,  in 
that  case  what  must  the  ration  of  bread  be  7        Ans.  1  i^^lb. 

23.  At  half-a-guinea  per  week,  how  long  can  I  be  boarded 
for  20  pounds  ?  Ans.  38^  wks. 

24.  How  much  will  75  chaldrons  7  bushels  of  coals  come 
to,  at  the  rate  of  1/ 13«  6d  per  chaldron  ? 

Ans.  125/  I9s  O^d. 

25.  If  the  penny  loaf  weigh  8  ounces  when  the  bushel  of 
wheat  costs  7s  3^,  what  ought  the  penny  loaf  to  weigh  when 
the  wheat  is  at  8^  4d  7  Ans.  6  oz  15  ^^-^  dr. 

26.  How  much  a  year  will  173  acres  2  roods  14  poles  of 
land  give,  at  the  rate  of  1/  7^  8d  per  acre  ? 

Ans.  240/  2*  7,\d. 
27  To  how  much  amounts  73  pieces  of  lead,  each  weigh, 
ing  1  cwt  3  qrs  7  lb,  at  10/  4»  per  fother  of  19^  cwt  7 

Ans.  69/  4s  2d  l||q. 

28.  How  many  yards  of  stuff,  of  3  qrs  wide,  will  line  a 
cloak  that  is  1}  yards  in  length  and  3j^  yards  wide  7 

Ans.  8  yds  Oqrs  2|  nl. 

29.  If  5  yards  of  cloth  cost  14ff  2<l,  what  must  be  given  for 
9  pieces,  containing  each  21  yards  1  quarter  7 

Ans.  27/  Is  lO^d. 

30.  If  a  gentleman's  estate  be  worth  2107/  \2s  a  year  ; 
what  may  he  spend  per  day,  to  save  500/  in  the  year  7 

Ans.  41  8s  lifgd. 


Digitized  by  CjOOQ IC 


BULB  OP  THSBB.  49 

31.  Wanting  just  an  acre  of  land  cut  off  from  a  piece 
which  is  ld|  poles  in  breadth,  what  length  must  the  piece 
be  ?  Ans.  11  po  4  yds  2  fl  Ojf  in. 

32.  At  Is  9^d  per  yard,  what  is  the  value  of  a  piece  of 
cloth  containing  53  ells  English  1  qr?        Ans.  25/  \Ss  l}d. 

33.  If  the  carriage  of  5  cwt  14  lb  for  96  miles  be  II  12«  6(2; 
how  far  may  I  have  3  cwt  1  qr  carried  for  the  same  money  1 

Ans.  151  m  3  fiir  3^^  pol. 

34.  Bought  a  stiver  tankard,  weighing  1  lb  7  oz  14  dwts ; 
what  did  it  cost  me  at  6^  4d  the  ounce  7        '  Ans.  62  As  9^d. 

35.  What  is  the  half  year's  rent  of  547  acres  of  land,  at 
15$  6d  the  acre  ?  Ans.  2112  19«  3^. 

36.  A  wall  that  is  to  be  built  to  the  height  of  36  feet,  was 
raised  9  feet  high  by  16  men  in  6  days ;  then  how  many  men 
must  be  employed  to  finish  the  wall  in  4  days,  at  the  same 
rate  of  working  ?  Ans.  72  men. 

37.  What  will  be  the  charge  of  keeping  20  horses  for  a 
year,  at  the  rate  of  14^(2  per  day  for  each  horse  ? 

Ans.  4412  Oa  lOd. 

38.  If  18  elis  of  stuff  that  is  |  yard  wide,  cost  39«  %d  ; 
what  will  50  ells,  of  the  same  goodness,  cost,  being  yard 
wide?  Ans.  72  6«  3};d. 

39.  How  many  yards  of  paper  that  is  30  inches  wide,  will 
hang  a  room  that  is  20  yards  in  circuit  and  9  feet  high  ? 

Ans.  72  yards. 

40.  If  a  gentleman's  estate  be  worth  3842  \%s  a  year,  and 
the  land-tax  be  assessed  at  2«  9^  per  pound,  what  is  his  net 
annual  income  ?  Ans.  3312  la  %{d. 

41.  The  circumference  of  the  earth  is  about  25000  miles  ; 
at  what  rate  per  hour  is  a  person  at  the-  middle  of  its  surface 
carried  round,  one  whole  rotation  being  made  in  23  hours 
56  minutes?  Ans.  1044^^1/7  miles. 

42.  If  a  person  drink  20  bottles  of  wine  per  month,  when 
it  costs  8f.  a  gall ;  how  many  bottles  per  month  may  he 
drink,  without  increasing  the  expense,  when  wine  costs  10s 
the  gallon  ?  Ans.  16  bottles. 

43.  What  cost  43  qrs  5  bushels  of  com,  at  12  8$  6(2  the 
quarter?  Ans.  622  3$  3|({. 

44.  How  many  yards  of  canvas  that  is  ell  wide  will  line 
50  yards  of  say  that  is  3  quarters  wide  ?  Ans.  30  yds. 

45.  If  an  ounce  of  gold  cost  4  guineas,  what  is  the  value 
of  a  grain  ?  Ans.  2^^. 

46.  If  3  cwt  of  tea  cost  402  12« ;  at  how  much  a  pound 
must  it  be  retailed,  to  gain  102  by  the  whole  ?      Ans.  3jf  j#. 


VoL.L 
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COMPOUND  PROPORTION. 

Compound  Proportion  is  a  rule  by  means  of  whibh  the 
student  may  resolve  such  questions  as  require  two  or  more 
statings  in  simple  proportion. 

The  general  rule  for  questions  of  this  kind  may  be  ex- 
hibited  in  the  following  precepts  :  viz. 

1.  Set  down  the  terms  that  express  the  conditions  of  the 
question  in  one  line. 

2.  Under  each  conditional  term,  set  its  corresponding  one, 
in  another  line,  putting  the  letter  q  in  the  (otherwise)  blank 
place  of  the  term  required. 

3.  Multiply  the  producing  terms  of  one  line,  and  the  pro* 
duced  terms  of  the  other  line,  continually,  and  take  the  le* 
suit  for  a  dividend. 

4.  Multiply  the  remiiining  terms  continually,  and  let  the 
product  be  a  divisor. 

5.  The  quotient  of  this  division  will  be  a,  the  term  re- 
quired.* 

Note.  By  producing  terms  are  herd  meant  whatever  ne» 
cessarily  and  jointly  produce  any  efiect ;  as  the  cause  and 
the  time ;  length,  breadth,  and  depth ;  buyer  and  his  mo- 
ney ;  things  carried,  and  their  distance,  dtc.  all  necessarily 
inseparable  in  producing  their  several  effects. 

In  a  question  where  a  term  is  only  understood^  and  not  ex- 
pressed, that  term  may  always  be  expressed  by  unity. 

A  quotient  is  represented  by  the  dividend  put  above  a  line> 
and  the  divisor  put  below  it. 

EXAMPLES. 

1.  How  many  men  can  complete  a  trench  of  135  yards 
long  in  8  days,  when  16  men  can  dig  54  yards  of  the  same 
trench  in  6  days  ? 


M 

D 

Yds 

16 

, 

.      . 

.     6    . 

.     • 

• 

54 

Q 

• 

•      • 

.     8     . 

•     . 

• 

135 

«  ThU  rule,  which  is  as  applicable  to  8in^  as  to  ComfOtmd  Propor- 
t'.OD,  was  given,  in  1706,  by  W,  Jofiw,  Etq.  F.R.S.,  the  father  of  the 
late  Sir  W,  Jonet, 
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Here  10  men  and  6  days,  are  the  producing  terms  of  the 
first  line,  and  135  yards,  the  produced  term  of  the  other. 
Therefore,  by  the  rule, 

16X6X185      2X135      ^^ 

*  8X54  9  ' 

the  number  of  men  required. 


ANOTHER  QUESTION. 

If  a  garrison  of  3600  men  have  bread  for  35  days,  at 
24  oz  each  a  day  :  How  much  a  day  must  be  allowed  to 
4800  men,  each  for  45  daysi  that  the  same  quantity  of  bread 
may  serve'? 

men  oz  days  bread 

3600    .     .    24    •     .    35    •     .     1 
4800    .    .     Q     .     .    45    •     •     1 

•  3600X24X35      ,^ 

"^  "*  "1800X45"  ="  ^^  ^^^*^- 


AN  SXAKPLE  in  SIXPUS  PROPORTION. 

If  14  yards  of  cloth  cost  211,  how  many  yards  may  be 
bought  for  73^109? 

man  £  yds. 

1     ....    21     ....     14 
1     .     .    .     .    73j>  ....     a 

^  =  '!^^—  =  f  of  73J  =  49  yards,  Answer. 

2.  If  KM  in  one  year  gain  52  interest,  what  will  be  the 
interest  of  750Z  for  seven  years  ?  Ans.  262Z  10«. 

3.  If  a  family  of  8  persons  expend  2002  in  9  months  ; 
how  much  will  serve  a  family  of  18  people  12  months  ? 

Ans.  600/. 

4.  If  27#  be  the  wages  of  4  men  for  7  days  ;  what  will  be 
the  wages  of  14  men  lor  10  days  ?  Ans.  61 15tf. 

If  a  footman  travel  130  miles  in  8  days,  when  the  days 
are  12  hours  long  ;  in  how  many  days,  of  10  hours  each, 
may  he  travel  360  miletf  ?  Ans.  9J|  days. 

0.  If  120  bushels  of  corn  can  serve  14  horses  56  days  ; 
how  many  days  witt  94  bushels  serve  6  horses  ? 

Ans.  102^f  days. 
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7.  If  9000  lbs  of  beef  serve  340  men  15  days ;  how  many 
lbs  will  serve  120  men  for  25  days  ?    Ans.  1764  lb  11  /^  oz. 

8.  If  a  barrel  of  beer  be  sufficient  to  last  a  family  of  8 
persons  12  days  ;  how  many  barrels  will  be  drank  by  16 
persons  in  the  space  of  a  year  ?  Ans.  60f  barrels. 

9.  If  180  men,  in  six  days,  of  10  hours  each,  can  dig  a 
trench  200  yards  long,  3  wide,  and  2  deep  ;  in  how  many 
days  of  8  hours  long,  will  100  men  dig  a  trench  of  360  yards 
long,  4  wide,  and  3  deep  ?  Ans.  48}  days. 


OF  VULGAR  FRACTIONS. 

AFiucnoN,  or  broken  number,  is  an  expression  of  a 
part,  or  some  parts,  of  something  considered  as  a  whole. 

It  is  denoted  by  two  numbers,  placed  one  below  the  other, 
with  a  line  between  them  : 

Thus,  -T-j         .    ^     J  ,  which  is  named  3.fourth8. 
4  denominator  > 

The  denominator,  or  num)>er  placed  below  the  line,  shows 
how  many  equal  parts  the  whole  quantity  is  divided  into  ; 
and  it  represents  the  Divisor  in  Division. — And  the  Nu- 
merator, or  number  set  above  the  line,  shows  how  many  of 
these  parts  are  expressed  by  the  Fraction  :  being  the  re- 
mainder  afler  division. — Also,  both  tbese  numbers  are  in 
general  named  the  Terms  of  the  Fraction. 

Fractions  are  either  Proper,  Improper,  Simple,  Compound, 
Mixed,  or  Complex. 

A  Proper  Fraction,  is  when  the  numerator  is  less  than  the 
denominator  ;  as,  ^,  or  |,  or  |,  &c. 

An  Improper  Fraction,  is  when  the  numerator  is  equal  to, 
or  exceeds,  the  denominator ;  as,  |,  or  },  or  |,  &c.  In 
these  cases  the  fraction  is  called  Improper^  because  it  is  equal 
to,  or  exceeds  unity. 

A  Simple  Fraction,  is  a  single  expression,  denoting  any 
number  of  parts  of  the  integer  ;  as,  f,  or  |« 

A  Compound  Fraction,  is  the  fraction  of  a  fraction,  or 
two  or  more  fractions  connected  with  the  word  of  between 
them  ;  as,  ^  of  f,  or  f  of  |  of  3,  &c. 

A  Mixed  Number,  is  composed  of  a  whole  number  and  a 
fraction  together ;  as,  3},  or  12f,  &c. 

A  Complex  Fraction,  is  one  that  has  a  fraction  or  a  mixed 

number  for  its    numerator,   or  its  denominator,  or  both ; 

i  2         I         3}  ^ 

M,   y,  or-,  or-|-,  or^,&c. 
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A  whole  or  integer  numl>er  may  be  expressed  like  a  firac- 
tion,  by  writing  1  below  it,  as  a  denominator ;  so  3  is  f,  or  4 
is  f ,  £c. 

A  fraction  denotes  division ;  and  its  value  is  equal  to  the 
quotient  obtained  by  dividing  the  numerator  by  the  deno- 
minator :  so  y  is  equal  to  3,  and  y  is  equal  to  4(. 

Hence  then,  if  the  numerator  be  less  than  the  denominator, 
the  value  of  the  fraction  is  less  than  1.  But  if  the  numerator 
be  the  same  as  the  denominator,  the  fraction  is  just  equal  to 
1«  And  if  the  numerator  be  greater  than  the  denominator, 
the  fraction  is  greater  than  1. 


REDUCTION  OF  VULGAR  FRACTIONS. 

Rbduction  of  Vul^r  Fractions,  is  the  bringing  them  out 
of  one  form  or  denommation  into  another ;  commonly  to  pre« 
pare  them  for  the  operations  of  Addition,  Subtraction,  dcc« ; 
of  which  there  are  several  cases. 


ntOBLBH. 

To  find  the  GreaUH  Ckmmon  Measure  of  Two  or  mare 
Numbers* 

The  Common  Measure  of  two  or  more  numbers,  is  thai 
number  which  will  divide  them  all  without  remainder ;  so,  3 
is  a  common  measure  of  18  and  24;  the  quotient  of  the 
former  being  6,  and  of  the  latter  8.  And  the  greatest  num* 
ber  that  will  do  this,  is  the  greatest  common  measure :  so  6 
is  the  greatest  common  measure  of  18  and  24 ;  the  quotient 
of  the  former  being  3,  and  of  the  latter  4,  which  will  not 
both  divide  further. 

SULB. 

Ip  there  be  two  numbers  only,  divide  the  greater  by  the 
less ;  then  divide  the  divisor  by  the  remainder ;  and  so  on, 
dividing  always  the  last  divisor  by  the  last  remainder,  till 
nothing  remains  ;  so  shall  the  last  divisor  of  all  be  the  great- 
est common  measure  sought. 

When  there  are  more  Uian  two  numbers,  find  the  greatest 
common  measure  of  two  of  them,  as  before ;  then  do  the 
same  for  that  common  measure  and  another  of  the  numbers ; 
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and  so  on,  through  all  the  numbers ;  so  will  the  greatest  com- 
mon measure  last  found  be  the  answer. 

If  it  happen  that  the  common  measure  thus  found  is  1 ; 
then  the  numbers  are  said  to  be  incommensurable,  or  not  to 
have  any  common  measure,  or  they  are  said  to  be  prime  to 
each  other.     . 

EXiJIPLES. 

1.  To  find  the  greatest  common  measure  of  1908,  996, 
and  G30. 

936  )  1908  ( 2  So  that  36  is  the  greatest  common 

1872  measure  of  1908  and  936. 

36  )  936  (  26.     Hence  36 )  630  (  17 
?2  36 

216  270 

216  252 

18)  36  (2 
36 


Hence  18  is  the  answer  required. 

2.  What  is  the  greatest  common  measure  of  246  and  372  ? 

Ans.  6. 

3.  What  is  the  greatest  common  measure  of  324,  612, 
and  1032?  Ans.  12. 

CASS  I. 

To  Abbreviate  or  Reduce  Fraciions  to  their  Lowest  Terms. 

*  Divide  the  terms  of  the  given  fraction  by  any  number 
that  will  divide  them  without  a  remainder  ;  then  divide  these 


•  That  dividing  both  the  terms  of  the  fraction  by  the  same  number, 
whatever  it  be.  will  give  anoiher  fraction  equal  to  the  former,  is  evi- 
dent* And  when  these  divisions  are  performed  as  often  as  can  be  done, 
or  when  the  common  divisor  is  the  greatest  possible,  the  terms  of  the 
resulting  fraction  mnst  be  the  least  possible 

JVtfte.  1.  Any  number  ending  with  an  even  number,  or  a  cipher,  U 
divisible,  or  can  be  divided,  by  2. 

2.  Any  number,  ending  with  5,  or  0,  i:?  divisible  by  5. 

3.  If  the  righi-hand  place  of  any  number  be  0,  the  whole  is  divisible 
by  10;  if  there  be  two  ciphers,  it  is  divisible  by  100;  if  three  ciphers,  by 
1000 :  and  so  on ;  which  is  only  cutting  off  those  ciphers. 
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quotients  again  in  the  same  manner  ;  and  so  on,  till  it  appears 
that  there  is  no  number  greater  than  1  which  will  divide 
them  ;  then  the  fraction  will  be  in  its  lowest  terms. 

Or,  divide  both  the  terms  of  the  fraction  by  their  greatest 
common  measure  at  once,  and  the  quotients  will  be  the  terms 
of  the  fraction  required,  of  the  same  value  as  at  first. 

EXAMPLES. 

1.  Reduce  ||f  to  its  least  terms. 

f  ij  =  if  =  H  =  I*  =  f  =  h  tbe  answer. 
Or  thus : 
216)  288  (1  Therefore  72  is  the  greatest  common 

216  measure  ;    and   72)  |f  f  =  |    the 

Answer,  the  same  as  before. 

72)  216  (3 
216 

2.  Reduce  i(f  |  to  its  lowest  terms.  Ans.  |. 

3.  Reduce  \ii  to  its  lowest  terms.  Ans.  f . 

4.  Reduce  |§f  to  its  lowest  terms,  Ans.  f . 


4.  If  the  two  rifrht-hand  figures  of  any  number  be  divisible  by  4,  the 
whole  is  divisible  by  4.  And  if  the  three  right-hand  figures  be  divisible 
by  8,  (he  whole  is  divisible  by  8.     And  so  on. 

6.  If  fbe  sum  of  the  digits  in  any  number  be  divisible  by  3,  or  by  9, 
the  whole  is  divisible  by  3,  or  by  9. 

6.  If  the  right-hand  digit  be  even,  and  the  sum  of  all  the  digits  be  di- 
visible by  6,  then  the  whole  is  divisible  by  6. 

7.  A  number  is  divisible  by  11,  when  the  sum  of  the  1st,  3d,  5th,  &c. 
or  all  the  odd  places,  is  equal  to  the  sum  of  the  2d,  4ih,  6th,  &c.  or  of 
all  the  even  places  of  digits. 

6.  If  a  nnmber  cannot  be  divided  by  some  quantity  less  than  the 
square  root  of  the  same,  that  number  is  a  prime,  or  cannot  be  divided 
by  any  number  whatever. 

9.  All  prime  numbers,  except  2  and  5,  have  either  1,  3,  7,  or  9,  in  the 
place  of  units;  and  all  other  numbers  are  coniposile,  or  can  be  divided. 

10.  When  numbers,  with  the  sign  of  addition  or  subtraction  between 
themy  are  to  be  divided  by  any  number,  then  each  of  those  numbers 

most  be  divided  by  U.    Thus  i^^— "  =  ^  +  ^  —  2  =  7. 

11.  Bat  if  the  numbers  have  the  sign  of  multiplication  between  them, 
only  one  of  them  must  be  divided.    Thus, 

10  X  8  X  3  _  10  X  4  X  3  _  10  X  4  X  1  _  10  X  2  X  1  _  20  _ 
6X3      ~        6X1      -      2X1       "      IXI      -i"-'^- 
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CASE  11. 

lb  Reduce  a  Mixed  Number  to  its  Equmdent  Improper  Frae^ 

Hon* 

*  M1A.TIPI.Y  the  iDteger  or  whole  number  hy  the  deno- 
minator of  the  fraction,  and  to  the  product  add  the  numera- 
tor ;  then  set  that  sum  above  the  denominator  for  the  fraction 
required. 

EXAMPLES. 

1.  Reduce  23}  to  a  fraction. 

23 
5 

115  Or,  thus, 

2  (23X5)+2      117    ^     , 

c =  -¥^»  the  Answer. 

d  o 

117 

5 

2.  Reduce  12}  to  a  fraction.  Ans.  ^i'. 

3.  Reduce  14/y  to  a  fraction.  Ans.  y^^. 

4.  Reduce  183|^|-  to  a  fraction.  Ans.  ^|f' • 

CASE  ui. 

7b  Reduce  an  Improper  Fmctian  to  its  Equivalent  Wboleor 
Mixed  Number. 

f  Divide  the  numerator  by  the  denominator,  and  the  quo- 
tient will  be  the  whole  or  mixed  number  sought. 

EXAMPLES. 


1.  Reduce  ^  to  its  equivalent  number. 
Here  y  or  12-r8=4,  the  Answer. 


*  This  is  no  more  than  first  multiplying  a  auantity  by  some  number, 
and  then  dividing  the  resalt  back  again  by  tnn  same:  which  it  is  evi- 
dent does  not  alter  the  value ;  for  any  fraction  represents  a  divisioa  of 
the  numerator  by  the  denominator. 

t  This  rule  is  evidently  the  reverse  of  the  former ;  and  the  reason  of 
it  is  manifest  from  the  nature  of  Common  Division. 
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2*  Redace  y  to  its  equivalent  number. 

Here  y  or  15-5-7=24,  the  Answer. 
9.  Reduce  \\f  to  its  equivalent  number. 
Thus,  17  )  749  (  4,^4 
68 

69    So  that  Vy  ="441^1  the  Answer, 
68 

1 

4.  Reduce  V  to  its  equivident  number*  Ana.  8* 

5.  Reduce  ^i|*  to  its  equivalent  number.       Ans.  54}|, 

6.  Reduce  'f^'  to  its  equivalent  number.      -Ans.  171f|. 

CASE  IV. 

To  Reduce  a  Whole  Number  to  an  Equivalent  Fteutiany  hao^ 
ing  a  Given  Denominaior* 

*  Multiply  the  wh<^e  number  by  the  given  denominator ; 
then,  set  the  product  over  the  said  denominator,  and  it  will 
Ibrm  the  fraction  required. 

EXAMPLES. 

1.  Reduce  9  to  a  fraction  whose  denominator  shall  be  7. 

Here  9X7=63:  then  V  is  the  Answer; 
For  'y=63-r7=9,  the  Proof. 

2.  Reduce  13  to  a  fraction  whose  denominator  shall  be  IS, 

Ans.  vy« 

3.  Reduce  27  to  a  fraction  whose  denominator  shall  be  1 1, 

Ans.  W* 

CASE  V, 

TV  Reduce  a  Compound  Fradion  to  ttn  Equwaknt  Sw^ 
one* 

t  Multiply  all  the  numerators  together  for  a  numerator, 
and  all  the  denominators  together  for  a  denominator,  and 
they  will  form  the  simple  fraction  sought. 

*  Maltiplieation  and  Division  being  here  eqaaHy  used,  the  remit 
innst  be  the  same  as  the  quantity  first  proposed. 

f  The  tnich  of  this  rule  may  be  shown  as  follows :  Let  the  eompoond 
fraction  be  |  of  f.    Now  )  of  f  is  J^9,  which  is  jj^i  eonseqoeotJIjr 

V0L.L  9' 


Digitized  by  VjOOQIC 


58  UtITHXBTIC* 

When  part  of  the  compound  fraction  is  a  whole  or  miied 
number,  it  must  first  be  reduced  to  a  fraction  by  one  of  .the 
former  cases. 

And,  when  it  can  be  done,  any  two  terms  of  the  fraction 
may  be  divided  by  the  same  number,  and  the  quotients  used 
instead  of  them.  Or,  when  there  are  terms  that  are  conu 
mon,  they  may  be  omitted,  or  cancelled. 

KXAXPLBS. 

3  ^       L  Reduce  |  of  f  of  {"to  a  simple  fraction. 

„       1X2X3       6       1  ,,      A 

«^'^2xrx4  =  24  =  4'^"^'^''^- 

IXjfXit       1 
Or,      ^  r^  =  J  by  cancelling  the  2's  and  3*s. 

2.  Reduce  |  of  }  of  -f  f^  to  a  simple  fraction* 
„       2X3X10       60       12       4     ^     . 
"^'^  3X5 xn  "  165  ==  33  =  n*  ^*^^  ^°^^'' 
2 

'  itxjrxil  "^ TT*       ^^'^^  ^ before,  by  cancelling  the 
3*8,  and  dividing  by  d's. 
•  3.  Reduce  ^  of  |  to  a  simple  fraction.  Ans.  \i^ 

4.  Reduce  (  of  }  of  (  to  a  simple  fraction.  Ans*  f* 

5*  Reduce  }  of  f  of  3^  to  a  simple  fraction.  *  Ans.  f  • 
6.  Reduce  f  of  4  of  j^  of  4  to  a  simple  fraction*  Ans.  f. 
7*  Reduce  2  and  f  of  f  to  a  fraction.  Ans.  2» 

CASB  VI. 

To  Reduce  FracUans  ofDiffereni  Denondnaikmio  llquiodmit 
Fractimu  hamng  a  Common  Denomtnator. 

*  Multiply  each  numerator  by  all  the  denominators  ex* 
cept  its  own  for  the  new  numerators :  and  multiply  all  the 
denominators  together  for  a  common  denominator. 


}  of  4-  will  be  ^X2  or  44 ;  that  b,  the  numemton  are  nnltSplfed  to- 
gether, and  also  the  denottinators,  as  in  the  Rule.  When  the  compoonA 
fraction  consbti  of  more  than  two  single  ones ;  having  first  redoeed 
two  of  them  as  above,  then  the  resulting  fraction  and  a  ttiird  will  be  the 
aame  as  a  compound  fraction  of  two  parts ;  and  so  on  to  the  last  of  all. 
*  ThiiTis  evidently  no  more  than  multiplying  each  numerator  and  it»^ 
denominator  by  the  same  qoaotity,  and  consequently  the  tbIoo  of  the 
fraction  is  not  altered. 
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HfoUf  It  18  evident,' that  in  this  and  aeveiut  other  operatiofis, 
^hen  any  of  the  proposed  quantities  are  integers,  or  mixed 
nnmbefs,  or  oompoond  fractions,  they  must  first  be  reduced, 
by  their  proper  Rules,  to  the  form  of  simple  fractions. 


1.  Reduce  f,  },  and  |,  to  a  common  denominator. 

1  X  8  X  4  =  12  the  new  numerator  for  ^. 

2  X  2  X  4  »  16  ditto  |. 

3  X  2  X  3  =s  18  ditto  f . 
2  X  3  X  4  =  24  the  common  denominator. 

Thereibre  the  equivalent  fractions  are  ^f ,  j^f ,  and  |f « 
Or  the  whole  operation,  of  multiplying  may  often  be  per* 

formed  mentally,  only  setting  down  the  resulte  and  given 

fractions  thus,  j,  |,  },  »  Jf ,  jf,  if  =  ^  A»  A»  ^Y  aW)^- 

viation. 
2;  Reduce  f  and  f  to  firactions  of  a  common  denominator. 

Ans.  if,  If. 
8.  Reduce  |,  |,  and  |  to  a  common  denominator. 

.......  .     Ans.  n.  If,  If. 

4.  Reduce  f ,  2|,  and  4  to  -a  common  denominator* 

Ans.ff,|f.  W- 

iVols  1.    When  the  denominators  of  .two  given  tractions 

have  a  common  measare,  let  them  be  divided  by  it ;  then 

multiply  the  terms  of  each  given  fraction  by  the  quotient 

arising  frnxn  the  ether's  denominator. 

JSs.  A  ^^^  A  ^  tVr  ^^  "Mi  ^y  multipl3ring  the  former 

6  7  by  7  and  the  latter  by  5. 

2.  When  the  less  denominator  of  two  •  fractions  exactly 
divides  the  greater,*  multiply  the  terms  of  tha^  which  has  the 
less  denominator  by  the  quotient. 

£s.  I  and  ^  =  -j^  and  /r,  by  mult,  the  former  by  2. 

"8.  When  more  than  two  fractions  are  proposed,  it  is  some- 
times convenient,  first  to  reduce  two  of  them  to  a  common 
denominator ;  then  these  and  a  third ;  and  so  on  till  they  be 
all  reduced  to  their  least  common  denominator. 

&.  f  and  }  and  f  s  }  and  f  and  f  ss  f  f  and  jf  and  |f . 

CASEVU. 

To  reduce  Com^fiex  Frac^iom  to  single  ones. 

Rbp^cb  the  two  parts  both  to  simple  fractions ;  then  muK 
liply  the  numerator  of  each  by  the  denominator  of  the  other; 
which  is  in  fact  only  increasing  each  part  by  equal  multi* 
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plicatioittfy  whieh  makes  no  difference  in  the  value  of  die 
whole. 

7 


So.i  =  5.And^*  = 


12-    •*^4|       I         6^9      46* 


CASB  vm. 


Tojmd  the  value  of  a  Fraction  in  Parts  rf  the  Integer. 

'  Multiply  the  integer  by  the  numerator,  and  divide  the 
product  by  the  denominator,  by  Compound  Multiplication 
and  Division,  if  the  integer  be  a  compound  quantity. 

Or,  if  it  be  a  single  integer,  multiply  the  numerator  by  the 
parts  in  the  next  inferior  denomination,  and  divide  the  pro- 
duct by  the  denominator.  Then,  if  any  thing  remaios,  mul- 
tiply  it  by'  the  parts  in  the  next  inferior  denomination,  and 
divide  by  the  denominator,  as  before  ;  and  so  on  as  far  as  ne- 
cessary ;  so  shall  the  quotients,  placed  in  order,  be  the  value 
of  the  fraction  required.* 


KXAMPLBS. 


1.  What  is  the  I  of  2Ze>7 

By  the  former  part  of  the  Rule 

2269 

4 

5)  9  4 
Ans.     m6«0J2|9. 


2.  What  is  the  value  off  of  UT 
By  the  2d  part  of  the  Rule, 
2 
20 

3)  40  (1&  AA  Ans. 

.    1 
12  , 

3)  12  {U 


3.  Find  the  value  of  f  of  a  pound  sterling.       Ans.  7«  M. 

4.  What  is  the  value  of  %  of  a  guinea  ?  Ans.  4^  8<l. 

5.  What  is  the  value  of  f  of  a  half  cro^n?    Ans  \e  lOjJ. 


6.  What  is  the  value  off  of  4*  lOd  ? 

7.  What  is  the  value  of}  lb  troy  7 
6.  What  is  the  value  of  ^  of  a  cwt  ? 
9.  What  is  the  value  of  \  of  an  acre  ? 

10.  What  is  the  value  of  ^  of  a  day? 


Ans.  1*  IIJJ- 

Ans.  9  oz  12  dwts. 

Ans.  1  qr  7  lb. 

Ans.  3  ro  20  po. 

Ans.  7  hrs  12  mio. 


*  The  numerator  of  a  fraction  being  considered  as  a  remainder,  in 
Division,  and  the  denominator  as  the  divisor^  this  rule  is  of  tbe  same 
nature  as  Compound  Division,  or  the  valuation  of  remainders  in  the 
Rule  of  Three,  before  explained. 
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CABB  n. 

7b  Redaue  a  FneHonfnm  one  Denomination  to  anoiher. 

*  CoyssDMR  how  many  of  the  less  denominatiou  mak« 
one  of  the  greater ;  thea  multiply  the  numerator  by  that 
oamber^  if  the  reduction  be  to  a  less  name,  but  multiply  the 
dapominatory  if  to  a  greater. 

BZAMPLKS. 

1.  Reduce  |  of  a  pound  to  the  fraction  of  a  penny, 

f  X  Y  X  V  =^  M*  =  'IS  the  Answer. 

2.  Reduce  4  of  a  penny  to  the  fraction  of  a  pound. 

f  X  iV  X  iV  =  7iT»  t^^  Answer. 
8.  Reduce  ^l  to  the  fraction  of  a  penny.  Ans.  ^d. 

4»  Reduce  \q  to  the  fraction  of  a  pound.  Ans.  y^Vt* 

5.  Reduce  f  cwt  to  the  fraction  of  a  lb.  *   Ans.  y . 

6.  Reduce  {  dwt  to  the  fraction  of  a  lb  troy.       Ans.  ^1^. 

7.  Reduce  f  crown  to  the  fraction  of  a  guinea.      Ans.  ^. 

8.  Reduce  f  half-crown  to  the  fract.  of  a  shilling.  Ans.  f|. 

9.  Reduce  ^  6d  to  th^  fraction  of  a  £•  Ans.  |. 
10.  Reduce  17s  7d  8fq  to  the  fraction  of  a  £.    Ans.  fiH- 


ADDITION  OF  VULGAR  FRACTIONS. 

If  the  fractions  have  a  common  denominator ;  add  all  the 
numerators  together,  then  place  the  sum  over  the  common, 
denominator,  and  that  will  be  the  sum  of  the  fractions  re- 
quired. 

t  If  the  proposed  fractions  have  not  a  common  denomina* 
tor,  they  must  be  reduced  to  one.  ^Also  compound  fractions 


*  This  if  the  fame  ai  the  Rale  of  Redaction  in  whole  nanben  from 
ooe  denomination  to  another. 

t  Before  fractions  are  reduced  to  a  common  denominator,  they  are 
quite  diirimilar,  at  much  aa  shillinn  and  pence  are,  and  therefore  can* 
not  be  Incorporated  with  one  another,  any  more  than  these  can.  Bnt 
when  they  are  reduced  to  a  crmmon  denominator,  and  made  parts  of 
the  same  thing,  their  sum,  or  difference,  may  then  be  as  properly  ei- 
pressed  by  the  som  or  difference  of  the  numerators,  as  the  sum  or  dif- 
mence  ot  any  two  qoantities  whatever,  by  the  sam  or  difference  of 
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mast  be  reduced  to  simple  ones,  and  fractions  of  different 
denominations  to  those  of  the  same  denomination*  Tbea 
add  the  numerators,  as  before.  As  to  mixed  numbers,  they 
may  either  be  reduced  to  improper  fractions,  and  so  added 
with  the  others  ;  or  else  the  fractional  parts  only  added,  and 
the  integers  united  aflerwards. 

BZAHPLSS. 

1.  To  add  {  and  }  together. 

'Here  J+J  =  }  =  1|,  the  Answer. 

2.  To  add  |  and  }  together. 

I  +  I  =  H  +  H  =  H  =  Hh  the  Answer. 

3.  To  add  i  and  7^  and  |  of  |  together. 

*+n+i  off  =  i+V+i  =  i+V+l  =  V  =9|- 

4.  To  add  f  and  ^  together.  Ans.  If. 

5.  To  add  i  and  f  together.  Ans.  1||. 

6.  Add  \  and  ^  together.  Ans.  ^. 


their  individaaln.  Whence  (he  reason  of  the  Rule  b  manifest,  hoth  for 
Addition  and  Subtraction. 

When  several  fractions  are  to  be  collected,  it  is  commonly  best  first 
to  add  two  of  them  together  that  most  easily  reduce  to  a  common  de- 
nominator; then  add  their  sum  and  a  third,  and  so  on. 

NaU  a.  Taking  any  two  fractions  whatever,  -^  and  ff,  for  example, 
after  reducing  them  to  a  common  denominator,  we  judge  whether  tliey 
are  equal  or  unequal,  by  observing  whether  the  products  35  X  H,  and 
7  X  Mi  which  constitute  the  new  nun-erators,  are  equal  or  ilnequal. 
[f,  therefore,  we  have  two  eoual  products  35  X  H  =  7  X  %  we  may 
compose  from  them  two  equal  fractions,  as  ^  =  -fx,  or  -^yt  =  ^, 

If,  then,  we  talce  two  equal  fractions,  such  as  -^  and  ff,  we  shall 
have  36  X  11  =  7  X  56 ;  Uking  from  each  of  these  7  X  11,  there  will 

remain  (36-  7)  X  H  =  (66  —  11)  X  7,  whence  we  have  ^""  J  ^ 

oo  —  11 

In  like  manner,  if  the  |^rms  of  ^  were  respectively  addsd  to 
those  of  U,  we  shoflld  have  ^-^  =  ff  =  ^2^.. 

Or,  generally,  If  v  =  j,  ^t  may  iu  a  similar  way  be  shown,  that  -=-^ 
_«  _^c 
=  i"=d' 

Hence,  when  two  fraetknu  are  of  equal  ra/ve,  the  fractum  formed  bf  te-. 
king  the  sum  {or  the  difftrence)  of  their  ntimeratore  respertirety,  and  oj^  their 
tenominotors  respettitely^  it  a  fraction  equal  in  value  to  each  of  the  original 
^aetionM.  This  proposition  will  be  found  useful  in  the  doctrine  of  pro- 
[>ortions.  ' 
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7.  What  is  the  sum  of  |  aod  }  and  4  ?  Ana.  1)^|{« 

8.  What  18  the  sum  of  f  and  }  and  2^  ?  Ans.  3||. 

9.  What  is  the  sum  of  f  and  }  of  i,  and  9^^  ?  Ans.  10^. 

10.  What  is  the  sum  of  }  of  a  pound  and  f  of  a  shilling  ? 

Ans.  ^i^$oTl38l0d2\q. 

11.  What  is  the  sum  of  |  of  a  shilling  and  ^  of  a  penny  ? 

Ans.  VV ^  or  7d  Iff?. 

12.  What  is  the  sum  of  4  of  a  pound,  and  f  of  a  shilling, 
and  A  of  a  penny  ?  Ans.  f||f«  or  Ss  Id  l^f^. 


SUBTRACTION  OF  VULGAR  FRACTIONS. 

Prbpasb  the  fractions  the  same  as  for  Addition,  when 
necessai^  ;  then  subtract  the  one  numerator  from  the  other, 
and  set  the  remainder  orer  the  common  denominator,  for  the 
difference  of  the  fractions  sought. 

XXAMFLES. 

1.  To  find  the  difference  between  |^  and  i. 

Here  |-  —  ^  ^^4-^1)  ^^®  Answer. 

2.  To  find  the  difference  between  f  and  |. 

*—*  =  H  —  II  =  A>  the  Answer. 

3.  What  is  the  difference  between  ^j  and  f^  ?       Ans.  |. 

4.  What  is  the  difference  between  f\  and  ^^  ?     Ans.  ^. 

5.  What  is  the  difference  between  ^  and  fy  ?    Ans.  ^, 

6.  What  is  the  diff.  between  5|  and  |  of  4|  ?    Ans.  4^. 

7.  "What  is  the  difference  between  |  of  a  pound,  and  |  of 
f  of  a  shilling  ?  Ans.  '^«  or  10«  7d  l\q. 

8.  What  is  the  difference  between  |  of  5|  of  a  pound,  and 
I  of  a  shiUing.  Ans.  |f  |};  or  II  8«  11/^. 


MULTIPLICATION  OF  VULGAR  FRACTIONS. 

*  Rbbuce  mixed  numbers,  if  there  be  any,  to  equivalent 

*  MaltiplicatioQ  of  any  thing  by  a  fractioD,  implies  the  taking  aonie 
part  or  parts  of  the  thing ;  it  may  therefore  be  tnily  eiprened  I7  .a 


Digitized  by  VjOOQ IC 


64  AtttTHMBTIC. 

ffaetioDS ;  then  multiply  all  the  numeratora  together  for  a 
numerator,  and  all  the  denomioators  together  for  a  denomi- 
nator>  which  will  give  the  product  required. 


EXAMPLES. 

1.  Required  the  product  of  j  and  f  • 

Here  }  X  |=^iV  ^h  ^^®  Answer. 
Or|X|=iXi=4- 

2.  Required  the  continued  product  of  |,  3|,  5,  and  }  of  |. 

HerejX-XyX^X--.^j^-.-g— 4J,Ans. 

3.  Required  the  product  of  f  and  f .  Ans.  -ff. 

4.  Required  the  product  of  ^  and  /^ »  Ans.  ^. 
5. .  Required  the  product  of  f ,  f ,  {^.  Ans.  ^. 

6.  Required  the  product  of  j^,  },  and  8.  Ans.  1. 

7.  Required  the  product  of  },  j»  and  4-^.  Ans.  3^. 

8.  Required  the  product  of  f ,  and  f  off.  Ans.  ^f . 

9.  Required  the  product  of  6,  and  |  of  5.  Ans.  20. 

10.  Required  the  product  off  of  },  and  |  of  3f .    Ans.  $|. 

11.  Required  the  product  of  3f  and  4^f.  Ans.  14^f* 

12.  Required  the  product  of  5,  |^  f  off,  and  4|.    Ans.  2^. 


L 


DIVISION  OF  VULGAR  FRACTIONS.  - 

f 

*  Pbbpahe  the'fractions  as  before  in  Multipli(iation  :  then 
divide  the  numerator  by  the  numeratori  and  the  denominator 
by  the  denominator,  if  they  will  exactly  divide  :  but  if  not. 


compound  fraction ;  whith  is  resolved  by  mnltiplyiog  together  the 
namemtors  and  the  denominators. 

JVo/s.  A  Fraction  Is  best  moltiplied  by  an  integer,  by  dividing  the 
denominator  by  it ;  bat  if  it  wiU  not  eiactly  divide,  then  multiply  the 
'Bomeralor  by  It. 

*  Division  being  the  reverse  of  Moltiplication,  the  reason  of  the  rule 
is  evident. 

NcU^  A  fracUon  is  best  divided  by  an  integer,  by  dividing  the  nnme- 
rator  by  it ;  but  if  it  vrill  not  exactly  divide,  then  muUiply  the  denomi- 
■atorl^lt.  "^  *^^ 
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invert  the  terms  of  the  divisor,  and  multiply  the  dividend  by 
it,  as  in  Multiplication. 

BXAHPLBS.  ' 

1.  Divide  V  ^y  i- 

Here  y  ^  f  a  |  s=  If ,  by  the  first  method. 
%  Divide  i  by  A. 

Hewi^A  =  iXY=:fX|  =  V-4}. 

3.  It  is  required  to  divide  |}  by  }•  Ans.  }• 

4.  It  is  required  to  divide  ^  by  }•  Ans.  -^ 

5.  It  is  required  to  divide  V  by  }.  Ans*  1^ 

6.  It  is  required  to  divide  |  by  y .  Ans.  A* 

7.  It  is  required  to  divide  |^  by  f .  Ans.  4« 

8.  It  is  required  to  divide  f  by  {•  Ans.  |{« 

9.  It  is  required  to  divide  -f^  by  3.  Ans.  -g^* 

10.  It  is  required  to  divide  }  by  2.  Ans.  i^. 

11.  It  is  required  to  divide  7^  by  9f .  Ans.  ||. 

12.  It  is  required  to  divide  f  of  |  by  f  of  7}.  Ans.  j^j. 


RULE  OP  THREE  IN  VULGAR  FRACTIONS. 

Makb  the  necessary  preparations  as  before  directed ;  then 
multiply  continually  together,  the  second  and  third  termSy 
and  the  first  with  its  parts  inverted  as  in  Division,  for  the 
answer*. 

EXAXPLES. 

1 .  If  }  of  a  yard  of  velvet  cost }  of  a  pound  sterling ;  what 
will  ^g  of  a  yard  cost? 

2.  What  will  3f  oz.  of  silver  cost,  at  6«  4<2  an  ounce  1 

Ans.  lll3^d. 


,*  This  is  only  muUiplying  the  2d  and  3d  terms  together,  and  divide 
lag  the  product  by  the  first,  as  io  the  Rale  of  Three  la  whole  namben, 
Vot.  I.  10 


Digitized  by  VjOOQ IC 


t(9  Aiunnpom^* 

3.  IT  A  of  adup  t^  wott}i27Sl2a  6d;  what  aye  ^  of 
her  worth  t  Ana.  $ei72  13«  liL 

4.  What  is  the  purchase  of  12SM  hank^ock,  at  lOdf  per 
cent.?  Ads.  IWGiUM. 

5.  What  is  the  interest  of  2T8I 15^  for  a  year,  at  8\  per 
cent.  ?  An&  Bl  17«  H^d. 

6.  If  I  of  a  ship  bo  worth  791  U  3d;  what  part  of  her  is 
worth  250Z  10»  ?  Ans.  f  • 

7.  What  len^  must  be  cut  off  a  bocqrd  that  is  7}  inches 
broad,  to  contain  a  square  foot,  or  as  much  as  another  piece 
of  Vt  inches  long  and  1?  broad  ?  Ans*  18|f  inches. 
'  8.  What  quantity  of  shalloon  that  is  }  of  a  3rard  wide,  will 

'fine  94  yards  of  cloth,  that  is  3^  yards  wide  ?  Ans.  31|  yds. 

*  9.  if  the  penny  loaf  weigh  ^^^  ez*  Wben  the  pnce  of 
.wheat  is  69  the  bushel ;'  what  ought  it  lo  veigh  when  the 

wheat  iaSidd  the  bushel  ?  Ans,  .4A  os. 

10.  How  much  in  length,  of  a  piece  of  land  that  is  IIU 

*  poles  broad,  will  make  an  acre  of  land,  or  as  much  as  40 

*  poles  in  length  and  4  in  breadth  ?  Ans*  13|\'^  poles. 

.  11.  If  a  courier  perform  a  ceitaiB  jottfBay  in  85^  di^rs, 
tDavelUng  13(  hours  a  day  ;  how  long  would  ho  be  m  per* 
forming  the  same,  travelliog  only  II /|^  hours  a  day  ? 

Ans.  40||f  days. 

13.  A  regiment  of  soldiers,  consisting  of  976  men,  are  to 

be  new  clothed ;  each  coat  to  contain  2|  yards  of  cloth  that 

is  If  yard  wide,  and  lined  with  shalloon  f  yard  wide  :  how 

many  yards  of  shalloon  wUl  line  them  ? 

Ans.  4^1  yds  1  qr  3f  nails. 


DECIMAl.  FKACTIONB. 

A  DsdHAX  FRAcnoN  is  that  which  has  for  its  deno* 
minator  an  unit  (I),  with  as  many  ciphers  annexed  as  the 
numerator  has  places  ;  Imd  it  is  usually  expressed  by  setting 
down  the  numerator  only,  with  a  point  before  it,  on  the  left, 
hand.  Thus,  ^  is  *4,  and  -f^  is  *24,  and  jUj  is  *074,  and 
t^^iVt  is  '00124 ;  where  ciphers  are  prefixed  to  make  up  as 
many  phudeAas  are  ciphers  in  the  depomtnator,  when  ther«^ 
is  a  deficiency  in  the  figures. 

k  nAxei  number  is  made  up  of  a  whole  number  wijth  fome 
depimal  fraction,  the  one  being  separated  from  the  other  by 
'a' point.    Hus,  3*25  is  the  same  as  3^,  or  fff. 

Ciphers  on  tibe  right-hand  of  decimals  make  no  alteration 
jfi  ^s^  value  f  for  -4,  or  *40,  or  -400  qre  decimals  hamg  all 
Ibesame value, eaeh being  =  iV> <»r }•    ^^  ^^ ^^ «^ 
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fliecd  on  dke  teft-hand,  titoy  decreoe  th«  yfAsLe  in  a  taa-fifld 
pfopoitkm :  TIkms  -4  is  ^,  or  4  tenths ;  but  -04  is  only  jf^^ 
or  4  IWiidrsddiB,  and/OM  is  ittif  ^tf  or  4  tbouBandthi. 
In  fcdhilitiij  aa  well  as  in  whole  nurabera^  the  Yakiei  of 


tf»alaoes  iBereaaetQ«rarditholeft.haiidi  apft  decoreasp  ^ 
wards  the  rij^t,  both  in  the  saane  tenfold  prepertion;  aa  in. 
the  ibilowing  Scale  or  Table  of  Notation. 


ADDITION  OF  DECIMALS. 

ScT  the  numbers  under  each  other  according  to  the  talue 
ef  thenr  places,  as  in  whole  numbers ;  in  which  state  the 
deeimai  separslkig  pointi  will  stand  all  exactly  under  each 
other.  Then,  beginning  at  the  right  hand,  add  up  all  the 
columns  of  numbers  as  m  integeia ;  and  point  off  as  many 
places  for  decimals,  as  are  in  the  greatest  number  of  decimal 
places  ID  any  of  the  lines  that  are  added  ;  or  place  the  point 
directly  below  all  the  odier  points. 

fiZAKFI.S4. 

L  To  add  together  29«6l46,  and  3146*5,  and  2100,  and 
*ed417,  aod  14-16. 

29-0146 
9146-5 
2100* 

•62417 

14-16 


G09O'2O877  the  Sum. 
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2.  What  ii  the  mm  of  276,  39*213,  72014^9,  417,  and 
5032  7  Ads.  77770  113. 

3.  What  is  the  sum  of  7530,  16  201,  3-0142,  957-13, 
6*72119  and -03014?  Ans.  651309658. 

4.  What  is  the  sum  of  312-09,3*5711,  7195-6,  71-498; 
9739*215, 179,  and  -0027 1  Ans.  17500-9718. 


SUBTRACTION  OF  DECIMALS. 

.'Flacb  the  numbers  under  each  other  according  tb  the 
▼alue  of  their  places,  as  in  the  last  Rule.  Then,  beginning 
at  the  right-hand,  subtract  as  in  whole  numbers,  and  point  onT 
the  decimals  as  in  Addition. 

EXAMPLES. 

1.  To  find  the  difference  between  91*73  and  2*138. 
91-73 
2-138 


Ans.  89.592  the  Difference. 


2.  Find  the  diff.  between  1*9185  and  2-73.     Answ  0-8115. 
8.  To  subtract  4-90142  from  214-81.  Ans.  209-90858^ 

4.  Find  the  diff.  between  2714  and  -916.      Ans.  2713-084. 


MULTIPUCATION  OF  DECIMALS. 

^  Place  the  factors,  and  multiply  them  together  the  same 
as  if  they  were  whole  numbers. — Then  point  off  in  the  pro- 
duct just  as  many  places  of  decimals  as  there  are  decimals  in 
both  the  factors.  But  if  there  be  not  so  many  figures  in  the 
product,  then  supply  the  defect  by  prefixing  ciphers. 


*  The  rale  will  be  evident  from  thii  eiample  :^Let  it  be  required  to 
maltiply  *12  by  -361 ;  these  namben  are  equivalent  to  -^^  and  tVW  * 
the  product  of  which  b  itjgj^^  =  -04432,.  by  the  nature  of  Notation, 
which  coniittf  of  ai  many  places  as  there  are  ciphers,  that  b.  of  as 
many  places  as  there  are  u  both  numbers.  And  in  like  manner  for  any 
other  namben. 
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EXABIPLB8. 

L  Multiply  •321096 
by      -2465 

1605480 
1926576 
1284384 
642192 


Ans.  -0791501640  the  Product. 


2.  Multiply  79-347  by  23-15.  Ans.  1836-88305. 

3.  Multiply  -68478  by  -8204.  Ans.  -520773512. 

4.  Multiply  *385746  by  -00464.         Ans.  -00178986144. 

CORTBACTZON  I. 

Th  muU^y  DeemdU  hp  1  wUh  any  iVtfmder  of  Ctfihersj  oi 
by  10,  or  100,  or  1000,  4*e. 

This  is  doae  by  only  removing  the  decimal  point  so^many 
places  farther  to  the  right-hand,'  as  there  are  ciphers  in  the 
multiplier ;  and  'subjoining  ciphers  if  need  be. 

BXAMPUBS. 

1.  The  product  of  51-3  and  1000  is  51300. 

2.  The  product  of  2-714  and  100  is 

8.  The  product  of  -916  and  1000  is     y 
4.  The  product  of  2131  and  10000  is 

CONTSACTZON  n. 

7b eantraet  the  Operation  soot  to  retain  only  as  many  Deeu 
maU  tn  (he  Product  at  may  he  thought  necessary,  when  the 
Product  vfoiddnaiuridly  contain  seteral  more  Places. 

«  Sbt  the  unit's  place  of  the  multiplier  under  the  figure  of 
the  multiplicand  whose  place  is  the  same  as  is  to  be  retained 
for  the  last  in  the  product ;  and  dispose  of  the  rest  of  the 
figures  in'  the  inverted  or  contrary  order  to  what  they  are 
usually  placed  in.-^Then,  in  multiplying,  reject  all  the 
%ures  that  arer  more  to  the  right-hand  than  each  multiplying 
figure,  and  set  down  the  products,  so  that  their  right-hand 
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figures  may  fall  in  a  column  straight  below  each  other  ;  but 
observe  to  increase  the  first  figure  of  every  line  with  what 
would  arise  from  the  figures  omitted,  in  this  manner  namely 
1  from  5  to  14,  2  from  15  to  24,  3  from  25  to  34,  &c.  ;  and 
the  sum  of  all  the  lines  will  be  the  product  as  required,  com* 
monly  to  the  nearest  unit  in  the  last  figure. 

examples; 

1.  To  multiply  27*14986  by  92*41085,  so  as  to  retain  only 
fi>ur  places  of  decimals  i|i  the  product. 

Contracted  Waif.  Comnum  Way. 

2714986  27-14986 

53014-29  92*41085 


24434874  13  574930 

542997  81 44958 

108599  2714  986 

2715  10860944 

81  5439972 

14  24434874 


2508-9280  2608*9280650610 


0 


2.  Multiply  480-14936  by  2-72416,  retaining  only  four 
decimals  in  the  product. 

3.  Multiply  2490*3048  by  •573286,  retaining  only  five 
decimals  in  the  product. 

4.  Multiply  325-701428  by  -7218393,  retaining  only  three 
decimals  in  the  product. 


DIVISION  OF  DECIMALS. 

Divide  as  in  whole  numbers  ;  and  point  ofi"  in  the  quo- 
tient as  many  places  for  decimals,  as  the  decimal  places  in 
the  dividend  exceed  those  in  the  divisor^. 


*  The  reaion  of  thii  Role  is  eTident;  for,  aiott  the  divisor  multiplied 
fay  the^  qnotient  cWes  the  dividend,  therefore  the  namber  of  decioBdi 
places  ill  the  dividend,  is  equal  to  those  in  the  divisor  and  qaotient, 
taken  together,  by  the  nature  of  Maltipllcation ;  and  conseqoently 
the  quotient  itself  mvst  contain  as  many  as  the  diyidend  esSMds  the 
^isor. 
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Another  way  to  know  the  place  for  the  decimal  point  is 
this  :  The  first  figure  of  the  quotient  must  be  made  to  occupy 
the  same  pUuXf  of  iniegers  or-  decinudsy  as  that  figure  of  ihe 
dioidmd  tshich  stands  ever  the  wri^s  figure  of  Ue.  first  pro^ 
ducL 

When  the  places  of  the  qootieot  are  not  ao  many  as  the 
Rule  requires,  the  defect  is  to  be  supplied  by  prefixing 
ciphers.  « 

When  there  happens  to  be  a  remainder  after  the  division  ; 
or  when  the  decimal  places  in  the  divisor  are  more  than  those 
in  the  dividend  ;  then  ciphers  may  be  annexed  to  the  divi- 
dendy  and  the  quotient  carried  on  as  far  as  required. 

EXAMPUSS. 


1. 

1. 

178)  •48580996  (-OOSTSSSQ 

•2689) 

27-00000  (102-8114 

1292 

6100 

400 

8220 

1049 

3080 

1699 

3910 

1768 

12710 

156 

2154 

3.  Divide  123-70536  by  54-25. 

Ana.  2-2802. 

4.  Divide  12  by  '7854. 

Ans.  16-278. 

6.  Di^e  4195*68  by  100. 

Ana.  41-9668. 

6.  Divide  '8297892  by  -153. 

Ans.  5-4232. 

CONTBA 

CTION  I. 

Weosn  the  divisor  is  an  integer,  with  any  number  of  ciphers 
annexed :  cut  off  those  ciphers,  and  remove  the  decimal 
point  in  the  dividend  as  many  places  farther  to  the  left  as 
there  are  ciphers  cut  off,  prefixing  ciphers,  if  need  be  ;  then 
proceed  as  before. 


1.  Divide  45«&  by  2100. 

21-00)  -455  (0216, &c. 
35 
140 
14 

2.  Divide  41020  by  98000. 

3.  Divide  053  by  21600. 

4.  Divide   01  by  79000. 
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coimucnoN  ii. 

Hbnob,  if  the  divisor  be  1  with  ciphers,  as  10,  100,  or 
1000,  &c. ;  then  the  quotient  will  be  found  by  merely  mpv- 
ing  the  decimal  point  in  the  dividend  so  many  places  farther 
to  the  left,  as  the  divisor  hath  ciphers ;  prefixing  ciphers  if 
need  be. 

EXAXPKBS. 

So,  217-3    -5.100  =  2173  Ans.  419  ^      10  = 

And    5-16-7-100=:  Ans.   -21 -£-1000  = 

CONTRACTION  HI* 

When  there  are  many  figures  in  the  divisor ;  or  when  only 
a  certain  number  of  decimals  are  necessary  to  be  retained 
in  the  quotient;  then  take  only  as  many  figures  of  the  divi- 
sor as  will  be  equal  to  the  number  of  figures,  both  integers 
and  decimals,  to  be  in  the  quotient,  and  find  how  many  times 
they  may  be  contained  in  the  first  figures  of  the  dividend,  as 
usual. 

Let  each  remainder  be  a  new  dividend ;  and  for  every  such 
dividend,  leave  out  one  figure  more  oh  the  right-hand  side 
of  the  divisor ;  remembering  to  carry  for  the  increase  of  the 
figures  cut  off,  as  in  the  2d  contraction  in  Multiplication. 

Note.  When  there  are  not  so  many  figures  in  the  divisor 
as  are  required  to  be  in  the  quotient,  begin  the  operation  with 
all  the  figures,  and  continue  it  as  usual  till  the  number  of 
figures  in  the  divisor  be  equal  to  those  remaining  to  be  found 
in  the  quotient ;  after  which  begin  the  contraction. 

SXAKPLES. 

1.  Divide  2508-02806  by  92-41035,  so  as  to  have  only 
four  decimals  in  the  quotient,  iti  which  case  the  quotient  will 
contain  six  figures. 


Cantmeied, 

t-4103,5)  2608-91^06  (97*1498 

660791 

13849 

4608 

.    919 


COflNIIOII. 

92.4103,5)  2606'928,06  (97*1498 
66072106 
13848610 
46075750 
91116100 
79467850 
5630570 


2.  Divide  4109-2351  by  230-409,  so  that  the  quotient  may 
contain  only  four  decimals.  Ans»  17-8345. 
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S.  Divide  8710438  by  5713-96,  that  the  quotient  may 
contain  only  five  decimals.  Ans.  *00649. 

4.  Divide  913  08  by  2137*2,  that  the  quotient  may  contain 
only  three  decimals. 


REDUCTION  OF  DECIMALS. 

CASE  I. 

To  reduce  a  Vulgar  Fraction  to  Us  equivalent  Decinud. 

Divide  the  numerator  by  the  denominator,  as  in  Division 
of  Decimals,  annexing  ciphers  to  the  numerator  as  far  as 
necessary ;  so  shall  the  quotient  be  the  decimal  required**. 


*  The  following  method  of  throwing  a  vulgar  fraction,  whose  de- 
nominator if  a  prime  namber,  into  a  deeimal  consisttttf^  of  a  great  oom- 
ber  of  figures,  is  given  by  Mr.  CoUon  in  page  1G2  of  Sir  baac  Newlam*» 
Flwdomg. 

Let  ^  be  the  fraction  which  is  to  be  converted  into  an  equivalent 
decimal. 

Then,  by  dividing  in  the  common  way  till  the  remainder  becomes  a 
single  figure,  we  shall  have  -fy  =  -0344)31^  for  the  complete  quotient, 
and  this  equation  being  n^ltiplied  by  the  numerators,  will  give  ^  s= 
27&84f}^,  or  rather  r^  ^  -27686^  :  and  if  this  be  substitttted  instead 
of  the  fraction  in  the  first  equation,  it  will  make  ^  =^  -0344827586  A« 
Again,  let  this  equation  be  multiplied  by  6,  and  it  will  give  1^  = 
•206806^17^ ;  and  then  by  substituting  as  before 
J^  =  •0344837686€068965617^ ; 

and  so  on,  as  far  as  may  be  thought  proper;  each  fresh  multijflieatlon 
doubling  the  number  of  figures  in  the  decimal  value  of  the  frection. 

In  the  present  instance  the  decimal  ctroM^otef  in  a  complete  period  of 
S8  figures,  1.  e.  one  less  than  the  denominator  of  the  fraction.    This^ 
again,  may  be  divided  into  equal  periods,  each  of  14  figures,  as  below  :* 
•03448275862068 
•96551724137931 
in  which  it  will  be  found  that  each  figure  with  the  figure  vertically  be- 
lowitmakes9;  0+9  =  9;  3  +  6  =  9;  and  soon.    Ihis  circulate  also 
comprehends  ail  the  separate  values  of  ^,  ^,  ^,  dbc.  in  correspond- 
ing circulates  of  28  figures,  only  each  beginning  in  a  distinct  place,  easU  ' 
Jy  ascertainable.    Thus,  ^  ==  «06896,  kc.  beginning  at  the  18th  place 
of  the  primitive  circnlate.    ^  =  •103448,  be.  beginning  at  the  S8tii 
place.    So  that,  in  fact,  this  circle  includes  28  complete  circles. 

See,  on  this  curious  subject,  Mr.  Goodwyn*s  Tables  of  Decimal  CIT' 
elas,  and  the  Ladieg*  Diaru  for  1824. 

Vol.!.      '  11 
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E3CAMFUM. 

1.  Reduce  ^  to  a  decimal. 
34  =  4  X  6.    Then  4)  7- 

6)  1-760000 
•291666  ^c. 


2*  Reduce  },  and  ^»  and  j,  to  decimals. 

Ads.  *35,  and  -d,  an^  -7SL 

3.  Reduce  f  to  a  decimal.    '  Ans.  -625^ 

4.  Reduce  ^  to  a  decimal.  Ans.  *12. 

5.  Reduce  t}t  to  a  decimal.  Ans.  *09196» 

6.  Reduce  /|V^  to  a  decimal.  Ans.  *143154  dec. 

CASE  n. 

Td/nd  the  Value  of  a  Decimal  in  term  of  the  Inferior 
Denominations. 

Multiply  the  decimal  by  the  number  of  parts  in  the 
next  lower  denomination ;  and  cut  off  as  many  places  for  a 
remainder  to  the  right-hand,  as  there  are  places  in  the  gtren 
decimal. 

BittHiply  that  remainder  by  the  parts  in  the  next  lower 
denoniihatioii  again,  cutting  off  for  another  remainder  as 
before. 

Proceed  in  the  same  manner  through  all  the  parts  of  the 
integer ;  then  the  several  denominations  separated  <m  the 
left-hand  will  make  up  the  answer. 

Note^  This  operation  is  the  same  as  Reduction  Descending 
in  whole  numbers. 

EXAMFLES. 

1.  Required  to  find  the  value  of  *T75  pounds  sterling. 
•775 
20 


#15^500 
12 


d  6-000        Ans.  l&s  M. 
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%  What  is  the  value  of  -^5  ehU  ?  Ann.  71d. 

3.  What  is  the  value  of  •86351  ?  Ans.  17«  9-2|(2. 

4.  What  is  the  value  of  *0125  lb  troy  ?  Ans.  3  dwts. 
e.  What  is  the  via«e<^  *46Mlt^  tn>y  1 

Aiw.5ozl24wi9l^'744«r. 

6.  What  is  the  value  of  •625  cwt  ?  Ans.  2  qr  14  lb» 

7.  What  iathe  value  ^  •9Q9M3  miles  ? 

Ans.  17ydlft$-08S«8iiic. 
9*  What  is  the  i^^lue  ^Qf  •6675  yd  ?  Ans.  2  qr  3  jils. 

9.  What  is  the  value  of  -3375  acr  ?      Ans.  1  rd  U  Hes. 
10.  What  is  the  vf^iie  of  •$2083  hhdof  viae? 

7b  reduce  hUegers  or  Decimdb  to  EguivalefU  DecmaU  of 
Higher  DenaminaUone. 

DiviDB  by  the  number  of  parts  in  the  next  higher  deno* 
fliination  ;  eentiauinff  the  'Operataon  to  us  maay  higher  de- 
nominations as  may  be  necessary,  the  same  as  in  Reduction 
Ascendiag  of  whole  numbers. 

1.  Reduce  1  dwt  to  the  decimal  of  a  pound  troy. 


ao 

12 


Idwt 

0*05  oz 

0*004166  dec.  lb.  Ans. 


2.  RadMe  9d  io  the  decimal  of  a  pound.        Aw^^BSlSL 

8.  Reduce  7  drams  tq  the  decimal  of  a  pound  avoird. 

Ans.  •027843751b. 

4.  Reduce  •26d[  to  the  decimal  of  a  I.  Ans.  '0910638  dsc.  L 

5^  Reduce  2*15  lb  to  the  decimal  of  a  cwt. 

Ans.  •019196  +  cwt. 

6.  Reduce  24  yards  to  the  decimal  of  a  mile. 

Ans.  •OlSOSO  ^c.  mile. 

IT.  Sodaoe  •666  pde  tolhe  decimal  of  an  acre. 

Ans.  •>00035  ac. 

6.  Reduce  1-2  pjnt  of  wine  to  the  decimal  of  a  fahd. 

Ans.  -00288  +  hhd. 

9.  Beduce  14  minutes  to  the  deciinal  of  a  day. 

Ans.  -009722  dec.  da. 

10.  Reduce  -^  pint  to  the  deQ^mal  of  a  peck. 

Ans.  •091325  jpec. 

11.  Reduce  29*  12^  tothe  deoinMd  of  a  mi^ou^. 
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Note,  When  there  are  several  numbers,  to  he  reduced  aU 
to  the  decimal  of  the  highest ; 

Set  the  given  numbers  directly  under  each  other,  for  di- 
Tidends,  proceeding  orderly  from  the  lowest  denomination 
to  the  highest. 

Opposite  to  each  dividend,  on  the  left.hand,  set  such  a 
number  for  a  divisor  as  will  bring  it  to  the  next  higher  name ; 
drawing  a  perpendicular  line  between  all  the  divisors  and 
dividends. 

Begin  at  the  uppermost,  and  perform  all  the  divisions : 
only  observing  to  set  the  quotient  of  each  division,  as  deci- 
mal parts,  on  the  right-hand  of  the  dividend  next  below  it ; 
80  shall  the  last  quotient  be  the  decimal  required. 


EXAMPLES. 

1.  Reduce  I7s  0|<l  to  the  decimal  of  a  pound. 
4  1    3- 
12      9-75 
20  I  17-8125 

£0-890625  Ans. 


2.  Reduce  191  lis  Sid  to  a  I.      Ans.  19-86354166  ^.  I. 

3.  Reduce  15f  6d  to  the  decimal  of  a  L  Ans.  *775l. 

4.  Reduce  7}^  to  the  decimal  of  a  shilling.      Ahs.  *625s. 

5.  Reduce  5  oz  12  dwts  16  gr  to  lb.     Ans.  -46944^^.  lb. 


RULE  OF  THREE  IN  DECIMALS. 

Prepabe  the  terms;  by  reducing  the  vulgar  fractions  to 
decimals,  and  any  compound  number  either  to  decimals  of 
the  higher  denominations,  or  to  integers  of  the  lower,  also 
the  first  and  third  terms  to  the  same  name  :  Then  multiply 
and  divide  as  in  whole  numbers. 

Note.  Any  of  the  convenient  Examples  in  the  Rule  of 
Three  or  Rule  of  Five  in  Integers,  or  Vulgar  Fractions,  may 
be  taken  as  proper  examples  to  the  same  rules  in  Decimals. 
— ^The  following  example,  which  is  the  first  in  Vulgar  Frac- 
tions, is  wrought  out  here,  to  show  the  method. 
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If  f  of  a  yard  of  velvet  cost  fZ,  what  will  ^  yd  coat? 

yd      2  yd         {  *  €  d 

{  s  •375  -375  :  -4  : :  'SISS  :  -383  dec.  or  6  8 

•4 


}  =^  -4  -375)  -12500  (•833388  fce. 

1250  20 

125  ———I 
«  6-60666  fcc. 
A  =  •8125  12 


Ads.  6$  Sd.    ^7-99909  fcc.  =:^  8d. 


.  DUODECIMALS. 

DuoDsciMALS,  or  Choss  MmuTiPLicATioif 9  is  a  rule  used 
by  workmen  and  artificers,  in  eomputing  the  contents  of 
their  works. 

Dimensions  are  usually  taken  in  feety  inches,  and  quarters; 
any  parts  smaller  than  these  being  neglected  as  of  no  con- 
sequence. And  the  same  in  n;iultip]ying  them  together,  or 
computing  the  contents.    The  method  is  as  follows. 

Sbt  down  the  two  dimensions  to  be  multiplied  together, 
one  under  the  other,  so  that  feet  may  stand  under  feet,  inches 
under  inches,  dec. 

Multiply  each  term  in  the  multiplicand,  beginning  at  the 
lowest,  by  the  feet  in  the  multiplier,  and  set  the  result  of 
each  straight  under  4ts  corresponding  term,  observing  to  car- 
ry  1  for  every  12,  from  the  inches  to  the  feet. 

In  like  manner,  multiply  all  the  multiplicand  by  the  inches 
and  parts  of  the  multiplier,  and  set  the  result  of  each  term 
one  place  removed  to  the  right-hand  of  those  in  the  mul- 
tiplicand ;  omitting,  however,  what  is  below  parts  of  inches, 
only  carrying  to  these  the  proper  numbers  of  units  from  the 
lowest  denomination.  * 

Or,  instead  of  multiplying  by  the  inches,  take  such  parts 
of  the  multiplicand  as  these  are  of  a  foot. 

Then  add  the  two  lines  together,  after  the  manner  of 
Compound  Addition,  carrying  1  to  the  feet  for  every  12 
inches,  when  these  come  to  so  many. 
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EXAMPLES. 


1.  Multiply  4r  7  inc. 
bye    4 

2. 

Multiply  14  f  9  inc. 
by    4    6 

27    6 
Am.  29    0| 

59    0 
7    4* 

Ans.  66    4( 

S.  Multiply  5  feet  7  inchea  by  9  f  6inc.  Ans.  43  f  6^iiic» 

4.  Multiply  12  f  5  inc  by  6  f  8  inc.  Ans.  82    9^ 

5.  Multiply  35  f  4^  Iqc  by  12  f  3  inc.     Ans.  433    4| 

6.  Multiply  64  f  6  inc  by  8  f  91  inc.       Ans.  565    8f 

Note.  The  denomination  which  occupies  the  place  of 
iaehes  in  those  products,  means  not  square  inches,  but  net* 
mgles  of  an  inch  broad  and  a  foot  hmg^  Thus,  th^  answer 
to  the  first  example  is  29  sq.  feet,  4  sq.  inches ;  to  the  second 
66  flq.  fisety  54  sq.  inches.  4 


INVOLUTION. 

Involutton  is  the  raising  of  Powers  from  any  given  num. 
ber,  as  a  root. 

A  Power  is  a  quantity  produced  by  multiplying  any  given 
number,  called  the  Root,  a  (certain  number  of  tipnes  conti. 
nually  by  itself.    Thus, 

2  =    2  is  the  root,  or  1st  power  of  .2. 
2X2  =    4  is  the  2d  power,  or  square  of  2. 
2X2X2=    8  is  the  3d  power,  or  cube  of  2. 
2X2X2X2  =  16  is  the  4lh  power  of  2,  &c. 

And  in  this  manner  may  be  .calculated  the  following  Table  of 
the  first  nine  powers  of  the  first  9  numbers. 
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TABLE  OF  THE  FIRST  NINK  POWERS  OF  NUHBBRS. 


iBt 

1 

2 
8 

4 
5 
6 
7 
8 
9_ 

2d 

3d 

4th 

5th 

6th 

7th 

8th 

9th 

1 

1 

1 

1 

1 

1 

1 

1 

4- 

8 

16 

32 

64 

128 

256 

512 

0 

27 

81 

243 

729 

2187 

6561 

19683 

16 

64 

256 

1024 

4096 

16384 

65536 

262144 

25 

125 

625 

3125 

15625 

78125 

390625 

1953125 

36 

216 

1296 

7776 

46656 

279936 

1679616 

10077696 

49 

343 

2401 

16807 

117649 

823543 

5764801 

40353607 

64 
81 

512 
729 

4096 
6561 

32768 

262144 

2097152 

16777216 

134217728 

59049 

531441 

478^2969 

43046721 

387420489 

.  The  Index  or  Exponent  of  a  Power,  is  the  numher  de- 
noting the  height  or  degree  of  that  power  ;  and  it  is  1  more 
than  the  number  of  multiplications  used  in  producing  the 
same.  So  1  is  the  index  or  exponent  of  the  1st  power  or 
root,  2  of  the  2d  power  or  square,  3  of  the  third  power  or 
cube,  4  of  the  4th  power,  and  so*  oh. 

Powers,  that  are  to  be  raised,  are  usually  denoted  by 
placing  the  index  above  the  root  or  first  power. 

So  2?  =    4  is  the  3d  power  of  2. 
2"  =    8'is  the  3d  power  of  2. 
2^  =  16  is  the  4th  power  of  2. 
,    540^  is  the  4th  power  of  540,  dz;c. 

When  two  or  more  powers  are  multiplied  together,  their 
product  is  that  power  whose  index  is  the  sum  of  the  expo- 
nent of  the  factors  or  powers  multiplied.  Or  the  multiplica- 
tion of  the  powers,  answers  to  the  addition  of  the  indices. 
Thus,  in  the  following  powers  of  2, 

l8t  2d    3d     4th      Sth     6th      7th      8th      9th       lOth 
2      4      8      16      32      64       128     256      512      1024 
or2»     2«     a"     2«       2*       ^       ff        2«        2»        2" 
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Here,  4X4=      16,  and  2  +  2  =    4  its  index  ; 

and  6  X   16  as    128,  and  3  +  4  =    7  its  index  ; 

also  16  X  64  =:  1024,  and  4  +  6  =  10  ito  index. 


OTHER  EXAMPLES. 

1.  What  is  the  2d  power  of  45  ?  .  An8.«2025. 

2.  What  is  the  square  of  4-16  ?  Ans.  17*9056. 

3.  What  is  the  3d  power  of  3-5  ?  Ans.  42-875. 

4.  What  is  the  5th  power  of -020  ?  Ans.  -00000002051 1 149. 

5.  What  is  the  square  of  1 7  Ans.  f  • 

6.  What  is  the  3d  power  of  f  ?  Aps.  m. 

7.  What  is  the  4th  power  of  {  ?  Ans.  ,%• 


EVOLUTION. 

Evolution,  or  the  reverse  of  Involution,  is  the  extracting 
or  finding  the  roots  of  any  given  powers. 

The  root  of  any  number,  or  power,  is'such  a  number,  as 
being  multiplied  into  itself  a  certain  number  of  times,  will 
produce  that  power.  Thusf  2  is  the  square  root,  or  2d  root 
of  4,  because  2*  =  2  x  2  =  4  ;  and  3  is  the  cube  root  or  3d 
root  of  27,  because  3' =  8X3X3  =  27. 

Any  power  of  a  given  number  or  root  may  he  found  ex- 
4ictly,  namely,  by  multiplying  the  number  continually  into 
itself.  But  there  are  many  numbers  of  which  a  proposed 
root  can  never  be  exactly  found.  Yet,  by  means  of  deci. 
mals,  we  may  approximate  or  approach  towards  the  root,  to 
any  degree  of  exactness. 

Those  roots  which  only  approximate,  are  called  Surd 
Roots  ;  but  those  which  can  be  found  quite  exact,  are  called 
Rational  Roots.  Thus,  the  square  root  of  3  is  a  surd  root ; 
but  the  square  root  of  4  is  a  rational  root,  heing  equal  to  2  : 
also  the  cube  root  of  8  is  rational,  being  equal  to  2  ;  but  the 
cube  root  of  9  is  surd  or  irrational. 

Roots  are  sometimes  denoted  by  writing  the  character  ^ 
before  the  power,  with  the  index  of  the  root  against  it. 
Thus,  the  3d  root  of  20  is  expressed  by  V^20 ;  and  the  square 
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root  or  2d  root  of  it  is  ^^20,  the  index  2  being  always  omit* 
ted,  when  only  tiie  square  root  is  designed. 

When  the  power  is  expressed  by  several  numbers,  with 
the  sign  +  or  —  between  them,  a  line  is  drawn  from  the  top 
of  the  sign  over  all  the  parts  of  it :  thus  the  third  root  of 
45  -  12  is  ^  45  —  12,  or  thus,  ^(45  — 12),  inclosing  the 
numbers  in  parentheses. 

But  all  roots  are  now  often,  designed  like  powers,  with 

fractioiMil  indices ;  thus,  the  square  root  of  8  is  8^,  the  cube 
root  of  25  is  25*,  and  the  4th  root  of  45  — 18  is  (45  -  18)*, 

"90  EXTRACT  THE  laUARE  ROOT. 

*  DiviiMi  the  given  number  into  periods  of  two  figures 
each,  by  setting  a  point  over  the  place  of  units,  another  over 
the  place  of  hundreds,  and  so  on,  over  every  second  figure, 
lioth  to  the  left-hand  in  integers,  and  to  the  right  in  deci- 
mals. 


*  The  reason  for  tepsratinc  the  Bguret  of  the  dividend  hito  periods 
or  portions  of  iwo  places  each,  is,  that  the  sqnare  of  any  single  figure 
never  oonslsts  of  more  than  two  places;  the  sqaare  of  a  nQmber  of  two 
4igores»  of  not  more  thsn  four  piacee,  and  so  on.  So  that  theie  will  be 
an  many  figures  in  the  root  as  toe  given  number  oontains  periods  so  di- 
vided or  parted  olf. 

And  the  reason  of  the  several  steps  in  the  operation  appears  from  the 
'algebraic  fbrra  of  the  square  of  any  number  of  terms,  whether  two  or 
three  or  Bore.    Thus 

(a-f-  6)s  =  at  -|-  to^  -|.  ^9  =  as  -^(^ + ^)  &•  the  square  of  two  terms ; 
where  it  appears  that  a  is  the  first  term  of  the  root,  and  6  the  seoond 
term ;  also  a  the  first  divisor,  and  the  new  divisor  is  2a  -f-fr,  or  double 
the  first  term  increased  by  the  second.  And  hence  the  manner  of  ex- 
traction is  thus : 

1st  divisor  •)  oa  +  2a6 +!»>  (a+b  the  toot. 
•a 

2d  divisor  2a  4-  b\^b  +  h9 

b\^M  +  ^' 


Again,  for  a  root  of  three  parts,  a,  b,  c,  thus: 

(a-f  64-c)«  =:aa-l-2a64-6»  4-2(rc  +  2ftc+ct  — 
a9  4-  (2fl  4-  b)b  +  (2a  +  2b  +c)c,  the 
sqnare  of  three  terms,  where  a  is  the  first  term  of  the  root,  b  the  second, 
and  e  the  third  term ;  also  a  the  first  divisor,  8a  -f-  ft  the  second,  and  Sa 
-f- 2ft  4- £  the  third,  each  consisting  of  the  double  of  the  root  increased 
by  the  next  term  of  the  same.  And  the  mode  of  extraction  agrees  with 
t^e  rule.    See  farther.  Case  9,  of  Evolution  in  the  Algebra. 

,  4^j  -4-3w 

For  an  approiimation  observe  that  Vai  -f  «  =  a.      ■  Jj —  nearly  in 

ail  cases  where  n  is  small  in  respect  of  a. 
Vol.  I.  .12 
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Find  the  greatest  equorein  the  first  period  on  the  Ieft.htad» 
and  set  ita  root  on  the  right-hand  of  the  given  nambeF»  after 
the  manner  of  a  quotient  figure  in  Division. 

Subtract  the  square  thus  found  from  the  said  period,  and 
to  the  remainder  annex  the  two  figures  of  the  next  following 
period,  for  a  dividend.    , 

Double  the  root  abore  mentioned  for  a  divisor ;  and  find 
haw  often  it  is  contained  in  the  said  dividend,  exclusive  of  its 
right-hand  figure  ;  and  set  that  quotient  figure  Ixyth  in  the 
quotient  and  divisor. 

Multiply  the  whole  augmented  divisor  by  this  last  quotient 
figure,  and  subtract  the  product  firomthe  said  dividend,  bring* 
ing  down  to  it  th^  next  period  of  the  given  number,  for  a  new 
dividend* 

Repeat  the  same  process  over  again,  viz.  find  another  new 
divisor,  by  doubling  all  the  fibres  now  found  in  the  root ; 
from  which,  and  the  last  dividend,  find  the  next  figure  of 
the  root  as  before ;  and  so  on  through  all  the  periods,  to  the 
last. 

NoUt  The  best  way  of  doubling  the  root,  to  form  the  new 
divisors,  is  by  adding  the  last  figure  always  to  the  last  divi- 
sor, as  appears  in  the  following  examples. — Also,  after  the 
figures  belonging  to  the  given  number  are  aH  exhausted,  the 
operation  may  be  continued  into  decimafo  at  pleasure,  by  add* 
ing  any  number  of  periods  of  ciphers,  two  in  each  period. 

BXAXFLBS. 

i.  To  find  die  square  root  of  20506624. 

29506624  (5432  the  root. 
25 


104 
4 

460 
416 

1088 
8 

8466 
8249 

10862 
2 

21724 
121724 
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NoTB»  When  ike  root  is  toie  exiractei  to  fa/any  ftaeeB  of 
figures,  the  work  may  he  constderMy  shortened,  thus : 

Having  proceeded  in  the  extraction  after  the,  comiiMm 
method,  till  there  he  found  half  the  required  number  of 
figures  in  the  root,  or  one  figure  more ;  then,  for  the  rest, 
divide  the  last  remainder  by  its  corresponding  divisor,  after  ' 
the  manner  e^  the  third  contraction  in  Division  of  Ped« 
*  I ;  thus. 
To  find  the  root  of  2  to  nine  places  of  figures. 
2  (1-41421356  the  root 


100 
96 


281 
1 


400 
28L 


2824  1    11000 
^     4      IIS^ 


1 


60400 
56564 


28284)        38d6  ( 1356 


9.  What  ia  the 

4.  What  is  the 

5.  What  ia  the 

6.  Whatiatbe 

7.  Whatisthe 

8.  Whatisthe 

9.  Whatisthe 

10.  Whatisthe 

11.  What  lithe 

12.  What  ia  the 


1008 

160 

19 

2 

square  root  of 

square  root  of 

square  root  of 

square  root  of 

sqisare  root  of 

square  root  of 

square  root^of 

square  root  of 

square  root  of 

square  root  of 


2025? 

17-3056? 

•000729? 

3?      . 

5? 

6? 

7? 

10? 

11? 

12  f 


Ans.45. 

Ans.  4*16. 

Ans.  •027. 
Ans.  1-732050. 
Ans.  2-23606». 
Ans.  2-449489. 
Ans.  2-645751. 
Ans.  3-162277* 
Ans.  3-316624. 
Ans.  3«4641«L 


BULas  90R  TflCB  SaUABB  ROOTS  Or  VtLOJJt  nUOTIOlfS  ASD 

mzsD  mnsBBKs. 

Fust  prepare  all  vulgar  fractions,  by  reducing  them  to 
<heirleasi4terBU^  bach  ftr  this  and  all  ether  roots.    Then 
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1,  Take  the  root  of  the  numerator  aod  of  the  denofniBalor 
Tor  the  respective  terms  of  the  root  required ;  which  ia  the 
beat  way  if  the  denominator  be  a  complete  power :  but  if  it 
be  noty  then 

2*  Multiply  the  numerator  and  denonrinator  together ; 
take  the  root  of  the  product :  this  root  being  made  the  nu- 
merator  to  the  denominator  of  the  given  fractioA,  or  made 
the  denominator  to  the  niunerator  of  it,  will  form  the  frac- 
tional root  required. 

This  mlb  will  senre,  whether  the  root  be  finite  or  infinite. 

8.  Or  reduce  the  vulgar  fraction  to  a  decimal,  and  extract 
its  root  '^ 

4.  Mixed  numbers  may  be  either  reduced  to  improper 
fractions,  and  extracted  by  the  first  or  second  rule,  or  the 
Vulgar  fraction  may  be  reduced  to  a  decimal,  then  joined  to 
the  integer,  and  the  root  of  the  whole  extracted. 


EXAICFLES. 

1.  What  is  the  root  of  ff  1  Ans.  f 

2.  What  is  the  root  of  ^^y  ?  Ans.  f . 
8.  What  is  the  root  of  ^  ?                           Ans.  0-866025. 

4.  What  is  the  root  of  ^j  ?        v  Ans.  0-645497. 

5.  What  is  the  root  of  17|  ?  Ans.  4-168d33. 

By  means  of  the  square  root  also  may  readily  be  found  the 
4th  root,  or  the  8th  root,  or  the  16th  root,  d^c.  that  is,  the 
root  of  any  power  whose  index  is  some  power  of  the  number 
2 ;  namely,  by  extracting  ao  often  the  square  root  as  is  de- 
noted by  that  power  of  2  ;  that  is,  two  extractions  for  the  4th 
root,  three  for  the  8th  root,  and  so  on. 

So,  to  find  the  4th  root  of  the  number  21035*8,  extract  the 
square  root  two  times  as  follows : 
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^iMs^dMO    (i45^(n738^(1304S1407dM 4th root. 
1-1 


34 

4 

110 
96 

22 
2 

45 

44 

285 
5 

1435 
1425 

2404 
4 

10372 
9616 

290( 

)3 
8 

108000  24083 
87009    8 

75637 
72249 

20991  (  7297  8388  ( 1407 

es7  980 

107  17 

Ex.  2.  What  is  the  4th  root  of  97*41 1 

TO  BXTRAOT  THB  CUBE  BOOT.  % 

I.  By  the  Common  Ridef^. 

1.  Having  divided  the  given  number  into  periods  of  three 
figures  each  (by  setting  a  point  over  the  place  of  units,  and 
also  over  every  third  figure,  from  thence,  to  the  left  hand  in 
whole  numbers,  and  to  the  right  in  decimals),  find  the  nearest 
less  cube  to  the  first  period  ;  set  its  root  in  the  quotient,  and 
subtract  the  said  cube  from  the  first  period ;  to  the  remainder 
bring  down  the  second  period,  and  call  this  the  resolvend. 

2.  *To  three  times  the  square  of  the  root,  just  found,  add 
three  times  the  root  itself,  setting  this  one  place  more  to  the 
right  than  the  former,  and  call  this  sum  the  divisor*  Then 
divide  the  resolvend,  wanting  the  last  figure,  by  the  divisor, 
for  the  next  figure  of  the  root,  which  annex  to  the  former ; 


•  The  reason  for  pointing  the  given  number  hito  periods  of  three  fi- 
gures each,  is  becaose  the  cabe  <N  one  figure  never  amonnts  to  more 
than  three  places.  And,  for  a  similaf  nason,  a  given  number  is  pdint- 
ed  into  periods  of  four  figures  for  the  4th  root,  of  five  figures  for  the  5th 
root,  and  so  on. 

The  reason  for  the  other  parts  of  the  rule  depends  on  the  algehnnc 
formation  of  a  cube :  for,  if  the  root  eonsist  of  the  two  parts  a-\'h, 
then  its  cube  is  as  follows :  («+  6)3  =: ««  -}-  3a  h+3ab^  +  6s  ;  where 
•  Is  the  root  of  the  |lrst  part  •» ;  the  resolvend  b  3as6-f  Ms  +  hi ; 
which  is  also  the  same  as^be  three  parts  of  the  subtrahend }  also  the 
divisor  Is  3ai  +30,  by  which  dividing  the  first  two  terms  of  the  resolv- 
end 3ss6+a6«,  gives  b  for  theaeeondpeitl  of  the  toot}  and  loott. 


Digitized  by  VjOOQ IC 


] 


09.  ▲UlUMBnO. 

calling  this  last  figure  a*  and  the  part  of  the  root  be&re  fixmd 

let  be  called  a. 

* 

3.  Add  all  together  these  three  products,  namely,  thrice  a 
square  multiplied  by  e,  thrice  a  multiplied  by  e  square,  .and 
e  cube,  setting  each  of  them  one  place  more  to  the  right  than 
the  former,  and  call  the  sum  the  subtrahend ;  which  must 
not  exceed  the  resolvend  ;  but  if  it  does,  then  make  the  last 
figure  e  less,  and  repeat  the  operation  for  finding  the  subtra* 
.hend,  till  it  be  less  than  the  resolvend. 

4.  From  the  resolvead  take  the  subtrahend,  and  to  the 
remainder  join  the  next  period  of  the  given  number  for  a  new 
resolvehd ;  to  which  form  a  new  divisor  from  the  whole  root 
now  found ;  and  firom  thence  another  figure  of  the  root,  as 
directed  in  article  2,  and  so  on. 


BXAXFLI. 


To  extract  the  cube  root  of  48228*544. 


3X8»  =5  27 
3X3    =   09 

Divisor  279 


48228-544  (36-4  root. 
27 


3  X  3«  X  6   =162 
3X3    X  6«  =   324 
6«  =     216 


21228  resolvend. 
add 


3X36'  = 
3X36    = 


108 

38988 


19656  subtrahend. 


1572544  resolvend* 


3  X3^  X4   = 

8  X  36    X  4«  = 

4»  = 


15552     ) 
1728   >add 
04) 


1572544  subtrahend. 


0000000  remainder. 


Ex.  2.  Extract  the  cqbe  root  of  571482*19. 
Ex.  3.  Extract  the  cube  root  of  16281582. 
Ex.  4.  Extract  the  cube  root  of  1332. 
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IL  3b  esBiiwt  ike  Cube  Root  by  a  short  Way*. 

1.  By  trials,  or  by  the  table  of  roots  at  p.  93,  drc.  take 
the  nearest  rational  cube  to  the  given  number,  whether  it  be 
greater  or  less  ;  and  call  it  the  assumed  cube* 

2.  Then  say,  by  the  Rule  of  Three,  As  the  sum  of  the 
given  number,  and  double  the  assumed  cube,  is  to  the  sum  of 
the  assumed  cube  and  double  the  given 'number,  so  is  the 
root  of  the  assumed  cube,  to  the  root  Required,  nearly.  Or, 
As  the  first  sum  is  to  the  difference  of  the  given  and  assumed 
cube,  so  is  the  assumed  root  to  the  difference  of  the  soota 
nearly. 

8.  Again,  by  using,  in  like  manner,  the  cube  root  of  the 
last  found  as  a  new  assumed  cnbe,  another  root  wiU  be  ob- 
tained still  nearer.  And  so  on  as  far  as  we  please  ;  using 
always  the  cube  of  the  last  found  root,  for  the  assumed 
cube. 

XXAKPLB. 

To  find  the  cube  root  of  21034*8. 

Here  w^  soon  .find  that  the  root  lies  between  20  and  30, 
and  then  between  27  and  28.  Taking  therefore  27,  its  cube 
is  19083,  which  is  the  assumed  cube.     Then 


19683 
2 

21035-8 
2 

39366 
21035-6 

42071-6 
19683 

As  60401-8  : 

61754-6  :  :  27  :  87-6047. 
27 

4832822 
1235092 

60401-8) 

1607374-e  (a7'6047  the  root  nearly 

459388 

36525 

284 

42 

*  The  method  usually  riven  for  extracting  the  cnbe  root,  Is  so  ei- 
ceedingly  tedbiis,  snd  difficult  to  be  sememberedy  that  veiioivi  other 
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Again,  for  a  second  operation,  the  cube  of  this  root  is 
21035-31864515d838,  and  the  process  by  the  latter  method 
will  be  thus  : 

21086*81864&<&e. 


42070-687290        21035*8 
21035-8  21035-318645  Sec. 


As  63106-43729      :      diff.  -481365  :  :  27-6047  :- 

the  difi;  -000210560. 


conseq.  the  root  req.  is  27-604910560. 

Ex.  2.  To  extract  the  eube  root  of  ^67. 
Bx.  8.  To  extract  the  cube  root  of  -01. 

TO  EXTRACT  ANY  ROOT  WHATEVER*. 

Lbt  p  be  the  given  power  or  number,  n  the  index  of  the 
power,  A  the  assumed  power,  r  its^root,  r  the  required  root 
of  p.    Then  say, 

As  the  sum  of  n  4-  1  times  a  and  n  —  1  times  p, 
is  to  the  sum  of  n  +  1  times  p  and  n  —  1  times  a  ; 
so  is  the  assumed  root  r,  to  the  required  root  r. 

Or,  as  half  the  said  sum  of  n  +  1  times  a  and  n  —  1  times 
Tf  is  to  the  difference  between  the  given  and  assumed  powers, 


approuinating  rates  have  been  invented,  Vis.  by  Newton,  Raphson, 
Helley,  De  Lagiiy,  Simpson,  Emerson,  and  several  other  mathemati- 
cians ;  but  no  one  that  I  have  yet  seen  is  so  simple  in  it  form,  or  seems 
,  «o  well  adapted  for  Keoeral  vse,  as  that  above  given.  This  rule  is  the 
saiae  in  efl^ct  as  Dr.  Halley*s  rational  formula,  out  more  commodions- 
1y  expressed  ;  and  the  ftrst  investigation  of  it  was  given  in  my  Tracts, 
p,  4d.    The  algebraic  form  of  it  is  this : 

As  p  +  8a  :  A  -f  3p  :  s  r  ;  A.    Or, 

As  p  -|-  2a  :  p.  ^    A  :  :  r  :  R  «^  r ; 

where  p  is  the  given  namber,  a  is  the  assumed  nearest  cube,  r  the  cube 
root  of  A,  and  a  the  root  of  p  sought. 

*  This  is  a  very  general  approximating  rule,  of  which  that  for  the 
cube  root  u  a  paKicolar  case,  and  is  the  best  adapted  for  pnotice,  and 
for  memory,  or  any  that  I  have  yet  seen.  It  Was  first  discovered  in  this 
form  by  myself,  and  the  iavestigatfon  and  use  of  it  were  given  ol  lar^ge 
in  my  Tracb,  p.  46,  A«. 
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00  is  the  assumed  root  r,  to  the  difference  between  the  true 
aod  asfluined  roots  ;   which  diflfercace,  added  or  aubtmctedi 
as  the  case  requires,  gives  the  true  root  nearly. 
Thatis,(n-hl)A+(n-l)r:  (w  +  1)p.  +  (n-1)  a:  :r :». 
Or,  (n+  1)  ^A  +  (n— 1)  Jr  :  v^x  ::r  m^r. 

And  the  operation  may  be  repeated  as  often  as  we  please^ 
by  using  always  the  lust  found  root  for  the  assumed  root,  and 
itfl  ttth  power  for  the  assumed  power  a. 


SXAXPLV. 

To  extract  the  5th  root  of  21035-8. 

Here  it  appears  that  the  5lh  root  is  between  7*3  and  .7-4. 
Takinf(  7*3,  its  5th  power  is  20730  7 1503.  Hence  we  have 
p  =  21035-8.  fi  =  5,  r  =  7-3,  and  a  =  20730-71693  ;  then 
n  +  l.^A-f-n  —  1  .  ^v  :  n"^  a::  r  I  n^r^  that  is, 
8X20730-71593  +  2x21053-8  :  305084  : :  7-3  :  -0213005 
3  2  7-3 


6-41 92-14779            4207 1 -«      915252 
42071-6                                   2135588 

10426374779                         2227-1 13  i(-0213605sB^ 

7-3=r,  add 

• 

7-321360- B,  true 
to  the  last  figure. 

OTUCB  EXAXPLEB. 

1.  Whdt  is  the  8d  root  of  2  ? 

Ana.  1-259021. 

2.  What  is  the  3d  root  of  3214  ? 

Ans.  14-75758. 

8.  What  is  the  4ih  root  of  2  I 

Ans.  1 '189207. 

4.  What  is  the- 4th*  root  of  97-41  7 

Ans.  31415900. 

5.  What  is  the  5ih  root  of  2  ? 

Ans.  1-148699. 

6.  What  is  the  6th  root  of  21035-8  ? 

Ans.  5-254037. 

7.  What  is  the  6ih  root  of  2? 

Ans.  M2-2402. 

8.  What  is  the  7th  root  of  21035-8  ? 

Ans.  4-145392. 

0.  What  is  the  7ih  root  of  2  ? 

Ans.  1-104089. 

10.  What  is  the  8ih  root  of  21035-8  ? 

Ans.  3*470»8. 

Vol.  L                             13, 
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00-  ABITKMXTXC. 

11.  What  i«  the  8th  root  of  2 1  Ana.  1.090506. 

12.  What  is  the  9lh  root  of  210S5-8  ?  Ans.  3.022230. 

13.  What  is  the  9th  root  of  2  ?  Ans.  1*080050. 


The  following  is  a  Table  of  squares  and  cubes,  and  also  (ho 
square  roots  and  cube  roots,  of  all  numbers  from  1  to  1000» 
which  will  be  found  very  useful  on  many  occasions,  in  nu- 
meral calculations,  when  roots  or  powers  are  concerned. 

The  use  of  this  table  may  be  greatly  extended,  either  by 
the  addition  of  ciphers,  or  by  changing  the  places  of  tho 
separating  points.  The  following  examples  will  suffice  to 
suggest  the  method. 


Root. 

Square. 

Cube. 

86* 

1206-      • 

46656- 

360- 

129600- 

46056000- 

3600- 

12960000* 

46ti56000000- 

546- 

298116- 

102771336- 

54-6 

2981-16 

162771-336 

*546 

•298116 

•162771336 

For  a  simple  and  ingenious  method  of  construetit>g  tellies 
of  square  and  cube  roots,  and  the  reciprocals  of  naltvbers, 
see  Dr.  Hutton*8  Tracts  on  Mathematical  and  PhUom^hkal 
Suhimsttf  vol  L  Tract  24,  pa.  459. 


I 
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Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

1 

1 

1 

lOOOOOOO 

1-000000 

2 

4 

8 

1*4142136 

1-259821 

3 

9 

27 

1-7820508 

1-442260 

4 

16 

64 

20000000 

1-587401 

5 

25 

125 

2-2360680 

1-709976 

6 

36 

216 

2-4,494897 

1-817121 

7 

49 

343 

2-6467513 

1912931 

8 

64 

512 

28284271 

2000000 

9 

81 

729 

30000000 

2-080084 

10 

100 

1000 

31622777 

2154436 

11 

121 

1331 

33166248 

2223980 

12 

144 

1728 

3-4641016 

2-289428 

13 

169 

2197 

36065513|, 

2-361335 

14 

196 

2744 

37416574 

2-410142 

16 

225 

8375 

38729833 

2'466212 

16 

256 

4096 

4-0000000 

2619842 

17 

289 

4913 

41231056 

2671282 

IS 

324 

5832 

4-2426407 

2620741 

19 

361 

6859 

43588989 

2-668402 

20 

400 

8000 

4-4721360 

2-714418 

21 

441 

9261 

4-5825757 

2-768924 

22 

484 

10648 

4-6904158 

2-802039 

23 

529 

12167 

4-7958315 

2-843867 

24 

576 

13824 

48989795 

2-884499 

26 

625 

15625 

50000000 

2-924018 

26 

676 

17576 

50990196 

2962496 

27 

729 

19683 

5-1961524 

3000000 

2S 

784 

21952 

5-2916026 

3-036589 

29 

841 

24389 

53851648 

3072317 

30 

900 

27000 

64772256 

3107232 

31 

961 

29791 

56677644 

3141381 

32 

1024 

32768 

56568542 

3174802 

33 

1089 

35937 

57445626 

3207634 

34 

1156 

39304 

6-8309519 

3239612 

35 

1225 

42875 

5-9160798 

3271066 

36 

1296 

46656 

60000000 

3301927 

37 

1369 

50653 

60827626 

3332222 

38 

1444 

54872 

61644140 

3361975 

39 

1521 

59319 

6-2449980 

3391211 

40 

1600 

64000 

63245653 

3419962 

41 

1681 

68921 

6-4031242 

3-448217 

42 

1764 

74088 

6-4807407 

3476027 

43 

1849 

79507 

66574385 

3503398 

44 

1936 

85184 

6-6332496 

3530348 

46 

2025 

91125 

6-7082039 

3656893 

46 

2116 

97336 

6-7823300 

3-583048 

47 

2209 

103823 

68556546 

3-608826 

48 

2304 

110592 

69282032 

3-634241  - 

49 

2401 

117649 

70000000 

3669306 

50 

2500 

125000 

70710678 

3684031 
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Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

51 

2601 

132651 

7  1414284 

37C8430 

62 

2704 

140608 

7  2111026 

3  732511 

53 

2809 

148877 

7-2801099 

37562S6 

54 

2916 

157464 

73484692 

3779763 

55 

3025 

166375 

74161985 

3-802953 

66 

3136 

175616 

7-4833148 

3826862 

67 

3249 

185193 

75498344 

3848501 

58 

3364 

195112 

76157731 

3870877 

59 

3481 

205379 

7  6811457 

3892996 

60 

3600 

216C00 

77459667 

3914S68 

61 

3721 

226981 

78102497 

3936497 

62 

3844 

238328 

78740079 

3957892 

63 

396% 

250047 

79372539 

3979057 

64 

4096 

262144 

80000000 

4000000 

65 

4225 

274625 

80622577 

4020726 

66 

4356 

287496 

8  12403^4 

4041240 

67 

44S9 

300763 

81853528 

4061548 

68 

4624 

314432 

8  2462113 

4081655 

69 

4761 

328509 

8-3066239 

4101566 

70 

4900 

343000 

8-3666003 

4121285 

71 

6041 

357911 

8-4261498 

4140818 

72 

5184 

373248 

8-4852814 

4-160168 

73 

5329 

389017 

8-5440037 

4  179339 

74 

6476 

405224 

86023263 

4  19S336 

75 

5625 

421875 

86602540 

4217163 

76 

6776 

438976 

8  7177979 

4235824 

77 

6929 

456533 

87749644 

4264321 

78 

6084 

474552 

S83176C9 

4272669 

79 

6241 

493039 

8888 1944 

4-29C841 

80 

6400 

512000 

8  9442719 

4308870 

81 

6561 

531441 

90000000 

4326749 

82 

6724 

551368 

9  0553S51 

4344481 

83 

6889 

671787 

9  1104336 

4362071 

84 

7056 

592704 

91651514 

4379519 

85 

7225 

014125 

9  2196445 

43S6S30 

86 

7396 

636056 

9'2736185 

4  414CC6 

87 

7569 

058503 

9  3273791 

4431047 

88 

7744 

68 1472 

938C8315 

4447960 

89 

7921 

704969 

9  4339811 

4464745 

90 

8100 

7290C0 

94868330 

4451405 

91 

6281 

753571 

95393920 

4497941 

92 

8464 

778688 

9  5916630 

4514367 

93 

8649 

804357 

96436508 

4530655 

94 

8836 

830584 

96953597 

4546836 

95 

9025 

857375 

97467943 

4-562903 

96 

9216 

884736 

97979590 

4578867 

97 

9409 

912673 

9-8488578 

4-594701 

98 

9604 

941192 

98994949 

4-610436 

99 

9801 

970299 

9  9498744 

4626C65 

100 

10000 

1000000 

lOOOOOCOO 

4-641589 
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Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

101 

10201 

10303.01 

100498756 

4657010 

102 

10404 

1061208 

100995049 

4672329 

103 

10600 

1092727 

101488916 

4687548 

104 

1081G 

1124864 

10  1980390 

4702669 

106 

11025 

1167625 

10-2469608 

4717694 

lOG 

1123G 

119101C 

10-2956301 

4732624 

107 

11449 

1225043 

103440804 

4747459 

108 

11664 

1259712 

10-3923048 

4762203 

lOD 

llSSl 

1295029 

10-4403065 

4776856 

110 

12100 

1331000 

10-4880885 

4791420 

111 

12321 

1367631 

10  5356538 

4805896 

112 

12544 

1404928 

10-5830052 

4-820284 

•113 

12769 

1442897 

10-6301458 

4-834588 

114 

12996 

1481544 

106770783 

.  4  848808 

115 

13225 

1520875 

107238053 

4862944 

116 

13456 

1560896 

10-7703296 

4876999 

117 

13698 

1601613 

108166538 

4890973 

118 

13924 

1643032 

10-8627805 

4-904868 

119 

14161 

1685159 

10-9087121 

4918685 

120 

14400 

1728000 

109544512 

4932424 

121 

14641 

1771561 

110000000 

4946088 

122 

14384 

1815848 

110453610 

4969676 

123 

15129 

1860867 

110905365 

4973190 

124 

15376 

1906624 

11  1356287 

4986631 

125 

15625 

1953125 

11  1803399 

5000000 

126 

15876 

2000376 

112249722 

5013298 

127 

16129 

2048383 

112694277 

6026526 

123 

16334 

2097152 

113137085 

5039684 

129 

16641 

2146689 

11-3578167 

5052774 

130 

1690a 

2197000 

114017543 

5065797 

131 

17161 

2248091 

114455231 

5078753 

132 

17424 

2299958 

11-4891253 

5  091643 

133 

17639 

2352637 

115325626 

6104469 

134 

17956 

2406104 

11575S369 

5  117230 

135 

18225 

2460375 

116189500 

5  129928 

136 

18496 

2515456 

11-6619038 

5  142563 

137 

18769 

2571353 

117046999 

5155137 

138 

19044 

2628072 

117473444 

5167649 

139 

19321 

2685619 

117898261 

5180101 

140 

19600 

2744000 

11-8321596 

5  192494 

141 

19881 

2803221 

lia743421 

5204828 

142 

20164 

2863288 

119163763 

6217103 

143 

20449 

2924207 

119582607 

5229321 

144 

20736 

2985984 

12  0000000 

5-241483 

145 

21025 

3048625 

12  0416946 

5253688 

146 

21316 

3112136 

12-0830460 

5265637 

147 

21609 

3176523 

121243557 

6277632 

148 

21904 

3241792 

121655251 

6289572 

149 

22201 

3307949 

12-2065556 

5301459 

150 

22500 

3376000 

122474487 

5313293 
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Cube. 

Square  Root. 

Cube  Root.  1 

3442951 

122882037 

5325074 

3611809 

12326828d 

5-336803 

3581577 

123693169 

5-348481 

3652264 

124096736 

5-360108 

3723875 

12  4498996 

5  371685 

3796416 

124899960 

5383213 

3869893 

12-5299641 

5394691 

3944312 

12  5698051 

5-406120 

4019679 

126095202 

5-417501 

!  4096000 

12  6491106 

5428835 

4173281 

12  6885775 

5-440122 

4251528 

127279221 

5451362 

4330747 

127671453 

5462556 

4410944 

12-8062485 

5473704 

4492125 

128452326 

5-484806 

4574296 

128840987 

5495865 

4657463 

12-9228480 

5-506879 

4741632 

129614814 

5-517848 

4826809 

13  0000000 

5  528775' 

4913000 

130384048 

5539658 

6000211 

130766968 

5-550499 

5088448 

131148770 

5561298 

5177717 

131529464 

5572055 

^68024 

13-1909060 

5582770 

5359375 

13-2287566 

5593445 

6451776 

132664992 

5604079 

5545233 

13-3041347 

5614673 

5639752 

133416641 

5625226 

5735339 

13-3790882 

5  635741 

5832000 

13-4164079 

5646216 

5929741 

13  4536240 

5656653 

6028568 

13-4907376 

5667051 

6128487 

135277^93 

5-677411 

6229504 

135646600 

5687734 

6331625 

136014705 

5698019 

6434856 

136381817 

5708267 

6539203 

136747943 

5  718479 

6644672 

13  7113092 

5728654 

6751269 

137477271 

5738794 

6859000 

13-7840488 

6-748897 

6967871 

138202750 

5-758965 

7077888 

13  8564065 

5768998 

7189057 

138924440 

5778996 

7301384 

139283883 

5788960 

7414875 

13-9642400 

5798890 

7529536 

140000000 

5-808786 

7645373 

140356688 

5-818648 

7762392 

140712473 

5828476 

7880599 

14  1067360 

5-838272 

8000000 

141421356 

5-848035 
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Number. 

Square. 

Cube. 

Sqimre  Root. 

€ubeRoot. 

201 

40401 

8120601 

14  1774469 

6857766 

202 

40804 

8242408 

142126704 

5-867464 

>  203 

41209 

8365427 

14-2478068 

S877130 

204 

41616 

* 8489664 

142628569 

5-886765 

205 

42025 

8615125 

14  3178211 

5-896368 

206 

42436 

8741816 

143527001 

5905941 

207 

42849 

8869743 

143874946 

5915482 

208 

43264 

8998912 

14-4222051 

5924992 

209 

4368  Ir 

9123329 

144568323 

5934473 

210 

44100 

9261000 

14  4913767 

6943922 

211 

44521 

9393931 

14-5258390 

6-953342 

212 

44944 

9528128 

14-5602198 

6962731 

213 

45369 

9663597 

145945195 

6972091 

214 

45796 

9800344 

14-6287388 

6981426 

215 

46225 

9938375 

14-6628783 

6:990727 

2i6 

46656 

10077696 

146969385 

6-000000 

217 

47089 

10218313 

147309199 

6009244 

218 

47524 

10360232 

147648231 

6  018463 

219 

47961 

10503459 

14-7986486 

6-027650 

220 

48400 

10648000 

148323970 

6  036811 

221 

48841 

10793861 

14-8660687 

6045943 

222 

49284 

10941048 

14-8996644 

6055048 

223 

49729 

11089567 

149331845 

6064126 

224 

50176 

11239424 

149666295 

6073178 

225 

50625 

11390625 

150000000 

6082201 

226 

51076 

11543176 

150332964 

6  091199 

227 

51529 

11697083 

15-0665192 

6100170 

228 

51984 

11852352 

150996689 

6109115 

229 

52441 

12008989 

151327460 

6118033 

230 

52900 

12167000 

151657509 

6126925 

231 

53361 

12326391 

151986842 

6  135792 

232 

63824 

12487168 

15231546» 

6144634 

233 

54289 

12649337 

152643375 

6153449 

234 

54756 

12812904 

152970585 

0162239 

235 

55225 

12977875 

153297097 

6171005 

236 

55696 

13144256 

153622915 

6  179747 

237 

56169 

13312053 

15-3948043 

6188463 

238 

56644 

13481272 

154272486 

6197154 

239 

57121 

13651919 

154596248 

6  205822 

240 

67600 

13824000 

154919334 

6214465 

241 

68081 

13997521 

155241747 

6223084 

242 

58564 

14172488 

155563492 

6231679 

243 

69049 

14S48907 

156884573 

6240251 

244 

69536 

14526789 

156204^94 

6-248800 

245 

60025 

14706125 

156524758 

6257325 

246 

60516 

14886936 

15-6843871 

6265826 

247 

61009 

15069223 

15  7162336 

6274305 

248 

61M4 

15252992 

157480157 

6282760 

d49 

62001 

15438349 

15-7797386 

6'29U95 

dfiO 

62500 

15625000 

1S81 13668 

6299605 

Digitized  by  VjOOQ IC 


▲RITRMBTIC. 


Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root, 

261 

63001 

15813251 

158429795 

6-307994 

252 

63504 

16003008 

15  8745079 

6316359 

253 

64009 

16194277 

159059737 

6324704 

254 

64516 

16387064 

15-9373775 

,  6  333026 

255 

65025 

16581375 

159687194 

6  341326 

256 

65536 

16777216 

160000000 

6349604 

257 

66049 

16974593 

160312195 

6  357861 

258 

66564 

17173512 

160623784 

6366095 

259 

67081 

17373979 

160934769 

6  374311 

260 

67600 

17576000 

161245155 

6382504 

261 

68121 

17779581 

161554944 

6390676 

262 

68644 

1798472S 

161864141 

6398828 

263 

69169 

18191447 

162172747 

6406958 

264 

69696 

18399744 

16-2480768 

6  415008 

265 

70225 

18609625 

16-2788206 

6  423158 

266 

70756 

18821096 

16  3095064 

6431228 

267 

71289 

19034163 

163401346 

6439277 

268 

71824 

19248832 

163707055 

6447305 

269 

72361 

19465109 

164012195 

6455315 

270 

72900 

19683000 

164316767 

6463304 

271 

73441 

19902511 

16-4620776 

6  471274 

272 

73984 

20123648 

164924225 

6479224 

273 

74529 

2034.6417 

16-5227116 

64S7154 

274 

75076 

20570824 

16-5529454 

6495065 

275 

75625 

20796875 

165831240 

6502956 

276 

76176 

21024576 

166132477 

6510830 

277 

76729 

21253933 

16-6433170 

6518684 

278 

77284 

21484952 

16-6733320 

6-526519 

279 

77841 

21717639 

.16-7032931 

6534335 

280 

78400 

21952000 

16  7332005 

6542133 

281 

78961 

22188041 

16  7630546 

6549912 

282 

79524 

22425768 

16-7928556 

6557672 

283 

80089 

22665187 

16-8226038 

6565415 

284 

80656 

22906304 

16  8522995 

6573139 

285 

81225 

23149125 

168819430 

6580844 

286 

81796 

23393656 

16-9115345 

6588532 

287 

82369 

23639903 

16-9410743 

6596202 

288 

82944 

23S87872 

16  9705627 

6603854 

289 

83521 

24137569 

170000000 

6611489 

290 

84100 

24389000 

17-0293864 

6^619106 

291 

84681 

24642171 

170587221 

6626705 

292. 

85264 

24897088 

17-0880075 

6634287 

293 

85849 

25153757 

171172428 

6-641862 

294 

86436 

25412184 

171464282 

6649399 

295 

87025 

25672375 

171756640 

6656930 

296 

87616 

25934336 

17-2046506 

6664444 

297 

88209 

26198073 

17-2336879 

6  671940 

298 

88804 

26463592 

172626762 

6-679420 

299 

89401 

26730899 

17-2916165 

6686882 

300 

90000 

27000000 

173205081 

669431^9 

Digitized  by  VjOOQ IC 


•aVAMC^  OOBBa,  AHO  S0OT8. 


vr 


Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

301 

90601 

27270901 

173493616 

6701759 

302 

91204 

27543608 

173781472 

6709173 

303 

91809 

27818127 

17-4068952 

6-716570 

304 

92416 

28094464 

174365958 

6-728951 

305 

93025 

28372625 

174642492 

6731316 

306 

93636 

28652616 

17-4928557 

6-738666 

307 

94249 

28934443 

17-6214155 

6745997 

308 

94864 

29218112 

175499288 

6753313 

309 

95481 

2950^629 

17-5783968 

6-760614 

310 

96100 

29791000 

17-6068169 

6767899 

311 

96721 

30080231 

17  6351921 

6776169 

312 

97344 

30371328 

176635217 

6782423 

313 

97969 

30664297 

17-6918060 

6-789661 

314 

98596 

30959144 

17-7200451 

6*796884 

315 

99225 

31255875 

177482393 

6804092 

316 

99856 

31554496 

17-7763888 

6  811284 

317 

100489 

31855013 

17-8044938 

6818462 

318 

101124 

32157432 

178325645 

6-825624 

319 

101761 

32461759 

17-8605711 

6832771 

320 

102400 

32768000 

17-8886438 

6839904 

321 

103041 

33076161 

17-9164729 

6847021 

322 

103684 

33386248 

17-9443684 

6854124 

323 

104329 

33698267 

17-9722008 

6861212 

324 

104976 

34012224 

180000000 

6*868285 

325 

105625 

34328125 

180277564 

6876344 

326 

106276 

34645976 

18-0554701 

'  6882388 

327 

106929 

34965783 

180831413 

6*889419 

328 

107584 

35287552 

181107703 

6896435 

'   329 

108241 

36611289 

181383671 

6903486 

330 

108900 

35937000 

181659021 

6910423 

•   331 

109561 

36264691 

181934054 

6917396 

332 

110224 

36594368 

182208672 

6924355 

333 

110889 

36926037 

18-2482876 

6931301 

334 

111556 

37269704 

182756669 

6*938232 

.335 

112225 

37595376 

18-3030052 

6945149 

336 

112896 

37933056 

18-3303028 

6952053 

337 

113569 

38272753 

183575598 

6*958943 

338 

114244 

38614472 

183847763 

6  966819 

339 

114921 

38968219 

184119526 

6972683 

340 

115600 

39304000 

18-4390889 

6-979532 

341 

116281 

39651821 

184661853 

6-986368 

342 

116964 

40001688 

.  18  4932420 

6993191 

343 

117649 

40353607 

18-5202692 

7000000 

344 

118336 

40707684 

18-5472370 

7006796 

345 

119025 

41063625 

186741766 

7013579 

346 

119716 

41421736 

186010762 

7020349 

347 

120409 

41781923 

186279360 

7027106 

848 

121104 

42144192 

186547581 

7033860 

349  . 

121601 

42508549 

186815417 

7040581 

350 

122500 

42875000 

18-7082869 

7047298 

Vol.  I. 


14 


Jigitized  by  CjOOQIC 


«9 


AKITHMKTIC. 


Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

351 

123201 

43243551 

187349940 

7054004 

352 

123904 

43614208 

18  7616630 

7060696 

353 

124609 

43986977 

18-7882942 

7067376 

354 

125316 

44361864 

188148877 

7-074044 

355 

126025 

44738875 

188414437 

7080699 

356 

126736 

45118016 

188679623 

7087341 

357 

127449 

45499293 

188944436 

7093971 

358 

128164 

45882712 

18-9208879 

7100588 

359 

128881 

46268279 

18-9472953 

7107194 

360 

129600 

46656000 

189736660 

7113786 

361 

130321 

47045881 

19  0000000 

7120367 

362 

131044 

47437928 

190262976 

7126936 

363 

131769 

47832147 

190525589 

7133492 

364 

132496 

48223544 

190787840 

7140037 

365 

133225 

48627125 

191049732 

7146569 

366 

133956 

49027896 

191311265 

7168090 

367 

134689 

49430863 

191572441 

7159599 

368 

135424 

49836032 

191833261 

7166096 

369 

136161 

50243409 

19^093727 

7172580 

370 

136900 

50653000 

19  2363841 

7179064 

371 

137641 

51064811 

19  2613603' 

7185616 

372 

138384 

51478848 

19*2873015 

7191966 

373 

139129 

51895117 

193132079 

7198405 

374 

139876 

52313624 

193390796 

7-204832 

375 

140625 

52734376 

193649167 

7-211248 

376 

141376 

63157376 

19  3907194 

7-217652 

377 

142129 

53582633 

19-4164878 

7224046 

378 

142884 

54010152 

19  4422221 

7-230427 

379 

143641 

54439939 

19  4679223 

7236797 

380 

144400 

54872000 

19  4936887 

7243166 

381 

145161 

55306341 

195192213 

7249604 

382 

145924 

55742968 

19-6448203 

7-266841 

383 

146689 

56181887 

19'6703868 

7-262167 

384 

147456 

56623104 

195969179 

7-268462 

385 

148225 

57066625 

19-6214169 

7-274786 

386 

148996 

67512456 

19-6468827 

7281079 

387 

149769 

67960603 

196723156 

7-287362 

388 

150544 

68411072 

19-6977156 

7293633 

389 

151321 

58863869 

197230829 

7-299894 

390 

152100 

69319000 

,  19  7484177 

7306143 

391 

162881 

69776471 

19-7737199 

7312383 

392 

153664 

60236288 

19*7989899 

7318611 

393 

154449 

60698^7 

19*8242276 

7324829 

394 

155236 

61162984 

198494332 

7-331087 

395 

156025 

61629875 

198746069 

7337284 

396 

156816 

62099136 

19*8997487 

7348420 

397 

157609 

62670773 

199248688 

7349597 

398 

158404 

63044792 

199499373 

7-855762 

399 

159201 

63521199 

199749844 

7-361918 

400 

160000 

64000000 

20  0000000 

7-866063 

Digitized  by  VjOOQ IC 


«ani&B8,  CUBB0,  AND  ROOTS. 


99 


Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

401 

160801 

64481201 

200249844 

7  374198 

409 

161604 

64964808 

200499377 

7-880322 

403 

162409 

65450827 

200748599 

7386437 

404 

1^3216 

65939264 

200997512 

7892642 

405 

164025 

66430125 

201246118 

7398636 

406 

164836 

66923416 

201494417 

7404720 

407 

165649 

67419143 

201742410 

7-410796 

408 

166464 

67911312 

20^990099 

7-416859 

409 

167281 

68417929 

202237484 

7422914 

410 

168100 

68921000 

20-2484667 

7-428959 

•411 

168921 

69426531 

20  2731349 

7434994 

412 

1^9744 

69934528 

202977831 

7441019 

413 

170569 

70444997 

20*3224014 

7-447034 

414 

171396 

70957944 

203469899 

7-463040 

415 

172225 

71473375 

20-3715488 

7469036 

416 

173066 

71991296 

203960781 

7465022 

417 

173889 

72511713 

20-4205779 

7-470999 

418 

174724 

73034632 

20-4450483 

7-476966 

419 

175561 

73560059 

20-4694896 

7482924 

420 

176400 

740*8000 

20-4939015 

7-488872 

421 

177241 

74618461 

20-5182846 

7-494811 

422 

178084 

75151448 

206426386 

7600741 

423 

178929 

75686967 

205669638 

7606661 

424 

179776 

76226024 

20-6912603 

7512571 

425 

180625 

76765625 

20-6166281 

7518473 

426 

181476 

77308776 

206397674 

7524365 

427 

182329 

77854483 

20-6639783 

7-530248 

428 

183184 

7840276^ 

20-6881609 

7536121 

420 

184041 

78953689 

20-7123162 

7-541986 

430 

184900 

79507000 

20-7364414 

7-547842 

431 

185761 

80062991 

207606396 

7-563688 

432 

186624 

80621568 

20-7846097 

7559626 

433 

187489 

81182737 

208086620 

7566355 

434 

188356 

81746604 

208326667 

7  571174 

435 

189225 

82312875 

208666536 

7576985 

436 

190096 

82881866 

20  8806130 

7582786 

437 

190969 

83453463 

20-9046450 

7-588679 

438 

191844 

84027672 

209284496 

7594363 

439 

192721 

84604519 

20-9623268 

7600138 

440 

193600 

86184000 

20-9761770 

7605905 

441 

194481 

86766121 

210000000 

7-611662 

442 

195364 

^6350388 

210237960 

7-617412 

443 

196249 

86938307 

-  210475652 

7623162 

444 

197136 

87528384 

210713076 

7-628884 

445 

198025 

88121125 

210950231 

7634607 

446 

198916 

88716536 

211187121 

7  640321 

447 

199809 

89314623 

211423745 

7646027 

448 

200704 

89916392 

211660105 

7  651725 

449 

201601 

90518849 

211896201 

7-657414 

450 

202500 

91125000 

212132034 

7663094 

:\  L^gitized  by  CjOOQ IC 


100 


IRITHXKTIC. 


Number. 

Square. 

Cube. 

Square  tloot. 

Cube  Root. 

^   451 

203401 

91733861 

212367606 

766^66 

452 

204304 

92345408 

212602916 

7-674430 

453 

205209 

92959677 

212837967 

7680086 

454 

206106 

93576664 

213072758 

7686783 

455 

207025 

94196375 

213307290 

7691372 

*  456 

207936 

94818816 

213541565 

7697002 

457 

208849 

95443993 

21-3775583 

7-702626 

458 

209764 

96071912 

214009346 

7708239 

459 

210681 

96702579 

214242853 

7-713846 

^  460 

211600 

97336000 

214476106 

7-719442 

461 

212521 

97972181 

21-4709106 

7726032 

462 

213444 

98611128 

214941863 

7730614 

463^ 

214369 

99252847 

21-5174343 

7736188 

464 

215296 

99897344 

215406592 

7741768 

465 

216225 

100544625 

21-6638587 

7747311 

466 

217156 

101194696 

215870331 

7752861 

467 

218089 

101847563 

21-6101828 

7768402 

468 

219024 

102503232 

21-6333077 

7768936 

469 

^19961 

103161709 

216564078 

7769462 

470 

220900 

103823000 

21-6794834 

7774980 

471 

221841 

104487111 

217025344 

7780490 

472 

222784 

105154048 

21-7255610 

7-786998 

473 

223729 

105823817 

217485632 

7-791487 

474 

224676 

106496424 

21-7715411 

7-7969T4 

475 

225625 

107171875 

21-7944947 

7-802464 

476 

226576 

107850176 

218174242 

7-807926 

477 

227529 

108531333 

218403297 

7813389  ^ 

478 

228484 

109215352 

21-8632111 

7-818846 

479 

229441 

109902239 

21-8860686 

7824294 

480 

230400 

110592000 

21-9089023 

7-829736 

481 

231361 

111284641 

21-9317122 

7-836169 

482 

232324 

111980168 

219544984 

7840695 

483 

233289 

112678587 

219772610 

7-846018 

484 

234254 

113379904 

220000000 

7-851424 

485\ 

235225 

114084125 

220227166 

7-866828 

486 

236196 

114791256 

22-0454077 

7862224 

487 

237169 

115501303 

220680765 

7-867618 

488 

238144 

116214272 

220907220 

7872994 

489 

239121 

116930169 

22  1133444 

7-878868 

490 

240100 

117649000 

22  1359436 

T883786 

491 

241081 

118370771 

22-1685198 

7-889096 

492 

242064 

119095488 

221810730 

7-894447 

493 

243049 

119823167 

22-2036033 

7899792 

494 

244036 

120553784 

22-2261  i08 

7906129 

495 

245025 

121287375 

222485956 

7910460 

496 

246016 

122023936 

22-2710575 

7  916788 

497 

247009 

122763473 

22-2934968, 

7-921100 

498 

248004 

123505992 

22-3159136 

7-926408 

499 

249001 

124251499 

223383079 

7-931710 

500 

350000 

125000000 

22-3606798 

7-937005 

Digitized  by  VjOOQ IC 


HOAKM,  COBM,  AMD  BOOn. 


101 


Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root 

601 

261001 

125751601 

223830293 

7942293 

502 

V2004 

126506008 

.  224053565 

7-947574 

603 

253009 

127263527 

224276615 

7-952848 

604 

254016 

128024064 

22-4499443 

7-958114 

605 

255025 

128787625 

22-4722051 

7963374 

.  506 

266036 

129554216 

224944438 

7968627 

607 

257049 

130323843 

22-5166605 

7973873 

60S 

258064 

131096512 

225388553 

7979112 

609 

259081 

131872229 

22-5610283 

7-984344 

610 

260100 

132651000 

22-5831796 

7-989570 

611 

261121 

133432831 

22  6053091 

7-994788 

612 

262144 

134217728 

226274170 

8000000 

618 

263169 

135005697 

22-6495033 

8-005206 

614 

264196 

135796744 

22-6715681 

8-010403 

616 

265225 

136590875 

226936114 

8-015595 

616 

266256 

137388096 

227156334 

8-020779 

617 

267289 

138188413 

22  7376340 

8025957 

618 

268324 

138991832 

227596134 

8-031129 

619 

269361 

139798359 

227815715 

8036293 

620 

270400 

140608000 

228035085 

8041451 

621 

271441 

141420761 

22  8254244 

8-046603 

622 

272484 

142236648 

22-8473193 

8051748 

62af 

273529 

143055667 

228691933 

8056886 

524 

274576 

143877824 

22-8910463 

8-062018 

626 

275625 

144703125 

229128785 

8067143 

626 

276676 

145531576 

229346899 

8072262 

627 

277729 

146363183 

229564806 

8077374 

528 

278784 

147197952 

22  9782500 

8-082480 

629 

279841 

148035889 

230000006 

8087579 

630 

280900 

148877000 

23  0217289 

8092672 

631 

281961 

149721291 

23  0434372 

8097759 

632 

283024 

150568768 

230651262 

8102839 

633 

284089 

151419437 

23  0867928 

8107913 

634 

285156 

152273304 

281084400 

8112980 

635 

286225 

153130375 

231300670 

8-118041 

636 

287296 

153990656 

231516738 

8-123096 

637 

288369 

154854153 

231732605 

8128145 

638 

289444 

155720872 

231948270 

8133187 

639- 

290521 

156590819 

232163735 

8138223 

540 

291600 

157464000 

232379001 

8143253 

641 

292681 

158340421 

232594067 

8^48276 

642 

293764 

159220088 

23  2808935 

8-153294 

643 

294849 

160103007 

23-3023604 

8158305 

644 

295936 

160989184 

233238076 

8163310 

645 

297025 

161878625 

23  3452351 

8168309 

646 

298116 

162771336 

233666429 

8-173302 

547 

299209 

163667323 

23  3880311 

8178289 

548 

300304 

164566592 

234093998 

8-183269 

649 

301401 

165469149 

23  4307490 

8-188244 

660 

302500 

166375000 

23-4520788 

8-193213 

Digitized  by  VjOOS IC 


IDS 


AMTHlRTie. 


Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

651 

303601 

167284151 

234733892 

8198176 

552 

304704 

168196608 

234946802 

«203132 

553 

805809 

169112377 

235169620 

8-208082 

554 

306916 

170031464 

235372046 

8213027 

555 

308025 

170963875 

23-6584380 

8217966 

556 

309136 

171879616 

236796622 

8222898 

557 

310249 

172808693 

23  6008474 

8-227825 

558 

311364 

173741112 

286220236 

8232746 

659 

312481 

174676879 

236431808 

8237661 

560 

313600 

175616000 

23  6643191 

8242671 

561 

314721 

176568481 

236854386 

8-247474 

562 

815844 

177504328 

237066392 

8252371 

563 

816969 

178453547 

237276210 

8257263 

564 

318096 

179406144 

237486842 

8262149 

565 

819225 

180362125 

237697286 

8267029 

566 

320356 

181321496 

23-7907646 

8271904 

567 

821489 

182284263 

23  8117618 

8-276773 

568 

822624. 

183250432 

238327606 

8  281636 

569 

823761 

184220009 

238537209 

8286498 

670 

824900 

185193000 

23-8746728 

8291344 

671 

826041 

186169411 

23-8966063 

8296190 

572 

827184 

187149248 

239165215 

8301030 

673 

828329 

188132517 

23-9374184 

8306865 

574 

329476 

189119224 

23-9582971 

8-810694 

575 

830625 

190109375 

^3-9791576 

8-315617 

576 

331776 

191102976 

24-0000000 

8320335 

577 

332929 

192100033 

240208243 

8326147 

578 

334084 

193100552 

240416306 

8829964 

579 

335241 

194104639 

24-0624188 

8334755 

580 

336400 

195112000 

240831892 

8-339551 

581 

337561 

196122941 

241039416 

8344341 

582 

338724 

197137368 

24-1246762 

8*849126 

683 

339889 

198155287 

24-1463929 

8353905 

684 

341056 

199176704 

241660919 

8358678 

585 

342225 

200201625 

241867732 

8363446 

586 

343396 

201230066 

24  2074369 

8368209 

587 

344569 

202262003 

24  2280829 

8-372967 

688 

345744 

203297472 

24-2487113 

8377719 

589 

346921 

204336469 

24-2693222 

8-382465 

590 

348100 

205379000 

24-2899166 

8387206 

591 

349281 

206426071 

24-3104916 

8-391942 

592 

350464 

207474688 

24-3310601 

8396673 

593 

351649 

208527857 

24  3516913 

8-401398 

594 

352886 

209584684 

24-3721162 

8  406118 

595 

354025 

210644875 

243926218 

8-410833 

596 

355216 

211708736 

24-4131112 

8-416542 

697 

856409 

212776173 

24-4335834 

8-420246 

598 

357604 

213847192 

24  4540385 

8-424946 

599 

358801 

214921799 

244744765 

8-429638 

600 

360000 

216000000 

244948974 

8434327 

Digitized  by  VjOOQ IC 
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lOS 


Number. 

Square. 

Cube. 

Square  Boot. 

Cube  Root. 

601 

361201 

217081801 

245153013 

8439010 

602 

362404 

218167208 

24  5366883 

8-448688 

603 

363609 

219256227 

24-5560583 

8-448360 

604 

364816 

220348864 

24-5764115 

8-453028 

605 

366025 

221445125 

24-5967478 

8-457691 

606 

367236 

222545016 

24-6170673 

8462348 

607 

368449 

223648543. 

24-6373700 

8467000 

608 

369664 

224755712 

24  6576560 

8471647 

609 

370881 

225866529 

24  6779254 

8-476289 

610 

372100 

226981000 

24-6981781 

8-480926 

611 

373821 

228099181 

24-7184142 

8-485558 

612 

374544 

229220928 

24  7386338 

8-490185 

613 

375769 

230346397 

24-7588368 

8-494806 

614 

376996 

231475544 

24-7790234 

8-499423 

615 

378225 

232608375 

24-7991935 

8504085 

616 

379456 

233744896 

248193473 

6-508642 

617 

380689 

234885113 

24-8394847 

8-513243 

618 

381924 

236029032 

24  8596058 

8-517840 

619 

383161 

237176659 

24-8797106 

8522432 

620 

384400 

238328000 

24  8997992 

8527019 

621 

385641 

239483061 

24  9198716 

8531601 

622 

386884 

240641848' 

24  9399278 

8636178 

623 

388129 

241804367 

249599679 

8-540750 

624 

389376 

242970624 

24-9799920 

8-545317 

625 

390625 

244140625 

250000000 

8549879 

626 

391876 

245314376 

25-0199920 

8-554437 

627 

893129 

246491883 

25-0399681 

8-568990 

628 

394884 

247673152 

250599282 

8563538 

629 

395641 

248858189 

25-0798724 

8568081 

630 

396900 

250047000 

25  0998008 

8572619 

631 

398161 

251239591 

251197134 

8577152 

632 

399424 

252435968 

251396102 

8-581681 

633 

400689 

253636137 

251594913 

8586205 

634 

401956 

254840104 

251793566 

8590724 

635 

403225 

256047875 

251992063 

8-595238 

636 

404496 

257269456 

25-2190404 

8-599747 

637 

405769 

258474853 

252388589 

8604252 

638 

407044 

259694072 

252586619 

8608758 

639 

408321 

260917119 

252784493 

8613248 

640 

409600 

262144000 

25-2982213 

8617789 

641 

410881 

263374721 

25-3179778 

8-622225 

642 

412164 

2646092S8 

25-3377189 

8626706 

643 

413449. 

265847707 

25  3574447 

8  631188 

644 

414736 

267089984 

253771551 

8635655 

645 

416025 

268336125 

253968502 

8640123 

646 

41731& 

269586136 

254165301 

8644585 

647 

418609  ' 

270840023 

25-4361947 

8649044 

648 

419904 

272097792 

254558441 

8653497 

IS- 

421201 

273359449 

26-4754784 

8657946 

422500 

274625000 

25-4950976 

8662391 

'  Digitized  by  VjOOQ IC 
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ABITHKVTIC. 


Nund^er. 

Square. 

Cube. 

Square  Root. 

Cube  Root 

651 

423801 

275894451 

255147016 

8666831 

662 

425104 

277167808 

265342907 

8671266 

653 

426409 

278445077 

266538647 

8675697 

654 

427716 

279726264 

255734237 

8680124 

655 

429025 

281011375 

266929678 

8-684546 

656 

430336 

2S2300416 

266124969 

8-688963 

657 

431649 

283593393 

26  6320112 

8693376 

658 

432964 

284890312 

266616107 

8697784 

659 

434281 

286191179 

266709953 

8-702188 

660 

485600 

287496000 

25-6904662 

8706687 

661 

436921 

288804781 

267099203 

8-710983 

662 

438244 

290117628 

267203607 

8-715373 

663 

439569 

291434247 

267487864 

8-719759 

664 

440896 

292754944 

26-7681976 

8-724141 

665 

442225 

294079625 

267876939 

8-728518 

666 

443556 

295408296 

268069758 

8*732892 

667 

444889 

296740963 

268263431 

8737260 

668 

446224 

298077632 

268466960 

8741624 

669 

447561 

299418309 

258660343 

8745985 

670 

448900 

300763000 

26-8843682 

8-750340 

671 

450241 

302111711 

26-9036677 

8-764691 

672 

451584 

303464448 

26  9229628 

8-769038 

673 

452929 

304821217 

259422436 

8763381 

674 

454276 

306182024 

259616100 

8767719 

675 

455625 

307546875 

25-9807621 

8-772053 

676 

456976 

308915776 

260000000 

8776383 

677 

458329 

310288733 

260192237 

8780708 

678 

459684 

311665762 

260384331 

8-785029 

679 

461041 

313046939 

26  0676284 

8789346 

680 

462400 

314432000 

260768096 

8793659 

681 

463761 

316821241 

26  0969767 

8-797968 

682 

465124 

317214568 

261161297 

8802272 

683 

466489 

318611987 

261342687 

8-806572 

684 

467856 

320013504 

26  1633937 

8-810868 

685 

469225 

321419125 

261725047 

8816160 

686 

470596 

322828856 

261916017 

8819447 

6^7 

471969 

324242703 

262106848 

8-823731 

688 

473344 

326660672 

26  2297641 

8-828009 

689 

474721 

327082769 

26-2488096 

8-832285 

690 

476100 

32S609000 

26  2678511 

8-836556 

691 

477481 

329939371 

26  2868789 

8840823 

692 

478864 

331373888 

26  3068929 

8-845085 

693 

480249 

832812557 

263248932 

8-849344 

694 

481636 

334255384 

26  3438797 

8-853598 

695 

483025 

385702376 

26  3628527 

8-857849 

696 

484416 

337153636 

26  3818119 

8-862095 

697 

485809 

338608873 

26  4007676 

8-866337 

698 

487204 

340068392 

264196896 

8-870576 

699 

488601 

341532099 

26-4386081 

8*874810 

700 

490000 

343000000 

264576131 

8-879040 
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Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root 

701 

491401 

344472101 

264764046 

8883266 

702' 

492804 

345948088 

264952826 

8-887488 

703 

494209 

347428927 

265141472 

8-891706 

704 

495616 

348913664 

26  5329988 

8-895920 

705 

497025 

350402625 

265518361 

8-900130 

706 

498436 

351895816 

265706605 

8904336 

707 

499849 

353393243 

26-5894716 

8-908538 

708 

501264 

354894912 

266082694 

8912737 

709 

502681 

356400829 

266270539 

8916931 

710 

504100 

357911000 

266458252 

8  921121 

711 

505521 

359425431 

26-6645833 

8-925308 

•  712 

606944 

36094412S 

26-6833281 

8929490 

713 

508369 

362467097 

26-7020598 

8933668 

714 

509796 

363994344 

26-7207784 

8937843 

716 

511225 

365525875 

26  7394839 

8-942014 

716 

612656 

367061696 

267581763 

8-946181 

717 

514089 

368601813 

267768557 

8-960344 

718 

515524 

370146232 

26  7955220 

8964603 

719 

516961 

371694959 

268141754 

8-958668 

720 

518400 

373248000  . 

26  8328167 

8-962809 

721 

519841 

374805361 

26  8514432 

8  966957  - 

722 

521284 

376367048 

26-87D0577 

8-971101 

723 

522729 

377933067 

26-8886693 

8975240 

724 

524176 

379503424 

26-9072481 

8-979376 

725 

525625 

381078125 

269258240 

8-983609 

726 

527076 

382657176 

269443872 

8-987637 

727 

528529 

384240583 

26  9629375 

8-991762 

728 

529984 

385828352 

269814751 

8996883 

729 

531441 

387420489 

27-0000000 

9-000000 

730 

532900 

389017000 

270185122 

9  004113 

731 

534361 

390617891 

270370117 

9008223 

732 

535824 

392223168 

27  0554985 

9012328 

733 

537289 

393832837 

27  0739727 

9016431 

734 

538756 

395446904 

270924344 

9020520 

736 

540225 

397065375 

271108834 

9024624 

736 

541696 

398688256 

271293199 

9  028715 

737 

543169 

400315553 

271477439 

9032802 

738 

544644 

401947272 

271661554 

9036886 

739 

546121 

403583419 

271845644 

9040965 

740 

547600 

405224000 

27-2029410 

9-045041 

741 

549081 

406869021 

272213152 

9049114 

742 

550564 

408518488 

272396769 

9053183 

743 

552049 

410172407 

272580263 

9-057248 

744 

553536 

411830784 

27  2763634 

9061310 

745 

555025 

413493625 

27  2946881 

9066367 

746 

556616 

415160936 

27  3130006 

9069422 

747 

558009 

416832723 

27  3313007 

9073473 

748 

559504 

418508992 

27  3496887 

9-077520 

749 

561001 

420189749 

273678644 

9081563 

750 

562500 

421875000 

27-3861279 

9-085603 

Vol.  I. 


15 
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ARITHMETIC. 


Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

761 

564001 

423564761 

274043792 

9089639 

752 

666504 

426259008 

274226184 

9093673 

763 

567009 

426957777 

27  4408456 

9097701 

764 

668616 

428661064 

27  4690604 

9101726 

765 

570025 

430368875 

274772633 

9-10574S 

756 

671636 

432081216 

274954642 

9109766 

757 

673049 

433798093 

276136330 

9  113781 

758 

674564 

436619512 

27-6317998 

9117793 

759 

676081 

437246479 

27  6499646 

9121801 

760 

577600 

438976000 

276680975 

9126805 

761 

579121 

440711081 

27  6862284 

912980a 

762 

680644 

442450728 

27:6043475 

9133803 

763 

682169 

444194947 

276224646 

9137797 

764 

683696 

446943744 

27-6406499 

9141788 

765 

686225 

447697126 

27-6586334 

9146774 

766 

586766 

449466096 

27  6767050 

9149757 

767 

688289 

461217663 

276947648 

916S737 

768 

689824 

452984832 

277128129 

9157714 

769 

691361 

464756609 

27-7308492 

9161686 

770 

592900 

456533000 

277488739 

9165656 

771 

694441 

458314011 

27-7668868 

9169622 

772 

596984 

460099648 

27-7848880 

9173585 

773 

597529 

461889917 

27-8028776 

9  177544 

774 

699076 

463684824 

27-8208556 

9181500 

775 

600625 

466484375 

27-8388218 

9185463 

776 

602176 

467288576 

278667766 

9189402 

777 

603729 

469097433 

27  8747197 

9193347 

778 

606284 

470910962 

27-8926514 

9 197289 

779 

606S41 

472729139 

279106716 

9-201229 

780 

608400 

474652000 

27-9284801 

9206164 

781 

609961 

476379641 

27-9463772 

9-209096 

782 

611524 

478211768 

27  9642629 

9213026 

783 

613089 

480048687 

27  9821372 

9216960 
9-2^0873 

784 

614656 

481890304 

28  0000000 

786 

616225 

483736626 

280178515 

9224791 

786 

617796 

486687656 

28-0356916 

9228707 

787 

619369 

487443403 

280535203 

9232619 

788 

620944 

489303872 

280713377 

9237628 

789 

622621 

491169069 

280891438 

9-240433 

'790 

624100 

493039000 

281069386 

9244335 

791 

625681 

494913671 

281247222 

9248234 

792 

627264 

496793088 

28-1424946 

9262130 

793 

628849 

498677257 

281602667 

9256028 

794 

630436 

600666184 

281780056 

9  259911 

796 

632026 

602469876 

281967444 

9-263797 

796 

633616 

604368336 

282134720 

9*267680 

797 

635209 

606261673 

28-2311884 

9-271 559 

798 

636804 

608169692 

28  2488938 

9276485 

799 

638401 

610082399 

28  2666881 

9279308 

800 

640000 

612000000 

28  2842712 

9-283178 
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Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root, 

801 

641601 

513922401 

28-3019434 

9287044 

802 

643204 

515849608 

2S'3196046 

9290907 

803 

644809 

517781627 

28  3372546 

9  294767. 

804 

646416 

519718464 

28-3648938 

9298624 

805 

648025 

521660125 

28  3726219 

9302477 

806 

649636 

523606616 

28-3901391 

9-306328 

807 

651249 

525557943 

28-4077454 

9-310175 

808 

652864 

527514112 

28^4253408 

9-314019 

809 

654481 

529475129 

284429263 

9-317860 

810 

656100 

531441000 

28*4604989 

9-321697 

811 

657721 

533411731 

28-4780617 

9325532 

812 

659344 

536387328 

28-4956137 

9329363 

813 

660969 

637366797 

285131649 

9  333192 

814 

662596 

539363144 

285306862 

9337017 

816 

664225 

541343375 

28-5482048 

9-340838 

816 

665856 

643338496 

28  6667137 

9344667 

817 

667489 

645338513 

28  6832119 

9348473 

818 

669124 

547343432 

28-6006993 

9352286 

819 

670761 

549363259 

28  6181760 

9-356095 

820 

672400 

561368000 

28*6366421 

9369902 

821 

674041 

653387661 

286630976 

9363706 

822 

675684 

665412248 

28-6705424 

9367505 

823 

677329 

567441767 

28-6879766 

9871302 

824 

678976 

669476224 

28-7064002 

9375096 

825 

680625 

661516626 

287228132 

9-378887 

826 

682276 

563659976 

287402157 

9-382675 

827 

683929 

566609283 

28-7676077 

9386460 

828 

685584 

567663562 

28  7749891 

9390242 

829 

687241 

669722789 

287923601 

9-394020 

830 

688900 

671787000 

28-8097206 

9397796 

831 

690561 

573866191 

288270706 

9401669 

832 

692224 

676930368 

28-8444102 

9-406339 

833 

693889 

678009637 

28  8617394 

9-409106 

834 

695556 

680093704 

28-8790682 

9412369 

835 

697225 

582182876 

28-8963666 

9416630 

836 

698896 

684277066 

289136646 

9420387 

837 

700569 

586376263 

28-9309523 

9-424142 

838 

702244 

688480472 

289482297 

9427894 

839 

703921 

690589719 

28-9654967 

9431642 

840 

705600 

692704000 

289827636 

9435388 

841 

707281 

694828321 

290000000 

9439131 

842 

708964 

696947688 

290172363 

9-442870 

843 

710649 

699077107 

290344623 

9446607 

844 

712336 

601211684 

290616781 

9-450341 

845 

714025 

603361126 

290688837 

9454072 

846 

716716 

605495736 

290860791 

9457800 

847 

717409 

607645423 

291032644 

9-461525 

848 

719104 

609800192  . 

291204396 

9-465247 

849 

720801 

611960049 

291376046 

9-468966 

850 

722500 

614125000 

291647696 

9-472682 
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Number. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

851 

724201 

616296051 

291719043 

9476396 

862  ^ 

725904 

618470208 

291890390 

9480106 

853 

727609 

620650477 

292061637 

9483813 

854 

729316 

622836864 

292232784 

9-487618 

855 

731025 

625026376 

292403830 

9491220 

856 

732736 

627222016 

292674777 

9-494919 

867 

734449 

629422793 

292746623 

9-498615 

868 

736164 

631628712 

292916370 

9602308 

859 

737881 

633839779 

293087018 

9-505998 

860 

739600 

636056000 

293267666 

9-609685 

861 

741321 

638277381 

29  3428016 

9513370 

862 

743044 

640503928 

293698366 

9-617051 

863 

744769 

642736647 

29-3768616 

9620730 

864. 

746496 

644972544 

29  3938769 : 

9624406 

865 

748225 

647214625 

294108823 

9-628079 

866 

749956 

649461896 

29-427£f779 

9531749 

867 

751689 

651714363 

294448637 

9636417 

868 

763424 

653972032 

29-4618397 

9-639082 

869 

755161 

656234909 

294788059 

9-542744 

870 

756900 

658503000 

294967624 

9-546403 

871 

768641 

660776311 

296127091 

9-650069 

872 

760384 

663064848 

29-6296461 

9-663712 

873 

762129 

665338617 

296465734 

9-657363 

874 

763876 

667627624 

29-6634910 

9561011 

875 

765626 

669921876 

296803989 

9664666 

876 

767376 

672221376 

295972972 

9-668298 

877 

769129 

674526133 

29-6141858 

9-671938 

878 

770884 

676836152 

296310648 

9-676674 

879 

772641 

679151439 

29-6479325 

9-579208 

880 

774400 

681472000 

29.6647939 

9-582840 

881 

776161 

683797841 

29-6816442 

9*586468 

882 

777924 

686128968 

29-6984848 

9-590094 

883 

779689 

688465387 

297163169 

9-693716 

884 

781456 

690807104 

297321375 

9697337 

885 

783225 

693154126 

29-7489496 

9-600*956 

886 

784996 

696506456 

29-7657521 

9-604670 

887 

786769 

697864103 

297825462 

9-608182 

888 

788544 

700227072 

297993289 

9-611791 

889 

790321 

702596369 

29-8161030 

9-616398 

890 

792100 

704969000 

29-8328678 

9-619002 

891 

793881 

707347971 

298496231 

9-622603 

892 

795664 

709732288 

29-8663690 

9626201 

893 

797449 

712121967 

29-8831056 

9-629797 

894 

799236 

714516984 

298998328 

9-633390 

895 

801026 

716917376 

299165606 

9-636981 

896 

802816 

719323136 

299332591 

9640569 

897 

804609 

721734273 

299499583 

9-644154 

898 

806404 

724150792 

29  9666481 

9647737 

899 

808201 

726672699 

299833287 

9651316 

900 

810000 

729000000 

300000000 

9-654894 
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Niimber. 

Square. 

C\ibe. 

Square  Root. 

Cube  Root 

901 

811801 

731432701 

300166620 

9-658468 

902 

813604 

'733870808 

300333148 

9662040 

903 

815409 

736314327 

30*0499584 

9-665609 

904 

817216 

738763264 

300665928 

9669176 

905 

810025 

741217625 

30  0832179 

9672740 

906 

820836 

743677416 

300998389 

9676802 

907 

822649 

746142643 

301164407 

9-679860 

908 

824464 

748613312 

301330383 

9-688416 

909 

826281 

751089429 

301496269 

9686970 

910 

828100 

753571000 

301662063 

9-690521 

911 

829921 

766058031 

301827765 

9-694069 

912 

831744 

758550528 

301993377 

9697615 

913 

833569 

761048497 

30-2158899 

9-701158 

914 

835396 

763551944 

302324329 

9704699 

916 

837225 

766060875 

30-2489669 

9-708287 

916 

839056 

768575296 

30-2654919 

9-711772 

917 

840889 

771095213 

302820079 

9715306 

918 

842724 

773620632 

30-2985148 

9-718885 

919 

844561 

,776151659 

303150128 

9-722363 

920 

846400 

778688000 

303315018 

9725888 

921 

848241 

781229961 

30-3479818 

9  729411 

922 

850084 

783777448 

30-3644529 

9-782981 

923 

851929 

786330467 

30-3809151 

9*786448 

924 

853776 

788889024 

303973683 

9739963 

925 

855625 

791453125 

30-4138127 

9-743476 

926 

857476 

794022776 

304302481 

9-746986 

927 

859329 

796597983 

30-4466747 

9-760498 

928 

861184 

799178752 

30-4630924 

9-758998 

929 

863041 

801765089 

30-4795013 

9757600 

930 

864900 

804357000 

30-4959014 

9761000 

931 

866761 

806954491 

305122926 

9-764497 

932 

868624 

809557568 

30-5286750 

9767992 

933 

870489 

812166237 

30-5450487 

9-771484 

934 

872356 

814780504 

30  5614136 

9774974 

935 

874225 

817400375 

30-5777697 

9778462 

936 

876096 

820025856 

30-5941171 

9-782946 

937 

877969 

822656953 

306104557 

9-786429 

938 

879844 

825293672 

80-6267857 

9-788909 

939 

881721 

827936019 

30-6431069 

9792886 

940 

883600 

830584000 

30-6594194 

9-795861 

941 

885481 

833237621 

306757233 

9799384 

942 

887364 

835896888 

306920185 

9-802804 

943 

889249 

838561807 

307083051 

9-806271 

944 

891136 

841232384 

30-7245830 

9-809786 

945 

893025 

843908625 

30-7408523 

9813199 

946 

894916 

846590536 

30  7671130 

9816659 

947 

896809 

849278123 

30-7733651 

9-820117 

948 

898704 

851971392 

307896086 

9823572 

949 

900601 

854670349 

308058436 

9827026 

950 

902500 

857375000 

30-8220700 

9-830476 
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ABnaMBTIC. 


Numbenr. 

Square. 

Cube. 

Square  Root. 

Cube  Boot. 

061 

904401 

860085351 

80*8382879 

9-888924 

953 

906304 

862801408 

80-8544972 

9887869 

058 

908209 

865523177 

30*8706981 

9B40818 

954 

910116 

868250664 

80*8868904 

9*844254 

055 

912025 

870983875 

309030743 

9*847692 

956 

913936 

873722816 

80*9192497 

9-851128 

957 

915849 

876467493 

80*9354166 

9-854562 

958 

917764 

879217912 

30*9515761 

9857998 

959 

919681 

881974079 

809677251 

9*861422 

960 

921600 

884736000 

80*9838668 

9-864848 

961 

923521 

887503681 

810000000 

9-868272 

962 

925444 

890277128 

810161248 

9*871694 

963 

927369 

898056347 

81*0322418 

9876113 

964 

929296 

895841344 

810483494 

9-878530 

965 

931225 

898632125 

310644491 

9-881945 

966 

938156 

901428696 

810805406 

9-885857 

967 

935089 

904231063 

31*0966236 

9*888767 

968 

937024 

907039232 

31*1126984 

9892175 

969 

938961 

909853209 

311287648 

9*895580 

970 

940900 

912673000 

811448230 

9*898988 

971 

942841 

915498611 

3M608729 

9-902888 

972 

944784 

918330048 

31-1769146 

9-905783 

978 

946729 

921167317 

811929479 

9-909178 

974 

948676 

924010424 

81*2089731 

9-912571 

975 

950625 

926859375 

81*2249900 

9915962 

976 

952576 

929714176 

81*^09987 

9*919351 

977 

954529 

932574833 

81*2669992 

9*922788 

978 

956484 

935441352 

812729915 

9-926122 

979 

958441 

938313739 

31*2889757 

9-929504 

980 

960400 

941192000 

313049517 

9982884 

981 

962361 

944076141 

313209195 

9*936261 

982 

964324 

946966168 

318368792 

9-989686 

988 

966289 

949862087 

318528308 

9948009 

984 

968256 

952763904 

31*8687748 

9-946880 

985 

970225 

955671625 

313847097 

9949748 

986 

972196 

958585256 

314006369 

9968114 

987 

974169 

961504803 

314165661 

9966477 

988 

976144 

964430272 

314324673 

9959889 

989 

978121 

967361669 

31*4483704 

9-963198 

990 

980100 

970299000 

31*4642654 

9966555 

991 

982081 

973242271 

31-4801625 

9-969909 

992 

984064 

976191488 

314960316 

9*973262 

998 

986049 

979146667 

315119025 

9*976612 

.  994 

988036 

982107784 

31*6277656 

9-979960 

995 

990025 

985074876 

316436206 

9*983305 

996 

992016 

988047936 

316694677 

9-986649 

997 

994009 

991026973 

316763068 

9*989990 

998 

996004 

994011992 

31*5911380 

9993329 

999 

998001 

997002999 

31*6069613 

9996666 

1000 

1000000 

1000000000 

31*6227766 

10000000 

Digitized  by  CjOOQ IC 


Ill 


OF  RATIOS,  PROPORTIONS,  AND  PRO- 
GRESSIONS. 


NuMBXRs  are  compared  to  each  other  in  two  different 
ways :  the  one  comparison  conaiders  the  difference  of  the  two 
nmlibers,  and  is  named  Arithmetical  Relation ;  and  &e  dif- 
ference aometimefi  the  Arithmetical  Ratip :  the  other  con> 
sidem  their  quotient,  which  is  called  Gemnetrical  Relation  ( 
and  the  quotient  is  the  Geometrical  Ratio.  So,  of  these  two 
numbers  6  and  3,  the  difference,  or  arithmetical  ratio  is 
6—  3  or  3,  but  the  geometrical  ratio  is  f  or  2. 

There  must  be  two  numbers  to  form  a  comparison :  the 
number  which  is  compared,  being  placed  first,  is  called  the 
Antecedent :  and  that  to  which  it  is  compared,  the  Con- 
sequent. So,  in  the  two  numbers  above,  6  is  the  antecedent, 
and  3  the  consequent. 

If  two  or  more  couplets  of  numbers  have  equal  ratios,  or 
equal  differences,  the  equality  is  named  Proportion,  and  the 
terms  of  the  ratios  Proportionals.  So,  the  two  couplets,  4,  2 
and  8,  6,  are  arithmetical  proportionals,  because  4-2  ^  8 
— 6  OS  2  ;  and  the  two  couplets  4,  2  and  6,  3,  are  geome- 
trical proportions,  because  |  =  |  ^  2,  the  same  ratio. 

To  denote  numbers  as  being  geometrically  proportional,  a 
cokm  is  set  between  the  terms  of  each  couplet,  to  denote  their 
ratio ;  and  a  double  colon,  or  else  a  nark  of  equality,  between 
the  couplets  or  ratios.  So,  the  four  proportionals,  4, 2,  6,  3 
are  set  thus,  4  :  2  : :  6  :  3,  which  means,  that  4  is  to  2  as  6 
ifr  to  3t  mr  thus,  4  :  2  «  6  : 8,  or  thus,  |  » |,  belli  which 
mean,  that  the  ratio  of  4  to  2,  tS(  equal  to  die  ratio  of 
6  to  8. 

P!roportion  is  distmguished  into  Continued  and  Discoiip- 
tinued.  When  the  difference  or  ratio  of  the  consequent  of 
one  couplet,  and  the  antecedent  of  the  next  couplet,  is  not 
the  same  as  the  common  difference  or  ratio  of  tiie  couplets, 
the  proportion  is  discontinued-  So,  4,  2, 8, 6,  are  in  discon- 
tinued arithmetical  proportion,  because  4— 2  =  8  —  6  =^2, 
whereas  8  —  2=6:  and  4,  2,  6,  3  are  in  discontinued  geo- 
metrical proportion,  because  |  sas  |  =  2,  but }  ==  3,  which  is 
not  the  same. 

But  when  the  difference  or  ratio  of  every  two  succeeding 
terms  is  the  same  quantity,  the  proportion  is  said  to  be  Coti-* 
tinued,  and  the  numbers  Uiemselves  make  a  series  of  Con- 
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tinued  Pioportionalfl,  or  a  progression.  So  2,  4, 6,  8  form 
an  arithmetical  progression,  because  4  —  2  =  6  —  4=s8^ 
6=3  2,  all  the  same  common  difference ;  and29  4,  6, 16,  a 
geometrical  progression^  because  |  =  f  ss  ya=2,  all  the 
same  ratio. 

When  the  following  terms  of  a  progressicm  increase,  or* 
exceed  each  other,  it  is  called  an  Ascending  Progression,  or 
Series ;  but  when  the  terms  decrease,  it  is  a  descending 
one. 

So,  0, 1, 2,  S,  4,  dec.  is  an  ascending  arithmetical  progressioD, 
but  9, 7, 5, 3^  1,  dec.  is  a  descending  arithmetical  progresston. 
Also  1,2, 4, 8, 16,  dec.  is  an  ascending  geometrical  progression, 
and  16,  ^  4, 2, 1,  dec.  is  a  descending  geometrical  progression. 


ARITHMETICAL  PROPORTION  AND 
PROGRESSION.  . 

In  Arithmetical  Progression,  the  numbers  or  terms  have 
all  the  same  common  difference.  Also,  the  first  and  last 
terms  of  a  Progression,  are  called  the  Extremes ;  and  the 
other  terms,  lying  between  them,  the  Means.  The  most 
useful  part  of  ariSimetical  proportion,  is  contained  in  the 
following  theorems : 

Thbobsh  1.  When  four  quantities  are  in  arithmetical 
proportion,  the  sum  of  the  two  extremes  is  equal  to  the  sum 
of  the  two  means.  Thus,  of  the  four  2,  4,  6,  8,  here  2  + 
8844-6;s=10. 

THSORm2.  In  any  continued  arithmetical  progression, 
the  sum  of  the  two  extremes  is  equal  to  the  sum  of  any  two 
means  that  are  equally  distant  from  them,  or  equal  to  double 
the  middle  term  when  there  is  an  uneven  number  of  terms. 

Thus,  inthe  terms  1,8,  5,  it  is  l+5=3-|-3=:6. 

And  in  the  series  2,  4, 6,  8,  10, 12, 14,  it  is  2  +  14  =  4 
+  12=6  +  10  =  8  +  8=16. 

Theorem  3.  The  difference  between  the  extreme  terms 
of  an  arithmetical  progression,  is  equal  to  the  common  dif- 
ference of  the  series  multiplied  by  one  less  than  the  number 
of  the  terms.  So,  of  the  ten  terms,  2,  4,  6,  8,  10, 12,  14, 
16, 18,  20^  the  common  difference  is  2,  and  one  less  than 
the  number  of  terms  9  ;  then  the  difference  of  the  extremes 
is  20  --  2  =  18,  and  2  X  9  r=  18  also. 
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Coua^queDtly  the  greatest  term  is  equal  to  the  leant '  term 
added  to  the  product  of  the  common  difference  multiplied  by 
1  less  than  the  number  of  terms. 

Theokem  4.  The  sum  of  all  the  terms,  of  any  arith* 
metical  progression,  is  equal  to  the  sum  of  the  two  extremes 
multiplied  by  the  number  of  terms,  and  divided  by  2 ;  or  the 
sam  of  the  two  extremes  multiplied  by  the  number  of  the 
terms,  gives  double  the  sum  of  all  the  terms  in  the  series. 

This  is  made  evident  by  setting  the  terms  of  the  series  ia 
an  inverted  order,  under  the  same  series  in  a  direct  order,  and 
adding  the  corresponding  terms  together  in  that  order.  Thus, 
io  the  series  1,  3,  5,  7,  9,  11,  13,  15; 
ditto  inverted  15,  13,  11,  9,  7,  5,  3,  1 ; 
the  sums  are  16  +16  +  16  +.16  +  16  +  16  +  16  +  16, 
which  must  be  double  the  sum  of  the  single  series,  and  is 
eqaal  to  the  sum  of  the  extremes  repeated  as  oflen  as  are  the 
number  of  the  terms. 

From  these  theorems  may  readily  be  found  any  one  of 
these  five  parts ;  the  two  extremes,  the  number  of  terms,  the 
common  difference,  and  the  sum  of  all  the  terms,  when  any 
three  of  them  are  given  ;  as  in  the  following^  problems  : 

PROBLEM   I. 

CHven  the  EjOremesy  and  the  Number  of  TermSy  tojind  the  Sum 
ofaUthe  Terms, 

Add  the  extremes  together,  multiply  the  sum  by  the 
number  of  terms,  and  divide  by  2. 

EXAMPLES. 

1.  The   extremes  being  3  and  19,  and  the  number  of 
terms  9 ;  required  the  sum  of  the  terms  ? 
19 
3 

22 
_J    Or,  3^?X9  =  ^X9=11X9  =  99, 
2  )  1^®  the  same  answer. 

Ans.    99 

,  2.  It  is  required  to  find  the  number  of  all  the  strokes  a 
common  clock  strikes  in  one  whole  revolution  of  the  index, 
or  in  12  hours.  Ans.  78. 

Voii.1.      *  16 
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Ex.  S.  How  Hianjr  strokes  do  the  clocks  of  Venice  strike 
in  the  compass  of  the'  day,  which  go  continually  on  fiom  I 
to  24  o'clock  ?  Ans.  800. 

4.  What  deht  can  he  discharged  in  a  year,  by  weekly 
payments  in  arithmetical  progressioni  the  first  pajrment  being 
1#,  aad  the  last  or  fi2d  payment  5l8f  ?  Ans.  18fiI4f. 

raOUBH  II. 

Gioeftthe  Exiremesy  and  the  Number  qf  Tarme  ;  teJSndihe 
Common  Difference. 

Subtract  the  less  extreme  from  the  greater*  and  divide 
Ae  remainder  by  1  leas  than  the  number  of  tenns,  fer  the 
common  difference^ 


SXA]fFLS8» 

I.  The  extremes  being  8  and  19,  and  the  number  of  terms 
9 }  required  the  common  difference  ? 

19 
«  Ori^-^^^2. 


2.  If  the  extremes  be  10  and  70,  and  the  number  of  term* 
21 ;  what  is  the  common  difference,  and  the  sum  of  the 
series  ?  Ans.  the  com.  diff.  is  8,  and  the  sua  is  649. 

-  3.  Acertaittdebtcanbedisehargedinoneyear,  by  weekly 
payments  in  arithmetical  progression,  the  first  payment  being 
U,  and  the  last  5^  Ss ;  what  is  the  common  difierenee  of  the 
terms?  Ans.  2.. 

FBCHiLEM   lU. 

Gioen  one  of  the  Extreme$y  the  Common  Difference^  and  the 
Number  of  Terms ;  to  Jind  the  other  Ekreme,  and  the 
iStMi  of  the  SerioB. 

Multiply  the  common  difference  by  1  less  than  the 
^  1^.  number  of  terms,  and  the  product  will  be  the  difference  of 
|R^!^i^         the  extremes :  Ilierefore  add  the  product  to  the  hum  ex- 

tremeto  give  the  greater  ;  or  subfltract  it  from  the  greater,. 

to  give  the  leas  extreme. 
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BXAMPUBS. 

1.  Givea  the  least  term  3,  the  coramon  difference  2,  of  an 
mthmetical  aerie«  of  9  lerms;  to  find  the  i^seatest  ten^^  and 
the  sum  of  the  aeries. 

Here  12  X  (9  -  1)  +  3  » 10,  the  ^atest  term.  Theref. 
(19+3)  I  s  i|t  s99,  the  sum  of  the  series. 

2.  If  the  greatest  term  he  70,  the  common  difference  3, 
and  the  number  of  terms  21,  what  is  the  least  term,  and  the 
sum  of  the  series  ? 

Ans.  The  least  term  is  10,  and  the  sum  is  840. 

3.  A  debtcan  be  discharged  in  a  year,  by  paying  1  shilling 
the  first  week,  8  shillings  the  second,  and  so  on,  always  2 
shillings  more  eveiy  WMk  i  what  is  the  debt,  and  wliat  will 
the  last  paymeaC  he  ? 

Ans.  The  last  payment  will  be  51 3f,  and  the  dettis  lSfiI4#« 

BIOBLSX  IT. 

To  find  «i  AriAmeHwl  Maan  Pr€pmiiondl  ifetmeentyo     • 
'gtoentcnns* 

Adp  the  two  given  extremes  or  terms  together,  and  take 
half  their  sum  for  the  arithmetical  mean  required* 

SXAXPLE. 

To  find  an  arithtHetiod  mean  between  the  two  munbers  4 
and  14.  Here  * 

14 

4 


2)   18 
Ans.      9  Ae  mean  reqaired. 


PBOBLXH  ▼• 


Tofindtw6Afid^meiUdlMem$Uit^^ 

'SmsTRAOT die  less  ejclreiM  firom  the  greater, andditide 
the  diffiMrenoe  by  8^  so  will  dm  quotioit  be  the  common  dif* 
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ference  ;  which  being  continually  added  to  the  less  eztreme^ 
or  taken  from  the  greater,  will  give  the  means. 

SXAMPIJB. 

To  find  two  arithmetical  means  between  2  and  3. 
Here  8 
2 

3)     6        Then  2  +  2  =  4  the  one  mean; 

and  4  +  2  =  6  the  other  mean. 

com.  dif.     2 


PBOBLCH  TI. 

To  find  any  Ntanber  of  Arithmelicai  Jl^ns  hetioeen  two 
given  Terms  or  Extremes. 

SuBTBACT  the  less  extreme  from  the  greater,  and  divide 
the  diflTerence  by  1  more  than  the  number  of  means  required 
to  be  found,  which  will  give  the  common  difference ;  then  this 
being  added  continually  to  the  least  term,  or  subtracted  from 
the  greatest,  will  give  the  mean  terms  required. 

'  BXAHPLE. 

To  find  five  arithmetical  means  between  2  and  14. 
Here  14 
2 

6)   12        Then  by  adding  this  com.  dif.  continually, 

*  the  means  are  found  4,  6, 8,  10,  12. 

com.  dif.  2 

See  more  o£  Arithmetical  progresaion  in  the  Algebra. 


GEOMETRICAL  PROPORTION   AND    PRO. 
GRESSION. 

b  there  be  taken  two  ratios,  as  those  of  &  to  d,  and  14 
to  7,  whieh,  by  what  has  been  already  said  (p.  113),  may 
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be  expressed  fhicdotiaUy,  fand  \f  ;  to  judge  whethcl^  they 
are  equal  or  unequal,  we  must  reduce  them  to  a  common 
denomiDator,  and  we  shall  have  6X7,  and  14  X  3  for  the 
two  numerators.  If  these  are  equal,  the  fractions  or  ratios 
are  equal.     Therefore, 

Theoreh  I.  If  four  quantities  be  in  geometrical  propor« 
tion,  the  product  of  the  two  extremes  will  be  equal  to  the 
product  of  the  two  means. 

And  hence,  if  the  product  of  the  two  means  be  divided 
by  one  of  the  extremes,  the  quotient  will  give  the  other  ex- 
treme.  So,  of  the  above  numbers,  if  the  product  of  the  means 
42  be  divided  by  6,  the  quotient  7  is  the  other  extreme ; 
and  if  42  be  divided  by  7,  the  quotient  6  is  the  first  ex. 
treme.  This  is  the  foundation  of  the  practice  in  the  Itule 
of  Three. 

We  see,  also,  that  if  we  have  four  numbers,  6,  3,  14,  7, 
such,  that  the  products  of  the  means  and  of  the  extremes  are 
equal,  we  may  hence  infer  the  equality  of  the  ratios  |  say^ 
or  the  existence  of  the  proportion  6 :  8 : :  14  :  7*    Hence  , 

Theobrk  n.  We  may  always  form  a  proportion  of  the 
factors  of  two  equal  products. 

If  the  two  means  are  equal,  as  in  the  terms  3, 6,  6, 12, 
their  product  becomes  a  square.     Hence 

Theokem  ui.  The  mean  proportional  between  two  num* 
hers  is  the  square  root  of  their  product. 

We  may,  without  destroying  the  accuracy  of  a  proportion, 
ffive  to  its  various  terms  all  the  changes  which  do  not  affect 
ue  equality  of  the  products  of  the  means  add  extremes. 

Thus,  with  respect  to  the  proportion  6  :  3  : :  14  :  7, 
which  gives  6  X  7  =  3  X  14,  we  may  displace  the  extremes, 
or  the  means,  an  operation  which  is  denoted  by  the  word 
Aliemando. 

This  will  give  6  :  14  : :    3:7 

»  or  7  :    8  ::  14  :  6 

or  7  :  14  : :     3  :  6 

Or,  2dly,  we  may  put  the  extremes  in  the  places  of  the  means, 
called  Invertendo. 

Thus  3  :  6  : :  7  :  14. 

Or,  3dly,  we  may  multiply  or  divide  the  two  antecedents, 
or  the  two  consequents,  by  the  same  numbery  when  proper^ 
tionality  will  subsist 


Digitized  by  CjOOQ IC 


116  AitrrBiixTic. 

A9  6  X  4  :  3  : :  14  X  4  :  7 ;  viz.  24  :  d  : :  56  :  7 
and  6  ^  2  :  3  : :  14  -^  2  :  7 ;  viz.    3:3::    7:7. 

Also,  applying  the  proposrition  in  note  2,  Addition  nf 
Vidgwr  Fractionsy  to  the  terms  of  a  proportion,  such  as 
30  :  6  : :  15  :  3,  or  Y  =  y ,  we  shall  have 

30±16       15     ^30+15      30-15      „ 

-6Tr=3"^°^-6+r="-6i3-  *^^^^ 

Theorem  iv.  The  sum  or  the  difference  of  the  antece- 
dents, is  to  that  of  the  consequents,  as  any  one  of  the  ante- 
cedents  is  to  its  consequent. 

Theorem  v.  The  sum  of  the  antecedents  is  to  their 
difference,  as  the  sum  of  the  consequents  is  to  their  dif. 
ference. 

^    In  like  manner,  if  there  be  a  series  of  equal  ratios, 
I  s=  y  =  y  =  ^  j  ;  we  have 

6+10+14+30      14      30      .        _       ^ 
3+6+7+ir=T='l5^*^-    Therefore, 

Theorem  vi.  In  any  series  of  equal  ratios,  the  sum  of 
the  antecedents  is  to  that  of  the  consequents,  as  any  one  an- 
tecedent is  to  its  consequent. 

Theorem  vii.  If  two  proportions  are  multiplied,  tertn  by 
term,  the  products  will  constitute  a  proportional. 

Thus,  if  30:  15:;  6:3 
and     2:    3::  4: 6. 

Then  30  X2:  15  X3::  6X4:3X6 
or  60  :  45  ::  24  :  18  ;  or  f|  =  f}. 

Theorem  vui.  If  four  quantities  are  in  proportion,  their 
squares,  cubes,  dec.  will  be  in  proportion. 

For  thi^  will  evidently  be  nothing  else  than  assuming  the 
proportionality  of  the  products,  term  by  term,  of  two,  three, 
or  more  identical  proportions. 

The  same  properties  hold  with  regard  to  surd  or  irrational 
expressions, 

Thus,  v/720  :  v'SO  ::  v'567  :  ^^63 
.  and  v'12    :  ^S    ::  ^4      :  ^h 

v/720  _  v^'80  _  3       .  v/567_v/9X63_3 
-/80  v'SO         V  v^63  v'63         1 

^  -v/12  12      v^4      2 
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Thbobbh  IX.  The  quotient  of  the  extreme  terms  of  a 
geometrical  progression  is  equal  to  the  common  ratio  of  the 
sefies  raised  to  the  power  denoted  by  1  less  than  the  number 
of  the  terms. 

So,  of  the  ten  terms  2,  4,  8,  16,  32,  64,  128,  256,  512, 
1024,  the  com^aon  ratio  is  2,  one  less  than  the  number  of 
t^rms  9;  then  the  quotient  of  the  extremes  is  ^^^  =512, 
and  2"  ==  512  also. 

Consequently  the  creiitest  term  is  equal  to  the  least  term 
multiplied  by  the  said  power  of  the  ratio  whose  iodex  is  1 
less  than  the  number  of  terms.  v 

Theorex  X.  The  sunuof  all  the  terms,  of  any  geome- 
trical progression,  is  found  by  adding  the  greatest  term  to  the 
difference  of  the  extremes  divided  by  1  less  than  the  ratio. 

So,  the  sum  of  2,  4,  8,  16,  32,  64,  128,  256,  512,  1024, 

1024  2 
(whose  ratio  is  2)  is  1024  +  ~~=^  1024  + 1022  =2046. 

*— 1 

Hiis  subject  will  be  resumed  in  the  Algebraic  part  of  this 
work.    A  few  examples  may  here  be  added. 


EXAMPLES. 

1.  The  least  of  ten  terms,  in  geometrical  progression, 
being  1,  and  the  ratio  2 ;  what  is  the  greatest  term,  and  the 
sum  of  all  the  terms  ? 

Ans.  The  greatest  term  is  512,  and  the  sum  1023. 

2.  What  debt  may  be  discharged  in  a  year,  or  12  months, 
by  paying  II  the  first  month,  2Z  the  second,  42  the  third,  and 
so  on,  each  succeeding  payment  being  double  the  last ;  and 
what  will  the  last  payment  be  ? 

Ana.  The  debt  40952,  and  the  last  payment  20482. 


PEOBUBH  I. 

To  find  one  Geometrical  Mean  Proportiondt  between  any  twa 
Numbers, 


Multiply  the  two  numbers  together,  and  extract  the 
square  root  of  the  product,  which  will  give  the  mean  propor- 
tional sought. 
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SXAXPLE. 


To  find  a  geometrical  mean  between  the  two  numbeis 
3  and  12. 

12 


36  (6  the  mean. 


PBOBLEM  n. 

To  find  tvx)  Geometrical  Mean  Propartignuds  hetween  any  two 
Numbers, 

Divide  the  greater  number  by  the  less,  and  extract  the 
cube  root  of  the  quotient,  which  will  give  the  common  ratio 
of  the  terms.  Then  multiply  the  least  given  term  by  the 
ratio  for  the  first  mean,  and  this  mean  "^gain  by  the  ratio  for 
the  second  mean :  or,  divide  the  greater  of  the  two  given 
terms  by  the  ratio  for  the  greater  mean/ and  divide  this  again 
by  the  ratio  for  the  less  mean. 


BXAXPLB. 

To  find  two  geometrical  means  between  3  and  24. 

Here  3  )  24  (  8 ;  its  cube  root  2  is  the  ratio. 

Then  3  X  2  ==  6,  and  6  X  2  =  12,  the  two  means. 

Or  24  -h  2  =  12,  and  12  ^  2  =  6,  the  same. 

That  is,  the  two  means  between  3  and  24,  are  6  and  12. 


PBOBLEM  m. 

To  find  any  number  of  Creometrical  Means  hetween  two 
Numbers. 

DrviDE  the  greater  number  by  the  less,  and  extract  such 
root  of  the  quotient  whose  index  is  1  more  than  the  number 
of  means  required ;  that  is,  the  2d  root  for  one  mean,  the  3d 
root  for  two  means,  the  4th  root  for  three  means,  and  so  on  ; 
and  that  root  will  be  the  common  ratio  of  all  the  terms. 
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Tbem  with  the  ratio»  mqltiply  continually  from  the  first  term, 
or  divide  continually  from  the  last  or  greatest  term. 


EXAICFLE. 

To  find  four  geometrical  means  between  3  and  96. 
Here  3)  96  (32  ;  the  5th  root  of  which  is  2,  the  ratio. 
Then  3X2=6, dc  6X2^:12,  &  12X2=24,  &  24X2=48. 
Or  96^2=48,  &  48-r2=24,  &  24-1-2=12,  &  12-^2=6. 
That  is,  6, 12, 24, 48,  are  the  four  means  between  3  and  96. 


OF  HARMONICAL  PROPORTION. 

There  is  also  a  third  kind  of  proportion,  called  Harmo- 
nicai  or  musical,  which  being  but  of  little  6r  no  common  use, 
a  very  short  account  of  it  may  here  stfffice. 

Musical  Proportion  is  when,  of  three  numbers,  the  first 
has  the  same  proportion  to  the  third,  as  the  difference  be- 
tween the  first  and  second  has  to  the  difierence  between  the 
second  and  third. 

As  in  these  three,  6,  8,  12 ; 
where  6  :  12  : :  8—6  :  12—  8, 
that  is  6  :  12  : :  2  :  4. 

When  four  numbers  are  in  musical  proportion  ;  then  the 
first  has  the  same  ratio  to  the  fourth,  as  the  difierence  foe- , 
tween  the  first  and  second  has  to  the  difierence  between  the 
third  and  fourth. 

As  in  these,  6,  8,  12,  18 ; 
where  6  :  18  : :  8—6  :  18-12, 
that  is  6  :  18  : :  2  :  6. 

When  nambers  are  in  musical  progression,  their  recipro- 
cals are  in  arithmetical  progression  ;  and  the  converse,  that 
is,  when  numbers  are  in  arithmetical  progression,  their  reci- 
procals  are  in  musical  progression. 

So  in  these  musicals  6,  8,  12,  their  reciprocals,  j-,  |,  -ji^, 
are  in  arithmetical  progression ;  for  ^  +  iV  ^^  A  ^  i  5 
and  i  +  i  ='  I  =^  i  ;  that  is,  the  sum  of  the  extremes  is 
equal  to  double  the  mean,  which  is  the  property  of  aritiime- 
ticals. 

Vol.  L  17 


Digitized  by  VjOOQ IC 


122  AJOTHMBTIC.. 

The  method  of  fioding  out  numbers  in  muaieal  propoitioD 
ifl  best  expressed  by  letters  in  Algebra. 


FELLOWSfflP,  OR  PARTNERSHIP. 

Fellowship  is  a  rule,  by  which  any  sum  or  quantity  may 
be  divided  into  any  number  of  parts,  which  shall  be  in  any 
given  proportion  to  one  another. 

By  this  rule  are  adjusted  the  gains  or  loss  or  charges  of 
partners  in  company ;  or  the  effects  of  bankrupts,  or  lega« 
cies  in  case  of  a  deficiency  of  assets  or  effects ;  or  the  shares 
of  prizes ;.  or  the  numbers  of  men  to  form  certain  detach* 
ments ;  or  the  division  o£  waste  lands  among  a  number  of ' 
proprietors. 

Fellowship  is  either  Single  or  Double.  It  is  single,  when 
the  shares  or  portions  are  to  be  proportional  each  ta  one 
single  given  number  only ;  as  when  the  stocks  of  partners 
are  all  /employed  for  the  same  time;  and  DouUe,  when 
each  portion  is  to  be  proportional  to  two  or  more  numbers ; 
as  when  the  stocks  of  partners  are  employed  for  different  • 
times. 


SINGLE  FELLOWSHIP. 


OENBRAL  B0LE. 


ADD^ogetherthe  numbers  that  denote  the  proportion  of 
the  shares.    Then  say. 

As  the  sum  of  the  said  proportional  numbers, 

Is  to  the  whole  sum  to  be  parted  or  divided, 

So  is  each  several  proportional  number, 

To  the  corresponding  share  or  part. 
Or,  as  the  whole  stock,  is  to  the  whole  gain  or  lossy 

So  is  each  man's  particular  stock. 

To  his  particular  share  of  the  gain  or  loss. 

To  PROVE  THE  WoBK.  Add  all  the  shares  or  parts  to« 
gether,  and  the  sum  will  be  equal  to  the  whole  number  to  be 
shared,  when  the  work  is  right. 
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BXAJIPLW. 

!•  To  divide  the  number  240  into  three  such  parts,  ae 
«ball  foe  in  proportion  to  each  other  as  the  three  numbers  1, 
2  and  3. 

Here  1  +  2  +  3  ss  6,  the  sum  of  the  numbers* 


Then,  as  6  :  240 
and  as  6  :  240 
also  as  6  :  240 


1  :    40  the  1st  part, 

2  :    80  the  2d  part, 

3  :  120  the  3d  part. 


Sum  of  all  240,  the  proof. 

^  Three  persons,  ▲,  b,  c,  freighted  a  ship  with  340  tuns  of 
wine,  of  which  ▲  loaded  100  tuns,  b  07,  and  c  the  rest :  ill  a 
storm  the  seamen  were  obliged  to  throjv  overboard  85  tuns  ; 
how  much  must  each  person  sostain  of  the  loss  ? 

Here    110  +    07  s  207  tuns,  loaded  by  ▲  and  b  ; 
theref.  340  —  207  =  133  tuns,  loaded  by  c 

Hence,  as  340  :  S5  :  :  110 

or  as     4  :     It:  110  :  27^  tuns  ss  a's  loss  ; 

and  as     4  :     1  :  :  07  ^  24}  tuns  a  b's  loss ; 

also  as     4  :     1  :  :  133> :  33^  tuns  =s  o's  loss  ; 

Sum  85  tuns,  the  proof. 

2.  Two  merchants,  c  and  d,  made  a  stock  of  1201 ;  of 
which  o  contributed  752,  and  n  the  rest :  by  trading  they 
gained  3M  ;  what  must  each  have  of  it  7 

Ans.  c  18Z  15ff,  and  n  IIZ  5s. 

4.  Three  merchants,  b,  f,  o,  make  a  stocic  of  7002,  of 
which  b  contributed  1282,  f  3582,  and  o  the  rest :  by  trading 
they  gain  1252  lOf  ;  what  must  each  have  of  it  7 

Ans.  B  must  hieive  222  Is  Od  2^j. 
F    ...    04  3  8    0|f. 
o    ...    39  5  3    1^« 

fi.  A  General  imposing  a  contribution*  of  7002  on  four 


*  Contribution  It  i  tai  paid  by  proviocet,  towns,  vtna^f,  &c.  to  ex* 
eiue  th«m  from  being  plundoMd.  It  U  paid  in  provisions  or  in  money, 
smA  aometimes  in  boib. 
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Tillages,  to  be  paid  in  proportion  to  the  number  of  inbabitants 
contained  in  each  ;  the  first  containing  250,  the  2d  350,  the 
3d  400,  and  the  4th  500  persons  ;  what  part  must  each  vii. 
lage  pay  ?  Ans.  the  Ist  to  pay  1162  Ids  Ad 

the  id  .  -  163  6  8 
the  3d  .  .  186  13  4 
the  4th  .     .    233    6    8 

6.  A  piece  of  ground,  consisting  of  37  ac  2  ro  14  ps,  is 
to  be  divided  among  three  persons,  l,  m,  and  n,  in  propor- 
tion to  their  estates  :  now  if  l's  estate  be  worth  5002  a  year, 
Ji's  320/,  and  m's  752 ;  what  quantity  of  land  must  each  one 
ha,ve  ?  Ans.  l  roust  have  20  ac  3  ro  39|^{ps. 

M    ...     13       1       SOt^V 
w     -     .     -      3      0      23f^J 

7.  A  person  is  indebted  to  o  572  15<,  to  p  1082  Ss  8<2,  to 
a  222  10c2,  and  to  k  732  ;  but  at  his  decease,  his  efiects  are 
found  to  be  worth  no  more  than  1702  I4s  ;  how  must  it  be 
divided  among  his  creditors  ? 

Ans.  o  must  have  27115$  6d  2/^^^^. 

P  ...  70  15  2  2f^y,V. 
Q  -  .  .  14  8  4  2tVM- 
B   ...    47  14 11    2tV%V- 

8.  A  ship,  worth  9002,  being  entirely  lost,  of  which  f  be- 
longed to  s,  ^  to  T,  and  the  rest  to  v  ;  what  loss  will  each 
sostain,  supposing  5402  of  her  were  insured  ? 

Ans.  s  will  lose  457,  t  902,  and  v  2252. 

9.  Four  persons,  w,  x,  y,  and  z,  spent  among  them  25*, 
and  agree  that  w  shall  pay  ^  of  it,  x  },  y  ^,  and  z  ^  ;  that 
is,  their  shares  are  to  be  in  proportion  as  J,  ^,  {,  and  ^  • 
what  are  their  shares  ?  Ans.  w  must  pay  Os  Sd  S^^q. 

X  ...  6  5  3^1. 
Y  .  -  .4  10  l^. 
z   .     -     -    3  10   3^. 

10.  A  detachment,  consisting  of  5  companies,  being  sent 
into  a  garrison,  in  which  the  duty  required  76  men  a  day  ; 
what  number  of  men  must  be  furnished  by  each  company,  in 
proportion  to  their  strength  ;  the  Ist  consisting  of  54  men. 
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the  2d  of  51  meii,  the  9d  of  48  men,  the  4th  of  90,  and  die 
5lhofa0inen? 
Ans.  The  let  must  furnish  18,  the  Sd  17,  the  3d  10,  the 
4th  13,  and  the  dth  12  men*. 


DOUBLE  FBLLOWSHIl^. 

DovBLB  FcLLowBBiY,  ss  hss  beoD  ssid,  is  eoneerned  in 
esses  in  which  the  slocks  of  partners  are  employed  or  con- 
tinued for  different  times. 

RuLsf . — ^Multiply  each  person's  stock  by  the  time  of 
its  continuance ;  then  divide  the  quantity,  as  i^  Single 
Fellowship,  into  shares,  in  proportion  to  these  products,  oy 
saying, 

As  the  total  sum  of  all  the  said  products, 

Is  to  the  whole  gain  or  loes^  or  quantity  to  be  parted. 

So  is  each  particular  product 

To  the  correspondent  share  of  the  gain  or  loss. 


1.  A  had  in  company  5(K  tor  4  awtitbs,  and  n  had  (ttt  for 
5  months ;  at  the  end  of  which  time  they  find  2il  gained : 
how  must  it  be  divided  between  them  ? 
Hete    50  60 

4       .     5 

200  +  300  =  500 

Then  as  500  :  24  : :  200  :    9}  ==    M  12s  «  a's  share, 
and  as  500  :  24  : :  300  :  14}  ss  14    8  »  «'8  share. 


*  doeitions  of  this  nature  freqaently  occorrins  in  military  feirioe. 
General  Havllsnd,  an  oAeer  of  great  merits  oontnvad  an  fngenlons  In- 


■trament,  for  more  ezpeditioasly  resolving  them ;  which  ii  i 
ed  by  the  name  of  the  inventor,  belnc  ealled  a  Haviland. 

t  The  proof  of  thia  rule  is  as  follows :  When  the  times  are  equal, 
the  shares  of  the  gain  or  loss  are  evidently  as  the  stocks,  as  in  Bingia 
Fellowship;  and  when  the  stocks  are  aqnal,  the  shares  are  as  tte 
times;  therefore,  wbao  neithar  are  eqoal,  the  shares  must  be  at  their 
prodaets. 
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2.  c  and  d  faoid  a  piece  of  ground  in  common,  for  which 
tibey  are  to  pay  54Z.  c  put  in  23  horses  for  27  days,  and  d 
21  horses  for  39  days ;  how  much  ought  each  man  to  pay 
of  the  rent  ?  Ans.  c  must  pay  232  5s  9d. 

D  must  pay  80  14  3. 

3.  Three  persons,  e,  f,  g,  hold  a  pasture  in  common, 
for  which  they  are  to  pay  30Z  per  annum  ^  into  which  s  put 
7  oxen  for  3  months,  f  put  9  oxen  for  5  months,  and  o  put 
in  4  oxen  for  12  months  ;  how  much  must  each  person  pay 
of  the  rent  ?  Ans.  s  must  pay  5Z  10«  6d  1^^^. 

F     -     -     11  16  10  0^. 

o     -    .     12  12    7-  2,V* 

4.  A  ship's  company  take  a  prize  of  lOOOf,  which  they 
agree  to  divide  among  them  according  to  their  pay  and  the 
time  they  have  been  on  board :  now  the  officers  and  midship- 
men have  been  on  board  6  months,  and  the  sailors  3  months ; 
the  officers  have  40s  a  month,  the  midshipmen  30s,  and  the 
sailors  22s  a  month  ;  moreover,  there  are  4  officers,  12  mid- 
shipmen,  and  110  sailors  ;  what  will  each  man's  share  be  ? 

Ans«  each  officer  must  have  23/  2s  5d  Oj*i^q. 
each  midshipman     -     17  6  9   3^^. 
each  seaman       •     -      6  7  2   0^^. 

5.  H,  with  a  capital  of  lOOOZ,  began  trade  the  first  of 
January,  and,  meeting  with  success  in  business,  took  in  i  as 
a  partner,  with  a  capital  of  1500/,  on  the  first  of  March  fol- 
lowing. Three  months  after  that  they  admit  k  as  a  third 
partner,  who  brought  into  stock  2800/.  After  trading  toge* 
ther  till  the  end  of  the  year,  ;they  find  there  has  been  gained 
1776/  lOs ;  how  must  this  be  divided  among  the  partners  ? 

Ans.  H  must  have  475/  9s  H^d  /^g. 
J     -    -     .     571  16    8f  jVV 
K    ...    747    31U   ill. 

6.  K,  T,  and  z  made  a  joint- stock  for  12  months;  x  at 
first  put  in  20/,  and  4  months  after  20/  more ;  t  put  in  at 
first  30/,  at  the  end  of  3  months  he  put  in  20/  more,  and  2 
months  after  he  put  in  40/  more ;  z  put  in  at  first  60/,  and 
5  monthi  after  he  put  in  10/  more,  1  month  after  which  he 
took  out  30/ ;  during  the  12  months  they  gained  50/  ;  how 
much  of  it  must  each  have  ? 

Ans.  z  must  have  10/ 18^  6J  3|ff . 
T    ...    22     8    1    Oif. 
z    ...    16   13  4    0. 
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SIMPLE  INTEREST. 


Interest  is  the  premium  or  sum  allowed  for  the  loan,  or 
forbearance  of  money.  The  money  lent,  or  forborn,  is 
called  the  Principal ;  and  the  sum  of  the  principal  and  its 
interest  added  together,  is  called  the  Amount.  Interest  is 
allowed  at  so  much  per  cent,  per  annum  ;  which  premium 
per  cent,  per  annum,  or  interest  of  1001  for  a  year,  is  called 
the  rate  of  interest : — So, 

When  interest  is  at  3  per  cent,  the  rate  is  3 ; 

-  4  per  cent.     •     -     -    4 ; 
.     5  per  cent.     .    .     .    5 ; 

-  6  per  cent.     -     -     -    6. 

But,  by  law,  interest  ought  not  to  be  taken  higher  than  at 
the  rate  of  5  per  cent. 
'     Interest  is  of  two  sorts  ;  Simple  and  Compound. 

Simple  Interest  is  that  which  is  allowed  for  the  principal 
lent  oi  forborn  only,  for  the  whole  time  of  forbearance. 
As  the  interest  of  any  sum,  for  any  time,  is  directly  pro- 
portional to  the  principal  sum,  and  also  to  the  time  of  con- 
'  tinuance ;  hence  arises  the  following  general  mle  of  calcu- 
lation. 

As  1002  is  to  the  rate  of  interest,  so  is  any  given  principal 
to  its  interest  for  one  year.     And  again, 

As  1  year  is  to  any  given  time,  so  is  the  interest  for  a 
year,  just  found,  to  the  interest  of  the  g^ven  sum  for  that 
time. 

Otherwise.  -Take  the  interest  of  1  pound  for  a  year, 
which  multiply  by  the  given  principal,  and  this  product 
again  by  the  time  of  loan  or  forbearance,  in  years  and  parts, 
for  the  interest  of  the  proposed  sum  for  that  time. 

Note.  When  there  are  certain  parts  of  years  in  the  time, 
as  quarters,  or  months,  or  days  :  they  may  be  worked  for, 
either  by  taking  the  aliquot  or  like  parts  of  the  interest  of  a 
year,  or  by  the  Rule  of  Three,  in  the  usual  way.  Also,  to 
divide  by  100,  is  done  by  only  pointing  off  two  figures  for 
decimals. 
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EXAXPLES. 

1.  To  find  the  interest  of  230{  lOt,  for  1  year,  at  the  rate 
of  4  per  cent,  per  annum. 


Here,  Afl  100  :  4::28W10. 

4 

:  91 4f  4|<2. 

100)  9,28    0 
20 

♦ 

4-40 
12 

4-80    • 
4 

Ans,  9Z  4f  Aid. 

3-20 

2.  To  find  the  interest  of  547Z  l&s,  for  3  yean,  at  5  per 
cent,  per  annum. 

Aa  100  :  5  ::  647-76 

Or   20  :  1  ::  647-76  :  27-3876  interest  for  1  year. 


I  82-1626  ditto  for  3  years. 
20 


«  3*2600 
12 


J  3-00    Ans.  822  3#  8(2. 

3.  To  find  the  interest  of  200  guineas,  for  4  years  7  months 
and  25  days,  at  4^  per  cent,  per  annum. 
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2102 

A8  35«:9-45::25:      I 

41 

or    73  :  9-45  : :    5  :  -6472 

5 

840 

105 

73)  47-25  (-8472 

345 

9-45  intetesl  for  lyr.    530 

4 

10 

139 


37'80      ditto  4  years. 
6]]x>::si4*72d   ditto  6  months. 
1  mo  =  j^  '787£i  ditto  1  month. 
•6472  ditto  25  days. 


2  43-9587 
20 

«  191940 
12 

d  2-3280 
4 

Ana.  432 19*  2id. 

q  1-3120 

'     • 

4»  To  find  the  interest  of  4502,  for  a  year,  at  5  per  cent, 
per  annum.  Ans.  22/  KW. 

5.  To  find  the  interest  of  715^  12f  6d,  for  a  year,  at  4) 
per  cent,  per  annum.  Ans.  322  4«  0*d^ 

6.  To  find  the  interest  of  7202,  for  3  years,  at  5  per  cent* 
per  annum.  Aiis.  lOdl. 

7.  To  fmd  the  interest  of  3552  15«,  for  4  years,  at  4  per 
-cent,  per  annum.  Ans.  562 189  4}<l. 

8.  Tofindtheinterestof  322  5«6(2,  for7year8,  at4^per 
cent  per  annum.  Ans.  92  I2s  Id, 

9.  To  find  the  interest  of  1702,  for  1^  year,  at  5  per  cent, 
per  annum.  Ans.  122  15«« 

10.  To  find  the  insurance  on  2052 158,  for  j^  of  a  year,  at 
4  per  cent,  per  annum.  Ans.  22  Is  l}cl. 

11.  To  find  the  interest  of  8192  6d,  for  5f  years,  at  3|  per 
cent,  per  annum.  Ans.  682 14*  d^L 

la.  To  find  the  insurance  on  1072,  for  117  days,  at  4|  per 
cent,  per  annum.  Ans.  U  12s  7A 

Vol.  I.  18 
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13.  To  find  the  interest  of  177  bs^  for  117  days,  at  4|'per 
cent,  per  annum.  Ans.  5t  Mm 

14.  To  find  the  insurance  on  712Z  69,  for  8  months,  at  7| 
per  cent,  per  annum.  Ans.  35Z  Its  3^ 

Note.  The  Rules  for  Simple  Interest,  serve  also  to  calcu* 
late  Insurances,  or  the  Purchase  of  Stocks,  or  any  thing  else 
that  is  rated  at  so  much  per  cent. 

See  also  more  on  the  subject  of  Interest,  with  the  alsebrai- 
cal  expression  and  investigation  of  the  rules  at  the  end  of  the 
Algebra. 


COMPOUND  INTEREST. 

CoMPOuim  Interest,  called  also  Interest  upon  Interest, 
is  that  which  arises  from  the  principal  and  interest,  taken 
together,  as  it  becomes  due,  at  the  end  of  each  stated  time 
of  payment.  Though  it  be  not  lawful  to  lend  money  at 
Compound  Interest,  yet  in  purchasing  annuities,  pensions,  or 
leases  in  reversion,  it  is  usual  to  allow  Compound  Interest  to 
the  purchaser  for  his  ready  mo(icy. 

Rules. — 1.  Find  the  amount  of  the  given  principal,  for 
the  time  of  the  first  payment,  by  Simple  Interest.  Then 
consider  this  amount  as  a  new  principal  for  the  second  pay- 
ment, whose  amount  calculate  as  before.  And  so  on  through 
all  the  payments  to  the  last,  always  accounting  the  last  amount 
as  a  new*  principal  for  the  next  payment.  The  reason  of 
which  is  evident  from*  the  definition  of  Coroponnd  Interest* 
Or  el3€y 

2.  Find  the  amount  ot  1  pound  for  the  time  of  the  first 
payment,  and  raise  or  involve  it  to  the  power  whoso  index 
is  denoted  by  the  number  of  payments.  Then  that  power 
multiplied  by  the  ^iven  principal,  will  produce  the  whole 
amount.  From  which  the  said  principal  being  subtracted, 
leaves  the  Compound  Interest  of  the  same.  As  is  evident 
.  from  the  first  Rule. 

\  EXAMPLES. 

1.  To  find  the  amount  of  720Z,  fi>r  4  years,  at  5  per  cent. 
per  annum. 

Here  5  is  the  20th  part  of  100,  and  the  interest  of  17  for  a 
year  is  ^  6r  *95,  and  its  amount  1*05,    Therefore^ 
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1.  ByikelH  Rule.  2.  By  the  2d  Ride. 

I     ^8    d  1*05  amount  of  \L 

tSO)  720    0    0    l8t  yr'ji  priQcip.  1*05 

36  0    0    Ist  yr's interest-         ,  -^,-  ^.  ^., 
"^                          1  *1025  2d  power  of  it. 

20)766    0    0    2d  yr's  princip.        M026 

37  16,  0    2d  ytV interest. TTTrrrrrr.,,  «. 
: ^ L-       ''                   l*2i&6062d4thpowerofit. 

20)  793  16    0    3d  yr's  princip.  720  ^ 

30  13    &t  ad  yr^H  interest.,  ^-;^;7^ 

20)  833    9  .  9^  4th  yr's  princip.  20 

41  13    5?  4tbyr>sinterBst.        ~^^ 

£875    3    31  the  whole  amo*.  12 

orans.nSquit^d.      ^-^:^^ 


2.  To  fin4  the  amonnt  of  501  in  5  years,  at  5  per  cent, 
per  annuniy  compound  interest.  Ans.  63Z  16t  8JJ, 

3.  To  find  the  amount  of  502  in  5  years,  or  10  half-years,, 
at  5  per  cent,  per  antiuni«  compound  interest,  the  interest 
payable  half-yearly.  Ans.  64Z  0^  \d. 

4  To  find  the  amount  of  50Z  in  5  years,  or  20  quarters, 
at  4^  per  cent,  per  annum,  compound  interest,  the  interest 
payable  quarterly.  Ans.  642  2s  0|<l. 

5.  To  find  the  compound  interest  of  3702  forbom  for  6 
years,  at  4  per  cent,  per  annum.  Ans.  982  3«  4t^d, 

6.  To  find  the  compound  interest  of  410Z  forborn  for  2| 
years,  at  4^  per  cent,  per  annum,  the  interest  payable  half- 
jearly.  Ans.  482  4^  11  Jd. 

7.  To  find  the  amount,  at  compound  interest,  of  2172,  for- 
bom at  2j^  years,  at  5  per  cent,  per  annum,  the  interest  pay- 
able quarterly.  /  Ans.  2422  13«  4^c2. 


ALU6ATI0N. 

Allxoatiott  teaches  how  to  compound  or  mix  together 
several  simples  of  different  qualities,  so  that  the  composition 
may  be  of  some  intertnediate  quality,  or  rate.  It  is  com- 
monly distitagoished  into  two  casies,  Alligation  Medial,  and 
Alligation  Alternate* 
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ALLIGATION  MEDIAL. 

AtuoATioir  Medial  is  the  method  of  finding  the  rate  or 
quality  of  the  composition,  from  having  the  quantities  and* 
rates  or  qualities  of  the  several  simples  given.  And  it  is 
thus  (jerformed : 

*  Multiply  the  quantity  of  each  ingredient  by  its  rate  or 
<mality  ;  then  add  all  the  products  together,  and  add  also  all 
die  quantities  together  in  another  sum  ;  then  divide  (he 
former  sum  by  the  latter,  that  is,  the  sum  of  the  products  by 
the  sum  of  the  quantities,  and  the  quotient  will  be  the  rate  or 
quality  of  the  composition  required, 

EXAMFIiBS. 

1.  If  three  sorts  of  gunpowder  be  mixed  together,  viz. 
501b  at  12i  a  pound,  441b  at  dd,  and  261b  at  8d  a  pound  ; 
how  much  a  pound  is  the  composition  worth  ? 
Here  50,  44,  26  are  the  quantities, 
and     12,   9,    8  the  rates  or  qualities  ; 
then  50  X  12s=*600 
44  X     9:=  396 
26  X     8  =  208 

120)  1204        (10t4,  =  lO^V* 

Ans.  The  rate  or  price  is  lO^d  the  pound. 


*  Denunatratum, '  Tfaei  Rule  is  thns  proved  by  Algebra. 
Let a^b,cht  the  qoantitiee of  the  iogredientf, 
and  m,  fi,  V  their  rates,  or  qaalities,  or  prices ; 
tbeo  tun,  in,  tf  ere  their  several  values, 
and  am  4-  6ii  -^  cp  the  sam  of  their  valuee, 
also  «  -|-  6  -^  e  18  the  sam  of  the  ooantities, 
aod  if  r  denote  the  rate  of  the  whole  composition, 
then  (e  4-  6  +  e)  X  r  will  be  the  vafae  of  the  whole, 
conseq.  («  -j-  6  4-  c)  X  r  =  am-^-bn-^ep, 
and  r  =  (am  +  6a 4- ^)  +  (<>  +  ^  +  0'  ^l^lcb  is  the  Rule. 

iVbfs.  If  an  oance  or  any  other  qnantity  of  pure  £old  be  redoeed 
Into  94  equal  parts,  these  parts  are  called  Caracls ;  but  gold  is  oAen 
BAiied  with  some  base  metal,  which  is  called  the  Alloy,  and  the  miitore 
Is  said  to  be  of  so  many  caracts  fine,  according  to  the  proportion  of  pore 
.  ffold  contained  In  it :  thus,  if  22  caracts  of  pure  gold,  aod  2  of  alloy 
be  mixed  together,  it  is  said  to  be  32  caracts  fine. 

K  any  one  of  the  simples  be  of  little  or  no  value  with  respect  to  the 
ratt,  Its  rate  is  supposed  to  be  nothing  ;  as  water  mixed  with  wine,  and 
Alloj  with  gold  aod  silver. 
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2.  A  composition  being  made  of  51b  of  tea  at  7«  per  lb, 
91b  BiSsed  per  lb,  and  U^lb  at  ds  lOd  per  lb  ;  what  is  a.  lb 
of  it  worth?  Ans.  6*  I0\d. 

8.  Mixed  4  gallons  of  wine  at  4s  lOd  per  gall,  ¥^th  7  gal- 
lons ai  5s2d  per  gall,  and  9}  gallons  at  os  Sd  per  gall ;  what 
is  a  gallon  of  this  composition  worth  ?  Ans.  Sis  4^  J. 

4.  Having  melted  together  7  oz  of  gold  of  22  caracts  fine, 
12'  oz  of  21  caracts  fine,  and  17  02. of  19  caracts  fine  :  I 
would  know  the  fineness  of  the  composition  ? 

Ans.  2041  caracts  fine. 


ALLIGATION  ALTERNATE. 

AXiLiGATiON  Altebnate  is  the  method  of  finding  what 
quantity  of  any  number  of  simples,  whose  rates  are  given, 
will  compose  a  mixture  of  a  given  rate.  So  that  it  is  the  re- 
verse of  Alligation  Medial,  and  may  be  proved  by  it. 

EULE  I*. 

1.  Set  the  rates  of  the  simples  in  a  column  under  each 
other* — 2.  Connect,  or  link  with  a  continued  line,  the  rate 


*  DemonU.  By  connecting  the  less  rate  with  the  greater,  and  placing 
the  difff*rence  between  them  and  the  rate  alternately,  the  qaanlities  re- 
sulting are  such,  that  there  i8.f  recisely  as  much  gained  by  one  quantity 
as  is  lost  by  the  other/and  therefore  the  gain  and  loss  upon  the  whole 
is  equal,  and  is  eiactly  the  proposed  rate :  and  the  same  will  be  true  of 
any  other  two  simples  managed  ^according  to  the  Rule. 

in  like  manner,  whatever  the  number  of  simples,  may  be,  and  with 
how  many  soever  every  one  is  linked,  since  it  is  always  a  less  with  a 
greater  than  the  mean  price,  there  will  be  an  equal  balance  of  loss  and 
gain  between  every  two,  and  consequently  an  equal  balance  on  the 
whole,    q.  x.  d. 

It  is  obvious,  from  the  Rule,  that  questions  of  this  sort  admit  of  a 
great  variety  of  answers ;  for.  having  found  one  answer,  we  may  find 
as  many  more  as  we  please,  by  only  multiplying  or  dividing  each  of 
the  quantities  found,  by  2,  or  3,  or  4,  &c. :  the  reason  of  which  is  evi- 
dent:  for,  if  two  quantities,  of  two  sihples,  make  a  balance  of  loss  and 
gain,  with  respect  to  the  mean  price,  so  must  also  the  double  or  treble, 
the  1  or  I  part,  or  any  other  ratio  of  these  quantities,  and  so  on  ad  v^ 

These  kinds  of  questions  are  called  by  algebraists  indeUinwMU  or 
wiKmsteif  problems ;  and  by  an  analytical  process,  theorems  ikiay  be 
raised  that  will  give  all  the  fosaibU  answers. 
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of  each  simple,  which  is  less.than  that  of  the  compound,  with 
one,  or  any  number,  of  those  ^at  are  greater  than  the  com- 
pound ;  and  each  greater  rate  with  one  or^  any  number  of  the 
less.— -3.  Write  the  difference  between  the  mixture  rate,  and 
that  of  each  of  the  simples,  opposite  the  rate  with  which  they 
are  linked. — 4.  Then  if  only  one  difference  stand  against 
any  rate,  it  will  be  the  quantity  belonging  to  that  rate  ;  but 
if  there  be  several,  their  sum  will  be  the  quantity. 

The  examples  may  be  proved  by  the  rule  for  Alligation 
Medial. 


EXAKPLES. 

1.  ^A  merchant  would  mix  wines  at  16^,  at  ISsy  and  at  22g 
per  gallon,  so  as  that  the  mixture  may  be  worth  20«  the  gal- 
lon ;  what  quantity  of  each  must  be  taken  ? 

2  at  165 
2  at  18» 
4  +  2  =  6at22» 

2.  How  much  sugar  at  4i2,  at  6i,  and  at  lid  per  lb,  must 
be  mixed  together,  so  that  the  composition  formed  by  them 
may  be  worth  7d  per  lb  ? 

Ans.  1  lb,  or  1  stone,  or  1  cwt,  or  any  other  equal  quan- 
tity of  each  sort. 

3.  How  much  corn  at  29  6(2,  Bs  Sd,  4i,  and  4*  84  per 
bushel  must  be  mixed  together,  that  the  compound  may  be 
worth  39  lOd  per  bushel  ? 

Ans.  2  at  29  6(1,  3  at  3«  8c2,  3  at  49,  and  3  at  49  8d. 

EULB  n. 

When  the  whole  composition  is  limited  to  a  certain  quan- 
tity :  Find  an  answer  as  before  by  linking  ;  then  say^  as 
the  sum  of  the  quantities,  or  differences  thus  determined,  is 
Uf  the  give<i  quantity  ;  so  is  each  ingredient,  found  by  link- 
ing, to  the  required  quantity  of  each. 

EXAMPLE. 

1.  How  much  gold  of  15, 17,  18,  and  22  caracts  fine,  must 
be  mixed  together,  to  form  a  composition  of  40  oz  of  20  ca- 
racts fine  ? 
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-      2 

Here  20^  IS^^^    |.        .        .    2 

5  +  3+2=10 

18 
Then  as  16  :  40  : :    2  :    5 
and  16  :  40  : :  10  :  25 

Ans.  5  oz  of  15,  of  17,  and  of  18  caracts  fine,  and  25  oz  of 
22  caracts  fine*. 

I        RULE  iiif  • 

When  one  of  the  ingredients  is  limited  to  a  certain  quan« 
tity  ;  T^e  the  difference  between  each  price,  and  the  mean 
rate  as  before ;  then  say.  As  the  difference  of  that  simple, 
whose  quantity  is  given,  is  to  Hhe  rest  of  the  differences 
severaJIy ;  so  is  the  quantity  given,  to  the  several  quantities 
required. 


*  A  great  number  of  qoeations  might  be  here  given  relating  to  the 
specific  gravities  of  metals,  dtc.  but  one  of  the  most  curious  may  suf' 
Bce. 

Hiepo,  king  of  Syracuse,  gave  orders  for  a  crown  to  be  made  entire* 
ly  of  pore  gold ;  bot  suspecting  the  worltmen  bad  debased  it  by  mixing 
i^  with  silver  or  copper,  he  recommended  the  discovery  of  the  fraud  to 
ffae  famous  Archimedes,  and  desired  to  know  the  exact  quantity  of  alloy 
ID  the  crown. 

Archimedts,  in  order  to  detect  the  imposition,  procured  two  other 
masses,  the  one  of  pure  gold,  (he  other  of  silver  or  copper,  and  each  of 
the  same  weight  with  the  former;  and  by  putting  each  separately  into 
a  vessel  full  of  water,  the  quantity  of  water  expelled  by  them  deter- 
mined their  specific  gravities :  from  which,  and  their  given  weights,  the 
exact  quantities  of  gold  and  alloy  in  the  crown  may  be  determined. 

Suppose  the  weight  of  each  crown  to  be  lOlb,  and  that  the  water  ex- 
pelled by  the  copper  or  silver  was  921b,  by  the  gold  621b,  and  by  the 
compound  crown  64lb ;  what  will  be  the  quantities  of  gold  and  alloy 
in  the  crown  7 

The  rates  of  th6  simples  are  92  and  52,  and  of  the  compound  64 ; 
therefore 


f»M  I  62-^-^  12  of  copper 
^162 ^28  of  gold 


And  the  sum  of  these  is  12+  28  =  40,  which  should  have  been  10 } 
therefore  by  the  Rule, 

40 :  10  :;  12 :  31b  of  copper  Kv^  .„.^.^ 
40 :  10 : :  28  :  71b  of  gold  ^*^«  ™*^*' 
'  /**  ^^  ^^ly  same  manner  questions  may  be  wrought  when  sevenl 
W  the  ingredients  are  limited  to  certain  quantities,  by  finding  first  for 
one  limit,  and  then  for  another.  The  tw6  last  Rules  can  need  no  de- 
monstraUon,  as  they  evidently  result  from  the  first,  the  reason  of  which 
has  been  already  explained. 
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EXAMPLES. 


Here  64 


1.  How  much  wine  at  59,  at  5s  6df  and  6s  the  gallon,  must 
be  mixed  with  3  gallons  at  4s  per  gallon,  so  that  the  mixture 
may  be  worth  5^  4d  per  gallon  ? 

48^>N.      8+2=10 
|60^\  8+2=10 
^A  yi6+4=20 
72^^  16+4=20 
Then  10  :  10  : :  3  :  3 
10  :  20  : :  3  :  6 
10  :  20  : :  3  :  6 
Ans.  3  gallons  at  5^,  6  at  5#  M,  and  6  at  6«. 

2.  A  grocer  would  mix  teas  at  12^,  lOs,  and  &8  per  lb,  with 
20lb  at  is  per  lb :  how  much  of  each  sort  must  he  take  to 
make  the  composition  worth  8s  per  lb  ? 

Ans.  20Ib  at  4^,  101b  at  6^,  101b  at  lOs,  and  201b  at  12«. 


POSITION. 

Position  is  a  rule  for  perfo];|;ning  certain  questions,  which 
cannot  be  resolved  by  the  common  direct  rules.  It  is  some- 
times  called  False  Position,"  or  False  Supposition,  because 
it  makes  a  supposition  of  false  numbers,  to  work  with  the 
same  as  if  they  were  the  true  ones,  and  by  their  means  dis* 
covers  the  true  numbers  sought.  It  is  sometimes  also  called 
Trial-and-Error,  because  it  proceeds  by  trials  of  fnlse  num* 
*bers,  and  thence  finds  out  the  true  ones  by  a  comparison 
of  the  errors, — Position  is  either  Single  or  Double. 


SINGLE  POSITION. 

Single  Position  is  that  by  which  a  question  is  resoWed 
by  means  of  one  supposition  only.  Qtuestions  which  have 
their  result  proportional  to  their  supposition,  belong  to 
Single  Position :  such  as  those  whicH  require  the  multipUca- 
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tion  or  division  of  the  number  sought  by  any  proposed  num- 
ber ;  or  when  it  is  to  be  increased  or  diminished  by  itself, 
or  any  parts  of  itself,  a  certain  proposed  number  of  times. 
The  rule  is  as  follows  : 

Take  or  assume  any  number  for  that  which  is  required, 
and  perform  the  same  operations  with  it,  as  are  described  or 
performed  in  the  question.  Then  say,  As  the  result  of  the 
said  operation,  is  to  the  position,  or  number  assumed  ;  so  is 
the  result  in  the  question,  to  a  fourth  term,  which  will  be 
the  number  sought*. 


EXAMPLES. 

1.  A  person  after  spending  J  and  {  of  his  money,  has  yet 
remaining  602  ;  what  had  he  at  first  ? 

Suppose  he  had  at  first  1202.  Proof. 

Now  ^  of  120  is  40  i  of  144  is    48 

j^  of  it  is      30  1  of  144  is    36 

their  sum  is    70  their  sum     84 

which  taken  from  120  taken  from     144 

leaves     50  leaves  60  as 

Then,  50  :  120  :  :  60  :  144  the  Answer.  per  question. 

2.  What  number  is  that,  which,  being  increased  by  j,  }, 
and  I  of  itself,  the  sum  shall  be  75  ?  Ans.  36. 

3.  A  general,  after  sending  out  a  foraging  ^  and  ^  of  his 
men,  had  yet  remaining  1000;  what  number  had  he  in 
command  ?  Ans.  6000. 

4.  A  gentleman  distributed  52  pence  among  a  number  of 
poor  people,  consisting  of  men,  women,  and  children;  to 
each  man  he  gave  6c2,  to  each  woman  4d,  and  to  each  child 
M I  moreover  there  were  twice  as  many  women  as  men,  and 


*  The  reason  of  tbb  Rule  is  evident,  because  it  is  supposed  that  the 
resalts  are  proportional  to  the  suppositions. 

Thus,  na  :  a  :  I  nz  :  z, 

a  z 

or-:a::-:^ 

4S      a  z       z 

k  or-j-  — Itc.  :  a  :  I  — h— dec.  :  2, 

and  so  on. 
Vol.  I.  19 
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thVicG  as  many  children  as 'women.     How  many  were  there  * 
of  each?  Ans.  2  men,  4  women,  and  12  children* 

5.  One  being  asked  his  age,  said,  if  j  of  the  years  I  have 
lived,  be  multiplied  by. 7,  and  |  of  them  be  added  to  the 
product,' the  sum  will  be  219.     What  washis'age  ? 

Ans.45yeanu- 


DOUBLE  POSITION. 

Double  Position  is  the  method  of  resolving  certain  ques-- 
tions  by  means  of  two  suppositions  of  false  numbers. 

To  the  Double  Rule  of  Posit ioni)el6ng  such' questions  as 
have  their  results  not  proportional  to' their  positions  :  such  are 
those  in  which' the  numbers  sought,  or  their  parts,  or  their 
multiples,  arelncreased  or  diminished  by  some  given  absolute  - 
number,  which  is  no  known 'part  of  the  number  sought. 

RULE*.' 

Take  or  assume  any  two  convenient  numbers,  and  pro-- 
ceed  with  each  of  them  separately,  according  to  the  con- 


*  Derfhiistr.  The  Rule  is  founded  on  this  supposition,  namely,  that 
the  first  error  is  to  the  second/- as  the  difference  between  the  true  and 
first  supposed  number,  is  to  (he  difiereoce  between  the  true  and  second 
supposed  number:  when'  that  is  not  the  case,  the  exact  answer  to  the 
question  cannot  be  found  by- this  Rule. — That  the  Rule  is  true,  accord- 
ing to  the  assumption,  may  be  thus  proved.  - 

Let  a  and  b  be  (he  two  suppositions,  and  A  and  b  their  results  pro- 
duced by  similar  operation ;  also  r  and  s  their  errors,  or  the  differences 
between  the  results  a  and  b  from  the  true  resuU  n  ;  and  let  x  denote 
the  number  sought,  answering  to  the  true  result  s  of  ttie  que^ion.- 

Then  is  n  --  a  =  r,  and  ii-^b=#,  ors  —  A  =  r  :i-«. '  And,"aecording 
to  the  supposition  on  which  the  Rule  is  founded,  r':'s  ::  x  —  a:  re  —  b; 
hence,  by  multiplying  extremes  and  means^  rx^^rb  =:sz-^sa;  then,  by 

transposition,  rx  —  «  =  f 6  —  sa ;'  and,'  ty  division,'  x  =  -  ""      =  the 

number  sought^  which  is  the  ^rule  when  the  results  are  both  too  little. 

If  the  results  be  both  too  great,  so  that  a  and  b  are  both  greater  than 
V  ;■  then  n  —  a  =  —  r,  and  n-^  b  =  —  #,  or  r  and  s  are  both' negative ; 
hence  —  r  :  —  *  :  :  a  —  a  :x  —  6,  but  —  r  r^  «  :  :  ~(-  f  :  -^  *,  ther^ 
fore  r  :  s  :  :  'x — a  :  x  —  6;  and  the  rest  will  be  exactly  as  in  the  for- 
mer case. 

But  if  one  result  a  only  be  too  little,  and  the  other  b  too  great,  or 
oiie  error  r  positive,  and  the  other  8  negative,  then  the  theorem  be- 
comes X  =  — ^^7^ — ,  which  is  the  mle  in  this  ease,  or  when  the  errors  - 

.  *"  "T  ' 

are  unlike.' 
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i^^AtiotiB  of  the  question,  as  in  Single  Position  ;  and  find  how 
timuch.each  result  is  different, from,  the  result , mentioned  in 
« '  the  .question,  calling  these'diflTerences  the  errors,  noting  also 
*.  -  whether  the  results  are  too  great  oi:  top  little. 

>The.amultiply  each  of  the  said,  errors  by  the  contrary. 
• '  supposition,  namely, ,  the   first  ^  position  by  the  second  error, 
and  the  second  position  by  the  .first  error.  *'  Then, 
•  If  the:  errors  >x are;  alike,  divide  the  difference  of  the  pro- 
ducts by,.thel.difierence  of  thoi  errors,;, and  the  quotient  will 
be  the  .ans\^er. 

But  if  the  eiTors.  are  unlike,  divide  the  sum  of  the  pro- 
<  •  ducts  by  the  sum  of  the  errors,  for  the  answer. 

NM,  The  errors  are  said  to  be  alike,  when  they  are  either 
both  too  great  or.  both  too  little  ;  and  unlike, -.when  one  is 
'  >  too  great  and  the  other  too  little. 


-     EXAMFLE. 

*  I.  What  number  is  that,  which  being  .^multiplied  by.6,;the 
«  '  product  increased  by  18,  and  the  sum  divided  by  9,  the  quo- 
. .  tient  should  be  20  ? 

Suppose  the  two  numbers  18  and  30.  r  Then, 
.    First  Position.  . ,  Second  Position;  , '  Proof. 

18    Suppose  30  .27 

i    6,  mult.  6  .,» 6 

108  180  162 

18  .  add  18  18 

9)  126    div.  ,,9)  198  ;    9)  180 

14    results  22  20 

20  ,•  true  res. 

"  s 

-   +6  J  errors,  unlike  -2 

i* '  2d  pos.    :  •  *30  ;  mult.  18  1st  pos« 

;:Er.  >2..  180                                     36 
,  rors  $  6  v  36  .   


>    sum  8)      216  A  sum  of  products 
27  >  Answer  soiigbt. 
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RULE  U. 

Find,  by  trial,  two  numbers,  as  near  the  true  number  as 
convenient,  and  work  with  them  as  in  the  question  ;  mark- 
ing the  errors  which  arise  from  each  of  them. 

Multiply  the  difference  of  the  two  numbers  assumed,  or 
found  by  trial,  by  one  of  the  errors,  and  divide  the  product 
by  the  difference  of  the  errors,  when  they  are  alike,  but  by 
their  sum  when  they  are  unlike.  Or  thus,  by  proportion  : 
As  the  difference  of  the  errors,  or  of  the  results,  (which  is 
the  same  thing),  is  to  the  difference  of  the  assumed  numbers, 
8o  is  either  of  the  errors,  to  the  correction  of  the  assumed 
number  belonging  to  that  error. 

Add  the  quotient,  or  correction,  last  found,  to  the  number 
belonging  to  the  said  error,  when  that  number  is  too  little, 
but  subtract  it  when  too  great,  and  the  result  will  give  the 
true  quantity  sought  *. 

EXAMPLES. 

1.  So,  the  foregoing  example,  worked  by  this  2d  rule, 
will  be  as  follows  : 

30  positions  18  ;  their  diff.     12 

-2  errors     +6 ;  least  error     2 

sum  of  errors  8 )  24  (  3  subtr. 
from  the  position  30 

leaves  the  answer  27 


Or,  as  22  -  14  :  30  -  18,  or  as  8  :  12  : :  2  :  3  the  cor- 
rection,* as  above. 

2.  A  son  asking  his  father  how  old  he  was,  received  this 
answer  :  Your  age  is  now  one-third  of  mine  ;  but  5  years 
ago,  your  age  was  only  one-fourth  of  mine.  What  then  are 
their  two  ages  ?  Ans.  15  and  45. 

3.  A  workman  was  hired  for  20  days,  at  3^  per  day,  for 
every  day  he  worked  ;  but  with  this  condition,  that  for  every 
day  he  did  not  work,  he  should  forfeit  1«.     Now  it  so  hap- 


•  For  Bince,  by  the  sapposition,  r :  «  : :  i :  —  a :  x  —  6,  therefore  by 
division,  r — a  ;  »  ::  b  —  a:  x  —  b,  ores  b  — •  a  :  6— a  ::«:«  —  6, for  b 
—  A  ifl  =  r  —  « :  which  is  the  2d  Rule. 
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pened,  that  upon  the  whole  he  had  2Z  4#  to  receive.     How 
many  of  the  days  did  he  worft  ?  Ana.  16* 

4.  A  and  b  began  to  play  together  with  equal  suma  of 
money :  a  first  won  20  guineas, l)ut  afterwards  lost  back  } 
of  what  he  then  had  ;  after  which  e  had  four  limes  as  much 
as  A.     What  sum  did  each  begin  with  ?    Ans.  100  guineas. 

5.  Two  persons,  a  and  b,  have  both  the  same  income, 
A  saves  \  of  his  ;  but  b,  by  spending  6M  per  annum  more 
than  A,  at  the  end  of  4  years  finds  himself  1002  in  debt. 
What  does  each  receive  and  spend  per  annum  ? 

Ans.  They  receive  1252  per  annum  ;  also  a  spends  lOM, 
and  B  spends  1602  per  annum. 


PRACTICAL  QUESTIONS  IN  ARITHMETIC. 

Quest.  1.  The  swiftest  velocity  of  a  cannon-ball,  is 
about  2000  feet  in  a  second  of  time.  Then  in  what  time, 
at  that  rate,  would  such  a  ball  move  from  the  earth  to  the 
sun,  admitting  the  distance  to  be  100  millions  of  miles,  and 
the  year  to  contain  365  days  6  hours  ?      Ans.  8  ^/f^9 y^Ars. 

Quest.  2.  What  is  the  ratio  of  the  velocity  of  light  to 
that  of  a  cannon-ball,  which  issues  from  the  gun  with  a  ve- 
locity of  1500  feet  per  second  ;  light  passing  from  the  sun 
to  the  earth  in  7|  minutes  ?  Ans.  the  ratio  of  782222)  to  1. 

QussT.  3.  I'he  slow  or  parade-step  being  70  pacea  per 
minute,  at  28  inches  each  pace,  it  is  required  to  detennine 
at  what  rate  per  hour  that  movement  is  ?      Ans.  1|||  miles. 

Qfkst.  4.  The  quick-time  or  step,  in  marching,  being 
2  paces  per  second,  or  120  per  minute,  at  28  inches  each ; 
at  what  rate  per  hour  does  a  troop  march  on  a  rout,  and 
how  long  will  they  be  in  arriving  at  a  garrison  20  miles 
distant,  allowing  a  halt  of  one  hour  by  the  way  to  refresh  ? 
A  }  the  rate  is  3^  miles  an  hour. 
*  \  and  the  time  7f  hr,  or  7h  17^^  min. 

QuBBT.  5.  A  wall  was  to  be  built  700  yards  long  in  29 
days.  Now,  after  12  men  had  been  employed  on  it  for  11 
days,  it  was  found  that  they  had  completed  only  220  yards 
of  the  wall.  It  in  required  to  determine  how  many  men  must 
be  added  to  the  former,  that  the  whole  number  of  them  may 
just  finish  the  wail  in  the  time  proposed,  at  the  same  rate  of 
working.  Ans.  4  men  to  be  added. 
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Quest.  6.  Determine  how  far  500  millions  of  guineas .#ill 
teach,  when  laid  down  in  a  'strait  line  touching  one  an« 
other  ;  supposing  each  guinea  to  be  an  inch  in  diameter,  as 
it  is  very  nearly.  Ans.  7891  miles,  728  yds,  2  ft.  8  in. 

Quest.  7,  Two  persons,  a  and  b,  being  on  opposite  sides 
of  a  wood,  whicfi  is  530  yards  about,  they  begin  to  go  round 
it,  both  the  same  way,  at  the  same  instant  oi*  time  |  a  gees  at 
the  rate  of  11  yards  per  minute,  and  b  34  yards  in  3  mi- 
nutes;  the  question  is,  how  many  times  will  the  wood  be 
gone  round  before  the  quicker  overtake  the  slower  7 

^  Ans.^17  times. 

Quest.  8.  a  can  do  a  piece  of  work  alone  in  12  days, 
and  B  alone  in  14  ;  in  what  time  will  they  both  together  per- 
form a  like  quantity  of  work?  Ans.  6|^^  days.. 

Quest.  9.  *  A  person  who  was  possessed  of  a  |  share  of  a 
copper  mine,  sold  f  of  his  interest  in  it  for  18002 ;  what  was 
the  reputed  value  of  the  whole  at  the  same  rate  ?  Ans.  4000Z. 
^  Quest.' 10.  A  person  aAer  spending  20Z  more  than  j^  of 
his  yearly  income,  had  then  remaining  30/  more  than  •  the 
half  of  it ;  what  was  his  income  ?  Ans.  200Z. 

Quest.  11.  The  hour  and  minute  hand  of  a  clock  are 
exactly  together  at  12  o^clock  ;  when  are  they  next  together  ? 

Ans.  at  lyy  hr.  or  1  hr.  5/^  ""*"• 

Quest.  12,  If  a  gentleman  whose  annual  income  is  1500Z, 
spend  20  guineas  a  week ;  whether  will  he  save  or  run-in 
debt,  and  how  much  in  the  year  ?  .  Ans.  save  408Z, 

Quest  13.     A  person  bought  180  oranges  at  2  a  penny* 
and  180  more  at  3  a  penny  ;  after  which,  selling  them  out 
again  at  5  for  2  pence,  whether  did  he  gain  or  lose  by  tthe  ^ 
bargain  ?  Ans.  he  lost  6  pence. 

Quest.  14.  If  a  quantity  of  provisions  serves  1500  men 
12  weeks,  at  the  rate  of  20  ounces  a  day  for  each  man  ;  how 
many  men  will  the  same  provisions  maintain  for  20  weeks,  at 
the  rate  of  8  ounces  a  day  for  each  man  ?     Ans.  2250  men. 

Quest.  15.  Tn  the  latitude  of  London,  the  distance  round 
the  earth,  measured  on  the  parallel  of  latitude,  is  about  15550 
miles  ;  now  a»  the  earth  turns  round  in  23  hours  56  minutes, 
at  what  rate  per  hour  is  the  city  of  London  carried  by  this 
motion  from  west  to  easf  ?  Ans.  649^ff  miles  an  hour. 

Quest.  16.  A  father  left  his  son  a  fortune,  J^  of  which « he 
ran  through  in  8  months  :  ^  of  the  remainder  lasted  him  12 
months  longer;  after  which  he.  had  820Z  left.  What  sum 
did  the  father  bequeath  his  son  ?  t  Ans.  1913i  6s  Sd. 

Quest.  17.     If  1000  men,  besieged  in  a  town,  with  pro* 
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TiBionfli  for  5  weeks,  allowing  each  jnan  16  ounces  a  day,  be 
reinforced  with  500' men  more  ;  and  supposing  that  they  can- 
not be  relieved  till  the  end  of  8  weeks,  how  many  ounces  a 
day  must  each  man  have,  that  -  the  provision  may  last  that 
time  ?  Ans,  6  J  ounces. 

Quest.  18.  A  younger  brother  received  8400Z,  which 
was  just  J  of  his  elder  brother's  fortune  :  What  was  the 
father  worth  at  his  death  ?  Ans.  19;:50Z. 

Quest.  19.  A  person,  looking  on  his  watch,  was  asked 
what  was  the  time  of  the  day,  who  answered,  It'is  between 
5  and  6  ;  but  a  more  particular  answer  being  required,  he 
said  that  the  hour  and  minute  hands  were  then  exactly  to- 
gether :  What  was  the  time  ?  Ans.  27j3y  min.  past  5. 
,  Quest.  20.  If  20  men  can  perform  a  piece  of  work  in 
12  days,  how  many  men  will  accomplish  another  thrice  as 
large  in  one- fifth  of  the  time  1  Ans.  300. 

Quest.  21.  A  father  devised  ^^  of  his  estate  to  one  of 
his  sons,  and  {j  of  the  residue  to  another,  and  the  surplus  to 
his  relict  for  life.  The  children's  legacies  were  found  to  be 
514Z  6s  8d  different  :  What  money  did  he  leave  the  widow 
the  use  of  7  Ans.  1270Z  1*  di^d. 

Quest.  22.  A  person,  making  his  will,  gave  to  one  child 
H  of  his  estate,  and  the  rest  to  another.  When  these  legacies 
came  to  be  paid,  the  one  turred  out  1200Z  more  than  the 
other  :  What  did  the  testator  die  worth  ?  Ans.  4000Z. 

Quest.  23.  Two  persons,  a  and  r,  travel  -between  Lon- 
don and  Lincoln,  distant  100  miles,  a  from  London,  and  b 
from  Lincoln,  at  the  same  instant.  After  7  hours  they  meet 
on  the  road,  when  it  appeared  that  a  had  rode  1^  miles  an 
hour  more  than  b.  At  what  rate  per  hour  then  did  each  of 
the  travellers  ride  ?  Ans.  a  7|J  and  b  6^  J  miles. 

Quest.  24.  Two  persons,  a  and  n,  travel  between  Lon- 
don and  Exeter,  a  leaves  Exeter  at  8  o'clock  in  the  morn- 
ing, and  walks  at  the  rate  of  3  miles  an  hour,  without  inter- 
mission ;  and  b  sets  out  from  London  at  4- o'clock  the  same 
evening,  and  walks  fo'*  Exeter  at  the  rate  of  4  miles  an  hour 
constantly.  Now,  supposing  the  distance  between  the  two 
cities  to  be  130  miles,  whereabouts  on  the  road  will  they 
meet  ?  Ans.  69^  miles  from  Exeter. 

Quest.  25.  One  hundred  eggs  being  placed  on  the 
ground,  in  a  straight  line,  at  the  distance  of  a  yai  J  from  each 
other :  How  far  will  a  person  travel  who  shall  bring  tliem 
one  by  one  to  a  basket,  which  is  ph  ccd  at  one  yard  from  the 
first  egg?  Ans.  10100  yarci^,  or  5  miles  and  1300  yds. 

Quest.  26.     The  clocks  of  Italy  go  on   to  24  hours  : 
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Then  how  many  strokes  do  they  strike  in  one  complete  re^ 
volution  of  the  index  ?  Ans.  300. 

Quest.  27.  One  Sessa,  anjndian,  having  invented  the 
game  of  chess,  showed  it  to  his  prince,  who  was  so  delighted 
with  it,  that  he  promised  him  any  reward  he  should  ask  ;  on 
which  Sessa  requested  that  he  might  be  allowed  one  grain  of 
wheat  for  the  first  square  on  the  chess  board,  2  for  the  second, 
4  for  the  third,  and  so  on,  doubling  continually,  to  64,  the 
whole  number  of  squares.  Now,  supposing  a  pint  to  con- 
tain 7680  of  these  grains,  and  one  quarter  or  8  bushels  to  be 
worth  27^  Qd,  it  is  required  to  compute  the  value  of  all  the 
com  ?  Ans.  645046821 6285Z  17«  3d  3§HH?' 

Quest.  28.  A  person  increased  his  estate  annually  by 
lOOZ  more  than  the  ^  part  of  it ;  and  at  the  end  of  4  years 
found  that  his  estate  amounted  to  103422  3s  9d.  What  had 
he  at  first  ?  Ans.  4000Z. 

Quest.  29.  Paid  1012Z  lOs  for  a  principal  of  750{,  taken 
in  7  years  before  :  at  what  rate  per  cent,  per  annum  did  1 
pay  interest  ?  Ans.  5  per  cent. 

Quest.  30.  Divide  lOOOZ  among  a,  b,  c  ;  so  as  to  give 
A  120  more,  and  b  95  less  than  c. 

Ans.  A  445,  b  230,  c  325. 

Quest.  31.  A  person  being  asked  the  hour  of  the  day, 
said,  the  time  past  noon  is  equal  to  ^ths  of  the  time  till  mid- 
night.     What  was  the  time  ?  Ans.  20  min.  past  5. 

Quest.  32.  Suppose  that  I  have  -,\  of  a  ship  worth 
1200Z;  what  part  of  her  have  I  lefl  after  selling}  of  ^  of 
my  share,  and  what  is  it  worth  ?  Ans.  ^^,  worth  185/. 

Quest.  33.  Part  1200  acres  of  land  among  a,  b,  c  ;  sa 
that  b  may  have  100  more  than  a,  and  c  64  more  than  b. 

Ans.  A  312,  B  412,  c  476. 

Quest.  34.  What  numbeiv  is  that,  from  which  if  there 
be  taken  ^  of  f ,  and  to  the  remainder  be  added  y^j  of  ^,  the 
0um  will  be  10  ?  Ans.  9^}. 

Quest.  35.  There  is  a  number  which,  if  multiplied  by 
I  of  f  of  Ij^,  will  produce  1 :  what  is  the  square  of  that 
number  ?  Ans.  l^f 

Quest.  36.  What  length  must  be  cut  off  a  board,  8| 
inches  broad,  to  contain  a  square  foot,  or  as  much  as  12 
inches  in  length  and  12  in  breadth?  Ans.  16f1^  inches. 

Quest.  37.  What  sum  of  money  will  amount  to  1382  2» 
6d,in  15  months,  at  5  per  cent,  per  annum  simple  imerest  ? 

Ans.  130Z. 

Quest.  38.    A  father  divided  his  fortune  among  his  three 
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■onSy  ▲,  B,  c,  giving  a  4  as  often  as  b  3,  and  c  5  as  often  as 
8  6 ;  what  was  the  whole  legacy,  supposing  a'b  share  was 
400027  Ans.  95002. 

QuKST.  39.  A  young  hare  starts  40  yards  before  a  grey, 
hound,  and  is  not  perceived  by  him  till  she  has  been  up  40 
seconds ;  she  scuds  away  at  the  rate  of  10  miles  an  hour,  and 
the  dog,  on  view,  makes  af\er  her  at  the  rate  of  18  :  how 
long  will  the  course  hold,  and  what  ground  will  be  run  over, 
counting  from  the  outsetting  of  the  dog  ? 

Ans.  60/y  sec.  and  530  yards  run. 

Quest.  40.  Two  young  gentlemen,  without  private  for* 
tane,  obtain  commissions  at  the  same  time,  and  at  the  age  of 
18.  One  thoughtlessly  spends  lOZ  a  year  more  than  his  pay ; 
but,  shocked  at  the  idea  of  not  paying  his  debts,  gives  his 
creditor  a  bond  for  the  money,  at  the  end  of  every  year,  and 
also  insures  his  life  for  the  amount ;  each  bond  costs  him  80 
ahiUiogs,  besides  the  lawful  interest  of  5  per  cent,  and  to'  in- 
sure his  life  costs  him  6  per  cent. 

The  other,  having  a  proper  pride,  is  determined  never  to 
mn  in  debt ;  and,  that  he  may  assist  a  friend  in  need,  per. 
severes  in  saving  lOZ  every  year,  for  which  he  obtains  an 
interest  of  5  per  cent,  which  interest  is  every  year  added  to 
bis  savings,  and  laid  out,  so  as  to  answer  the  effect  of  com- 
pound  interest. 

Suppose  these  two  of&cers  to  meet  at  the  age  of  50,  when 
each  receives  from  Government  4002  per  annum  ;  the  he 
one,  seeing  his  past  errors,  is  resolved  in  iuturB  to  spend  no 
nore  than  he  actually  has,  after  paying  the  interest  for  what 
he  owes,  and  the  insurance  on  his  life. 

Tlie  other,  having  now  something  beforehand,  means  in 
future  to  spend  his  full  income,  without  incceasing  his  stock* 

It  is  desirable  to  know  how  much  each  has  to  spend  per 
annum,  and  what  money  the  latter  has  by  him  to  assist  the 
distressed,  or  leave  to  those  who  deserve  it  ? 

Ans.  The  reformed  officer  has  to  spend  002 19^  i;*5389ir. 
per  annum. 
The  prudent  officer  has  to  spend  4372  I2s  1 1  }*487ftf. 

per  annum,  and 
The  latter  has  saved,  to  dispose  of,  7522 18s  9-189M. 


Vol.  1.  90 
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OF  JLOGARITHMS*. 


LoGABiTHMs  are  made  to  facilitate  troublesome  calcu- 
lations  in  numbers.  This  they  do,  because  they  perform 
multipUcatioq.  by  only  addition,  and  division  by  subtraction, 
and  raising  of  powers  by  multiplying  the  logarithm  by  the 
index  of  the  power,  and  extracting  of  roots  by  dividing 
the  logarithm  of  the  number  by  the  index  of  the  root* 
For,  logarithms  are  numbers  so  contrived,  and  adapted  to 
other  numbers,  that  the  sums  and  differences  of  the  former 
shall  correspond  to,  and  show  the  products  and  quotients  of 
the  latter,  &;c. 

Or,  more  generally,  logarithms  are  the  numerical  expo- 
nents of  ratios  ;  or  they  are  a  series  of  numbers  in  arith- 


.  *  The  invention  of  Logarithms  is  due  to  Lord  Napier,  Baron  of 
Merchiaton,  in  Scotland,  and  is  properly  considered  as  one  of  the  most 
useful  inventions  of  modem  times.  A  table  of  these  numbers  was  first 
published  by  the  inventor  at  Edinburgh,  in  the  year  1614,  in  a  treatise 
entitled  Canon  Mirificum  lAff^aritkmorum ;  which  was  eacerly  received 
by  all  the  learned  throughout  Europe.  Mr.  Henry  Bnggs,  then  pio- 
feasor  of  geometry  at  Gresham  College,  soon  after  the  discovery, 
went  to  visit  the  noble  inventor  ;  after  which,  they  jointly  undertook 
the  arduous  task  of  computing  new  tables  on  this  subject,  and  reducing 
them  to  a  more  convenient  form  than  that  which  was  at  first  thonght 
of.  But  Lord  Napier  dying  sooii  after,  the  whole  burden  fell  upon 
Mr.  Briggs,  who,  with  prodigious  labour  and  great  skill,  made  an  entire 
Canon,  according  to  the  new  form,  for  all  numbers  from  1  to  20000, 
and  from  90000  to  101000,  to  14  places  of  figures,  and  published  it  at 
London  in  the  year  1624,  in  a  treatise  entitled  Arithmetica  Logarithmica, 
with  directions  for  supplying  the  intermediate  parts. 
.  This  Canon  was  again  published  in  Holland  by  Adrian  Vlaca,  in  the 
year  1628,  together  with  the  Logarithms  of  all  the  nunybers  which  Mr. 
Briggs  had  omitted  ;  but  he  contracted  them  down  to  10  places  of  de- 
cimals. Mr.  Briggs  also  computed  the  Logarithms  of  the  sines,  tan- 
gents,  and  secants,  to  every  degree,  and  centesm,  or  100th  part  of  a 
degree,  of  the  whole  quadrant ;  and  annexed  them  to  the  natural  sines, 
tangents,  aj^d  secants,  which  he  had  before  computed,  to  fifteen  placet 
of  npures.  These  tables,  with  their  construction  and  use,  were  first 
published  in  the  year  1633,  after  Mr.  Briggs's  death,  by  Mi*'  Henry  GeUi* 
brand,  under  the  title  uf  TrigouomelriuBritannica. 
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metical  progression,  answering  to  another  series  of  numbers 
'in  geometrical  progression. 

rfti,  5  ^>  ^>  ^'  ^>  4,  5,  6,  Indices,  or  bgarithms, 
*'*"*  I  h  %  4,  8,  16,  32,  64,  Geometric  progression. 
^  (0,  1,  2,  3,  4,  5,  6,  Indices,  or  logarithms, 
^'  J  1,  3,  9,  27,  81,  243,  729,  Geometric  progression, 
f^     ( 0,    1,      2,        3,  4,.  5,   Indices,  or  logs. 

^     1 1,  10,  100,  1000,  10000,  100000,   Geom.  progres. 

Where  it  is  evident,  that  the  same  indices  serve  equally 
for  any  geometric  series  ;  and  consequently  there  may  be  an 
endless  variety  of  systems  of  logarithms,  to  the  same  com- 
mon numbers,  by  only  changing  the  second  lerm,  2,  3,  or 
10,  dec.  of  the  geometrical  series  of  whole  numbers  ;  and  by 
interpolation  the  whole  system  of  numbers  may  be  made  to 
enter  the  geometric  series,  and  receive  their  proportional  loga- 
rithms,  whether  integers  or  decimals. 

It  is  also  apparent,  from  the  nature  of  these  series,  that  if 
any  two  indices  be  added  together,  their  sum  will  be  the  in- 
dex of  that  number  which  is  equal  to  the  product  of  the  two 
terms,  in  the  geometric  progression,  to  which  those  in- 
dices  belong.  Thus  the  indices  2  and  3,  being  added  toge« 
ther,  make  5  ;  and  the  numbers  4  and  8,  or  the  terms  cor- 
responding to  those  indices,  being  multiplied  together,  make 
82,  which  is  the  number  answering  to  the  index  5. 

In  like  manner,  if  any  one  index  be  subtracted  from  an- 
other,  the  difference  will  be  the  index  of  that  number  which 


BeDJamin  Uraincu  also,  gave'a  Table  of  Napier's  Logs,  and  of  sines, 
to  every  10  seconds.  And  Chr/ Wolf,  in  his  Mathematical  Leiicon,  says 
that  one  Van  Loser  had  computed  them  to  every  single  second,  but 
hisanUmely  death  prevented  their  publication.  Many  other  authors 
have  treated  on  this  subject ;  but  as  their  numbers  are  frequentiy  inac- 
corate  and  incommodiously  disposed,  they  are  now  generally  neglect- 
ed. The  Tables  in  most  repute  at  present,  are  those  of  Gardiner  in 
4to,  first  published  in  the  vear  1742 ;  and  my  own  Tables  in  8vo,  first 
printed  in  the  year  1785,  where  the  Logarithms  of  all  numbers  maybe, 
easily  found  from  1  to  10800000  ;  and  those  of  the  sines,  tangents,  and 
secants,  to  anv  degree  of  accuracy  required. 

Mr.  Bfichael  Taylor's  Tables  in  large  4to,  containing  the  common 
logarithms,  and  the  logarithmic  sines  and  tangents  to  every  second  of . 
the  quadrant,  are  very  valuable.  And,  in  France,  the  new  book  of 
logarithms  by  Callet;  the  2d  edition  of  which,  in  1795,  has  |he 
tables  still  further  eitended,  and  are  printed  with  what  are  called  stereo- 
types, the  types  in  each  page  beng  soldered  together  into  |  solid  mass 
or  block. 

Dodson's  Antilogarithmic  Canon  ts  likewise  a  very  elaborate  work, 
and  used  for  finding  the  numbers  answering  to  any  given  logarithm, 
estch  to  11  places. 
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is  equal  fo  the  quotieDt  •£  th«  two  terms  to  which  those  in* 
dices  belong.  Thu8»  the  index  6,  niinus  the  index  4,  is  =  2 ; 
and  the  tenns  corresponding  to  those  indices  are  64  and  16^ 
whose  quotient  is  =  4,  which  is  the  number  answering  to  the 
index  2. 

Fjor  the  same  reason,  if  the  logarithm  of  any  number  be 
multiplied  by  the  index  of  its  power,  the  product  will  be  equal 
to  the  logarithm  of  that  power.  Thus,  the  index  or  loga- 
rithm of  4,  in  the  above  series,  is  2 ;  and  if  this  number.  t)e 
multiplied  by  8,  the  product  will  be  =  6  ;  which  is  the  loga« 
rithm  of  64,  or  the  third  power  of  4. 

And,  if  the  logarithm  of  any  number  be  divided  by  the 
index  of  its  root,  the  quotient  will  be  equal  to  the  logarithm 
of  that  root.  Thus,  the  index  or  logarithm  of  64  is  6  ; 
and  if  this  number  be  divided  by  2,  the  quotient  will  be 
=  3 ;  which  is  the  logarithm  of  8,  or  the  square  root  of 

* 

The  logarithms  most  convenient. for  practice,  are  such  m 
ate  adapted  to  a  geometric  series  increasing  in  a  tenfold  pro* 
portion,  as  in  the  last  of  the  above  forms  ;  and  are  those 
which  are  to  be  found,  at  present,  in  most  of  the  comraoa 
tables  l^n  this  subject.  The  distinguishing  mark  of  this 
system  of  logarithms  is,  that  the  index  or  logarithm  of  10 
is  1  ;  that  of  100  is  2  ;  that  of  1000  is  3  ;  <kc.  And,  in 
decimals,  the  logarithm  of  •  J  is  —  1  ;  that  of  -01  is  —  2 ;  that 
of  -001  is  —  3,  dec.  the  log.  of  1  being  0  in  every  system. 
Whence  it  follows,  that  the  logarithm  of  any  number  be- 
tween 1  and  10,  must  be  0  and  some  fractional  parts  ;  and 
that  of  a  number  between  10  and  100,  will  be  1  and  some 
fractional  parts  ;  and  so  on,  for  any  other  number  nv  hate ver. 
And  since  the  integral  part  of  a  logarithm,  usually  called  th« 
Index,  or  Characteristic,  is  always  thus  readily  found,  it  is 
commonly  omitted  in  the  tables  ;  being  left  to  be  supplied  by 
the  operator  himself,  as  occasion  requires. 

Another  Definition  of  Logarithms  is,  that  the  logarithm  of 
any  number  is  the  index  of  that  power  of  some  other  num- 
ber, which  is  equal  to  the  given  number.  So,  if  there  be 
IV  =  r*,  then  n  is  the  log.  of  n  ;  where  n  may  be  either  po-  ■ 
sitive  or  negative,  or  nothing,  and  the  root  or  base  r  any 
number  whatever,  according  to  the  different  systems  of  lo- 
garithms.  When  n  is  =  0,  then  n  is  =  1,  whatever  the 
value  of  r  is ;  which  shows,  that  the  log.  of  1  is  always  0,  in 
every  system  of  logarithms.     When  n  is  =  1,  then  n  is  =  r ; 
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90  thai  the  radix  r  is  always  that  mimber  whose  log.  is  1,  in 
eveiy  system.  When  the  radix  r  is  =  2  -716281828459  &c. 
the  indices  n  are  the  hyperbolic  or  Napier's  log.  of  the  nuni* 
hers  N ;  so  that  n  is  always  the  hyp.  log.  of  the  number  v 
or  (2.718  dBcO*. 

But  when  the  radix  r  is  =  10,  then  the  index  n  becomes 
the  common  or  Bri^gs's  log.  of  the  number  n  :  so  that-  the 
tommon  log.  of  any  number  10".  or  n,  is  n  the  index  of  that 
power  of  10  which  is  equal  to  tho  said  number.  Thus  100, 
beiDg  the  second  power  of  10,  will  have  2  for  its  logarithm ; 
and  1000,  being  the  third  power  of  10,  will  have  3  for  its 
logarithm  :  hence  also,  if  50  be  =  10**^^,  then  is  1*60807 
the  common  log.  of  50.  And,  inr  general,  the  following  de- 
cuple series  of  terms, 

viz.  10«,  10=^,  10',  lOS  W,  10-S  10-^  10-3,  10-*, 
or  10000,  1000,  100,  10,  1,  -1,  -01,  001,  0001, 
have  4,  3,  2,  1,  0,  -1,  -2,  -3,  -4, 
for  their  logarithms,  respectively.  And  from  this  scale  of 
numbers  and  logarithms,  the  same  properties  easily  follow,' 
as  above  mentioned. 


FBOBLEtf. 

To  compute  the  LogarUhm  to  any  of  the  Natiirml  Nvmi$r» 
\y  2,  3,  4,  5,  4^* 

EULE  I*. 

Take  the  geometric  series,  1,  10,  100, 1000,  10000,  dec. 
and  apply  to  it  the  arithmetic  series,  0,  1,  2,  3,  4,  &c.  as 
logarithms. — Find  a  geometric  mean  between  1  and  10,  or 
between  'lO  and  100,  or  any  other  two  adjacent  terms  of  the 
series,  between  which  the  number  proposed  lies. — In  like 
manner,  between  the  mean,  thus  found,  and  the  nearest  ex* 
treme,  find  another  geometrical  mean ;  and  so  on,  till  you 
arrive  within  the  proposed  limit  of  the  number  whose  loga- 
rithm is  sought.— Find  also  as  many  arithmetical  means,  in 
the  same  oi^er  as  you  found  the  geometrical  ones,  and  these 
will  be  the  logarithms  answering  to  the  said  geometrical 
means. 


*  The  reader  who  wbhei  to  inform  himself  more  particolarly  coo- 
eeming  the  history,  nature,  and  construct  Ion  of  Logarithms,  may  con- 
wK  By  Matbematieal  Tmeta,  vol.  1,  latalj  pebUshed,  where  be  wll 
find  hit  eoriof  ity  amply  gratiAed. 
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BXAMPI.B. 


Let  it  be  required  to  find  the  logarithm  of  9. 
Here  the  proposed  number  lies  between  1  and  10. 
First,  then,  the  log.  of  10  is  1,  and  the  log.  of  1  is  0 ; 

theref.  (1  +  0)  -r-'2  =  ^  =*  '6  is  the  arithmetical  mean, 
and  v'ClO  X  1)  =  v^lO  =  3-1622777  the  geom.  mean  ; 
hence  the  log.  of  3-1622777  is  -5. 
Secondly,  the  log.  of  10  is  1,  and  the  log.  of  3*1622777  is  -5 ; 
theref.  (t  +  -6)  -i-  2  =  -75  is  the  arithmetical  mean, 
and  V'CIO  X3-1622777)=5-6234132  is  the  geom.  mean  ; 
hence  the  log.  of  5*6234132  is  -75. 
Thirdly,  the  log.  of  10  is  1,  and  the  log.  of  5*6234132  is  *75 ; 
theref.  (1  +  -75)  -^  2  =  875  is  the  arithmetical  mean, 
and  v/(10  X  5-6234132)  =  7-4989422  the  geom.  mean ; 
hence  the  logl  of  7-4989422  is  -875. 
Fourthly,  the  log.  of  10  is  1,  and  the  log.  of  7-4989422  is  -875 ; 
theref.  (1  +  -875)-^  2  =-9375  is  the  arithmetical  mean, 
and  ^^(10  X  7-4989422)  =  8-6596431  the  geom.  mean ; 
hence  the  log.  of  8*6596431  is  -9375. 
Fifthly,  the  log.  of  10  is  1,  and  the  log.  of  8*6596431  is  -9375 ; 
theref.  (14-9376)-i.2=-96875  is  the  arithmetical  mean, 
and  v^(10 X8-6596431)  =  9-3057204  the  geom.  mean  ; 
hence  the  log.  of  9-3057204  is  -96875. 
Sixthly,  the  log.  of  8*6596431  is  -9375,  and  the  log.  of 
9-3057204  is  -96875. 
theref.  (-9375+ '96875) -i-2=-953 125  is  the  arith.  mean, 
and  ^{8-6596431  X  9-3057204)  =  8*9768718  the  geo- 
metric mean ; 
hence  the  log.  of  8-9768713  is  -953125. 
And  proceeding  in  this  manner,  after  25  extractions,  it 
will  be  found  that  the  logarithm  of  8*9999998  is  -9542425  ; 
which  may  be  taken  for  the  logarithm  of  9,  as  it  differs  so 
little  from  it,  that  it  is  sufficiently,  exact  for  all  practical  pur- 
poses.   In  this  manner  were  the  logarithms  of  almost  all  the 
prime  numbers  at  first  computed. 

BVLE  n*. 

LsT  h  be  the  number  whose  logarithm  is  required  to  be 
found ;  and  a  the  number  next  less  than  b,  so  that  i^  -^  a  =1, 


*  For  the  demonstration  of  this  rule,  see  my  Mathematical  Tables, 
p.  109,  &c.  and  my  Tracts,  vol.  I. 
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the  logarithm  of  a  Mng  known  ;  and  let  9  denote  the  sum 
of  the  two  numbers  a  +  b.    Then 

1.  Divide  the  constant  decimal  -8685680638  &c.  by  #» 
and  reaerre  the  quotient :  divide  the  reserved  quotient  by 
die  square  of  <,  and  reserve  this  quotient ;  divide  this  last 
^otient  also  by  the  square  of  «,  and  again  reserve  the  quo- 
tient :  and  thus  proceed,  continually  dividing  the  last  quotient 
by  the  square  of  Sf  as  long  as  division  can  be  made* 

2.  Then  write  these  quotients  orderly  under  one  another, 
the  first  uppermost,  and  divide  them  respectively  by  the  odd 
numbers,  1, 3,  5,  7,  9,  &c.  as  long  as  division  ^n  be  made ; 
that  is,  divide  the  first  reserved  quotient  by  1,  the  second  by 
3,  the  third  by  5,  the  fourth  by  7,  and  so  on. 

3.  Add  all  these  last  quotients  together,  and  the  sum  will 
be  the  logarithm  of  &  -£-  a  ;  therefore  to  this  logarithm  add 
also  the  given  logarithm  of  the  said  next  less  number  a,  so 
will  the  last  sum  be  the  logarithm  of  the  number  b  proposed. 

That  is, 

Log.of6,islog.  a+-y  X  (1  +  —  +  — +  — +&c. 

where  n  denotes  the  constant  given  decimal  '8G85889638  dec. 


EXAKPLSS. 


Ex.  1.  Let  it  be  required  to  find  the  log.  of  the  number  2. 
Here  the  given  number  b  is  2,  and  the  next  less  number  a 
is  1,  whose  log.  is  0  ;  also  the  sum  2+1=3  =  4,  and  its 
square  s^  =■  9*    Then  the  operation  will  be  as  follows  : 

V 

0 
9 
9 

9) 
0) 


«685e8964 

1  ) 

•289529654  ( 

•289520654 

•289520654 

3  ) 

32169963  ( 

10723321 

32169962 

6  ) 

3574440 

714888 

3574440 

7  ) 

397160  1 

66737 

397160 

9  ) 

44129  ( 

4903 

44129 

11  } 

4903 

446 

4903 

13  ) 

545  ( 

42 

545 

15) 

61  1 

4 

61 

log.  off  - 
add  log.  1  • 

log.  of  2  . 

•301029995 

- 

•000000000 

•301029995 
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Bi.  S.  To  commute  the  logarithm  of  the  number  B. 

Here  ft  =  3,  the  next  lees  number  a  »  2,  and  the  euin 
H  ^  5  =  5  ss  9,  whbae  square  «'  is  25,  to  divide  by  which, 
always  multiply  by  •04.     Then  the  operation  is  as  follows : 

^) 
25  ) 
25  ) 
26) 
25  ) 
25  } 


•868588964 

173717793 

6948712 

277948 

11118 

445 

18 


1 ) 

•173717793  ( 

•17S717708 

S) 

694K712  ( 

2316237 

6) 

277948  ( 

55590 

7) 

UllU  ( 

1588 

9) 

445  < 

SO 

11) 

.   18  ( 

3 

log.  of  I     • 
log.  of  2  add 


176091200 
-801029905 


log.  of  3  sought  •477121255 


Then,  because  the  sum  of  the  logarithms  of  numbers, 
gives  the  logarithm  of  their  product ;  and  the  difference  of 
the  logarithms,  gives  the  logarithm  of  the  quotient  of  the 
numbers ;  from  the  above  two  logarithms,  and  the  logarithm 
of  10,  which  is  1,  we  may  obtain  a  great  many  logarithms, 
as  in  the  following  examples  : 


EXAMPLB  3. 

Because  2x2  =  4,  therefore 
to  log.  2  .  -3010299951 
add  log.  2  -  -301029995} 

sum  is  log.  4  -602059991} 


EXAHPLB  4ki 

Because  2X3-6,  therefore 
tolo^.2     .    -301029905 
add  log.  3  -  -477121255 


islog.  6 -778151250 


KXAXPLB  5. 

Because  2*  ss  8,  therefore 
log.  2  .  -301029995 
jBult.  by  3  3 


gives  leg.  8   ••03089987 


EXAMPLE.  6. 

Because  3'  =  9,  therefore 
log.  3     -      -477121264,?^ 
mult  by  2  2 


gives  log.  9  -954242509 


EXAHPLE  7. 

Because  V  ==  5,  therefore 
from  log.  10 1-000000000 
take  log.  2     -301029995| 

leaves  log.  5 -698970004} 


EXAMPLE  8. 

Because  3X4  =  12,  therefore 
to  log.  3  .  -477121255 
add  log.  4   -     602059991 

giTM  log.  12  1'079181246 
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And  thus,  computing  by  this  general  rale,  the  loganthnui 
to  the  other  prime  numbers,  7,  11,  13,  17,  19,  23,  &;c.  and  . 
then  using  composition  and  division,  we  may  easily  find  as 
many  logarithms  as  we  please,  or  may  speedily  es^amine  any 
logarithm  in  the  table'". 

Descripiian  and  Use  of  the  Tablb  of  Looabithsui* 

Having  explained  the  manner  of  forming  a  table  of  the 
logarithms  of  numbers,  greater  than  unity ;  the  next  thing  t^ 
be  done  is,  to  show  how  the  logarithms  of  fractional  quan- 
tities may  be  found.  In  order  to  this,  it  may  be  observed, 
that  as  in  the  former  case  a  geometric  series  is  supposed  to 
increase  towards  the  lefV,  from  unity,  so  in  the  latter  case 
it  is  supposed  to  decrease  towards  the  right  hand,  still  be- 
ginning with  unit ;  as  exhibited  in  the  general  description, 
page  152,  where  the  indices  being  made  negative,  still  show 
the  logarithms  to  which  they  belong.  Whence  it  appears, 
that  as  +  1  is  the  log.  of  10,  so  --  1  is  the  log.  of  jV  or  -1 ; 
and  as  +  2  is  the  log.  of  100,  so— 2  is  the  log.  of  xij  or  *01  : 
and  so  on. 

Hence  it  appears  in  general,  that  all  numbers  which  con- 
sist of  the  same  figures,  whether  they  be  integral,  or  frac- 
tional,  or  mixed,  will  have  the  decimal  parts  of  their  loga- 
rithms the  same,  but  differing  only  in  the  index,  which  will 
be  more  or  less,  and  positive  or  negative,  according  to  the 
place  of  the  first  figure  of  the  number. 

Thus,  the  logarithm  of  2651  being  3*423410,  the  log.  of 
tV»  or  xi^i  or  ttVt)  ^^*  P^^  of  it  will  be  as  follows : 


Numbers. 

Logarithms. 

2  6  5  1 

3-423410 

2  6-51 

2-423410 

2  6  51 

1-423410 

2-651 

0-423410 

•2651 

-1-423410 

•02651 

-2-423410 

•002651 

-3-423410 

*  There  are,  besides  these,  many  other  ingenioiis  methods,  which 
later  writers  have  discovered  for  finding  the  logarithms  of  numbers, 
f  o  a  much  easier  way  than  by  the  original  inventor  f  but,  as  they  oanhot 
be  understood  without  a  Icnowledge  of  some  of  the  higher  branches  of 
the  mathematics,  it  is  thought  proper  to  omit  them,  and  to  refer  ths 
reader  to  those  worlcs  which  are  written  expressly  on  the  subject.  It 
would  likewise  much  eiceed  the  limits  of  this  compendium,  to  polot 
out  ail  the  peculiar  artifices  that  are  made  ase  of  for  cQDStracting  an 
Vol.  h  21 
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Hence  it  abo  appean^  that  the  index  of  aay  IogaiithiB>  i» 
alwaya  leM  by  1  than  the  number  of  integer  figures  which 
the  natural  number  consiats  of:  or  it  is  equal  to  the  distance 
•f  the  first  figure  fhun  the  place  of  unite,  or  first  place  of  in- 
fegers,  whether  on  the  leii^  or  on  the  right,  of  it :  and  thia 
index  is  oonstantly  to  be  placed  on  the  left*hand  side  of  the 
decimal  part  of  the  logarithm. 

When  there  are  integers  in  the  given  number,  the  index 
IS  alwaya  afiirmative ;  but  when  there  are  no  integers,  the 
index  is  negative,  and  is  to  be  marked  by  a  short  line  drawn 
before  it,  or  else  above  it.    Thus, 

A  number  having        1, 2, 8, 4, 5,  dz;c«  integer  places, 

the  index  of  its  log.  is  0, 1, 2, 3, 4,  igc.  or  1  less  than  those 
places. 
And  a  decimal  firaction  having  its  first  efiective  figure  in  the 

Ist,  2d,  dd,  4th,  d^c,  place  of  the  decimals,  has  ahnraya 
—1,-2, — 8, — 4,  ftc.  for  the  index  of  its  logarithm. 

It  may  also  be  observed,  that  though  the  indices  of  firac^ 
Uonal  quantities  are  negative,  yet  the  decimal  parts  of  their 
logarithms  are  always  affirmative.  And  the  negative  marli 
(— )  may  be  set  either  before  the  index  or  over  it* 

1.  TO  nun  in  tub  ta^le,  thb  LooAaxTHx  to  Axm 

HVMBSX*. 

!•  Jf  ike  gtoem  Number  he  lees  than  100,  or  consist  of  only 
two  figures ;  its  log.  is  immediately  found  by  inspection  in 
the  fint  page  of  the  table,  which  contains  all  numbera  from 
1  to  100,  with  their  logs,  and  the  index  immediately  annexed 
in  the  next  column* 

So  the  log.  of  5  is  0-608070.  The  log.  of  28  is  1  -861728. 
The  loff.  of  da  is  1  -606970.    And  so  on. 

2.  If  the  Number  be  more  than  100  but  less  than  10000 ; 
that  is,  consisting  of  eitlier  three  or  four  figures ;  the  decimal 
part  of  the  logarithm  is  found  by  inspection  in  the  other 
pages  of  the  table,  standing  against  the  given  number  in  this 
manner ;  viz.  the  first  three  figures  of  the  given  number  in  the 
first  column  of  the  page,  and  the  fourth  figure  one  of  those 
along  the  top  line  of  it;  then  in  the  angle  of  meeting  are  the 
last  four  figures  of  the  logarithm,  and  the  first  two  figures 
•f  the  sane  at  the  beginning  of  the  same  line  in  the  second 


entire  tsble  of  6nfe  niimbera ;  bat  sny  iBforaistion  of  thia  Idiid,  wliieh 
the  lesrner  may  wiah  to  obtain,  may  be  foand  in  my  Tablet.    See  alio 
the  attlele  on  Logaritbrai  in  the  2d  volume,  p.  340,  Ac 
•  See  the  iMe  of  Loghrithmi;  at  the  end  of  tbb  volave. 


Digitized  by  CjOOQ IC 


LWAStrms*  in 


colamii  of  the  pace :  to  which  is  to  be  prefijeed  the  proper 
iedez  which  is  always  1  less  than  the  number  of  tnt^er 
figares. 

So  the  logarithtti  of  251  is  2-309674,  that  is,  the  decimal 
•8119674  foend  in  the  table,  with  the  index  2  prefixed,  becauatf 
the  given  number  oontains  three  integers.  And  the  log.  of 
M^  is  1*5S2627^  that  is,  the  decimd  ^532627  found  in  the 
table,  with  the  index  1  prefixed,  because  the  given  number 
eeotains  two  integevs. 

3.  Bwtif  ikegmmNwaiiherconiamm&reik^ 
Cake  out  the  logarithm  of  the  first  four  figures  by  inspection 
in  the  taUe,  as  before,  as  also  the  next  greater  legarithm, 
eubtracting  the  one  logarithm  from  the  other,  as  also  their 
corresponding  numbers  the  one  from  the  other.    Then  say. 

As  the  difiSrenee  between  the  two  numberd. 

Is  to  the  difibrence  of  their  logarithms, 

So  is  the  remaining  part  of  the  given  number, 

To  the  proportional  part  of  the  logarithm. 

Which  part  being  added  to  the  less  logarithm,  befim  lafcen 
out,  gives  the  whole  legarithm  sought  very  nearly. 


BXJLIUPLK. 

To  find  the  logarithm  of  the  number  S'l*0926. 
The  log.  of  840900,  as  before,  is  582627. 
And  log.  of  841000  -  .  is  582754. 
The  dili.  are    100        and  127. 

Then,  as  100  :  127  ; :  26  :  38,  the  proportional  part* 

Thifei  added  to    -    •    .  532627,  the  first  log. 

Gives,  with  the  index,  1-582660  for  the  log.  of  84*0926. 

4.  If  die  number  consist  both  of  integers  and  fivctiens,  or 
is  entirely  fractional ;  find  the  decimal  part  of  the  logarithm 
the  same  asif  all  its  figures  were  integral ;  then  this,  having 
prefixed  to  it  the  proper  index,  will  give  the  logarithm  re. 
quired. 

5.  And  if  the  given  number  be  a  proper  vulgar  firactton^ 
subtract  the  logarithm  of  the  denominator  from  the  loga* 
tithm  of  the  numerator,  and  the  remainder  will  be  the  loga^ 
rithm  sought ;  which,  being  that  of  a  decimal  firaction,  must 
nlways  have  a  negative  index. 

6.  But  if  it  be  a  mixed  number ;  reduce  it  to  an  impro- 
per fraction,  and  find  the  difierence  of  the  logarithm  of  the 
numerator  and  denominator,  in  the  same  manner  as  beibre. 
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BXAXPLES. 


1,  To  find  the  log.  of  $^ 
Log.  of  37        .         1-568202 
Log.  of  04       -        1-973128 


Dif.  log.of;;      — 1-696074 


Where  the  index  1  is  negative 


2.  To  find  the  log.  of  17||. 
First,  17^1  =  4^*.  Then,  * 
Log.  of  405  .  2-607455 
Log.  of  23        .       1-361728 

Dif.  log.  of  17if     7245727 


n.   T(X  FUm   THE   NATTTRAL  NUMBER  TO  AKT  GIVEN 

LOGARITHIE.  ' 

This  is  to  be  found  in  the  tables  by  the  reverse  method 
to  the  former,  namely,  by  searching  for  the  proposed  loga- 
rithm among  those  in  the  table,  and  taking  out  the  corre- 
sponding number  by  inspection,  in  which  the  proper  number 
of  integers  are  to  be  pointed  off,  viz.  1  more  th&n  the  index* 
For,  in  finding  the  number  answering  to  any  given  logarithm, 
the  index  always  shows  how  far  the  first  figure  must  be 
removed  from  the  place  of  units,  viz.  to  the  left  hand,  or  in. 
tegers,  when  the  index  is  afiirmative ;  but  to  the  right  hand» 
or  decimals,  when  it  is  negative. 

BXAHPLES. 

So,  the  number  to  the  log.  J[-5d2882  is  34*11. 
And  the  number  of  the  log.  1  -532882  is  -341 1. 

But  if  the  logarithm  cannot  be  exactly  found  in  the  table  ; 
take  out  the  next  greater  and  the  next  less,  subtracting  the 
one  of  these  logarithms  from  the  other,  as  also  their  natural 
numbers  the  one  from  the  other,  and  the  less  logarithm  fipom 
the  logarithm  proposed.     Then  say, 

As  the  difference  of  the  first  or  tabular  logarithms, 
Is  to  the  difference  of  their  natural  numbers. 
So  is  the  differ,  of  the  given  log.  and  the  least  tabular  log. 
To  their  corresponding  numeral  difference. 
Which  being  annexed  to  the  least  natural  number  above  ta- 
ken, gives  the  natural  number  sought,  corresponding  to  the 
proposed  logarithm. 

EXAUPLB. 

So,  to  find  the  natural  number  answering  to  the  given 
logarithm  1-532708. 
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Here  the  next  greater  and  next  Jess  tabular  logarithms^ 
with  their  corresponding  numben,  are  as  beh>w : 

Next  greater.  532754  its  num.  341000 ;  given  log.  532708 
Next  less       532627  its  num.  340^ ;  next  less   532627 


Difierences 


127 


100 


81 


Then,  as  127  :  100  :  :  81  :  64,  neariy  the  numeral  differ. 

Therefore  34-0064  is  the  number  sought}  marking  off  two 
integers,  because  the  index  of  the  given  logarithm  is  1. 

Had  the  index  been  negative,  thus  1*532708,  its  corre- 
sponding number  would  have  been  -340064,-  wholly  decimal. 


MULTIPLICATION  BT  LOGARITHMS. 

RULE. 

Take  out  the  logarithms  of  the  factors  from  the  table, 
then  add  them  together,  and  their  sum  will  be  the  losarithm 
of  the  product  required.  Then,  by  means  of  the  table,  take 
out  the  natural  number,  answering  to  the  sum,  for  the  pro- 
duct sought 

Take  care  to  add  what  is  to  be  carried  from  the  dedmal 
part  of  the  logarithm  to  the  affirmative  index  or  indices,  er 
else  subtract  it  from  the  negative. 

Also,  add  the  indices  together  when  they  are  of  the  same 
kind,  both  affirmative  or  both  negative ;  but  subtract  the 
less  from  the  greater,  when  the  one  is  affirmative  and  the 
Mher  negative,  and  prefix  the  sign  of  the  greater  to  the  re* 
nainder. 


EXAMPLES. 


1.  To  multiply  28-14  by 
.5  062 
Numbers.     Logs. 
23-14  .  1-364363 
5062  .  0-704322 


Piroduct  117-1347  2-068685 


To  multiply  2-581026 
by  3-457291 
Numbers.        Logs. 
2-581926  .  0-411944 
3-457291  .  0-538736 


Prod.  8-92648    .    0-950660 
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3.  To  inuU.8-002aDdd07*16 
and  •0314728  all  together. 
Numbers.  Logs. 

8*902  .  0*501287 
697-16  -  2-770091 
•0314728     -.2-497935 


Prod.  73-3333 


1-865313 


Here  the  —  2  cancels  the  2, 
and  the  1  to  carry  from  the 
decimals  is  set  down. 


4.  Toma1t8-586,and2*1046, 
and  0-8372,  and  0*0294  all 
together.' 

Numbers.         Logs. 
3  586        -     0-554610 
2*1046      .     0328170 
0*8372        -1-922829 
0-0294         ^2-468847 


Prod.  0-1857618 -1-268956 


Here  the  2  to  cairy  cancels 
the  >  2,  and  there  renudns 
the  —1  to  set  down. 


DIVISION  BY  LOGARITHMS. 


RULE. 


From  the  logarithm  of  the  dividend,  sabtract  the  logm* 
rithm  of  the  divisor,  and  the  number  answering  to  the  re« 
mainder  will  be  the  quotient  required. 

Change  the  sign  of  the  index  of  the  divisor,  from  affirm- 
ative to  negative,  or  from  negative  to  affirmative  ;  then  take 
the  sum  of  the  indices  if  they  be  of  the  same  name,  or  their 
difference  when  of  different  signs,  with  the  sign  of  the  greater^ 
for  the  index  to  the  logarithm  of  the  quotient. 

Also,  when  1  is  borrowed,  in  the  left-hand  place  of  the 
decimal  part  of  the  logarithm,  add  it  to  the  index  of  the 
divisor  when  that  index  is  affirmative,  but  subtract  it  whMi 
negative  ;  then  let  the  sign  of  the  index  arising  from  1 
be  changed,  and  worked  with  as  before. 


BXAXPLBS. 


1.  To  divide  24163  by  4567. 

Numbers.       Logs. 
Dividend  24163  .  4-383151 
Divisor       4567  .  3-659631 


Qnot      5*29078    0-728520 


2.  To  divide  87*149by  523-76. 

Numbers.        Loflts. 
Dividend  37149 .  1*569947 
Divisor     523-76  .  2*719132 


Quot.   -0709275-^2-850615 
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S.  Divide  *06814  by  -007241 

Numbers.         Logs. 
Dividend  -06314  -  2*800305 
DivisQr    •007241-3-859799 


Qoot      8-71979    0*940506 


Here  1  carried  from  the 
decimals  to  the  -  3,  makes  it 
become— 2y  which  taken  from 
the  other  —2,  leaves  0  re- 


Here  the  1  taken  from  the 
- 1,  makes  it  become  —2,  to 
set  down. 


JVofe.  The  RoIe-of-Three,  or  Rule  of  Proportion,  is  per- 
formed by  adding  the  logarithms  of  the  2d  and  3d  terms, 
and  subtracting  that  of  the  first  term  from  their  sum.  In- 
stances  will  occur  in  Plain  Trigonometry. 


4.  Todivide-7438by  12*9476. 

Numbers.       Logs. 
Divid.     -7438     -1-871456 
Divisor  12-9476    1-112189 


Quot.     -057447  -2-759267 


INVOLUTION  BT  LOGARITHMS. 

BULB. 

Takb  out  the  logarithm  of  the  given  number  from  the  ta- 
ble.  Multiply  the  logarithm  thus  found,  by  the  index  of  the 
power  proposed.  Find  the  number  answering  to  the  prodpct, 
and  it  will  be  the  power  required. 

iVble.  In  multiplying  a  logarithm  with  a  negative  index, 
by  an  affirmative  number,  the  product  will  be  negative.  But 
what  is  to  be  carried  from  the  decimal  part  of  the  logarithm, 
will  always  be  affirmative.  And  therefore  their  difference 
will  be  the  index  of  the  product,  and  is  always  to  be  made 
of  the  same  kind  with  the  greater. 


BXAHPLBS. 


1.  To  square  the  number 
2-6791. 
Numb.  Log. 

Root  2-5791  -    .    0-411466 
The  index    -    •    2 


Power  6*65174       0-822936 


2:  To  find  the  cube  of 
307146. 
Numb.  Log. 

Root  3-07146  -    .  0-487345 
The  index    -    -    3 


Power  28-9758        1  -462035 
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3.  To  raise  -09163  to  the 
4th  power. 
Namb.  J^g- 

Root  •OOIOS         —2-962038 
The  index    -    -    4 


Pow.  •000070494r-5-848152 


Here  4  times  the  negative 
index  being  — 8>  and  3  to 
carry,  the  difference  —  5  is 
the  index  of  the  product. 


4.  To  raise  1*0045  to  the 
365th  power. 
Numb.  Log. 

Root  1-0045  .    -    0-001950 
The  index    - 


9750 
11700 
5850 


Power  5-14932       0-711750 


EVOLUTION  BY  LOGARITHMS. 

Takb  the  log.  of  the  given  number  out  of  the  table. 
Divide  the  log.  thus  found  by  the  index  of  the  root.     Then 
the  number  answering  to  the  quotient  will  be  the  root. 

Ncte*  When  the  index  of  the  logarithm)  to  be  divided 
is  negative,  and  does  not  exactly  contain  the  divisor,  without 
some  remainder,  increase  the  index  by  such  a  number  as 
will  make  it  exactly  divisible  by  the  index,  carrying  the  unite 
borrowed,  as  so  many  tens,  to  the  leA-hand  place  of  the  deci- 
mal, and  then  divide  as  in  whole  numbers. 


EXA.MPLB8. 


1.  To  find  the  square  root  of 

365. 

Numb.  Log. 

Power        365  2)  2-562293 

Root  19-10496       1-281146} 


3.  To  find  the  10th  root  of 

2. 

Numb.  Log. 

Pow^r  2     -      10)  0*301030 

Root  1-071773        0-030103 


2.  To  find  the  3d  root  of 
12345. 
Numb.            Log. 
Power     12345  3)4-091491 
Root   231116       1- 


4.  To  find  the  365th  root  of 
1-045. 
Numb.  Log. 

Power  1-045  365)  0019116 
Root    1-000121    0-000052} 
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6.  To  find  v' 
Numb.  Log. 

Power  -093  2)  —2-968483 
Root  -304959   —  1-48424H 


con- 


JSere  the  divisor  2  is 
tained  exactly  once  in  the  pe- 
fative  index  — 2,  and  there- 
fore the  index  of  the  quotient 
is  —  I. 


6.  To  find  the  V  :00048- 
Numb.  Log. 

Power  -00048  3)— 4-681241 
Root     -0782973  —2-893747 

Here  the  divisor  S,  not  being  euctlj 
contained  in  —4,  it  is  Aagmented  b>  S, 
to  make  up  6,  in  which  the  divieor  ii 
contained  jast  i  times;  then  the  2, 
thus  borrowed,  being  carried  to  the  de- 
cimal figure  6,  makes  S6,Nnrhich  divid- 
ed by  d,  gives  8,  d&c. 


7.  To  find  3-1416  X  82  X  H- 

8.  To  find  -02916  X  751-3  X  ..fr 

9.  As  7241  :  3-58  :  :  20-46  :  t 
10.  As  v^24  :  y/H  : :  6  927  :  f 


Voul. 


22 
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DEFINITIONS  AND  NOTATION. 

I.  A1.6SBRA  18  tke  science  of  investigation  by  means  of 
■yinbols.  It  is  sometimes  also  called  Analysis;  and  is  a 
general  kind  of  arithmetic,  or  universal  way  .of  computa- 
tion. 

2*  In  this  science,  quantities  of  all  kinds  are  represented 
by  the  letters  of  the  alphabet.  And  the  operations  to  be 
performed  with  them,  as  addition  or  subtraction,  dtc.  are  de- 
noted by  certain  simple  characters,  instead  of  being  express- 
ed by  words  at  length* 

3.  In  algebraical  inquiries,  some  quantities  are  known  or 

E'ven,  viz,  those  whose  values  are  known  :  and  others  un- 
lown,  or  are  to  be  found  out,  viz.  those  whose  values  are 
not  known.  The  former  of  these  are  represented  by  the 
leading  letters  of  the  alphabet,  a,  5,  c,  d,  6lc^  ;  and  the  latter^ 
or  unluiown  quantities,  by  the  final  letters,  Zy  y,  «,  «,  dec 

4.  The  characters  used  to  denote  the  operations,  are 
chiefly  the  following : 

-)-     signifies  addition,  and  is  named  pZtu. 

—    signifies  subtraction,  and  is  named  nmntf. 

X     or  •  signifies  multiplication,  and  is  named  inU^ 

•f*     signifles  division,  and  is  named  hy. 

^  signifies  the  square  root ;  V  ^he  cube  root ;  \/  the 
4th  root,  ^.  ;  and  1^  the  nth  root. 

:  : :  :    signifies  proportion. 

^    signifies  equality,  and  is  named  eqmH  Uf* 

And  so  on  for  other  operations. 

Thus  a  +  ^  denotes  that  the  number  represented  by  d  is 
to  be  added  to  that  represented  by  a« 

a  —  ^  denotes  that  the  number  represented  by  h  is  to  be 
subtracted  from  that  represented  by  a. 

a^h  denotes  the  difference  of  a  and  5,  when  it  is  not 
known  which  is  the  greater. 
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mbfOta  X  by  or  a  .  b,  expresses  the  product,  by  multipli. 
cation  of  the  numbers  represented  by  a  and  1^. 

a  -7*  &|  or  Yy  denotes,  that  the  number  represented  by  a 

is  to  be  divided  by  that  which  is  expressed  by  b. 

'aib'i  ic  idy  signifies  that  a  is  in  the  same  proportion  to 
hyBac'iBiod. 

X  xs^  a  ^  b  +  c  IB  tai  equation,  expressing  that  x  is  equal 
to  the  difference  of  a  and  b,  added  to  the  quantity  c. 

^  cty  or  afly  denotes  the  square  root  of  a ;  ^a,  or  a',  the 

cube  root  of  a ;  and  i^a^  or  a^  theoube  rootof  the  square  of  a.; 

1  n 

also  !;/a,  or  a"**  is  the  nth  root  of  a ;  an<f  *!ya^  or  a"*  is  the 

nth  power  of  the  mth  root  of  «r,  or  it  is  a  to  the  —  power. 

m 

*€?  denotes  the  square  of  a  ;  of*  the  cube  of  o ;  a*  the  Cnirth 
jwwer  of  a  ;  and  a"  the  nth  power  of  a. 

a  +  b%  Cyor  {a  +  b)  Cy  denotes  the  product  of  ihe  com- 
pound quantity  a  +  ^  multiplied  by  the  simple  quantity  c. 

iJsing  the  bar ,  or  the  parenthesis  (  )  as  a  vinculum,  to 

connect  several  simple  quantities  into  one  compound. 

— —       —      n  ^-  ^ 

a  +  6  -T-  a  —  &,  or r*  expressed  like  a  fraction,  means 

^e  quotient  of  a  +  6  divided  by  a— ft. 

^ab  +  cdi  or  {ab-{'cdyy  is  the  square  root  of  the  com- 
pound quantity  ab-^rcd*  And  c  ^ ab  +  cdyOt c  {qb  +  cd)^y 
denotes  the  product  of  c  into  the  square  root  of  the  com- 
pound quantity  ab  +  cd, 

a  +  6  —  c*,  or  (a  +  6  —  c)^  denotes  the  cube,  or  third 
-power,  of  the  compound  quantity  a  +  b  ^  c. 

3a  denotes  that  the  quantity  a  is  to  be  taken  3  times,  and 
4(a  -|-^)  is  4  times  a-^rb*  And  these  numbers,  3  or  4, 
«howing  how  often  the  quantities  are  to  be  taken,  or  multi* 
plied,  are  called  Co-efficients.  ^ 

Also  Ix  denotes  that  x  is  multiplied  by  | ;  thus  j  Xob  or  for. 

5.  Like  quantities,  are  those  which  consist  of  the  same 
letters,  and  powers.  As  a  and  3a ;  or  2ab  and  4cab ;  or  ^bc 
'and  ^ba?be, 

6.  Unlike  -Quantities,  are  those  which  consist  of  different 
letters,  or  different  powers.  As  a  and  6  ;  or  2a  and  a" ;  or 
3ay  and  3a6c. 

7.  Simple  Quantities  are  those  which  consist  of  one  term 
only*    As  8a,  or  5aiv  or  6a^« 
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8«  Compound  Quantities  are  those  which  consist  of  two  oi 
more  terms.'  As  a+6,  or  2a— 3c,  or  a+2b^  Sc^ 

9.  And  when  the  compound  quantity  consists  of  two  terms, 
it  is  called  a  Binomial,  as  a+b  ;  when  of  three  terms,  it  is  a 
Trinomial,  as  a+2b  —  3c  ;  when  of  four  terms,  a  Quadrino^ 
mial,  as  2a — 36+c— 4d ;  and  so  on.  Also  a  Multinomial  or 
Polynomial,  consists  of  many  terms. 

10.  A  Residual  Quantity,  is  a  binomial  having  one  of  the 
terms  negative.     As  a— 2&. 

11.  Positive  or  affirmative  Quantities,  are  those  which  are 
to  be  added,  or  have  the  sign  +•  As  a  or  +  a,  or  a6 :  for 
when  a  quantity  is  found  without  a  sign,  it  is  understood  to 
be  positive,  or  havj  the  sign  +  prefixed. 

12.  Negative  Quantities,  are  those  which  are  to  be  sub- 
tracted.    As  —a,  or  — 2a&,  or  SabK 

13.  Like  Signs,  are  either  all  positive  (  +  )>  or  all  nega- 
tive  (  -  ). 

14.  Unlike^Signs,  are  when  some  are  positive  (  +  ),  and 
others  negative  (  —  ). 

15.  The  Co-efficient  of  any  quantity,  as  shown  above*  is 
the  number  prefixed  to  it.     As  3,  in  the  quantity  2ah. 

16.  The  power  of  a  quantity  (a),  is  its  square  (a*),  or  cube 
(a*),  or  biquadrate  (a*),  &c. ;  called  also,  the  2d  power,  or 
Sd  power,  or  4th  power,  &c. 

17.  The  Index  or  Exponent,  is  the  number  which  denotes 
the  power  or  root  of  a  quantity.  So  2  is  the  exponent  of 
the  square  or  second  power  o^ ;  and  3  is  the  index  of  the 

auKa  nr  3d  power ;  and  ^  is  the  index  of  the  square  root,  a' 
uid  I  is  the  index  of  the  cube  root,  aS  or  ^a. 
Rational  Quantity,  is  that  which  has  no  radical  sign 
dex  annexed  to  it.  As  a,  or  Sab, 
I  Irrational  Quantity,  or  Surd,  is  that  of  which  the 
inot  be  accurately  expressed  in  numbers,  as  the 
ot  of  2,  3,  5.     Surds  are  commonly  expressed  by 

the  radical  sign  ^ :  ^  ^/2,  or  y/'a,  or  -J/a",  or  ah*\ 
le  Reciprocal  of  any  quantity,  is  that  quantity  in- 
r  unity  divided  by  it.     So,  the  reciprocal  of  a,  or 

e  reciprocal  of  ^  is  -,  that  of  — ; —  is ^. 

0     a  x+y         a 

le  letters  by  which  any  simple  quantity  is  expressed, 
anged  according  to  any  order  at  pleasure.  So  the 
f  a  and  b,  may  be  either  expressed  by  abyOtba; 
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and  the  product  of  a,  by  and  c,  by  either  o&c,  or  acb^  or  ftoc, 
or  ftco,  or  cabf  or  c^ ;  as  it  matters  not  which  quantities  are 
placed  or  multiplied  first.  But  it  will  be  sometimes  found 
convenient,  in  long  operations,  to  place  the  several  letters 
according  to  their  order  in  the  alphabet,  as  abe^  which  order 
also  occurs  most  easily  or  naturally  to  the  mind* 

22.  Likewise,  the  several  members,  or  terms,  of  which  a 
compound  quantity  is  composed,  may  be  disposed  in  any 
order  at  pleasure,  without  altering  the  value  of  the  significa. 
tion  of  the  whole.  Thus,  Sa-^Ub-^iabe  may  also  be  writ, 
ten  da+iabe—'Zaby  or  4abe+3a^2ab,  or  — 2a&+aa+4ii6c, 
Sec  ;  for  all  these  represent  the  same  thmg,  namely,  the 
quantity  which  remains,  when  the  quantity  or  term  Ub  is 
subtracted  from  the  sum  of  the  terms  or  quantities  da  and 
4aftc.  But  it  is  most  usual  and  natural,  to  begin  with  a  po- 
sitive term,  and  with  the  first  letters  of  the  alphabet. 


80MB  EXAXPLBS  VOB  PSACTICB. 

In  finding  the  numeral  values  of  various  expresnons,  or  com* 
binations,  of  quantities. 

Supposing  a=6,  and  ^==5,  and  c=4,  and  d=l,  and  €=0. 
Then 

1.  WiUa»  +  3ad-.c«=:36  +  90-16=«110. 

2.  And  2a^-3«*6  +  c'=  432-640 +  64  =-44. 

3.  And  fl«x(a+6)-2aic  =  36X  11-240=156. 

5.  And  ^2ac+?or  {2ac  +  c")*=  ^^64  =  8. 

^'  ^^  2a-^{V+^)  -  12=7  -  y  -  '^^ 

8.  And  *^{6»-ac)+v'(24c+c»)=H-8=9. 

9.  And  ^bi'-.ae+  ^{riac+e')  =  ^(25-94  +  8)  =  3. 

10.  And  a'ft  +  e—d  =s  188. 

11.  And0a6-l(»'4-c=^34.    - 

12.  And^x<i==45. 

c 

18.  AndfL±*x|  =  18|. 
c         a 
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h  c  =  45. 

c 

—  X  c  =  0. 
c 

(6  — c)  X  (d  — e)  =  1. 

(a  +  6)  — (c  — d)  =  8. 

(a4.5)_c  — d  =  6. 

a^'cXd'-  144. 

acd  — d  =  23. 

a«e  +  b'e  +  <r=  1. 


v^a«  i-  6'  —  -v/a'  —  6«  =  4-4936249. 
3ac»  +  V«'  — ft'  =  292-497942. 
4a«  — Sav'a'— |a*=72. 


ADDITION. 


r,  in  Algebra,  is  the  connecting  the  qaantities 
their  proper  signs,  and  incorporating  or  uniting 
m  or  sum,  such  as  are  similar,  and  can  be  united. 
» —  2a  =  a  +  2i,  the  sum. 
of  addition  in  algebra,  may  be  divided  into  three 
f  when  the  quantities  are  like,  and  their  signs  like 
[^ond,  when  the  quantities  are  like,  but  their  signs 
id  the  third,  when  the  quantities  are  unlike, 
performed  as  follows*. 


»iis  on  which  these  operations  are  founded,  will  readily  ap- 
tle  reflection  on  the  nature  of  the  quantities  to  be  added, 
together.  For,  with  regard  to  the  first  example,  where 
are  3a  and  6a,  whatever  a  represents  in  the  one  term,  it 
[  the  same  thing  in  the  other;  so  that  3  times  anything 
le  same  thing,  collected  together,  must  needs  make  8  times 
is  if  a  denote  a  shilling ;  then  3a  Is  3  shillings,  and  6a  is  5 
their  sum  8  shillings.  In  like  manner,  — 2ab  and  —  lab^ 
my  thing,  and  —7  times  the  same  thing,  make  — 9  tines 
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CASE  I. 

When  the  QuantUies  are  Like^  and  have  Like  Sight, 

Add  the  co-efficients  together,  and  set  down  the  sum  ; 
after  which  set  the  common  letter  or  Ietters«of  the  lik^  quan- 
tities, and  prefix  the  common  sign  -(-  or  — .   • 

Thus,  3a  added  to  Ba,  makes  8a. 

And  — 2ah  added  to  — 7a6,  makes  — Qah. 

And  5a  +  76  added  to  7a  +  36,  makes  12a  +  106. 

OTHER  EXAMPLES  FOB  PRACTICE. 


3a 

—  2bx 

6a;y 

9a 

—  5bx 

26a?y 

5a 

—  46a? 

5bxy 

12a    . 

—  26a? 

bxy 

<t 

—  76a? 

2bxy 

2a 

—    bx 

61  xy 

32a 

—  226a? 

IQbxy^ 

4 

As  to  the  second  case,  in  which  the  quantities  are  like,  but  the  sign* 
unlike;  the  reason  of  its  operation  will  easily  appear,  bv  reflecting, 
that  addition  means  only  the  uniting  of  Quantities  together  by  means  of 
the  arithmetical  operations  denoted  by  their  signs  -j-  and  — ,  or  of  addi< 
tioD  and  subtraction ;  which  being  of  contrary  or  opposite  natures,  the 
one  coefficient  mast  be  subtracted  from  the  other,  to  obtain  the  Incor- 
porated or  united  mass. 

As  to  the  third  case,  where  the  quantities  are  unlike,  it  is  plain  that 
such  quantities  eannot  be  united  into  one,  or  otherwise  added,  than  by 
means  of  their  signs :  thus,  for  example,  if  a  be  supposed  to  represent 
a  crown,  and  b  a 'shilling;  then  the  sum  of  a  and  6  can  be  neither  2a 
nor  26,  that  is,  neither  2  crowns  nor  2  shillings,  but  only  1  crown  plus  1 
shilling,  that  is  a-f  6. 

In  this  rule,  the  word  addition  is  not  very  properly  used ;  being  much 
too  limited  to  express  the  operation  here  performed.  The  business  of 
this  operation  is  to  incorporate  into  one  mass,  or  algebraic  expression, 
different  algebraic  quantities,  as  far  as  an  actual  incorporation  or  union 
is  possible ;  and  to  retain  the  algebraic  marks  for  doing  it,  in  cases  where 
the  former  is  not  possible.  When  we  have  several  quantities,  some 
affirmative  and  some  negative ;  and  the  relation  of  these  quantities  can 
in  the  whole  or  in  part  be  discovered;  such  incorporation  of  two  or 
more  quantities  into  one,  b  plainly  effecfed  by  the  foregoing  rulet. 

It  may  seem  a  paradox,  that  what  is  called  addition  in  algebra,  should 
sometimes  mean  addition,  and  sometimes  subtraction.  But  the  para- 
dox wholly  arises  from  the  scantiness  of  the  name  given  to  the  alge- 
braic process;  from  employing  an  old  term  in  a  new  and  more  enlarged 
sense.  Instead  of  addition,  call  it  inoorporoHon,  or  unwn,  or  striking  a 
halancct  or  give  it  any  name  to  which  a  more  extensive  idea  may  be 
annexed,  than  that  which  is  usually  implied  by  the  word  addition :  and 
the  paradox  vanishes. 
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32 

3«»+5<(y 

2ac-~4y 

2z 

a'+xy 

4ax —  y 

4> 

2«»+4«y 

oc — Sjr 

z- 

&r«+2ey 

Sox — 5y 

6z 

4«'+3^ 

7«w— 2y 

Ife       •     lbj*+\bxy  19«r— 16y 


6*y 

—  12y» 

4a  — 4» 

14xy 

-  V 

5a  — 5* 

22xy 

-  ay" 

6a-   b 

17*y 

-  V 

Sa  — 26 

\\xif 

-    f 

2a— 7* 

*«jr 

-  zf 

8a—   b 

30-  18x^— 3xy  5xy-3x  +  Aab 

28-10x*-4xy  8jy— 4x  +  3a6 

14  -  14x*  -7xy  3xy — 6x  +  Sod 

10-16«^— 6ary  xy-2«  +    a* 

16- 20*^--  xy  4x9-  x  +  7a6 


€▲01  n. 

f  Ae  Qtuxntiiiu  are  amke^  hut  have  Unlike  Sigtu. 

the  affinnative  co-efficients  into  one  sum,  and  all 
ive  ones  into  another,  when  there  are  several  of  a 
len  subtract  the  less  sum,  or  the  less  eo-efficientt 
l^reater,  and  to  the  remainder  prefix  the  sign  of  the 
nd  subjoin  the  common  quantity  or  letters. 

5a  and  —  3a,  united^  make  +  2a. 
5a  and  -^  3a,  united,  make  —  2a. 
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—  5a 
+  4a     . 
+  6a 

—  3a 

+   a 

1                                  +3a 

—  30* 

—  5a« 

—  10a» 
+  10a» 
+  140* 

+  3a** 
+  4a*» 

—  8a*« 

—  6ax» 
+  5a** 

—  2a*' 

+   8«»  +  3y 

-  5«»  +  4y 

-  lear'+Sy 
+   3x»  — 7y 
+   2»»  — 2y 

-  8«»  +  ay 

1-4  f-l 

++I    1    1 

+  4aJ+   4 

—  4a6  +  ia 
+  7aft  — 14 
+   a6+  8 

—  5a6— 10 

+   axi 
+  5oa* 
-daxi 

+  10v'a« 

—  S^ax 

+     4^/07 

—  12^ax 

+  Sy  +  4a»* 
—  y— 6o«* 
+  4y  +  2a«* 
— 2y+'6a«* 

i 

1 
j 

CASE  m. 

When  the  Q^ioniiiies  art  Unlike. 

,  Haviho  collected  together  all  the  like  quantities^  as  in  the 
two  foregoing  cases,  set  down  those  that  are  unlike,  one  after 
another,  with  dieir  proper  signs. 


3xy 
2ax 

-6«y 
dax 

6xy-12x» 
-4*»  +   3a;y 

+4»»  -    2»y 
-3xy+    4x0 

4*y—  8x» 

23 

4ax-130  +  3x* 
5**+3a«  +  9x* 

7xy-4x*  +  90 
v'*  +  40    -6«» 

-2xy+8ax 
Vol.  I. 

7a*  +  8«»  +  7«y 
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9xy  I4ax-  2x=  9  +  lO^ax  —  5y 

^Ix'y  5ax  +  2xy  2x  +    7^xy  +  5y 

+3axy  Sy*  —  4ax  5y  +    3^/ax  —  4y 

— 4x^  3x«  +  26  10—   4^ax  +  4y 


43^  4^ar   _   8y  3a«+9  +  a^— 4 

—6x5^  2v^xy+14x  2a— 8+2a«— 8x 

+3fx  3x       +   2y  3x«  — 2a«+18  — 7 

— 71^^  —  9  +  3v/xy  —  12+a— 3x>  —  2y 


Add  a +6  and  3a  — 56  together. 
Add  5a— 8z  and  3a  — 4x  together. 
Add  6x-56+a+8to  — 5a— 4x+46  — 3. 
Add  a+26-3c-iO  to  36 -4a  +  5c  +  10  and  56- r. 
Add  a  4- 6  and  a— 6  together. 

Add  8a  +  6- 10  to  c -d-a  and  —4c  +  2a-36-7. 
Add  3a*+6»-c  to  2(i6-3a2+6c— 6. 
Add  a^+b'c^b*  to  a6«-a6c+6^ 

Add  9a-86  +  lOx -6d-7c  +  50  to  2x-3a--5c  +46  +6d 
-10. 


SUBTRACTION. 

Skt  down  in  one  line  the  drst  quantities  from  which  the 
htraction  is  to  be  made  ;  and  underneath  them  place  all  the 
ber  quantities  composing  the  subtrahend  ;  ranging  the  like 
lantities  under  each  other,  as  in  Addition. 
Then  change  all  the  signs  (+  and  — )  of  the  lower  line, 
conceive  them  to  be  changed  ;  after  which,  collect  all  the 
rms  together  as  in  the  cases  of  Addition*. 


*  ThM  rule  is  founded  on  the  eonsideration,  that  addition  and  sob- 
iction  are  opposite  to  each  other  in  their  nature  and  operation,  as  are 
b  sif  iis-f  And  — ,  by  which  they  are  expressed  and  represented.  So 
It,  since  to  nnite  a  negative  Quantity  with  a  positive  one  of  the  sanie 
no,  has  the  effact  of  diminisning  it,  or  subducting  an  equal  positive 
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EXAJIPLE8. 


From  7a'—  36        9a:>  -  4y  +  8 
Take  2a«— 86        6ar»+5y-.4 


8xy  — 3  +  6z—    y 
4xy  —  7-^6x  —  4y 


Rem.  4a«+56  3ar^9y+12        4xy  +  4  +  12x+3y 

•  — —  ___^-        __ ■    '^ ' 

From    Sxy  — 6  4^*  — 3y  — 4  _20-^6x— 5xy 

Take— 2apy  +  6  25^  +  2^  +  4     3xy  —  9a;  X  8  —  2oy 

Rem.    7xy— .12  2y8  — 5y— 8     — 28+3ar  — 8Ty+2ny' 

From    8x*y  +  «  5^/xy  +  2x^xy    7x«  +  2v/»- 18+36 

Take— 2jr«y  +  2  7  ^jcy  +  ^B— 2j:y     Qar"— 12     +  56+ x* 


Rem. 

Sxy  — 30 
7xy  — 60 

7x»  — 2(a+i) 
2*»  — 4(o+ft) 

3xy»  +aOo^(xy+10) 

From  o  +  6,  take  a  —  6. 
From  4a  +  4ft,  take  ft  +  a. 
From  4a  —  4ft,  take  3a  +  6ft. 
From  8a  —  12a;,  take  4a — 3x. 
From2a;  — 4a  — 26  +  5,  take  8  — 56+a  +  6ap. 
From3a  +  ft+c— J—  10,  take  c  +  2a  —  d. 
Ftom3a  +  ft  +  c  — d  — 10,  take  ft— 10  + 3a. 
From  2aft  +  ft"  —  4c  +  6c  — 6,  take  3a»  — c  +  bK 
From  o'  +  36*c  +  o6»—  a6c,  take  f  +  a6»— a6c. 
From  12a;  +  6o—  46  +40,  take  46  —  3a  +  4x  +  6<2-- 10. 
From  2x  —  3o  +  46  +  6c  — 60,  take  9a  +  a;+66  — 6c 
40^ 

From  6a  —46—  12c  +  12x,  take  2a  —  8a  +  46  —  5c. 


OM  from  itt  therefore  to  aubtract  a  positive  (which  is  the  opposite  of 
uniting  or  adding)  b  to  add  the  ecjaat  nerative  quantity.  In  like  man- 
ner, to  sobtnot  a  negative  quantity,  is  tne  same  in  enect  as  to  add  or 
unite  an  equal  positive  one.  So  that,  changing  the  sign  of  a  quantity 
from  +  to  — ,  or  from  —  to  +«  changes  its  nature  from  a  subductive 
quantity  to  an  additive  one ;  and  any  quantity  is  in  effect  subtracted,  by 
barely  changing  its  sign. 
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MULTIPLICATION. 


Tbia  consiato  of  several  cases,  according  as  the  factors  are 
simple  or  compound  quantities. 

CASS  I.     When  both  the  Factors  are  Simple  QuarUiiies. 

FiBST  multiply  the  co^efficients  of  the  two  terms  together, 
then  to  the  product  annex  all  the  letters  in  those  terms,  which 
will  give  the  whole  product  required. 

Notd^*  Like  signs,  in  the  factors,  produce  +f  and  unlike 
signs  — ,  in  the  products. 

EXAMPLES. 


lOa 
fib 

—  3a 

+  a* 

—  dab 

7o 
-4e 

—  6x 

—  4a 

aOab 

— 28ac 

+24ax 

*  That  thb  rule  for  the  sicos  Is  trae,  miy  be  thus  shown. 

1.  When  +  a  is  to  be  mvltipUed  by  +  c;  the  meaning  Is,  that  -fa  is 
to  be  taken  as  many  times  as  there  are  units  in  c ;  and  since  the  sum  of 
any  number  of  positive  terms  is  positive,  it  follows  that  -{-aX+c 
raikts  4-«. 

2.  When  two  quantities  are  to  be  multipliad  together,  the  result  will 
be  exactly  the  same,  in  whatever  order  they  are  placed ;  for  a  times  c 
is  the  same  as  c  times  a^  and  therefore,  when  ^  a  is  to  be  multipliea  by 
-{-;  ot+ehy  —  a:  this  is  the  same  thing  as  taking  —  a  as  many  times 
as  there  are  units  in  4-c ;  and  as  the  sum  of  any  number  of  negative 
terms  is  negative,  It  follows  that  — ax+^fOr  +  aX—c  make  or  pro- 
duce-—oc. 

3L  When  —  a  is  to  be  multiplied  by  —  c :  here  —  a  is  to  be  subtract- 
ed as  often  as  there  are  units  in  c:  but  subtracting  negatives  is  the  same 
thiog  as  adding  affirmatives,  by  the  demonstration  of  the  rule  for  sub- 
traction ;  consequently  the  product  is  e  times  a,  or  -\-ae. 

Otherwise.  Since  a  —  a  =  0,  therefore  (a — «}  X  —  « i«  also  =  0,  be- 
cause 0  multiplied  by  any  quantity,  is  still  but  0 ;  and  since  the  first 
term  of  the  product,  or  a  x  —  ^  i>  =  -^  oc,  by  the  second  case  ;  there- 
(ore  the  last  term  of  the  product,  or  —  a  X  —  ^^^  mast  be  -f-  oc,  to  make 
the  sum  =  0,  or  —  ds+«c  =  0;  that  is,  —  a  X  —  «  =  -f  «c. 

Other  demonstrations  upon  the  principles  of  proportion,  or  by  means 
of  geometrical  diagrams,  have  also  been  given  ;  but  the  above  may  suf- 
dee. 
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4ae 
-3ab 

Mvunnuc 

9Ac    - 
4x 

MV>V. 

Sxf 

+3x9 

—4 

-toy 
— «» 

—12Mc 

aoew 

+4«y 

—Sax 

4x 

— ax 
—6c 

— 5«y»  , 
— 50* 

178 


CA8EU. 

ITAeii  one  of  the  Factors  is  a  Compound  Quantity. 

Multiply  every  term  *  of  the  multiplicand,  or  Compound 
quantity,  separately,  by  the  multiplier,  as  in  the  former 
ease ;  placing  the  products  one  after  another,  with  the 
proper  signs ;  and  the  result  will  be  the  whole  product  re- 
quired. 

EXAXPLBS. 


5a  — 3e 
2a 

3ac  — 44 
3a 

2a«_3c+5 
he 

lOt^-Oae 

9tAs—l2ab 

2a'be-9be'  +  56c 

12x-2ae 
4a 

25c— 76 
-Ha 

4x  — 6+3a6 
2a6 

8c»  +  « 
4«> 

-4*» 

3o»  — ai»  — 66 
2ar' 
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CASE  111. 

When  both  the  Factor*  are  Compound  Q^ant^Hes  : 

Multiply  every  term  of  the  multiplier  by  every  term  of 

the  multiplicand  separately  ;  setting  down  the  products  one 

after  or  under  another,  with  their  proper  signs  ;  and  add  the 

several  lines  of  products  all  together  for  the  whole  product 

^  required. 

y 


a+b 
a+b 

3x+2y 
4x-5y 

2x'+xy-2y' 
3x— 3y 

a'+ab 
+ab+b' 

12x'+8xy 
I2x'—7xy-l0y' 

^+y 

x*+y3^ 

+y^+y' 

x'+2yx>+y' 

6x»+3**y-6xy» 
—6xi,—8xy'+&y' 

o='+2a6+6» 

a+b 
a-b 

a>+ab+b> 
a—b 

a'+ab 
-a6-ft' 

a'+a'b+ab' 
—a'b—ab'—b' 

rf"    •  -6» 

a?     *      ♦  — 6» 

Note,  In  the  multiplication  of  compound  quantities,  it  is 
the  best  way  to  set  them  down  in  order,  according  to  the 
powers  and  the  letters  of  the  alphabet.  And  in  the  actual 
operation,  begin  at  the  left-hand  side,  and  multiply  from  the 
left  hand  towards  the  right,  in  the  manner  that  we  write, 
which  is  contrary  to  the  way  of  multiplying  numbers.  But 
in  setting  down  the  several  products,  as  they  arise,  in  the 
second  and  following  lines,  range  them  under  the  like  terms 
in  the  lines  above,  when  there  are  such  like  quantities  ; 
which  is  the  easiest  way  for  adding  them  up  together. 

In  many  cases,  the  multiplication  of  compound  quantities 
is  only  to  be  performed  by  setting  them  down  one  after 
another,  each  within  or  under  a  vinculum,  with  a  sign  of 
multiplication  between  them.  As  {a  +  b)  X  (o  —  b)  X  3a6, 
ora  +6  .  tt— 6  .  3ab. 
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EXAMPLES  FOR  PRACTICE. 

1.  Multiply  lOflc  by  2a.  Ans.  20a'c. 

2.  Multiply  3o«  —  26  by  36.  Ans.  9a"&  —  66^ 

3.  Multiply  3a  +  26  by  3a  —  26.  Ans.  9a"  —  46«, 

4.  Multiply  x"  —  rry  +  jr*  by  X  +  y.  Ans.  r*  +  jr^. 

5.  Multiply  a^  +  o*6  +  ab^  +  6'  by  a  —  6.    Ans.  a*  —  6*. 

6.  Multiply  a"  +  a6  +  6"  by  a"—  a6  +  6«. 

7.  Multiply  3aj«  —  2a:y  +  5  by  x"  +  2xy  —  6. 

8.  Multiply  3a»  —  2ax  +  5r»  by  3a«  —  4ax  —  7a:*. 

9.  Multiply  3x'  +  2x"j^  +  3f  by  2x^  —  3xy  +  Stf'. 
10.  Multiply  a«  +  a6  +  6«  by  a  —  26. 


DIVISION. 


Division  in  Algebra,  like  that  in  numbers,  is  the  converse 
of  multiplication  ;  and  it  is  performed  like  that  of  numbers 
also,  by  beginning  at  the  left-hand  side,  and  dividing  all  the 
parts  of  the  dividend  by  the  divisor,  when  they  can  be  so 
divided  ;  or  else  by  setting  them  down  like  a  fraction,  the 
dividend  over  the  divisor,  and  then  abbreviating  the  fraction 
as  much  as  can  be  done.  This  may  naturally  be  distin- 
guished  into  the  following  particular  cases. 

CASE  I. 

When  tie  Dhoisor  and  Dividend  are  both  Simple  Quantities  : 

SsT  the  terms  both  down  as  in  division  of  numbers, 
either  the  divisor  before  the  dividend,  or  below  it,  like  the 
denominator  of  a  fraction.  Then  abbreviate  these  terms  as 
much  as  can  be  done,  by  cancelling  or  striking  out  all  the 
letters  that  are  common  to  them  both,  and  also  dividing 
the  one  co-efficient  by  the  other,  or  abbreviating  them  after 
the  manner  of  a  fraction,  by  dividing  them  by  their  common 
measure. 

Note,  Like  signs  in  the  two  factors  make  +  in  the  quo- 
tient ;  and  uidike  signs  make  — ;  the  same  as  in  multipli- 
cation*. 

•  Beca«ie  the  divisor  multiplied  by  the  quotient,  must  produce  the 
dividend.    Therefore, 
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1.  To  divide  6db  by  8a. 

Here  6ai  ^3a,  or  3a)  6ab  (or  ^  =2J. 

2.  Also  c  -r  c  =  -  =  1 ;  and  abx  -?•  Jaw  =  r~  ==  ~- 

3.  Divide  IGx*  by  8ar.  Ans.  2x. 

4.  Divide  12a*a*  by — Za^x.  Ans.  —  4x. 
6.  Divide  —  Ibaj^  by  3ay.  Ans.  ^  6y. 

6.  Divide  —  ISox^  by  —  Saxx.  Ans.  -5-=^. 


CASE.  n. 

When  (he  Dividend  is  a  Compound  QjuanUtyj  and  the  Divisor 
a  Simple  one, 

DrvxDE  every  term  of  the  dividend  by  the  divisor,  as  in 
the  former  case. 

EXAMPLES. 

2.  (lOoi  +  15<w)  ^  6b,  or  ^^^+^^°*  =  26  +  3i. 

da 

30a2— 4ftz 

3.  {a0az^49z)  ^  z,  or  =  30a-48. 

4.  Divide  6a&— 8ax  +  a  by  2a. 

6.  Divide  3x«  - 15  +  6x  +  6a  by  3x. 


1.  When  both  the  terms  are  -\-,  the  qaotient  must  be  -{- ;  became  -f- 
in  the  divisor  X  +  in  the  quotient,  produces  -|-  in  the  dividend. 

3.  When  the  terms  are  both  — ,  the  quotient  it  also  -\^ ;  because  — 
in  the  diirisor  X  -~  in  the  quotient,  produces  +  in  the  dividend. 

3.  When  one  term  is  -f  ^nd  the  other  — ,  the  quotient  must  be  — ; 
because  -f  in  the  divisor  X  —  in  the  quotient  produces  —  in  the  divi- 
dend,  or  —  in  the  divisor  X  H~  in  the  quotient  gives  —  in  the  dividend. 

So  that  the  rule  is  general ;  viz.  that  iilce  signs  give  +»  *od  unlike 
signs  give  — ,  in  the  quotient. 
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6.  Divide  6abe  +  I2abx  —  9a%  by  Sah. 

7.  Divide  10a"«  -  15««  -  25x  by  6ar, 

8.  Divide  15a'6c  -  15acar>  +  ^tP  by  —  5a0. 

9.  Divide  16a  +  Say  —  18^  by  21a. 
10.  Divide  -  2(W»6*  +  GOab^  by  -  6o6. 


CASE  m. 


When  the  Dhuor  and  Dividend  ar$  hoik  Compoimi 
Quantities, 

1.  Set  tbem  down  as  in  commoQ  diviqipn  of  aamberSy 
tbe  divisor  before  the  dividend,  with  a  smali'  curved  line  be- 
tween them,  and  range  the  terms  ^ccQirding  to  the  powers  of 
some  one  of  the  letters  in  both,  the  higher  powers  before  the 
lower. 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor,  as  in  the  "first  case,  and  del  the  result  in  the 
quotient. 

3.  Multiply  the  whole  divisor  by  the  teftn  thua  found,  and 
subtract  the  result  from  the  dividend. 

4.  To  this  remainder  bring  down  as  many  terms  of  the 
dividend  as  are  requisite  for  the  next  operation,  dividing  as 
before ;  and  so  on  to  the  end,  as  in  common  arithmetie. 

Nate.  If  the  divisor  be  not  "exactly  contained  in  the  divi- 
dend, the  quantity  which  remains  aAer  the  operation  is 
finished  may  be  placed  over  the  divisor,  like  a  vulgar  frac- 
tion, and  set  down  at  the  end  of  the  quotient  as  in  arith- 
metic. 


BXAMPLBS. 

a^b)a^'^2ub  +  V{a^b 
a'—  ^ 

-  a*  +  6' 

-  a6  +  ^ 
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«  ^^e)  a?  —  4a»c  +  4ac»  -  c^  _  (^3  ^  3^  ^  ^ 
a*  —  a'c 


-  3a>c  +  4ac» 
-3aV  +  34Jc» 


«  -  2)  o^  —  6a«  +  12o  -  8  (a»  -  4a  +  4 
a^-  2a» 


-4o» 

+    8a 

4a  ~ 
4a  - 

8 
8 

2jt* 

«  +  x)  a*  -  8x*  (o^  -  <^a?  +  aar»  --  x3 , 


a'^^aH  •     o  +  » 


— 

0'* 

— 

3** 

o'r' 

-3x« 

+  ax=' 

oV 

-ar'- 

8«* 

- 

.2a:« 

EXAMPLES  FOB  PRACTICE. 

1.  Divide  a'  +  4aar  +  4x*  by  a  +  2af.  Am.  a  +  2ar. 

2.  Divide  a»  -  3a««  +  2asf  -^  i^hya  ^  z. 

Ans.  a"  —  202  +  ^' 

3.  Divide  1  by  1  +  a.        Ans.  1  -  a  +  a^  —  a^  +  &c. 

4.  Divide  12x*  —  192  by  3«  -  6. 

Ans.  4a:3  +  8a»  +  l%x  +  32. 

5.  Divide  a«  -  6a^6  +  10o'6»  -  10a«A*  +  5a6*  -  6»  by 

a«  -  2a6  +  6».  Ans.  a»  -  3a«6  +  3a6*-  b\ 
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6.  IMvide  48!r»-  96a«"  -  64a^  +  I6O0'  by  ^z  -  So. 

7.  Divide  6«  —  3A  V  +  3»  V  —  «« by  6^  —  36»aj  +  3fc«" 

—  r». 
B.  Dhridetf'  —  x'^fcyn  —  x. 
9.  Divide  a'  4-  5o  x  +  5ax*  +x^\)ya  +  x. 

10,  Diride  «•  +  4a«6«  —  326*  by  a  +  25, 

1 1.  Divide  24fl*  —  6*  by  3a  —  26. 


;  ALGEBRAIC  FRACTIONS. 

Algsbhaic  Fbactions  have  the  8ame  names  and  rules  of 
operation,  as  numeral  fractions  in  common  arithmetic  ^  as 
eppecoB  ia  the  feilowiog  Rules  and  Cases* 

*  CASE  I*    . 

I  To  reduce  a  Mxed  Q^aniUy  to  an  Impraper  Fraction, 

>  MDLTiPi.r  the  integer  by  the  denominator  of  the  fraction, 

and  to  the  product  add  the  numerator,  or  connect  it  with 
its  proper  sign,  +  or  -^  ;  then  the  denominator  being  set 
nnder  this  sum,  will  give  the  improper  fraction  required. 

EXAMPLES. 

h 
1.  Reduce  3|,  and  a to  improper  fracUons. 

I  First.  Sj  =  (!Ji|±l  I  li+i  =  ^  the  Answer.    • 

t  And.«-5:  =  (^LMzi  =  ^fiZ*theAn8wer. 

X  X   i'  X 

f  5J.  Reduce  «  +  x  ^^^  ^ *^  improper  fractions. 

Fir«.  «  +  -f  =  i-^y-L  ^-^  the  Answer. 
And,  a  -f.^  =  ^£  +  l*  =  ?J^=:i^the  Aaswer, 
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3.  Redace  5f  to  an  improper  fractioo.  Ans.  y  • 

4.  Reduce  1 to  an  improper  fraction.    Ans,  --^ — . 

&  Reduce  2a to  an  improper  fraction. 

6.  Reduce  12  -)*  — ^ to  an  improper  fraction. 

7.  Reduce  «  H to  an  improper  fraction. 

8.  Reduce  4  +  2x —  to  an  improper  firaction. 


CASE  n. 

To  reduce  an  hnproper  FraUion  to  a  Whole  or  Mixed 
QuatOUy, 

DnrtDB  the  numerator  by  the  denominator,  for  the  inte- 
gral Dart ;  and  set  the  remainder,  if  any,  over  the  denomina- 
tor, for  the  fractional  part ;  the  two  joined  together  will  be 
the  mixed  quantity  required. 

EXAMPLES. 

1.  To  reduce  ^  and  — r to  mixed  quantities. 

First,  y  =  16  H-  8  =  5J,  the  answer  required. 

And, g =  (aft  -f  a")  H-  5  =  a  +  ^,     Answer. 

2ac da'        Sax  +  4x' 

2.  To  reduce and , to  mixed    quanti. 

c  a  +  x  ^  , 

ties. 

First,  =-!^ — —  =z  (2ac  —  Sa^  -r c-2a  —  ^—.  Answer. 
e  c 

And,?^^±^=(3ax+4x«)^(a+x)=«x+jj^    Ans. 

88         2ax 8x' 

ice  —  and to  mixed  quantities. 

8x" 

Ans.  6|,  and  2x . 

4a^  20^  +  25 

ce  -rr —  and -. —  to  whole  or  mixed  quan- 

2a  a — b 
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r    «   J         3««  — 3^        .2x^  —  2^^         ^,  .      , 

5.  Reduce , — ^  and ^  to  whole   or    mixed 

quaDtities. 

o  «  J        10a*  — 4a +  6  ^  .     ^ 

6.  Reduce ^ to  a  mixed  quantity. 

7.  Reduce  ^r-rr  t-^t^ ^ z  to  a  mixed  quantity. 

3a  ^  +  2a*  —  2a  —  4  ^         "^ 


CASE  m. 

To  reduce  Fractions  to  a  Common  Denommalor. 

Multiply  every  numerator,  separately,  by  all  the  deno- 
minators except  its  own,  for  the  new  numerators  ;  and  all  the 
denominators  together,  for  the  common  denominator. 

When  the  denominators  have  a  common  divisor,  it  will  be 
better,  instead  of  multiplying  by  the  whole  denominators,  to 
multiply  only  by  those  parts  which  arise  from  dividing  by 
the  common  divisor.  Observing  also  the  several  rules  and 
directions,  as  in  Fractions  in  the  Arithmetic. 

BXAMPLES. 

1.  Reduce  -  and  -  to  a  common  denominator. 

X  % 

Here  -  and  -  =^      and  — ,  by  multiplying  the  terms  of 
a:         z       rz         xz  ^  ^    o 

the  first  fraction  by  2,  and  the  terms  of  the  2d  by  ar. 

2.  Reduce  -,  ^t  &ncl  —  to  a  common  denominator. 

X  o  c 

Here  ?,  *j,  aBd  A  =  jL^,  g^,  uid  g.  by  multiplying  the 

terms  of  the  1st  fraction  by  be,  of  the  2d  by  cx^  and  of  the  3d 
by  bx, 

3.  Reduce  —  and — to  a  common  denominator. 

X         2c 

4ac      ,  36a; 

Ans.  JT—  and  =— • . 

2cx         2cx 

4.  Reduce  -r-  and  — ^ — to  a  common  denominator. 

6  2c 

,       4ac        ,  3ab+2b' 
Ans.^^,aiid— 5j;j-. 
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3duce  5-  and  --,  and  4a,  to  a  common  denominator. 

ox         AC 

y       .        10//C      ,96x      ^24cAc 
Ans.  ^ —  and  r—  and    „    ^ 

,        5      ,  3a       ,  ^.  ,   3tt       ^  ^ 

iduceg  and  —-  and  264-  -r-,  to  fractions  having  a  com^ 

.ominator.  Ans.  ^-  and  ^--,  and       ^^      . 

,        1      j2a»      ^2a«+6» 

iduce  -  and  -—  and  — --r-  to  a  common  denomina- 
te 4  a-^b 

^^®  7~^  ^°^  o"  ***^  ?r-  *®  a  common  denomtnator. 

4a^         3a         2a 


CASE  IV. 

d  the  greatest  common  Measure  of  the  Terms  <^  a 
Fraction. 

E  the  greater  term  by  the  less,  and  the  lAst  divisor 
ist  remainder,  and  so  on  till  nothing  remains  ;  then 
)r  last  used  will  be  the  common  measure  required  ; 
tame  as  in  common  numbers. 

te,  that  it  is  proper  to  range  the  quantities  accord- 
e  dimensions  of  some  letters,  as  is  shown  in  division. 
),  that  all  the  letters  or  figures  which  are  common 
erm  of  the  divisors,  must  be  thrown  out  of  them,  or 
de  them,  before  they  are  used  in  the  operation. 

EXAMPLES. 

*  l«_l_IL3 

find  the  greatest  common  measure  of  - — —  — ". 

ac^-|-6c' 
a6  +  6=)  ac^  +  be' 
or  a  +  6  )  ac''  +  hc^  (c* 
ae  +  bc" 


refore  the  greatest  common  measure  is  a  +  6. 

find  the  greatest  common  measure  of -5-7-^-7-— -r^. 

a'+2a6-|-a^ 
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or        a+     6)a='  +  2a6  +  6«(a  +  6 


ab  +  ¥ , 

Therefore  a +6  is  the  greatest  common  divisor. 

a'— 4 

3.  To  find  the  greatest  common  divisor  of  tx^t* 

Ads.  a  —  2. 

4.  To  find  the  greatest,  common  divisor  of  — j-  r^-. 

Ans.  cr*— -i?. 

a'x+  2aV+2<fr*+a;* 

5.  Find  the  greatest  com.  measure  of -— ^-j^,-— ^-^^ . 

CASE  v. 

To  reduce  a  Fraction  to  iU  lowest  Terms. 

Fiia>  the  greatest  common  measure,  as  in  the  last  pro- 
blem. Then  divide  both  the  terms  of  the  fraction  by  the  com- 
mon measure  thus  found,  and  it  will  reduce  it  to  its  lowest 
terms  at  once,  as  was  required.  Or  divide  the  terms  by  any 
quantity  which  it  may  appear  will  divide  them  both  as  in 
arithmetical  fractions. 

EXAMPLES. 

ab+h^ 
1.  Reduce  —tt-t-^  to  its  lowest  terms. 
ac*-f  oc" 

ab+b')  ac'+hi^ 

or    a+b)  ac'^bc^  {c" 

ac^-^bc" 


Here  ab+b^  is  divided  by  the  common  factor  6. 

Therefore  a  +  b  ia  the  greatest  common  measure,  and 

.  ,x  ab+b^     *     .     .    ^      . 
hence  a+by  -yithS^I^  '^  *"®  fraction  required. 

2.  To  reduce   , ,  ^,    .  ,,  to  its  least  terms. 
tr+'Ubc+lr 
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Here,  by  a  process  similar  to  that  of  Ex.  2,  Case  iv«y  we 
fiad  c  -^b  18  the  greatest  common  measure,  and  hence 

c  +  h)  -z — 5r, ri=  — rr-  ^  the  fraction  required. 

'  c'-|-2ac  t  o       c+D 

3.  Reduce  -= — rr-o  to  its  lowest  terms.       Ans.  — ttt-j-- 

4.  Reduce n  t^  >to  lowest  terms.  Ans.    .  ,  ,  ^> 

a — 0*  ir-r© 

a*— 5* 
6,  Reduce  -; — x  ,.  .  »  -^ — r-  to  its  lowest  terms. 

o    «  J  3a'+6a*c+3aV         .     , 

6.  Reduce   ,    .  o-rrr-.-T; — irr-r  to  its  lowest  terms. 


CASE  VI. 

To  add  Fractional  QuanfUies  together. 

If  the  fractions  have  a  common  denominator,  add  all  the 
numerators  together ;  then  under  their  sum  set  the  common 
denominator,  and  it  is  done. 

If  they  have  not  a  common  denominator,  reduce  them  to 
one,  and  then  add  them  as  before. 

EXAMPLES. 

1.  Let  -rr-  and  ---  be  given,  to  find  their  sum. 

o  4 

Here  3-+4-— J2"^12'*T2"        ^™  required. 

2.  Given  -r-,  — i  and  -^,  to  find  their  sum. 

0     c  a 

„        ^  A     ^    %     ^  ^acd      hbd  _.hcc^acd4'hhd+hi^ 
Here  y  +  ^  +  —^  —  ^  6^"*'  fcS  h^ 

the  sum  required. 

Sx*  2ax 

*  3.  Let  a  —  -^  and  b  +  —  be  added  together. 


*  In  the  addition  of  mixed  qaantities,  it  is  best  to  bring  the  fnirtirtiiel 
parts  only  to  a  common  denominator,  and  to  annex  their  sum  to  the  sain» 
of  the  integers,  with  the  proper  sign.  And  the  same  rule  may  be  ob- 
served for  mixed  qaantities  in  subtraotion  also. 

See,  also,  the  note  to  Addition  of  Fractions  in  the  Arithmetic 
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Here  a r-'^^  "^ =  a  — 

6  c 

.    .    ,    2abx-Bcx'    , 

=^  a  +  b  -\ , ,  the  sura  i 

be 

4tx         2x 

4.  Add  5-  and  ^  together* 

5.  Add  -^,  —  and  -=-  together. 

^     .,,  2a  — 3       .5a  . 

6.  Add  — 2 —  ^"^^  "o"  together. 

7.  Add2«+l±^to4a  +  ?^ 

o 

8.  Add  Soj  and  -.--  and  -7,,—  to 

4h  iib 

9.  Add  -T-,  and  —  and  —-- —  to 

4  5  7 

10.  Add2a,  and^and3  +  -|- 

o  b 

11.  Add  8a  +  ??  and 2a— 5^ 

4  o 


CASK  VII. 

To  subtract  one  Fractional  Qu» 

Reduce  the  fractions  to  a  cor 
addition,  if  they  have  not  a  commoj 

Subtract  the  numerators  from  eH< 
difference  set  the  common  denoir 
done. 

BXAMPLfS. 


1.  To  find  the  diflference  of  -^  a 

^  4 

„       8a       4a      21a      16a      5 
4        7        28        28       2 

2a  — 

2.  To  find  the  difference  of  —r- 

4r 
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2a— 6      3a -46      6a6— 3U      12ac  — I65r 


4€  Sb  I2bc  12^ 

-866  — 12ac+16te.  ,,     ,.^  .    , 
r-v- 18  the  dinerence  required* 

10a       4a 
Required  tbe  difference  of  -^  and  -^  • 

da 
Required  the  difierenee  of  6a  and  •—» 

Required  the  difference  of  -j-  and  -^ . 

Subtract  —  from  — ^- — . 

e  0 

Take  2a  —  ?^— from  4a  +  ?i 
c  c 


CASE  vin. 

7b  mniU^y  Fractianal  QuanUHes  together.    . 

XTiPLY  the  numerators  together  for  a  new  numerator^ 
le  denominators  for  a  new  denominator  *. 

BXAMPU59. 

a       2a 
Required  to  find  the  product  of  ^  and  — . 

8X5  =  40  =  20  **  P'"*'**  "'l'"'^- 


When  the  namerator  of  one  friction,  and  the  denominator  of 
ber,  can  be  divided  by  some  quantity,  which  is  conmon  tQ  hetb, 
»tleDts  maybe  used  instead  of  them. 

hen  a  fraction  is  to  be  multiplied  by  an  inteser,  the  product  is 
either  by  multiplying  the  numerator^  or  dividing  the  denomine- 
it;  and  if  the  inteeer  be  the  same  with  the  denominator,  the 
itor  may  be  taken  for  the  product. 
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S.  Req«ired  the  product  of  ^,  -r-,  and  — • 

aX8aX6c      18o»      Sa"  .  .    ^        .    , 

TxlxT  "-M  "  14  *•  P~^'«* "'"^ 

8.  Reqaired  the  product  of  -j-  and  aTX^* 

^^"^  rx(^+7r2^+U  *^  product  required, 

4.  Required  the  productof-^  and  7-. 

5.  Required  the  product  of  —  and  ^  • 

A    *w«  ^         StiHS         4ii6 

6.  To  multiply  -r-,  and  -^-»  and  -^  together, 

7.  Required  the  product  of  2a  +  -^  and  -r-* 

2a' 2('       4a*  +  2^ 

S.  Required  the  product  of  — ^ and A,  k'  * 

9.  Required  the  product  of  Sa,  and and  htxi* 


CA8B  UU 

Ti>  dioide  mie  I^raeikmal  Quaitfcfy  (yoNocAer. 

Divms  the  numerators  by  each  other,  and  the  deno* 
itttnators  by  each  other,  if  they  will  exactly  drvide,  IBut»  if 
not,  then  invert  the  terms  of  the  difisor,  and  multiply  by  it 
exactly  as  in  multiplication*. 


*  1.  If  tbe  fractions  to  be  divided  bare  a  Gommon  deaomioitor,  Uk9 
the  nnmerator  of  the  dhrldead  for  e  new  Bameiator,  nod  tbe  Bumemtor 
of  tbe  divisor  for  tbe  new  denominator. 

8.  When  a  fraction  is  to  be  divided  by  any  qnantity,  it  is  tbe  same 
thing  wbetber  tbe  numerator  be  divided  by  it,  or  the  (fonominator  mul- 
tiplied by  it 

3.  When  tbe  two  numerators,  or  tbe  two  denominators^  can  be  divi* 
^ed  by  some  common  qnantity.  let  that  be  dene,  and  the  qaotieats-ased 
iastead  ef  tbe  iiractloBs  first  prcqposed. 
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,  EXAMPLES. 

1.  Required  to  divide  ~  by ---. 

„a3aa,8        8a       2, 
Here5--g,=^X5^  =  ^  =  -thequoUeat. 

2.  Required  to  divide  -  -  by  — ;. 

„      3a       5c      3a      4d      IQad      dad    , 

"*"*  2ft  -^  id  =  26  '^  5^  =  r06^  =  Sic'  *^"  ^"*''""'*- 

__,...     2a+A  .     3«+26    „ 
3.Todmdeg--by__-.  Here, 

2a+6  ^  4a-f6        8a»+6a6  4-**  , 
8S-2i  ^3^+26  *  -9«>i:4i~**'  quotient  required. 

4.  To  divide  -rrri by-^ . . 

a'+ft'  ^  a+b 

Here    *^    v.  a+*_8a"X(a+6)  _  8a         . .      ^ 

quotient  required. 

5.  To  divide —by—. 

4    "^  12 

6.  To  divide^*' by  3x. 

o 

7.  To  divide  ?^i  by  ^. 

8.  To  divide  ^r by  - . 

9.  To  divide— by  I?. 

10.  Todivide??=*by^. 

4ca         oa 

11.  Divide -A«:=-^^  by  ^^'+-^^^^^^ 

2«''-4a6+2A>^  4a-46 


Digitized  by  VjOOQ IC 


189 


INVOLUTION. 

INVOLUTION  is  the  raising  of  powers  from  any  proposed 
root';  such  as  finding  the  square,  cuhe,  biquadrate,  fte.  of 
any  given  quantity.     The  method  is  as  follows. 

*  MCJI.TIPLT  the  root  or  given  quantity  by  itself,  as  iMny 
times  as  there  are  units  in  the  index  less  one,  and  the  last 
product  will  be  the  power  required.  Or,  in  literals,  mul- 
tiply the  index  of  the  root  by  the  index  of  the  power^  and 
the  result  will  be  the  power,  the  same  as  before. 

Noie.  When  the  sign  of  the  root  is  +,  all  the  powers  of 
it  will  be  +  ;  but  when  the  sign  is  — ,  all  the  even  powers 
will  be  +,  tind  all  the  odd  powers  — ;  as  is  evident  from  niuU 
tiplication. 

EXAMPLES. 


a,  the  root 

a',  the  mot 

a*  ae  square 

a*  =  square 

a' =  cube 

«•  =  cube 

a*  =  4ih  power 

a*  =  4th  power 

a'  =  6th  power 

a"=  5th  power 

dec.    ( 

dsc. 

—  Sot  the  root 

—    8a6*,  the  root 

+    4a*  =  square 

+     9a*6*  =  square 

—   8a' =.  cube 

_  27a'6«=cube 

+  16a*  =  4th  power 

+  8la*6«  =  4th  power 

—  8aa»  =  5ih  power 

— 243a'6"=  6th  power 

2ar' 

a 

—  -g^,  the  root 

^,  the  root 

-  4a«x* 

a' 

+   ggr  =  ^"^^^ 

^=  square 

8ai« 

a" 

— ;— 7—  =  cube 

TTT.  ^  cube 

21b' 

86* 

.    K:zV 

t? 

+  -gijr  4th  power 

166*  ^  ^'^"*^*« 

*  Any  power  of  (hf>  prodiict  of  two  or  more  qaantities,  if  equal  to 
the  mme  powf  r  of  encli  of  the  factors,  mulliplted  toj^eiher. 

And  any  power  of  a  fraction,  Is  eooal  to  the  Mme  power  of  the  na- 
neratbr,  divided  by  the  like  power  o(  the  denominator. 
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+  ax  +  <f 

*  +a 

x'  +  Zax'  4-  a"* 
+  ax'    +2«»x+a' 

x»  +  3ax»  +  8«'x  +  «' 

▲LOBBBA. 

root  x+a^Tooi 

x+a 


+  a*  square 


or  third  powers,  of  x  —  a  and  x  4-  a. 

EXAMPLES  FOR  PRACTICE. 

lired  the  cube  or  3d  power  or  Sa\ 
lired  the  4th  power  of  2a^b. 
lired  the  3d  power  of —  4a*6'. 

nd  the  biquadrate  of  — ^.^. 

lired  the  5lh  power  of  a  —  2x. 

nd  the  6th  power  of  2a*. 

c  Newton's  Rule/ot  raising  a  Binomial  to  any 
Power  whatever*. 

nd  the  Terms  without  the  Co-eficienis,    The  index 

,  or  leading  quantity,  begins  with  the  index  of  the 

er,  and  in  the  succeeding  terms  decreases  con- 

1,  in  every  term  to  the  last ;  and  in  the  2d  or 


era  or  roots  of  the  same  quantity,  are  multiplied  by  one 
adding  iheir  eiponents  ;  or  divided,  by  sabtractiDg  their 

as 
<aa  =a3'fa=r  as.    And  as -r-a»  or — =a3— a=:a, 

as 

i,  expressed  in  general  terms,  is  as  follows: 

-n .  a*-"'x+«  .  _  a»--«r*-fn.  -~ ■  -  a*-^'  Ac- 

-„.a«-ix-fn  .  ^?a»-?z?— n.  ^^r^^T^^a""-^^  Ac. 
»  3         3 

I  ram  of  the  co-efficients,  in  every  power,  it  eqoal  to  the 
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following  quantity,  the  indices  of  the  terms  are  0,  1,  2,  3,  4, 
&c.  increasing  always  by  1.  That  is,  the  first  term  will  con- 
tain only  the  1st  part  of  the  root  with  the  same  index,  or  of 
the  same  height  as  the  intended  power :  and  the  last  term  of 
the  series  will  contain  only  the  2d  part  of  the  given  root, 
when  raised  also  to  the  same  height  of  the  intended  power : 
but  all  the  other  or  intermediate  terms  will  contain  the  pro- 
ducts of  some  powers  uf  both  the  members  of  the  root,  in 
such  sort,  that  the  powers  or  indices  of  the  1st  or  leading 
member  will  always  decrease  by  1,  while  those  of  the  2d 
member  always  increase  by  1. 

2.  To  find  tJie  Coefficient,  The  first  co-efficient  is  al- 
ways 1,  and  the  -seconcT  is  the  same  as  the  index  of  the  in- 
tended  power  ;  to  find  the  3d  co-efficient,  multiply  that  of  the 
2d  term  by  the  index  of  the  leading  letter  in  the  same  term, 
and  divide  the  product  by  2  ;  and  so  on,  that  is,  multiply  the 
co-efficient  of  the  term  last  found  by  the  index  of  the  leading 
quantity  in  that  term,  and  divide  th^  product  by  the  number 
of  terms  to  that  place,  and  it  will  give  the  co*efficient  of  the 
term  next  following ;  which  rule  will  find  all  the  co-efficients> 
one  after  another. 

Nate»  The  whole  number  of  terms  will  be  1  more  than 
the  index  of  the  given  power  :  and  when  both  terms  of  the 
root  are  + ,  all  the  terms  of  the  power  will  be  +  ;  but  if  the 
second  term  be  — ,  all  the  odd  terms  will  be  + ,  and  all  the 
even  terms  — ,  which  causes  the  terms  to  be  +  and  —  alter- 
nately. Also  the  sum  of  the  two  indices,  in  each  term,  is 
always  the  same  number,  viz.  the  index  of  the  required 
power ;  and  counting  from  the  middle  of  the  series,  both 
ways,  or  towards  the  right  and  left,  the  indices  of  the  two 
terms  are  the  same  figures  at  equal  distances,  but  with  mutu- 
ally changed  places.  Moreover,  the  co-efficients  are  the 
same  numbers  at  equal  distances  from  the  middle  of  the  se- 
ries, towards  the  right  and  left ;  so  by  whateve;*  numbers 
they  increase  to  the  middle,  by  the  same  in  the  reverse  order 
they  decrease  to  the  end. 


namber  2,  when  raised  to  that  power.  Thas  l+l = 2  io  the  first  power ; 
l+24-l=4=2«in  the  square;  1+3  +  3  +  1  =8  =2Mn  the  cube, 
or  third  power :  and  so  on. 

A  trinomial  or  a  qnadrinomial  may  be  expanded  in  the  same  manner. 
Thus,  to  raise  a—  b  +  c  — rf  to  the  6th  power,  put  a  — 6  =  z,  c — d  =  z, 
and  raise  z  +  z  to  the  6tb  power;  after  which  substitute  for  the  powers 
of  z  and  y  their  corresponding  values  in  terms  of  4—  ^,  and  c— <i,  and 
their  powers  respectively. 
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BXA1IFLE8. 


1.  Let  a  +  xhe  involved  to  the  5th  power. 

The  terms  without  the   co-efficiency  by  the  1st  rule, 
will  be 

a^  a%  aV,  a'«\  ax*^  «*, 
and  the  ccefficients,  by  the  2d  rule,  will  be 
6X4   10X3   10X26X1 

or,  1, 5,    10,         10,  5,  1 ; 

Therefore  the  5th  power  oltogether  is 

a'  +  5a*x  +  lOaV  +  lOaV  +  5ax*  +  a^. 

But  it  is  best  to  set  down  both  the  co-efficients  and  the 
powers  of  the  letters  at  once,  in  one  line,  without  the  inter- 
mediate  lines  in  the  above  example,  as  in  the  example  here 
below.  The  operation  is  very  easily  efiected  by  performing 
the  division  first. 

2.  Let  a  —  a;  be  involved  to  the  6lh  power.  '  * 

The  terms  with  the  co-efficients  will  be 

a«  —  Oa'a?  +  16aV-20aV  +  15aV  —  6(w*  +  x*. 

3.  Required  the  4th  power  of  a  "-  a:. 

Ans.  a*  —  4a'x  +  6a»x«-.4ar»  +  ac*. 
And  thus  any  other  powers  may  be  set  down  at  once,  in 
the  same  manner,  which  is  the  best  way. 

4.  Involve  a  —  z  to  the  ninth  power ;  x  —  y  to  the  tenth 
power,  and  a  +  ^  *"  ^  ^o  the  fourth  power. 


EVOLUTION. 

EvoLunoir  is  the  rnverse  of  Involution,  being  the  method 
of  finding  the  square  root,  cube  root,  dec.  of  any  given  quan- 
tity, whether  simple  or  compound. 

CASS  I.     To  find  ike  Roots  of  Simple  Quantities. 

Extract  the  root  of  the  co-efficient,  for  the  numeral  part ; 
and  divide  the  index  of  the  letter  or  letters,  by  the  index  of 
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the  power,  and  it  will  give  the  root  of  the  literal  part ;  thea 
annex  this  to  the  former^  for  the  whole  root  sought'*'. 


EXAMPLES. 


1.  The  squai^e  root  of  4a^  is  2a, 

2.  The  cube  root  of  8a',  is  2a''  or  2a. 

3.  The  square  root  of  -v.  5-,  or  v^-t^-j  is^^&» 

4.  The  cube  root  of  —   ^^  ,-,  is  „  -  i/2a. 

6.  To  find  the  square  root  of  2a' b\  Ans.  a6'v'2. 

6.  To  find  the  cube  root  of  -  64a'b\  Ans.  -4a6«. 

7.  To  find  the  square  root  of  -5-=-.  Ans.  —  1/  - . 

OCT  c       oc 

8.  To  find  the  4th  root  of  ^Wb\  Ans.  ^ab^/b. 

9.  To  find  the  ^  root  of  —  32a*6".  Ans.  —  2ab^b. 


CASE  II. 

To  find  the  square  root  of  a  Compound  QuanHHf. 

This  is  performed  like  as  in  numbers,  thus  : 

1.  Range  ibe  quantities  according  to  the  dimensiottfi  of 
one  of  the  letters,  and  set  the  root  of  the  firM  term  in  the 
quotient. 

2.  Subtract  the  square  of  the  root,  thus  found,  from  the 
first  term,  and  bring  down  the  next  two  terms  to  the  re- 
mainder for  a  dividend  ;  and  take  double  the  root  for  a  di. 
visor. 


•  Any  evi»n  root  of  an  affirmative  quantity,  may  be  either  +  or  — : 
thus  the  square  root  of  -f  «*  w  either  +  a,  or  — a ;  because -f-«  X  + 
a  =  +  aa ,  and  —  a  X  —  a  =  -[-aa  also. 

But  an  odd  root  of  any  qaantitv  will  have  the  same  sign  as  the  quan- 
tity itself:  thus  the  cube  root  o(-f-a^  is  +^i  ^^^  ^^^  ^^^^  ^^^  of—  a* 
is --a;  for-|-oX4-flX+«=  +a',and  — oX  — «  X  —  •=  — «'. 

Any  even  root  of  a  negative  quantity  is  impossible ;  for  nttther  +  ' 
X  +  «,  nor  — «  X  —  tt  can  produce  —  na . 

Any  root  of  a  product  is  equal  to  the  like  root  o"  each  of  the  factors 
multiplied  together.    For  the  root  of  a  fraction,  take  the  root  of  the 
numerator,  and  the  root  of  the  denominator. 
Vol..  1.  26 


Digitized  by  VjOOQ IC 


IM  AL9BBRA. 

2*  Dnride  the  dhridend  by  the  divitory  and  annex  the  re* 
■ok  both  to  the  quotient  and  to  the  diviaor. 

4»  Multiply  the  divisory  thus  increased,  by  the  term  last 
aet  in  the  quotient,  and  subtract  the  product  from  the  divi- 
dend. 

And  so  on,  alirays  the  same,  as  in  common  arithmetic. 


aZAKFLES. 

!•  Extract  the  square  root  of  (;^—4a^h+ea*b*  —  4ii6H&^ 
tf«  —  40^6  +  6a>5s  —4ab*  +  ^Ma*  — 2a6  +  6«  the  root. 

Sa*—  2a6)  — 4a>6  +  6a'6< 
—  4a>6  +  4fl"6« 


2ii«  — 4a6  +  b^  2a»6«  — 4a6»  +  ^* 


2.  Find  the  root  of  K*  +  4a'5  +  10fl»6"  +  12a6'  +  96*. 
a*  +  40=6  +  10a»6»  +  12«6»  +  »i*  (a»  +  2a6  +  86«. 


2a>  +  2a&)  4a»6  +  10a"6* 
4^b+    4tW 


Wb^  +  12a6'  +  W 

8.  To  find  the  square  root  of  a*  +  ^o*  +  6a*  +  4a  +  1. 

Ans.  ««  +  2a  +  1. 

4.  Extract  the  square  root  of  a*-  2a'  +  ^T-a  +  j. 

Ans.  a"  —  a  +  J. 

5*  It  is  required  to  find  the  square  root  of  a*  —  ah. 

Ans.a-^-gj-j^-to:. 


CASE  in. 

Tojind  the  Roots  of  any  Powers  tn  general. 

Tms  is  also  done  like  the  same  roots  in  numbers,  thus  : 

Find  the  root  of  the  first  term,  and  set  it  in  the  quotient. 

-Subtract  its  power  from  that  term,  and  bring  down  the 

second  term  for  a  dividend.— InyoWe  the  root,  Jast  found,  to 

the  next  lower  power,  and  multiply  it  by  the  index  of  the 
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gtvttk  power,  for  a  divisor. — Divide  the  dividend  by  the  di- 
visor, and  set  the  quotient  as  the  next  term  of  the  root.-^ 
Involve  now  the  whole  root  to  the  power  to  be  extmeted  ; 
then  subtract  the  powet  thus  arising  from  the  given  power, 
and  divide  the  first  term  of  the  remainder  by  the  divisor  fim 
found  ;  and  so  on  till  the  whole  is  finished*. 

SZAXPI.E8. 

1.  To  find  the  square  root  of  a^— 3a^fr-f8aV--S«i'+^« 


2if)  —  2d^ 


4^  —  2d'h  +  €fV^{(aP—ahy 

2.  Find  the  cube  root  of  «•  -  W  +  2W-44a»  +  63<^— 

54a +  27. 
^  — 6a»  +  21ii*— 44a'  +  63a«— 64«  +  27(a»— 2a+a. 


2(^)—W 


^•—ea»+21tf«— 440^+630"— 64fl+27-  (<i^2a+8)». 


*  As  this  method,  in  high  powers,  may  he  thooght  too  IshorioiM,  it 
will  not  be  improper  to  observe,  that  the  roots  of  compoond  quantities 
may  sometimes  be  easily  discovered,  thus : 

Eitmct  the  roots  of  some  of  the  most  simple  terms,  and  oonneet 
them  together  by  the  sign  4-  or  » ,  as  may  be  indged  most  suitable  for 
the  purpose. — Involve  the  compoond  root,  tons  found,  to  the  proper 
power ;  then,  if  this  be  the  same  with  the  given  quantity,  H  Is  the  root 
required.— Bnt  if  it  be  found  to  differ  onlv  in  some  of  the  signs,  change 
them  from  -f-  to »,  or  from  » to  -f ,  till  its  power  agrees  with  the 
fhreo  one  throndiont. 

Thns,  in  the  5th  eiample,  the  root  8a  ^  86,  is  the  difihrenoe  of  the 
foots  of  the  first  and  last  terms ;  and  in  the  3d  example,  the  root 
a  —  6  +  s,  is  the  som  of  the  roots  of  the  -Ist,  4tht  and  0th  terms.  The 
same  may  also  be  observed  of  the  6th  eiamfdoy  where  the  root  Is  found 
iiom  (he  lint  and  last  terns. 
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8.  To  find  the  square  root  of  cf  ^2ab  +  2am  + 1^ — 
2te  +  «^.  Ans.  a  — b  +  m. 

4.  Find  the  cube  root  of  a"— 3a*  +  9a^  —  13a^  +  ISo"  ^ 
12a -f  8.  Aos.  a'— a  +  2. 

5.  Find  the  4th  root  of  81a'  —  216a^6  +  2iaa'6'  -  mob. 
+  166'.  Ans.  3a— 26. 

6.  Find  the  5th  root  of  a*  —  lOo*  +  40a»  —  80a»  +  80a 
«-  32.  Ans.  a  —  2. 

7.  Required  the  square  root  of  1  —  «■• 

8.  Required  the  cube  root  of  1  —  aP. 


SURDS. 


I 


SiTBDS  are  such  quantities  as  have  no  exact  root ;  and  are 
usually  expressed  by  fractional  indices,  or  by  means  of  the 

radical  sign  ^.     Thus,  3%  or  ^3,  denotes  the  square  root 

of  3  ;  and  2? ,  or  ^/2\  or  \/4,  the  cube  root  of  the  square  of 
2;  where  the  numerator  shows  the  power  to  which  the 
quantity  is  to  be  raised,  and  the  denominator  its  root* 

PROBLEM  I. 

To  reduce  a  Rational  QuantUy  to  the  Farm  of  a  Surd, 

Raise  the  given  quantity  to  the  power  denoted  by  the 
index  of  the  surd  ;  then  over  or  above  the  new  quantity  set 
the  radical  sign,  and  it  will  be  of  the  form  required. 

BXAHPLES. 

1.  To  reduce  4  to  the  form  of  the  square  root. 
First,  4'  =  4  X  4  =  16  ;  then  ^^  16  is  the  answer. 

2.  I'o  reduce  3a'  to  the  form  of  the  cube  root. 
First  3a«  X  3a*  =^  X  3a'  =  (Sa^^  =  27a«; 

then  l/QUa^  or  (27a*)*  is  the  answer. 

3.  Reduce  6  to  the  form  of  the  cube  root. 

Ans.  (216)*  or  %/216* 

4.  Reduce  iab  to  the  form  of  the  square  root 

Ans.  •*«**• 
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5.  Reduce  2  to  the  form  of  the  4th  root.  Ana.  (16)*. 

6.  Reduce  a'  to  the  form  of  the  5th  root* 

7.  Reduce  a  +  » to  the  form  of  the  square  root* 
8*  Reduce  a  —  «  to  the  form  of  the  cube  root. 

PROBLEM  n. 

To  reduce  QuantUiet  to  a  Common  Index. 

1.  Rbduos  the  indices  of  the  given  quantities  to  a  com- 
mon denorainator,  and  involve  each  of  them  to  the  power 
denoted  by  its  numerator;  then  1  set  over  the  common  do. 
nominator  will  form  the  common  index.     Or, 

2.  If  the  common  index  be  given,  divide  the  indices  of  the 
quantities  by  the  given  index,  and  the  quotients  will  be  the 
new  indices  for  those  quantities.  Then  over  the  said  quan* 
titles,  with  their  new  indices,  set  the  given  index,  and  they 
will  make  the  equivalent  quantities  sought. 

BXAMPLRS. 

1.  Reduce  3"  and  5^  to  a  common  index. 
Here  |  and  1  ^  W  &Q<1  A* 

Therefore  8 ^  and  6^^  =  (8')^^  and  (6»)^  =  V'  «"•  ^t/^ 

2.  Reduce  a?  and  6^  to  the  same  common  index  j. 
Here,  f  -f-  f  =  f  X  f  —  f  the  1st  index, 

and  ^  -h  ^  =  ^  X  f  =  }  the  2d  index. 

Therefore  (tf*)*  and  (6*)*,  or  y/t^  and  ^h*  are  the  quanti- 
ties. 

3.  Reduce  4'  and  5^  to  the  common  index  }. 

Ans.  (256^  and26*. 

4.  Reduce  a'  and  t*  to  the  common  index  }. 

Ans.  («•)*  and  {«*)*. 

5.  Reduce  t^  and  x^  to  the  same  radical  sign. 

Ans.  ^0*  and  y/x** 

6.  Reduce  (a  +  i)*  and  (a  —  xy  to  a  common  index. 

7.  Reduce  (a  +  by  and  (a  —  by  to  a  common  index. 
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PROBI.KM  III. 

To  reduce  Surds  to  more  Simple  Terms. 

Dim>B  the  surd,  if  possible,  into  two  factors,  one  of  which 
18  a  power  of  the  kind  that  accord^  with  the  root  sought ;  as 
a  complete  square,  if  it  be  a  square  root,  a  complete  cube^ 
if  it  be  a  cube  root ;  and  so  on.  3et  the  root  of  this  com- 
plete power  before  the  surd  expression  which  indicates  the 
root  of  the  other  factor  ;  and  the  quantity  is  reduced,  as  re- 
quired. 

If  the  surd  be  a  fraction,  the  reduction  is  effected  by  mul- 
tiplying both  its  numerator  and  denominator  by  some  number 
that  will  transform  the  denominator  into  a  complete  square^ 
cube,  ^c.  its  root  will  be  the  denominator  to  a  fraction  that 
will  stand  before  the  remaining  part,  or  surd.  See  Example 
3,  below. 

EXAMPLES. 

1.  To  reduce  ^32  to  simpler  terms. 

Here  v^32  =  v^(16X2)  =  ^^16  X  ^^2=4  X  ^2  =4  -/S. 

2.  To  reduce  ^320  to  simpler  terms. 

H/320  =^(64 X  5)  =  V64  X  ^6  =  4  X  V^  =^  4^5- 

3.  Reduce  v^i^}  to  simpler  terms. 

44_44_  /44  5\_  .4.115  _  2^66  _ 
As  ~  -^15:3  -  ^Ki^'^J  "  '^'15.15'  ""  ^1^  "" 

4.  Reduce  ^75  to  its  simplest  terms.  Ans.  6v^3. 

5.  Reduce  ^189  to  its  simplest  terms.  Ans.  3^7. 

6.  Reduce  V^VV  ^^  ^^^  simplest  terms.  Ans.  |V^10. 

7.  Reduce  y/75a'6  to  its  simplest  terms.  Ans.  5a^2b. 

Note.  There  are  other  cases  of  reducing  algebraic  surds 
to  simpler  forms,  that  are  practised  on  several  occasions  ; 
one  of  which,  on  account  of  its  simplicity  and  usefulness,  may 
be  here  noticed,  viz.  in  fractional  forms  having  coinpound 
surds  in  the  denominator,  multiply  both  numerator  and  de- 
nominator by  the  same  terms  of  the  denominator,  but  having 
one  sign  changed,  from  +  to  —  or  from  —  to  +,  which  will 
reduce  the  fraction  to  a  rational  denominator. 

Ex.  To  reduce  ^^-^,  multiply  it  by  ^It'^t  and  it 


becotaei  l?±*v:i5  =  8  +  2^15. 
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Alw,  to  reduce  ^^^^^ ;  multiply  it  by  ^{f-Z^g,  and 

66-7v^5      65-35v^3       18— 7v/8 
>t  becomes  -jg-_25  -  = Jq = 2 

And  the  same  method  may  easily  be  applied  to  examples  with 
three  or  more  surds. 

PROBLEM  IV. 

7b  add  Surd  QuaiUkies  together. 

1.  Bring  all  fractions  to  a  common  denominator,  and 
reduce  the  quantities  to  their  simplest  terms,  as  in  the  last 
problem.-7-2«  Reduce  also  such  quantities  as  have  unlike 
indices  to  other  equivalent  ones,  having  a  common  index. — 
8.  Thea  if  the  surd  part  be  the  same  in  them  all,  annex  it 
to  the  sum  of  the  rational  parts,  with  the  sign  of  muhiplica. 
tion,  and  it  will  give  the  total  sum  required. 

But  if  the  surd  part  be  not  the  same  in  all  the  quantities, 
they  can  only  be  added  by  the  signs  +  and  —  • 

SXAMPLBS. 

1.  Required  to  add  y^lS  and  v^32  together. 
Fir8l,V'18=v/(^X2)=3v'2;  and  v/'Si^  ^{16X2)^4^/2: 
Then,  3^+4v/2=(3+4)v^=7v^2=  sum  required. 

2.  It  is  required  to  add  ^^375,  and  V^^  together. 

First,  V376=(/(125X3)=5V3;andV192=e/(64x3)=4V8: 
Then,  ^i^  +  4^/8  =  (5+4)^3  =  ^\/3  =  sum  required. 

8.  Required  the  sum  of  ^^27  and  v^48.  Ans.  7^3. 

4.  Required  the  sum  of  %/50  and  v'72.         Ans.  11^^. 

6.  Required  the  sum  of  y^f  and  \/i^.  Ans.  tVv^^^* 

6.  Required  the  sum  of  ^56  and  V^^*  -^ti^*  ^V^* 

7.  Required  the  sum  of  yi  and  l/^  Ans.  j  V^. 

8.  Required  the  sum  of  3^a^6  and  dy^lOo^fr. 

PROBLEX  V. 

To  find  the  Difference  of  Surd  QuatUUies, 

Prbparb  the  quantities  the  same  way  as  in  the  last  rule ; 
then  subtract  the  rational  parts,  and  to  the  remainder  annex 
the  common  surd,  for  the  difference  of  the  surds  required. 
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But  if  the  quantities  have  do  common  surd,  thej  can  only 
be  subtracted  by  means  of  the  sign  —  • 

EXAMPLES. 

1.  To  find  the  difference  between  \/320  and  v^SO. 

First,  v/320=v(64X5)=8v/5;andy80=^(16X5)=:4v'5* 
Then,  Sy/5  —  4^5  =  4^5  the  difference  sought. 

2.  To  find  the  difference  between  V'l*^^^  and  ^54. 
First,V128^V'(^'<2)=:4y2;andJt/54  =  V(^7x2)=3V^ 
Then,  4»/2  -  3^2  =  ^2,  the  difference  required. 

3.  Required  the  difference  of  v^5  and  ^48.      Ans.  y/B. 

4.  Required  the  difference  of  i;/256  and  ^32.   Ans  2^4. 

5.  Required  the  difference  of  yj  and  v^i-        Ans.  ^y/S, 

6.  Find  the  difference  of  ^  J  and  y  j.  Ans.  |^x/6. 

7.  Required  the  difference  of  (/}  and  (/V-  An8.fy^5. 

8.  Find  the  difference  of  ^"^^40^^' and  y/Mf\ 

Ans.  v^(36»— 2a5)v/6. 

PSORLEM  VI. 

To  muIUply  Surd  Quantities  together* 

Reduce  the  surds  to  the  .same  index,  if  necessary ;  next 
multiply  the  rational  quantities  together,  and  the  surds  to- 
gether ;  then  annex  the  one  product  to  the  other  for  the 
whole  product  required  ;  which  may  be  reduced  to  more 
simple  terms  if  necessary. 

examples. 

1.  Required  to  find  the  product  of  4v/12  and  3^/2. 
Here,  4x3x  ^  12x^/2^  12v/(12y2)=12v^24=r2y(4x6) 
=  12x2Xv^6=24v/6,  the  product  required. 
2.- Required  to  multiply  i^^/j  by  |3/|, 

Here  JXJV*XVI=tVX VA=iVXWI=AX*XV  18 
=^y(/18,  the  product  required. 

3.  Required  the  product  of  3v^2  and  2v/8.  Ans.  24. 

4.  Required  the  product  of  i\/4  and  |i/12.    Ans.  ^^6. 

5.  To  find  the  product  of  f  v/f  and  V^v^J-  Ans.  fyy/lS. 

6.  Required  the  product  of  2V'14  and  3^4.  Ans.  12y7. 

7.  Required  the  product  of  2a^  and  a^.  Ans.  2a'* 

8.  Required  the  product  of  {a+by  and  (a+6)*. 
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9.  Required  the  product  o£2x+^b  and  2» «-  \/h. 
lO,-  Required  the  product  of  (a  4-2/6)*,  and  (a -2^/6)*- 

11.  Required  the  product  of  2x'^  and  3«'>* 

12.  Required  the  product  of  4x^  and  2ff». 

FSOBLEM  vn. 

To  dmde  one  Surd  QuanHty  by  amolher, 

RKSfUOs  the  surds  to  the  same  index,  if  necessary  ;  then 
take  the  quotient  of  the  rational  quantities,  and  annex  it  to 
the  quotient  of  the  surds,  and  it  will  give  the  whole  quotient 
required  ;  which  may  be  reduced  to  more  simple  terms  if 
requisite. 

EXAXPLBS. 

1.  Required  to  diiride  6  v^  90  by  Zy/S. 

Here 6 -f- 8 .  v'(96  ^  8)  ==  2^/12  =  2  •  (4X3) «  2  X  2v^8 
ss  4y^3,  the  quotient  required. 

2.  Required  to  divide  12^^80  by  3^5. 

Here  12^3=4,  and280^6  =  56  =  8X7«2».7; 
Therefore  4x2  X  V^  =  8^,  is  tlie  quotient  required; 

3.  Let  4^50  be  divided  by  2^/5.  Ans.  2v^l0. 

4.  Let  6  VIOO  be  divided  3^/5.  Ans;  2^^* 
5    Let  ^v^iV  ^  divided  by  |  y/\.  An8«j}y^5« 

6.  Let } VA  ^  divided  by  }^}.  Ans.  ^VV^- 

7.  Let  fv^a,  or  |a^,  be  divided  by  fa'.  Ans.  fa^. 

8.  Let  a'  be  divided  by  aS. 

9.  To  divide  3a*^  by  4a". 

PROBLEM  VIII. 


To  nwolve  or  rmae  Surd  QuantiHes  to  any  Power* 

Raise  both  the  rational  part  and  the  surd  part.  Or  multi- 
tiply  the  index  of  the  quantity  by  the  index  of  the  power  to 
which  it  is  to  be  raised,  and  to  the  result  annex  the  power  of 
the  rational  parts,  which  will  give  the  power  required. 

Vol.  I.  27 
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1.  Required  to  find  the  square  of  }a^. 
Fir8t,(f)»=  f  X  f  =  A>  and  («*)>  =  a*  X  2  =  a*  ss  «. 
Therefore,  Ha^Y  =  ^a^  is  the  square  required. 

2.  Required  to  find  the  square  of  ja'. 
First,  J  X  i  =  J,  and  (a^)«  =  a*  =  a Va  ; 
Therefore  (ja')'  =  ^a  \/a  is  the  square  required. 

3.  Required  to  find  the  cube  of  }^6  or  |  X  6". 

First,  (I)'  =  I  X  I  X  I  =  A,  and  (6^  =  6*  =  6v^6  ; 
Theref.  (1^/6)^  =  sV  X  6v6  =  V  ^^6,  the  cube  required. 

4.  Required  the  square  of  2^2.  Ans.  4{/4. 

5.  Required  the  cube  of  3',  or  v^S.  Ans.  3  ^^3. 

6.  Required  the  3d  power  of  |  \/3.  Ans.  |  v^* 

7.  Required  to  find  the  4th  power  of  ^y/2.  Ans.  {>• 

1 

8.  Required  to  find  the  mth  power  of  a\ 

9.  Required  to  find  the  square  of  2  +  \/3. 

PROBLEM  IX. 

To  evolve  or  extract  ike  Roots  of  Svfd  Quantities*. 

CTBAOT  both  the  rational  part  and  the  surd  part.     Or 
e  the  index  of  the  given  quantity  by  the  index  of  the 

*be  square  root  of  a  binomial  or  residual  surd,  a -{- b,  or  a -^  k^ 
>e  found  thus  :  Take  v«'—  ^  =  c ; 

the  square  root  of  4  +  ^VZ  »=  1  +  v3  • 
be  square  i*oot  of  6  — 2^/6  =  VS  —  1. 
f  the  cube,  or  any  higher  root,  no  general  role  is  known, 
r  ibore  on  the  subjeot  of  Surds,  see  BonyytMttk's  .^igehra,  the  8vo. 

n,  and  the  Elementary  Treotise  ofAbgtbra,  by  Mr.  J,  R,  Y^tmg. 
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root  to  be  extracted  ;  then  to  the  resalt  annex  the  root  of 
the  rational  part,  which  will  give  the  root  required. 

.  SXAMPLM. 

1.  Required  to  find  the  sqoare  root  of  16y0. 
First,  v'16  =  4p  and  (6^  =  6*  "^'=6^ 

theref.  (16  y  6)*  s=  4 . 6»  =  4|/C,  is  the  sq.  root  required. 

2.  Required  to  find  the  cube  root  of  ^  y^S. 

Firrt,  VA  =  J,  and  (•3)^  =3'-^^  =3*; 

tiieref.  (^V  ^3^'  =  } .  S*"  =  ^V^,  is  the  cube  root  required. 

3.  Required  the  square  root  of  6^.  Ans.  6^/6. 

4.  Required  the  cube  root  of  ja36.  Ans.  ^a^b. 

5.  Required  the  4lh  root  of  16a'.  Ans.  2y^a« 

6.  Required  to  ^aA  i:  e  mth  root  of  x^. 

7.  Required  the  square  root  of  a>  —  6a  ^b  +  9k 


ARITHMETICAL  PROPORTION  AND  PRO- 
GRESSION. 

0 

Abtvhbtical  PaoPOKTioN  is  the  relation  which  two 
quantities,  of  the  same  kind,  boar  to  each  other,  in  respect  to 
their  difierence. 

Fbur  quantities  are  said  to  be  in  Arithmetical  Proportion, 
when  the  difference  between  the  first  and  seconJ  isi  c4Uai  to 
the  differeaoe  between  the  third  and  fourth. 

Tlius,  3,  7,  12,  16,  and  a,  a  +  *»«><?  +  ^»  are  arith* 
netically  proportional. 

Arithmetical  Progression  is  when  a  series  of  quantities 
either  tnereaoe  or  decrease  by  the  eame  common  di^rence. 

Thus,  1,  8,  6, 7, 9,  11,  &c.  and  a,  a  +  6,  a  +  26,  a  +86, 
a  +  46,  a  +  56,  &c.  are  series  in  arithmetical  progression, 
whose  common  differences  are  2  aad  6. 

The  most  useful  pait  of  arithmetioa)  proportion  aad  pro. 
gression  has  been  exhft>ited  in  the  Arithmetic.  The  same 
may  be  giyen  algebrslciaiy,  thus :  . 
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Let  a  denote  the  least  tenn, 

%  the  greatest  term, 
d  the  common  difference, 
n  the  number  of  the  terms, 
and  8  the  sum  of  the  series; 
then  the  principal  properties  are  expressed  by  these  equa- 
tions, viz. 

1.  «   =  a  +  d .  (n  —  1) 

2.  a  =  z  —  <i .  (n  —  1) 

3.  ff   =  (a  -^  «)in> 

4.  «   =  (z  --  ^d  .  n--l)fi, 

5.  *   2=  (a  +  Jd  .  n  —  l)n. 

Moreover,  when  the  first  term  a  is  0  "or  nothing,  the 
theorems  become  z  =  d  (n  —  1) 
and  8  =  \zn. 

EXAMPLES  FOS  PRACTICE. 

1.  The  first  term  of  an  increasing  arithmetical  series  is  I, 
the  common  difference  2,  and  the  number  of  terms  21 ;  re- 
quired the  sum  of  the  series  ? 

First,  1  +  2  X  20  =  1  +  40  =  41,  is  the  last  term. 

1+41 
Then  — ^—  x  20  =  21  X  20  =  420,  the  sum  required. 

2.  The  first  term  of  a  decreasing  arithmetical  series  is  IdO, 
the  common  difference  3,  and  the  number  of  terms  67 ;  re- 
quired the  sum  of  the  series  ? 

First,  199  —  3  .  66  =  199  —  198  =  1,  is  the  last  term. 

199  -I-  1 
Then        ^        X  67  =  100  X  67  =  6700,  the  sum  re. 

quired. 

3.  To  find  the  sum  of  100  terms  of  the  natural  numbers 
1,  2,  3,  4,  5,  0,  dec.  And.  5050. 

4.  *  Required  the  sum  of  99  terms  of  the  odd  numbera 
1,  3,  ^,  7,  9,  dec.  Ans.  9601. 


•  The  sum  ofany  number  (i»)  of  terms  of  the  arithmetienl  teries  of 
odd  numbers  1,  3,  5,  7, 9,  dtc  is  equal  to  the  square  («>  )  of  that  nttOi> 
ber.    That  is, 
If  1,  3,  5,  7,  9,  &c.  be  the  numbers,  thi^n  will 
1^  2^  3',  4^  69,  be  the  sums  of  1, 2  3,  &c.  terms, 
Thin^  0  4- 1  =    1  or  P,  the  sum  of  1  term, 
1  4-  3  =    4  or  2i,  the  sum  of  3  terms, 
4  -j-  5  =    9  or  81,  the  sum  of  3  lerm^ 
9  4*  7  s  16  or  4>,  the  sum  of  4  terms,  &o. 
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'  5.  The  first  term  of  a  decreasing  arithmetical  series  is  10, 
the  common  difierence  i,  and  the  number  of  terms  21 ;  re- 
quired the  sum  of  the  series?  Ans.  140. 
6.  One  hundred  stones  being  placed  on  the  ground,  in  a 
straight  line,  a^  the  distance  of  2  yards  from  each  other  ; 
how  far  will  a  person  travel,  who  shall  bring  them  one  by 
one  to  a  basket,  which  is  placed  2  yards  from  the  first  stone? 

Ans.  11  miles  and  840  yards. 


APPLICATION  OF  ARITHMETICAL  PR06RES. 
SION. 

Qu.  I.  A  Tbxangvlab  Battalion  *  consists  of  thirty  ranks, 
in  which  the  first  rank  is  formed  of  one  man  only,  the  second 
of  3  ;  the  3d  of  5  ;  and  so  on :  Whjat  is  the  strength  of  such 
a  triangular  battalion  ?  Answer,  900  men. 

Qa.  II.  A  detachment  having  12  successive  days  to  march, 
with  orders  to  advance  the  first  day  only  2  leagues,  the 
second  3^,  and  so  on,  increasing  1^  league  each  day's  march : 
What  is  the  length  of  the  whole  march,  and  what  is  the  last 
day's  march  ? 

Answer,  the  last  day's  march  is  18|  leagues,  and  128 
leagues  is  the  length  of  the  whole  march. 

Qu.  in.  A  brigade  of  sappersf,  having  carried  on  15 
yards  of  sap  the   first  night,  the  second  only  13  yards,  and 

For,  by  the  Irt  theorem,  1 +2  (n  -  1)  =  1 +2fi -2  =  2«  -  1  S« 
the  last  term,  when  the  number  of  terms  is  n :  to  this  last  term  2«  —  I, 
add  the  first  term  1,  gives  2»t  the  sum  of  the  extremes,  or  n  hnlf  the  sum 
>  of  the  extremes ;  then,  by  the  3d  theorem,  n  y  n  =  ns  is  the  sum  of  all 
the  termsi  Hence  it  appf^ars,  in  general,  that  half  the  sum  of  the  extremes 
is  always  the  same  as  the  number  of  ihp  terms,  n ;  and  that  the  sum  of 
all  the  terms  is  the  same  as  the  square  of  the  same  number,  nt, 
s   See  more  on  Arithmetical  Propnnion  in  the  Arithmetic! 

*  By  triangular  battalion,  is  to  lie  understood,  a  body  of  troops  rangad 
in  the  form  of  a  triangle,  in  which  the  ranlcs  exceed  each  otner  by  an 
equal  number  of  men :  if  the  first  rank  consist  of  one  man  only,  and 
the  difference  between  the  ranks  be  al.«o  I,  then  its  form  is  that  of  an 
-equilateral  triangle;  and  when  the  difference  between  the  ranks  is 
nsore  than  1,  its  form  may  then  be  an  isosceles  or  scalene  trtanele. 
The  practice  of  forming  troops  in  this  order,  which  Is  now  laid  aside, 
was  formerly  held  in  greater  esteem  than  forming  them  in  a  solid  square, 
as  admitting  of  a  greati*r  front,  especially  when  the  troops  wore  to  make 
timpiy  a  stand  on  alt  sides. 

t  A  brigade  of  sapfiers  consists  generally  of  8  men,  divided  eqoally 
tato  two  parties.  While  one  of  these  parues  is  advancing  the  sap,  the 
ether  if  (iiniiihiogtba  gabions,  faacines,  and  other  Bsoettary  Inplaneots: 
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80  on,  decreastog  2  yards  every  night,  till  at  last  they  car* 
ried  on  in  one  night   only  3  yards  :    What  is  the  number  of 
nights  they  were  employed  ;  and  what  is  the  whole  length  of  ' 
the  sap. 

Answer,  they  were  employed  7  nights,  and  the  length  of 
the  whole  sap  was  63  yards. 

Qu.  IT.  A  number  of  gabions*  being  giverr  to  be  placed 
in  six  ranks,  one  above  the  other,  in  such  a  manner  as  that 
each  rank  exceeding  one  another  equally,  the  first  may  con- 
sist of  4  gabions,  and  the  last  of  9  :  WJ^at  is  the  number  of 
gabions  in  the  six  ranks ;  and  what  is  the  difference  between 
each  rank  ?  ^  ' 

Answer,  the  difference  between  (he  ranks  will  be  1,  and 
the  number  of  gabions  in  the  six  ranks  will  be  39.     • 

QtT.  V.  Two  detachments,  distant  from  each  other  37 
leagues,  and  both  designing  to  occupy  an  advantageous  post 
eqai>distant  from  each  other's  camp,  set  out  at  different 
times  ;  the  first  detachment  increasing  every  day's  march  1 
league  and  a  half,  and  the  second  detachment  increasing  each 
day's  march  2  leagues:  both  the  detachments  arrive  at  the 
same  time ;  the  first  after  5  days'  march,  and  the  second 
af\er  4  days'  march  :  What  is  the  number  of  leagues  marched 
by  each  detachment  each  day  ? 

The  progression  j\^  2^^,  3/^^,  5/^,  6i\,  answers  the  con- 
dktions  of  the  first  detachment  :  and  the  progressivm  If,  Sf, 
^h  '^h  AOBwers  the  condition  of  the  second  detachment. 


and  when  the  first  party  H  tired,  (he  second  takes  its  place,  and  so  on, 
till  each  man  in  (urn  has  been  at  the  bend  of  the  sap.  A  rap  is  a  small 
ditch,  between  3  and  4  feet  in  breadth  and  depth  ;  and  is  distinguished, 
from  (he  trench  by  its  brendih  only,  the  trench  having  between  10  and 
.15  feet  breadth.  As  an  encouragement  to  sappers,  the  pay  for  all  tha 
.  work  carried  on  by  the  whole  brigade  is  given  to  the  survivors. 

*  Gabions  are  baskets,  open  at  both  ends,  made  of  osier  twigs,  and 
of  a  cylindrical  form ;  those  made  use  of  at  the  trenches  are  2  feet 
wide,  and  about  3  feet  high  ;  which,  being  filled  with  earth,  serve  as  a 
shelter  from  the  enemy's  fire:  and  those  made  use  of  to  construct  bat- 
teries, are  generally  bighernnd  broader.  There  is  another  sort  of  gabioBy 
made  use  of  to  raise  a  low  parapet:  its  height  is  from  1  to  3  feet,  and  1 
foot  wide  at  top,  htii  somewhat  less  at  bottom,  to  give  room  for  plactnc 
the  muscle  of  a  firelock  between  them:  these  gabions  serve  instead  of 
^nd  bags.  A  laad  bag  Is  generally  made  to  contaio  about  a  oubic  foot 
of  earth. 


Digitized  by  CjOOQ IC 


PILIITG  OF  BALLS.  S07 


OP  COMPUTING  SHOT  OR  SHELLS  IH  A  FINISHED  FILE. 

Shot  and  Shells  are  genenjlly  piled  in  three  different 
Ibrms,  called  triangfular,  square,  or  ohiong  piles,  according 
as  tbeir  base  is  either  a  triuugle,  a  square,  or  a  rectangle. 

Fig.  1.      C  G  Fig.2 


H 
D 


ABCD,  fig.  1,  is  a  triangular  pile. 
BKOH,  fig.  2.  is  a  square  pile. 

E  A         Fig.  3. 


ABCDEF,  fig.  3,  is  an  oblong  pile. 

A  triangular  pile  is  formed  by  the  continual  laying  of  tri. 
angular  horizontal  courses  of  shot  one  above  another,  in 
such  a  manner,  as  that  the  sides  of  these  courses,  called  rows, 
decrease  by  unity  from  the  bottom  row  to  the  top  row,  which 
ends  always  in  1  shot. 

A  square  pile  is  formed  by  the  continual  laying  of  square 
horizontal  courses  of  shot  one  above  another,  in  such  a  man- 
ner,  as  that  the  sides  of  these  courses  decrease  by  unity  from 
the  bottom  to  the  top  row,  which  ends  also  in  1  shot. 

In  the  triangular  and  the  square  piles,  the  sides  or  faces 
being  equilateral  triangles,  the  shot  contained  in  those  faces 
form  an  arithmetical  progression,  having  for  first  term  unity, 
and  for  last  terra  and  number  of  terms,  the  shot  contained 
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in  the  bottom  row  ;  for  the  namber  of  horizontal  rows,  or 
the  t^umber  counted  on  one  of  the  angles  from  the  bottom  to 
the  top,  is  always  equal  to  those  counted  on  one  side  in  the 
bottom  :  the  sides  or  faces  in  either  the  trianguhir  or  square 
piles,  are  called  arithmetical  triangles  ;  and  the  numbers 
contained  in  these,  are  called  triangular  numbers  :  abc,  fig* 
1,  BFG,  fig.  2,  are  arithmetical  triangles. 

The  oblong  pile  may  be  conceived  as  formed  from  the 
square  pile  abcd  ;  to  one  side  or .  face  of  which,  as  ad,  a 
number  of  arithmetical  triangles  equal  to  the  face  have  been 
added  :  and  the  number  of  arithmetical  triangles  added  to 
the  square  pile,  by  means  of  which  the  oblong  pile  is  formed, 
is  always  one  less  than  the  shot  in  the  top  row  ;  or  which  is  the 
same,  equal  to  the  difference  between  the  bottom  row  of  the 
greater  side  and  that  of  the  lesser. 

Qv«  yi.  To  find  the  shot  in  the  triangular  pile  abcd,  fig. 
1,  the  bottom  row  ab  consisting  of  8  shot. 

Schaion*  The  proposed  pile  consisting  of  8  horizontal 
courses,  each  of  which  forms  an  equilateral  triangle  ;  that  is, 
the  shot  contained  in  these  being  in  an  arithmetical  progres- 
don,  of  which  the  first  and  last  term,  as  also  the  numl>er  of 
terms,  are  known  ;  it  follows,  that  the  sum  of  these  particu* 
lar  courses,  or  of  the  8  progressions,  ^ill  be  the  shot  con- 
tained in  the  proposed  pile  ;  then 

The  shot  of  the  first  or  low  it  > 

triangular  course  will  be       \      (8  +  l)X4    =^36 
the  second 
the  third 
the  fourth 
the  fifth 
the  sixth 
the  seventh 
the  eighth 


(7  +  1)  X  3i  =  28 
(6  +  1)  X  3  =21 
(5  +  1)  X  2J  =  15 
(4  +  1)  X  2  =  10 
(3+l)Xll=  6 
(2  +  1)  X  1  =  8 
(1  +  1)  X    i  =    1' 


Total        .        120  shot 
in  the  pile  proposed. 

Qu.  TU.  To  find  the  shot  of  the  square  pile  bfgh,  fig.  2, 
the  bottom  row  ef  consisting  of  8  shot. 

SdUOum.  The  bottom  row  containing  -8  shot,  and  the 
second  only  7 ;  that  is,  the  rows  forming  the  progression, 
8,  7,  6,  5,  4,  3,  2,  1,  in  which  each  of  the  terms  being  the 
square  root  of  the  shot  contained  in  each  separate  square 
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course  emplojred  in  fonning  the  sqaare  pile ;  it  follows,  that 
the  sum  of  the  squares  of  these  roots  will  be  the  shot  requir- 
ed ;  and  the  sum  of  the  squares  divided  by  8,  7,  6,  5,  4,  3, 
2, 1,  being  204,  expresses  the  shot  in  the  proposed  pile. 

Qv.  mu  To  find  the  shot  of  the  oblong  pile  abcdet,  fig. 
3  ;  in  which  bf  =  10>  and  bc  =  7. 

Sclutiim.    The  oblong  pile  proposed,  consisting  of  the 
square  pile  abcd,  whose  bottom  row-  is  7  shot ;  besides  9  • 
arithmetical  triangles  or  progressions,  in  which  the  first,  and 
last  term,  as  abo  the  number  of  terms,  are  known ;  it  Jbllows, 
that, 

if  to  the  contents  of  the  square  pile     •    -     140 
we  add  the  sum  of  the  9th  progression      -    252 

their  total  gives  the  contents  required  -    -     392  shot. 

HEMABKI. 

r 

The  shot  in  the  triangular  and  the  square  piles,  as  also 
the  shot  in  each  horizontal  course,  may  at  once  be  ascer- 
tained by  the  following  table :  the  vertical  column  a  con- 
tains the  shot  in  the  bottom  row,  from  1  to  40  inclusive ; 
the  column  b  contains  the  triangular  numbers,  or  number 
of  each  course ;  the  column  c  contains  the  sum  of  the  tri- 
angular numbers,  that  is,  the  shot  contained  in  a  triangular 
pile,  commonly  called  pyramidal  numbers;  the  column  i> 
contains  the  square  of  the  numbers  of  the  column  a,  that  is, 
the  shot  contained  in  each  square  horizontal  course ;  and 
the  column  s  contains  the  sum  of  these  squares  or  shot  in  a 
square  pile. 


Vol.  L  28 
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A 


E 


Pyramidal 

Triangular 

Natnral 

Squttaof 

(he  nfttdral 

SamorUMtt 

•qoara 

numbers. 

numbers 

numtiers. 

nttfnoen* 

Dombert. 

1 

1 

1 

1 

1     . 

4 

3 

2 

4 

5 

10 

6 

3 

9 

14 

20 

10 

4 

16 

30 

35 

15 

5 

25 

55 

56 

21 

6 

36 

91 

84 

28 

7 

49 

140 

120 

36 

8 

64 

204 

165 

45 

9 

81 

285 

220 

55 

10 

100 

385 

286 

66 

11 

121 

506 

364 

78 

12 

144 

650 

455 

91 

13 

169 

819 

560 

105 

14 

196 

1015 

680 

120 

15 

225 

1240 

816 

136 

16 

256 

1496 

969 

163 

17 

289 

1786 

1140 

171 

18 

324 

2109 

1330 

190 

19 

361 

2470 

1640 

210 

20 

400 

2870 

1771 

231 

21 

441 

3811 

2024 

253 

22 

484 

3795 

2300 

276 

23 

529 

4824 

2600 

300 

24 

576 

4900 

2925 

325 

26 

625 

5625 

3276 

351 

26 

676 

6201 

3654 

378 

27 

729 

6M0 

4060 

406 

28 

784 

7714 

4495 

435 

29 

841 

8555 

4960 

465 

30 

900 

9455 

5456 

496 

31 

961 

10416 

5984 

528 

32 

1024 

11440 

6545 

561 

33 

1089. 

12629 

7140 

595 

34 

1156 

13686 

7770 

630 

36 

1225 

14910 

8436 

666 

36 

1296 

16206 

9139 

703 

37 

1369 

17675 

9880 

741 

38 

1444 

19019 

10660 

780 

39 

1521 

20640 

11480 

820 

40 

1600 

22140 

Thus,  the  bottom  row  in  a  triangular  pile,  consisting  of  19 
shot,  the  contents  will  be  1380  ,*  and  when  of  19  in  the  square 
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pik,  S470.—- In  riie^  aame  maimer,  the  contents  either  of  a 
square  or  triangular  pile  being  given,  the  shot  in  the  bottom 
row  may  be  easily  ascertained* 

The  contents  of  any  oblong  pile  by  the  preceding  table 
may  be  also  with  little  trouble  aecertained,  the  less  side  not 
exceeding  40  shot,  nor  the  difference  between  the  less  and 
the  greater  side  40.  Thus,  to  find  the  shot  in  an  oblong  pile, 
the  less  side  being  15,  and  the  greater  35,  we  are  nrat  to 
find  the  contents  of  the  square  pile,  by  means  of  which  the 
^oblone  pile  may  be  conceived  to  be  formed ;  that  is,  we  are 
to  find  the  contents  of  a  square  pile,  whose  bottom  row  is 
15  shotr  which  being  1240,  we  are,  secondly,  to  add  these 
1240  to  the  product  2400  of  the  triangular  number  120, 
answering  to  15,  the  number  expressing  Uie  bottom  row  of 
the  arithmetical  triangle,  multiplied  by  20,  the  number  of 
those  triangles;  and  ueir  sum,  being  3640,  expresses  the 
number  of  2iot  in  the  proposed  oblong  pile. 


n. 

The  following  algebraical  expressions,  deduced  from  the 
investigations  of  the  sums  ot  the  powers  of  numbers  in 
arithmetical  progression,  which  are  seen  upon  many  gunners* 
callipers*,  serve  to  compute  with  ease  and  expedition  the  shot 
or  shells  in  any  pile. 
Tliat  serving  to  compute  any  triangular  >  (n+2)X(n+l)Xn . 

pile,  is  represented  by  $  6 

That  serving  to  compute  any  square    }  (n+l)X(2»+l)xn 
pile,  is  represented  by  j  5" 

In  each  of  these,  the  letter  n  represents  the  number  in  the 
bottom  row :  hence,  in  a  triangular  pile,  the  number  in  the 
bottom  row  being  30 ;  then  this  pile  will  be  (30+2)  X  (30+1) 
X  y  =  4900  shot  or  shells.  In  a  square  pile,  the  number 
in  tie  bottom  row  being  also  30 ;  then  this  pile  will  be 
(90  + 1)  X  (60  + 1)  X  V  ="  M^  •bot  or  shells. 


*  Ctnipen  si«  large  oooipasses,  with  bowed  ihanW,  lenring  to  teke 
the  dlemeiert  of  eoavei  and  eoneave  bodies.  The  gannen'  oailipen 
comiit  of  two  tfam  mlea  or  platei,  which  are  moveiible  aoite  roaed  e 
joint,  by  tlie  plates  folding  one  over  tlie  other :  the  lengta  of  each  rule 
or  plate  Is  6  iDches»  the  breadth  aboot  1  inch.  It  is  usual  to  renresent, 
oa  tbe  plates, «  variety  of  seales,  tables,  proportions,  Ac,  such  as  are 
esteemed  useful  to  be  known  by  persons  employed  about  artilleiy ;  but, 
except  the  measurfag  of  Ibe  oalHier  of  shot  and  cannon,  and  the  measu^ 
Ing  of  salient  and  re-enterinff  angles,  none  of  the  erticles,  with  wMch 
the  callipers  en  oraelly  ftlled,  an  essential  to  that  instrument.  * 
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That  serving  to  compute  any  oblong  pile,  is  represented  by 

^ ^ — i ^ ,  in  which  the  letter  n  denotes 

the  number  of  courses,  and  the  letter  m  the  number  of  shot, 
less  one,  in  the  top  row ;  hence,  in  an  oblong  pile  the  nudl- 
ber  of  courses  being  30,  and  the  top  row  31 ;  this  pile  will 
be  60  +  1+90  X  30+1  X  V  =  ^3405  shot  or  shells. 

BSUABK  m. 

One  practical  rule,  of  easy  recollection,  will  include  the 
three  cases  of  the  triangular,  square,  and  rectangular,  com- 
plete  piles. 

Thus,  recurring  to  the  diagrams  1,  2,  and  3,  we  shall 
have,  balls  in 

(bd  +  a  +  c)  X  ^BDo  =  triangular  pile. 
(jBF  +  BF  +  g)  X  ^GFH  =  square  pile. 
(bf  +  BF  +ae)  X  ^abc  =  rectangular  pile. 
Hence,  for  a  general  rule:  add  to  the  number  of  balls  or 
shells  in  one  side  of  the  base,  the  numbers  in  its  two  paral? 
lels  at  bottom  and  top  (whether  row  or  ball),  the  sum  being 
multiplied  by  a  third  of  the  slant  end  or  face,  gives  the 
number  in  the  pile. 


GEOMETRICAL  PROPORTION,  AND  PRO- 
6RESSI0N. 

Geoxetbioal  Pboportion  contemplates  the  relation  of 
quantities  considered  as  to  what  part  or  what  multiple  one 
is  of  another,  or  how  often  one  contains,  or  is  contained 
in,  another. — Of  two  quantities  compared  together,  the  firat 
is  called  the  Antecedent,  and  the  second  me  Consequent, 
Their  ratio  is  the  quotient  which  arises  from  dividing  the 
one  by  the  other. 

Four  Quantities  are  proportional,  Vhen  the  two  couplets 
have  equal  ratios,  or  when  the  first  is  the  same  part  or  mul- 
tiple of  the  second,  as  the  third  is  of  the  fourth.  Thus, 
3,  6,  4,  8,  and  a,  or,  5,  br,  are  geometrical  proportionals. 

—  =  -7-  =  r.  And  they  are  stated 


For  f  =  f  =  2,  and 


thus,  3  :  6  :  :  4  :  8,  dsc*    See  the  Arithmetic. 
Geometrical  Progression  is  one  in  which  the  terms  have 
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all  succesrivelyihe  same  ratio  ;  as  1, 2,  4,  8, 16,  d^c.  where 
the  common  ratio  is  2. 

The  general  and  common  property  of  a  geometrical  pro* 
gression  i%  that  the  product  of  any  two  terms,  or  the  square 
of  any  one  single  tenui  is  eqiud  to  the  product  of  every  other 
two  terms  that  are  tcicen  at  an  equal  cKstance  on  both  sides 
from  Uie  former.    So  of  these  terms, 

1,  2,  4,  8, 16,  82,  64,  d^c. 

lX64e2X32»4Xl6»8X8s:64. 

In  any  geometrical  progression,  if 
a  denote  the  least  term, 
z  the  greatest  term, 
r  the  common  ratio, 
n  the  number  of  Uie  terms, 
s  the  sum  of  the  series,  or  all  the  terms  ; 

then  any  of  these  quantities  may  be  found  from  the  others, 
by  means  of  these  general  values  or  equations,  viz. 


=  (t)= 


2.  «  >=  a  X  r^K 
8,  a  =  — J. 


1       — 
4.  II  r-  ^^    ^  -^^^g^  r  +  log,  a?  —  log,  a 
log.  r  log.  r 

6.  s= X  a=s rX— 3  = -. 

r  —  1  r  —  1     r^*      r  -  1 

When  the  series  is  infinite,  then  the  least  term  a  is  nothing, 

and  the  sum  «  =  — 7. 
r— 1 

In  any  increasing  geometrical  progression,  or  series  be* 
gmning  with  1,  the  8d,  5th,  7th,  dsc.  terms  will  be  squares ; 
uie  4th,  7th,  10th,  dec.  cubes  \  and  the  7th  will  be  both  a 
square  and  a  cube.  Thus,  in  the  series  1,  r,  r*,  r*,  r*,  r*, 
r*,  r*,  I*,  I*,  &c.  r",  f^,  1*,  1*,  are  squares ;  i^,  f*,  r*,  cubes  ; 
and  r*  both  a  sc|uare  and  a  cube. 

In  a  decreasmg  geometrical  progression,  the  ratio^  r,  is  a 

1— f* 
iraction,andthens=— — a.  Ifnbe  infinite,  this  becomes 

9  s  ^ —  •  a  being  the  first  term. 
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mrhen  ibur  quantities,  a,  or,  i,  hr,  or  2,  ©,  4,  W,  are  pro- 
portional ;  than  any  of  the  foUowing  forms  of  those  qnantitiM 
an  also  proportional,  Tiz. 

1.  Directly,       aiar-.-.h     :  »r ;  or  2  :  «  : :    4  :  12. 

3.  Inrersely,    or  .  a  z :  br    '»  5  "«•»•=  ^^  '    *• 
8.  Alternately,  a   -.  b  : :  «r    :  fc- ;  or2  :  4  : :    6  .  12. 

4,  Compoundedly,a ;  a+ar : : » s  b+br ;  or  2 :  8  : :  4  :  18. 
8.  Diviaedly.a  :or-a :  :  6 :  br-bj  or  2  : 4  :  ''^''^' 

7.  Multiplication,  ac :  arc::  00  :»rc;  or  a.i;o.<l..  4.  »<«» 

8.  Division,—  s  —  ::ft:»r;  orl:S::4:12. 

c        c 

9.  The  numbers  a,  ft,  c,  rf,  are  in  harmonical  proportion, 
when  a:  d  •..a'^b  .e-^d;  ot  when  their  reaprocata 

1.  i.,  -L,  4",  are  in  arithmetical  proportion. 
abed 

BXAXPLBS. 

1.  Given  the  first  term  of  a  geometrical  series  1,  the  ratio 

2.  and  the  number  of  terms  12 ;  to  find  the  sum  of  the  aenea  T 
First,  1  X  2"  =  1  X  2048,  is  the  last  term. 
j,^^aO^X2-l  ^ 4096-1  ^ ^5^ ^^ ^^ required. 

2.  Given  the  first  term  of  a  geometeic  series  *,  the  ntio 
i,  and  the  number  of  terms  8 ;  to  find  the  sum  of  the  series  T 

Then  a  — diXi)  -^(1--*)  =  (t-vir)  •«-*-tH'«-t 

=  IM,  the  sum  required.  .     .  ^  ^  vr 

8.  Re^Jwd  the  sum  of  12  terms  of  the  sene^  8^^ 

^\  Required  the  siun  of  12  terms  of  the  "riej^,  M.  A- 

«i   Reflnired  the  sum  of  100  terms  of  tiie  series,  1,2,.  f*?* 
lof «f 2c        *Sn2ffr860e002282294014m0320S^^ 
See  more  of  Geometrical  Proportion  in  the  Anthmetie. 


INFINITE  SERIES. 

Ah  Infinite  Series  is  formed  either  fronv  division,  dividing 
hy  a  compound  divisor,  or  by  extracting  the  ^^*^r 
^d  suVd  quantity,  or  by  other  general  processes ;  and  » 

t 
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sachas,  beidg  continued,  would  run  on  infinitely,  in  the 
manner  of  a  continued  decimal  fraction*. 

But,  b^  obtaining  a  few  of  the  first  terms,  the  law  of  the 
progresnoa  will  be  manifest ;  so  that  the  series  may  thence  be 
continued,  without  actually  performing  the  whole  operation. 

PROBLEM  I. 

7b  rtduce  Fractunud  Quantities  into  InfnUe  Series  by 
Division.    ' 

DiviBS  the  numerator  by  the  denominator,  as  in  common 
division ;  then  the  operation,  continued  as  far  as  may  bo 
thought  necessary,  will  give  the  infinite  series  required. 

EXAXFLE. 

1.  To  change  — p-r  into  an  infinite  series. 

W     W     W 
41+*)  2a>.. (26^^  +  5-^:^+450. 

2d6  +  26* 

—  2V 

W 

a 


W 


a 


26* 


26*      26* 


26»  ^ 
^,d.c. 


*  The  doctrine  of  infinite  series  was  commenced  by  Dr.  Wallis ; 
<wfao,  in  his  arithmetical  works  pablished  in  1667,  first  rednced  the  frae- 

tion  z —  by  a  peipetoal  diyision  into  the  infinite  series  ^•\-ar  -^tur^  -\- 

ar3  4-  •r*  -I-  &c. 
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2.  L^  = be  ehanged  into  an  infinite  aeries. 

1  — «)!....  (1+0  +  0*+ o»  +  tf«+&c. 

a 

a  — a* 


tf-.a' 


8.  Expend  — ; —  into  an  infinite  senes. 
'       a.+c 


An«.  -  X  (1  _ f +  £  -^  +  &e.) 
a  a      or       it 

4e  Expand    ^■,  into  an  infinite  series. 

An..l+^+^.  +  &c. 

,1— X 

5.  Expand  r—i —  into  an  infinite  series. 

Ans.  1— 2«  +  2«»-.2x'  +  2**,dKC. 

6^  Expand  r — t-tt.  into  an  infinite  series. 

'^       (a  +  6)« 

Ans.  1 1-  -5- r,  &c 

a       €r        cr 

7.  Expand  =  ^,  into  an  infinite  series. 

PROBIiBH  u. 

7b  re«2tice  a  Compotaid  Surd  isUo  an  Infinite  Series. 

Extract  the  root  as  in  conim<m  arithmetic ;  then  the 
operation^  continued  as  far  as  may  be  thought  necessary,  will 
|pve  the  series  required.  But  this  method  is  chiefly  of  use 
m  extracting  the  square  root,  the  operation  being  too  tedioua 
for  the  higher  powers. 
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aXAKPLKS. 

1.  fiztract  the  root  of  if-^  in  an  infinite  series. 
,      -.      ««       «*         «•         6j'    ^ 

2a — «* 

2a) 

%^ 

—  «■  +  —- 


^~  a       8a»^      4a« 


«♦   ,  «•    .     g* 


a       4a'        '      8a«      64a« 


6«»   ^ 
dec. 


64a<' 


2.  Expand  ^(1  + 1)  =  y/^^  into  an  infinite  series* 

Ans.  l  +  l-i  +  iV-T^T&c. 
S«  Expand  ^(1  —  1)  into  an  infinite  series. 

Ans.  I^j-i-^-yI^&c. 

4.  Expand  y/{jif  +  x)  into  an  infinite  series. 

5.  Expand  ^(i^— 26ar— -«*)  to  an  infinite  series. 

PBOBLBM  in. 

lV>ex(racCaiiyJZoolaf  tf  Btfiomuil.*  or  to  reduce  a  Bimmdal 
Sura  into  an  infinite  Series. 

Txxs  will  be  done  by  substituting  the  particular  letters  of 
the  binomial,  with  their  proper  signs,  in  the  following  gene* 
rd  theorem  or  formula,  viz. 

/     t       viT        n  •  ^        I   ^ — ^'      •  w  — 2rt 
ToL.  I.  29 
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and  it  will  give  the  root  required  :  obserying  tliat  p  deootev 

die  first  tenoy  a  the  second  terra  divided  by  the  first, «  the 
index  of  the  power  or  root;  and  a,  b,  c,  d,  dse.  denote  the 
several  foregoing  terms  with  their  proper  signs. 


BXAXPLBS. 

1.  To  extract  the  sq«  root  of  ^  +  i^i  in  an  infinite  series;. 
Here  p  «=<;?,  a  =  -r,  and —  =  = :  therefore 

m  m 

jf'ss  (0')*"=  {(cf)  =  a  =:  A)  the  1st  term  of  the  series^ 

nt  h^         h 

— Ad  aa:|XaX--  =  s-  =  B,  the2d  term. 

-3rBa  =  ^X^X---g^«o,the3dtenn. 

__^==_^X-g;4jXj;j=g3^  =  P,the4tt 

•  +  3S'^8S^  +  lS?" i5gi?^«-«  the  series  required. 

2.  To  find  the  value  of  ^ r^  or  its  equal  (a—^x)'"*  in  an 

infinite  series*. 

Here  p=a,  as=— s-o-'as,  and  —=---=-.2 ;  theraf. 
o  ^  n        1 


*  NoU,    To  facilHate  the  appHcation  of  the  rule  to  fmetioaal  l 

plesr  it  is  proper  to  obflerve,  that  any  tord  may  be  taken  from  the  de-^ 
aomfantor  of  a  fraction  and  placed  in  the  namentCM',  and  yioe  Tena,  by 
only  changing  the  sign  of  its  index.    Thus, 

1  =  1  X  «-«oronlyx-«;and^jij^  =  1  X(«  +  *)-«or  («  +  *)-J; 

(^+«%  X  («^  -  «»H ;  Ac- 

The  theorem  above  given  is  only  ^e  Binomial  Theoftn  is 
ed  as  to  facilitate  its  application  to  roots  and  seties. 
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»•»(«)-•  ss  4r-^  ^  7  "^  A,  the  fiwt  tennof  the  seriee. 

—  Aa  «  -  2X:i-X—  =  ~=  ar-*ar  =  b,  the  2d  tenn. 

M— n  2r    —X  Ss* 

^-J!Ba«-.|  x^X-^X  «  ^  =  8tf-*««  «  c,  the  ad. 

«i— Sb  \  x^8*«  ^  — «      4x»        .     ^  ^ 

Hence  «-•  +  2ir-*K  +  8a- V  +  4a-*«'  +  &c.  or 

I       2»      Ite*      4s*      5x^ 

-^  +  -r-  H — —  H ~  H — •-  dec,  18  the  series  required. 

«•      a*       a*        a*        a*  ^^ 

8.  To  find  the  value  of ^  in  an  infinite  series. 

o— X 

Ans.  o  +  «  +  ^ +  ^  +  — *c 

4.  Toeicp«rf^^jL_or_^ 

.         1        «•     ,  3x«        §«•    - 

AnS.  —  jr-r  +  —•- -A    -  «C. 

ii       2a'       8a«       16a^ 

a* 

5.  Te  expand  7 — rr^  in  an  mfinite  series. 

A  To  expand ^^  *x*  or  (a"— «^*  in  a  series. 

7*  To  find  the  value  of  V  («*-**)  o'(«*—^)*«  a  series. 

8.  To  find  the  value  of  i{/  (a*  +  «*)  or  (o'+a*)*  in  a  series. 

j>        2c><»'       6x>' 

9.  To  find  the  wtoare  root  of  — ^^  >»  sn  iofinite  seriea. 

Aa..l-1  +  ^-^ko. 
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10.  Find  the  cube  root  of   ,  ,  v  ■■  in  a  seriee. 


.       ,        5»     ,  26^       141*  . 
Ans«  1  -~ + «• «Ob 


INFINITE  SERIES :  PART  THE  SECOND. 

PBOBLEMI*. 

A  SEKiEs  being  given,  to  find  the  fleveral  orders  of  dif* 
ferences  of  the  successive  terms. 

Rule  i.  Subtract  the  first  term  from  the  second,  the 
second  from  the  third,  the  third  firom  the  fourth,  and  so  on ; 
the  several  remainders  will  constitute  a  new  series,  called  the 
jirH  order  of  differences. 

u.  In  this  new  series,  take  the  first  term  from  the  second; 
the  second  from  the  third,  dec.  as  before,  and  the  remainden 
will  form  another  new  series,  called  Ae  second  order  of  dif* 
ferences. 

III.  Proceed  in  the  same  manner  for  the  tfttr^  fowrA^ 
fifths  4^.  orders,  until  either  the  dififerences  become  0,  or  the 
'  work  will  be  carried  as  far  as  is  thought  necessaiyf  • 

EXAKFLES. 

1.  Given  the  series  1,  4,  8,  18,  19,  06,  kc  to  fiad  the 
several  orders  of  dififerences. 


*  The  stody  of  this  second  part  of  Inftoite  SeriM  may  be  conve- 
Diently  postponed  till  Simple  and  Quadratic  Equations  have  been 
learnt 

t  Let  €k,  6,  e,  d,  e,  4b6.  be  the  terms  of  a  given  series,  then  if  n  =:  the 
first  term  oif  the  nth  order  of  differences,  the  foUowmg  theorem  will 

exhibit  the  value  of  d:  vis.  ±  a  7  «»  4:  n.-^^.c  q:  n  .  ^!^  . 

-3-  'd±n,  -^ g —  .  e  qp,  &c.  (to  n  +  1  terms) 

=  D|  where  the  upper  signs  most  be  taken  when  «  b  an  even  number, 
and  the  lower  signs  when  « is  odd. 

If  the  differences  be  very  mat,  the  logarithms  of  the  quantities  may 
be  used,  the  differences  of  which  will  be  much  smaller  than  those  of 
the  ouantities  themselves ;  and  at  the  close  of  the  operation  the  natural 
number  answering  to  the  logarithmical  result  will  be  the  answer.  See 
Smensn^s  Diffsraaial  Method,  prop.  1. 
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ThuB  ly  4,  8»  I89  19,  26,  &c.  the  siyen  series. 
Then,     3,  4  3^  6,  7,        &c.  the  first  differences. 
And  1,  I9  1,  I9  4ec.  the  second  difierences. 

Also  0,  0,  0,  dtc  the  third  diflforences. 

where  the  work  evidently  must  terminate. 

2.  Given  the  series  1,  4,  8, 16,  82,  64, 128,  dec.  to  find  the 
several  orders  of  differences. 

Here  1,  4,  8,  16,  32,  64,  128,  dec.  given  series. 

And    3,  4,  8,  16,  32,  64,  dec.  1st  diff. 

1,  4,  8,  16,  82,  &c.  2nd  diff. 

3,  4,  8,  16,  &c.  8rd  diff. 

1,  4,  8,  dec.  4th  diff. 

3,  4,  &c.  5th  diff. 

1,  &c.  6th  diff. 

3.  Find  the  several  orders  of  differences  in  the  series 
1, 2,  8,  4,  fcc. 

Ans.  First  diff.  1,  1,  1,  1,  tcc.   Second  diff.  0,  0,  0,  tee. 

4.  To  find  the  several  orders  of  differences  in  the  series 
1, 4t  0,  16, 25,  fcc.  of  squares. 

Ans.  First  differences  3,  5,  7,  0,  dec.    Second,  2, 2|  2, 
fee.    Third,  0,  0,  dec. 

5.  Required  the  orders  of  differences  in  the  series  1,  8^ 
'  27,  64,  125,  fc'c  being  cubes. 

6.  Given  1,  6,  20,  50,  105,  dec.  to  find  the  several  orders 
of  differences. 


3V>  Find  any  term  of  a  given  ieries. 

RuLB  I.  Let  a,  b,  c,  dy  e,  dec.  be  the  given  series ;  d',  d% 
d'^j  d^^i  dec.  respectively,  the  first  tenn  of  the  first,  second, 
third,  fourth,  dec.  order  of  differences,  as  found  by  the  ore- 
ceding  article ;  it  =s  the  number  denoting  the  place  or  the 
term  required. 

n.  Then  will  a  +5:^.  d'  +  ^  .  ^.  d'  +  ^- 
I  1         ^  1 

=  to  the  nth  term  required. 
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SXAKFLXS. 


U  To  find  the  10th  tenn  of  the  tehea  2,  5,  9, 14,  20,  4cc. 
Here  2,  5,  9, 14,  20,  d;c.  series. 
3,  4,  5,  6,       dec.  Ist  diff. 
1,  1,  1,         dec.  2nd  diff. 
0,  0,  di;c.  3rd  diff. 

Where  d*  =  3,  d'  =  1,  d'"  =  0,  also  tf  =  2,  n  =  10; 

wherefore  a  H — =—  .  d'  -\ =— .  -^  .  d*  =  (2  +  — - — 

X3+  i^zix  55b?xi=)2+27  +  36==66==the 

10th  term  required. 

2.  To  iGnd  the  20th  term  of  the  series  2, 6, 12,  20,  30,  dec. 
Here  a  =::  2,  n  ==  20 ;  and  Art.  12. 

2,  6, 12,  20,  30,  d^.  series. 
4,  6,  8,  10,      dec.  Ist  diff. 
2,  2,  2,         d^c.  2nd  diff.  ord'  «4,  i2'  »  2; 

whence  a+'^.d'+'^.  !L=^.d-  =  (2  +  ^  X4+ 

^X^  X2  =  )2+ 76 +  842  =  420  =  the 20th  term 

required. 

3.  Required  the  5th  term  of  the  series,  1,  3,  6,  10,  dec. 

Ass.  15. 

4.  To  find  the  10th  term  of  the  series,  1,  4,  8,  13,  19,  dsc. 

Ans.  64. 

5.  Required  the  20th  term  of  the  series,  1,  8, 27,  64, 125, 
de;c.  Ans.  8000. 


PKOBLEX  in. 

If  the  tueceeding  terms  of  a  given  series  be  at  mi  tmifs 
distance  from  each  other^  to  find  any  intermediate  term  iy 
interpolation. 

BtruB  1.  Let  y  be  the  term  to  be  interpolated,  r  its 
distance  from  the  beginning  of  the  series,  d\  d%  df",  d^f  dec 
the  first  terms  of  the  severtd  orders  of  differences. 
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2.  Thenwflla  +  mi' +«.  ^.d'+».^  .^.  *"+ 
• ' ^5"  •  ""V  •  "T"'  ►^'^  *'"  ^*  *^  ^'  ^^®  ^^""  required; 

EXAXPLE6. 

1.  Giren  the  logarithmic  aines  of  d^"  4\  3<>  5',  S'^  6%  S^  7\ 
and  S**  8%  to  find  the  sine  of  d^  6'  15'. 

Series.     Loganthms.    Istdif,    2tiddif.    9rdd^. 

y4' 8-7288866    23616  ,A^ 

3  5 8-7306882    2S390        '^  ifl  1 

8  6 8-7330272    23263        "f^        —4 

8  7 8-7353635    23140        ~  ^^ 

3  8  ; 8-7376675 

Here  x  ^  (3*6^  15^-  3' 4'  rr  2'  15^  =s )  f  =»  the  distance 
of  the  term  y,  to  he  interpolated ;  a  =  8-7283366,  d'  = 
23516,  d^  =  -  126,  d'"  =  1,  and  y  =  a  +  rf'  +  «, 

5=1-  <J'  +  «  ?=1.  ?=?  ,  df-  =  (a  +  K  +  tl^'  + 

^cr"«)  8'7288366  +    0052911  —  -00001771875  + 
*0000000117  s=  8-73360999206,  the  log.  sine  required. 

2.  Given  the  series  ^,  ^,  /r>  iV  iV'  ^  ^^  ^^  ^™> 
which  stands  in  the  middle,  between  jV  and  j^.      Ans.  y^^. 

8.  Given  the  logarithmic  sines  of  1«>  0%  1«  1',  l""  2%  and 
1«  3^  to  find  the  logarithmic  sine  of  1'  1'  40^  Ans.  8-2637533. 

PBOBLSH  IT, 

To  find  any  intermediate  Term  hy  InterpokOion^  when  the 
firH  Diferenees  of  a  Series  of  eqmdiffereat  Terms  are 

*  small* 

RvLB  1.  Let  OfhfCfdy  e,  dec.  represent  the  given  series, 
and  ft  =s  the  number  of  terms  given. 

2.  Then  will  a — nb  +  n ..  -=^  .  c  —  n .    ~    .    ~ 

<«  ^  ^  3 

•  i  +  « •  — o^  •  -g—  •  —J-  -  e  +  die.  =5  0,  from  whence 
by  transportation,  dec  any  required  term  may  be  obtained*. 


*  For  the  bvestigatioa  of  these  ndes,  fee  MmsrsofCi  JDifimUisi 
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EXAXPLB8. 


1.  Given  the  square  root  of  10, 11,  12, 13,  and  15,  to  find 
die  aqoare  root  of  14. 

Here  n  s=  5,  and  e  is  the  term  required. 
a  =  (v'lO  =« )  8-ie22T76 
&»(v^ll  «)  3*3160248 
c  =  (^12  =a )  3*4641016 
d  =  (\/13  = )  3*6055512 
/=:  (^16  =a)  8.8729888 
And  since  n  «  5,  the  series  must  be  continned  to  6  terms. 

Therefiwea — fii  +  ».-^.c  —  «•— o'  •— o-'<^  + 
j^-1    11—2    »— 3  »— 1    n  — 2    n  — 3    n  — 4 


I 


2     '842  3  4  5 

Whence,  by  transposition,  in  order  to  find  e  we  shaR  have 

»— 1    «  — 2    «— 3  ,     ,  n — 1       , 

n.— g— •— g— .-^.6=  —  a  +  nft-n.— g-.c+« 

n— 1    n — ^2    ,  ,       n-1    n — ^2    n  — 3    n  —  4     -     .. 
.  -g-  .  -^-.d+n.  -g ^.  -j~-  .  -g-  ./;  Ihis 

in  numbers  becomes  5c  =  —  3-1622776  +  (5  X  3-3166248} 
»  (10  X  3*4641016)  +  (10  X  3-6055512)  +  3-8729833  => 

66-5116193--37-8032936=18-7083257,  and  ^=1^2^^ 

9 

aoB  3«74166514  «  the  root,  nearly. 

2.  Given  the  square  roots  of  37,  38,  39,  41,  and  42,  to 
find  the  square  root  of  40.  Ans.  6-32455582. 

3.  Given  the  cube  roots  of  45,  46,  47,  48,  and  49,  to  find 
the  cube  root  of  50.  Ans.  3-684033. 


PROBLEX  V. 

Whin  the  powers  of  an  unknown  quantity  are  contained 
ui4he  terms  of  a  series,  the  findi^^  the  value  of  Ihe  onkaown 
quantity  in  another  series,  which  involves  the  powers  of  th^ 
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quantity  to  which  the  givea  series  is  equal,  and  known  quan- 
tities only,  is  called  reverting  the  series'". 

Rule  1.  Assume  a  series  for  the  value  of  the  unknown 
quantity,  of  the  same  form  with  the  series  which  is  required 
to  be  reverted. 

2.  Substitute  this  series  and  its  powers,  for  the  unknown 
quantity  and  its  powers,  in  the  given  series. 

3.  Make  the  resulting  terms  equal  to  the  corresponding 
terms  of  the  given  series,  whence  the  values  of  the  assumed 
co-efficients  will  be  obtained. 


EXAMPLES. 

1.  Let  ox  +  6ac^  +  <^3r*  +  dx*  +  &c.  =  «  be  given,  to  find 
the  value  of  x  in  terms  of  z  and  known  quantities. 

Let  z''=  X,  then  it  is  plain  that  if  z**  and  its  powers  be  sub- 
stituted in  the  given  series  for  x  and  its  powers,  the  indices 
of  z  will  be  n,  2n,  3fi,  4n,  &c.  and  1  ;  whence  n  =  1,  and 
the  differences  of  these  indices  are  0, 1,  2,  3, 4,  d^c.  Where- 
fore the  indices  of  the  series  to  be  assumed,  must  have  the 
same  differences  ;  let  therefore  this  series  be  az  +  b2^  +  cz^ 
+  DZ^  4"  ^c.  =  X.  And  if  this  series  be  involved,  and  sub- 
stituted  for  the  several  powers  of  x,  in  the  given  series,  it  will 
become 

QAz  +  tfar'  +  acz^  +  odz^  +  &c. 

*  +  A\V  +  26abz'  +  26ac2»  +  &c. 

*  *  *      +    6bV  +  &c.  >  =«. 

*  *     +caV  +  3ca»bz«    +&c. 

*  *  *       +  cIaV.      +  &c. 

Whence,  by  equating  the  terms  which  contain  like  powers 

of  z,  we  obtain  {a ax  =  z,  or)  a  =  —  ;  (ofBz*  +  ^aV  =  0, 

a 

whence)  b  =(  —  —,=)-  4.  (««'+  2tAB*^+  caV=0, 

,       26ab-I-ca3       ,2y-ac 
whence)  c  =  ( =  )  --^-—  ;  i>  =  (  —    -      - 

2iAC+6B«+3CA»B+dA*        ,  habc-bb^'-(^d    ^ 
oc  ) ^ ,  gtc.  and  coDse- 


*  Other  methods  of  reversion  nre  given  by  ditferent  matbemaiicians. 
The  above  is  selected  fur  its  simpliciiy. 
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quendy  a:=(Aa;4-iw'+cr*+  &c.s=) -j-  ^ .Tl— ,  -j^ — 

= z*  +  &c.  the  series  required. 

a 

This  conclusion  forms  a  general  theorem  for  every  similar 
■eriesy  iovolviog  the  like  powers  of  the  uaknown  quantity. 

2.  Let  the  series  x  —  x*  +  x^  —  x*  +  4cc«  =  «,  be  propos* 
ed  for  reversion. 

Here  a  ==  1,  6  =:  —  1,  c  =  1,  dl  =  —  1,  8^c.  these  values 
being  substituted  in  the  theorem  derived  from  the  preceding 
example,  we  thence  obtam  x  =5  2  +  aj'  +  2^  +«*  +  dtc.  the 
answer  required. 

x^       x^       X* 

3.  Let  X 9"  +  "o —  X  "^  ^^'  ^  ^'  ^®  given  for  rever- 
sion. 

Substituting  as  before,  we  have  a  s=s  1,  J  =  — .  ^,  c  =  J, 
and  c2  =—  ^,  &c.     These  values  being  substituted,  we  shall 

ffS  4i3  m4 

have  x  =  y  +  %-  +  ^+  5t+  &c.  from  which  if  y  be  given, 

and  sufficiently  small  for  the  series  to  approximate,  the  value 
of  X  will  be  known. 


PROBLEM  VI. 

To  fold  tlie  Sum  of  n  Term*  of  an  Infinite  Series, 

Rule  1.  Let  a,  5,  c,  d,  e,  d^.  be  the  given  series,  «  ^  the 
sum  of  n  terms,  and  d\  d",  d'^,  d'*^,  dec.  respectively  the  first 
terms  of  the  several  orders  of  differences,  found  by  prob.  1. 

2.  Then  will  na  +  «.^  ,  rf' +  n  .^  .  ^  .  d^+- 

n—l     «-2    n--3     ,,„  ,        « — 1    n— 2    n — 3    n— 4 

.  cT'^  +  dtc.  =  Sf  the  sum  of  n  terms  of  the  series,  as  was  re- 
quired. 

Case  1.  To  find  the  sum  of  n  terms  of  the  scries  1, 2, 
3,  4,  5,  &c. 

First,  1,  2,  3,  4,  5,  dec.  the  given  series. 
1,  1,  1,  1,  dec.  first  differences. 
0,  0,  0,  dec.  second  differences. 

Here  a=l,  ^'=1,  d'=0 ;  (hen  will  na  +  n.  ^  •  d!  = 

4V 
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(^^  '^  **  ~  *  '  — ,  which,  (since  a  and  d'  each  =  1)  = 

tJ«+«'— «     .ft .  n  +  1  ^,  .     , 

5 =  ) g =  *,  the  sum  required. 

■ZAMPLES* 

1.  Let  the  sum  of  20  terms  of  the  above  series  be  re- 
quired. 

Here  «  =  20,  and  *  =  — 5—  =  — 5 —  =  210,  the  ans, 

2.  Let  the  sura  of  1000  terms  be  required.     Ans.  500500* 

3.  Let  the  sum  of  12345  terms  be  required. 

Case  2.   To  find  the  sum  of  n  terms  of  the  series,  1,  3, 
5,  7,  9,  &c. 

Here  !»  3,  5,  7,  9,  ftc.  the  given  series. 
2,  2,  2,  2,     dec. . . .  first  difierence. 
0,  0,  0,       dsc. .  • .  second  difference* 

Wherefore  a  =  1,  d'  =  2,  d"  =  0,  andna  +  «  .  — ^.  rf' 

as  (na  +  — o~  •  ^'  ^  (since  a  =  1  and  <i  =  2)  n  +  «■  — 
n  ^)  n*  SB  «9  the  sum  required. 

EXAMPLE. 

To  find  the  sum  of  10  terms  of  the  above  series. 

Here  n  =  10,  and  «  *  (n^  =)  100,  the  answer. 
Cash  8.    To  find  the   sum  of  n  terms  of  the  series  of 
•aquares  1,  4,  9,  16,  25,  d^c. 

Here  1,  4,  9,  16,  25,  d^c.  the  series. 

3,  5,  7,  9,       &c 1st  diff. 

2,2,2,         &c 2nddifi'. 

0,  0,  <&c. . . .  3rd  difi*. 

Whence  a  =  1,  J'  =  3,  d"  =  2,  d'"  =  0,  and  na  +  n^ 

-—  .d'  +  .  -^ .  -_  .  d''  =  (n  +  3n.  .  -j-  .  +  2n. 


«— I    Ji--2_3n"-«        n'-3n^-f2n  _.  n.n+l.ihtl  _ 

~F"8        r"  +  — 3 ^  — d *' 

4)m  torn  veqaited. 
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KXAItfFLE. 


Let  the  sum  of  30  tenxis  of  the  ahove  series  be  required* 

Here  n  =  30 ;  wherefore-^ ~ 

o 

0455,  the  answer.     See  the  table,  pa.  210. 


xj               QA      k      f     «(«+l)(2n+l)    80X31  X61_ 
Here  n  =  30;  wherefore-^ ~ ^= g = 

O  D 


PBOBLEH  VII. 

To  find  the  Sums  of  Series,  by  the  Method  of  Suhlraeiion, 

This  method  will  be  rendered  evident  by  two  or  three 
simple  examples. 

EXAMPLE    1. 

Let  1  +  i  +  i  +  J  +  &c.  tfi  wif.  «  « 
then    i  +  i  +  i  +  i  +^c.minf.^s—l. 

by  sub.  i^  +  i^  +  ^4  +  ^  +  &c.  tn  tn/.  =  1 . 

EZAHFLE   2. 

Let  1  +  i  +  J  +  i  4-  &c.  =  « 
then    i  +  i  +  i  +  f  +  &c.  =  »  =  f . 

"'^.'""•O+li +  0  +  0 +  «'''■  =  *> 

"-^'O +^4  +  33 +4!6+ **=•  =  *• 

EXAKFLE   3. 
T  1.1.1,. 

^*T:2+2.3+3r4+*'^-=' 

*'"'2^  +  0  +  4^  +  *"'-=T* 
u       u       2      ,      2      ,      2      ,    , 
''y '"'••  073 +2:3:4+ 3X5 +  *'^-"* 

■'•  i;S3  +  Sal  +  aifi  +  **• "  ** 


Digitized  bfCiOOglC 


HTFimTS  8XBIE8.  229 


EXAJIPLE   4. 

Find  the  «m  of  the  seriea  gig  +  ^  +  g^j^+ Ac 

Take  away  the  last  &ctor  out  (^  each  denominatitt,  and 

"^™  21  +  4:6 +678  +  '^'= '• 
*«"4^+6^+8T0  +  **-='  — ♦ 

'»y"''-2X6+4:r8+6:^o  +  *«•  =  * 

•••sie  +  ro  +  eXio +**•=*''*  =  A- 

BXAXPLB  4. 

Find  the  sum  of  the  infinite  series 

1        .        1  1  1 ,    . 


3.4.6.8  ■   4.6.8.10  ^  6.8.10.12  ^  8.10.12.14 

SZAJfPUB  5. 

Find  the  sum  ef  the  infinite  series 

1  .    1_    ,    l__       .    L MA. 

3.5.8.11  '^  6.8.ri.l4  "^  8.11.14.17  '^  1L14.17.20"^**^' 

Ans.^^. 

PROBLEM  Vni. 

To  sum  an  infinite  series  by  supposing  it  to  arise  from  the 
expansion  of  some  fractional  expression. 

Rule.  Assume  the  series  equal  to  a  fraction,  whose  de» 
nominator  is  such,  that  when  the  series  is  multiplied  by  it, 
the  product  may  be  finite  ;  this  product  being  equal  to  the 
numerator  of  the  assumed  fraction,  determines  its  Talae. 

EXAXPLES. 

1.  Reqairad  the  mm  of  the  infimte  series  s  +  ^  +  tf 
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Assume  the  series  «=  = 

1 — X 

then  X  +  «*  +  ^  +  &c. 
into  1  —  « 


»  +  x»  +  x»  +  &c. 


«  =  X 
/.  «  +  x"  +  ar*  +  &ic,  = 


l--« 


Thus,  if  X  =  i,  then  j  +  j  +  j  +  &c,=|-A.J  =  l;. 

if  X  =  i,  then  i  +  i  +  iV  +  ^<^  *  *  "^  I  =  i- 
2«  Required  the  sum  of  the  infinite  series  x  +^3^+  ^ 


Assume  the  series  =s 


(1— x)^       1— 2x+x«  ' 

thenx  +  2x^  +  Sx^  +  dtc. 
into  1  —  2x   +  x« 


X  +  2r«  +  3x»  +  <fec. 

—  2x«  — 4:t'  — &c. 

+  x*  +  &c. 


X  =  X 


Vx  +  2x«  +  8x»+&c.  :±= 


If  X  =  4,  then  i  +  f  +  I  +  tV  +  <fec-  =  i  -^  i  =  2- 
If  X  =  i,  then  i  +  t  +  A+iV  +  ^c.  =i-^f  =  f. 
And  so  on,  in  other  cases  *. 

8.  Find  the  sum  of  the  infinite  series  x  +  4x*  +  9x^  + 
16x*  +  &c.  .       x(l+x) 

^"^•(i:i:x7- 


*  The  preceding  is  only  a  sketch  of  an  ineibaostible  subject  For 
the  algebraical  investigation  of  infinite  seriesi  consult  Dod§on*s  JHIslA*- 
mtiical  Ri^tUorff,  and  Mr.  J.  R.  Young's  ^(gebio.  The  subject,  hovr- 
ever,  is  nach  more  extenaively  treated  by  meani  of  the  flusioosl 
«ial|rBid» 
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SIMPLE  EQUATIONS. 

An  Equation  is  the  expression  of  two  equal  quantities 
^th  the  Sign  of  equality  (=)  placed  between  them.  Thus 
10  —  4  =:  6  is  an  equation,  denoting  the  equality  of  the 
quantities  10  —  4  and  6. 

Equations  are  either  simple  or  compound.  A  Simple 
Equation,  is  that  which  contains  only  one  power  of  the  un- 
known quantity,  without  including  different  powers.  Thus, 
X  —  a  =  (  +  <?9  or  ax'  =  &,  is  a  simple  equation,  containing 
only  one  power  of  the  unknown  quantity  x.  But  r*  —  2ax 
es  59  is  a  compound  one. 

GENERAL  RULE. 

Reduction  of  Equations^  is  the  finding  the  value  of  the 
unknown  quantity.  And  this  consists  in  disengaging  that 
quantity  from  the  known  ones;  or  in  ordering  the  equa- 
tion so,  that  the  unknown  letter  or  quantity  may  stand 
alone ^ on  one  side  of  the  equation,  or  of  the  mark  of  equality, 
without  a  co-ejSicient ;  and  all  the  rest,  or  the  known  quan. 
ties,  on  the  other  side. — In  genered,  the  unknown  quaniUif 
U  disengaged  from  the  known  onesy  hy  performing  always 
the  reverse  operations.  So,  if  the  known  quantities  are  con- 
nected with  it  by  +  or  addition,  they  must  be  subtracted  ;  if 
by  minus  (  — ),  or  subtraction,  they  must  be  added  ;  if  by 
multiplicaUon,  we  must  divide  by  them ;  if  by  division,  we 
must  multiply ;  when  it  is  in  any  power,  w^e  must  extract 
the  root ;  and  when  in  any  radical,  we  must  raise  it  to  the 
power.  As  in  the  following  particular  rules;  which  are 
founded  on  the  general  principle,  that  when  equal  operations 
are  performed  on  equal  quantities,  the  results  must  still  be 
equal ;  whether  by  equal  additions,  or  subtractionsi  or  mul« 
tiplications,  or  divisions,  or  roots,  or  powers. 

PASnCULAB  Ht7LE  I. 

Whbv  known  quantities  are  connected  with  the  unknown 
by  +  or  — ;  transpose  thera  to  the  other  side  of  the  equa- 
tion, and  change  their  signs.  Which  is  only  adding  or  sub- 
tracting the  same  quantities  on  both  sides,  in  order  to  get 
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all  this  unkaown  terras  on  one  side  of  the  question,  and  all 
the  known  ones  on  the  other  side*. 

Thus,  ifx  +  5  =s  8 ;  then  transpomng  5  gives  ar=8  -5-3. 

And  if  X— 3  +  7  =  9;  then  transposing  the  3  and  7,  gives 
a;=s9  +  3  — 7  =  5. 

Also,  if « —  a  +  ^  ^  cdy  then  by  transposing  a  and  &,  it 

is  X  »  a  —  6  +  cd. 
In  like  manner,  if  5x  —  0  =  4x  +  10,  then  by  transposing 
6  and  4x,  it  is  6x  —  4x  «  10  +  6,  or  «  =  16. 


RULE  n. 

When  the  unknown  term  is  multiplied  by  any  quantity ; 
divide  all  the  terms  of  the  equation  by  it. 

Thus,  if  axssa& — 4a;  then  dividing  by  a,  gives  x=& — 1. 

And,  if  8x  +  5ss20;  then  first  transposing  5  gives 
3x  ss  15 ;   and  then  by  dividing  by  3,  it  is  x  =  5. 

In  like  manner,  if  ax-{-3a6=4c' ;  then  by  dividing  by  a,  it 

40*  4c' 

is  X+3&S  —  ;  and  then  transposing  36,  gives  x  =  —  *-  36. 


HULS  m. 

Wheit  the  unknown  term  is  divided .  by  any  quantity ; 
we  must  then  multiply  all  the  terms  of  the  equation  by  that 
divisor  ;  which  takes  it  away. 


Thus,  if  J  =  3  +  2 :  then  mult,  by  4,  gives  x  =  12  +  8820. 

And,  if-  =  36  +  2c  — d: 
then  mult,  by  a,  it  gives  x  =  3a6  +  2ac  —  ad. 


*  Here  it  is  earnestly  recommended  that  the  pnpil  be  accustomeit, 
at  every  line  or  step  in  the  reduction  of  the  eqoations,  to  name  the  par- 
ticalar  operation  to  be  performed  in  the  equation  in  the  last  line,  in  4ir- 
der  to  prodttoa  the  next  form  or  state  of  the  equation,  in  applying  each 
of  these  rules,  according  as  the  particular  form  of  the  equation  may 
require ;  applying  them  according  to  the  order  in  which  they  are  here 
placed:  anaMginnlnc  every  line  with  the  words  TAendy,  as  in  the 
following  specimens  of  Examples;  which  two  words  will  always  bring 
to  his  recollection,  that  he  is  to  pronounce  what  particular  operation 
he  is  to  perform  on  the  last  line,  in  order  to  give  the  next ;  allotting 
always  a  single  line  for  each  operation,  and  ranfpns;  the  equations  neat- 
ly just  under  each  other,  in  the  several  Unci,  as  they  are  successively 
pfodaced. 
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Also,  ify  — 3  =  5  +  2: 

Thea  by  transposing  8,  it  is  |x  si  10. 
And  multiplying  by  5,  it  is  3  c  =  50. 
Lastly,  dividing  by  3,  gives  x  =  16|. 


RULS  IV. 


Whsn  the  unknown  quantity  is  included  in  any  root  or 
surd  :  transpose  the  rei^  of  the  terms,  if  there  be  any,  by 
Rule  1  ;  then  raise  each  side  to  such  a  power  as  is  denoted 
by  the  index  of  the  surd  ;  viz.  square  each  side  when  it  is 
the  square  root ;  cube  each  side  when  it  is  the  cube  root ; 
d(C.  whiph  clears  that  radical. 

Thus,  if  v/«  —  3=4;  then  transposing  3,  gives  ^x  =  7 ; 

And  squaring  both  sides  gives  x  s  40. 

And,  if  v^(2x+  10)  =  8  : 

Then  by  squaring  it,  it  becomes  2x  +  10  =  64  ; 

And  by  transposing  10,  it  is  2x  =  54  ; 

Lastly,  dividing  by  2,  gives  x  =  27. 

Also,  if  »/(3x  +  4)  +  3  =  6  ; 
Then  by  transposing  3,  it  is  i/{3x  +  4)  =  3  ; 
And  by  cubing,  it  is  3x  +  4  =  27  ; 
Also,  by  transposing  4,  it  is  3x  =  23  ; 
Lastly,  dividing  by  3,  gives  x  =  7|. 


RULE  V. 

When  that  side  of  the  equation  which  contains  the  un- 
known  quantity  is  a  complete  power,  or  can  easily  be  reduced 
to  one,  by  rule  1,  2,  or  3  ;  then  extract  the  root  of  the  said 
power  on  both  sides  of  the  equation  ;  that  is,  extract  the 
square  root  when  it  is  a  square  power,  or  the  cube  root  when 
it  is  a  cube,  dsc. 

Thus,  if  x»  +  8x  +  16  =  36,  or  (x  +  4)"  =  36,; 
Then  by  extracting  the  root,  it  is  x  +  4  «=  6  ; 
And  by  transposing  4,  ii  is  x  =  6  —  4  =  2. 

And  if  3x»  —  19  =  21  +  35. 
Then,  by  transposing  19,  it  is  Sx'  =  75  ; 
And  dividing  by  3,  gives  x'  ss  25  ; 
And  extracting  the  root,  gives  x  =  5. 

Also,  if  ?x»-- 6  =  24. 
Then  transposing  6,  gives  }x'  =  30  ; 
Vol.  L  31 
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And  multiplying  by  4,  gives  3x«  =  120  ; 

Then  dividing  by  3,  gives  x>  =*=  40  ; 

Lastly,  extracting  the  root,  gives  x  =  ^40  =  6-324555. 


BULB  VI.  . 

Whew  there  is  any  analogy  or  proportion,  it  is  to  be 
changed  into  an  equation,  by  multiplying  the  two  extreme 
terms  together,  and  the  two  means  together,  and  making  the 
one  product  equal  to  the  other. 

Thus,  if  2x  :  9  :  :  3  :  5. 
Then  mult,  the  extremes  and  means,  gives  lOae  =s  27  ; 
And  dividing  by  10,  gives  x  =  2fy. 

And  if  Ja:  :  a  :  :  56  :  2c. 
Then  mult,  extremes  and  means,  gives  ^cx  3=  5a6  ; 
And  multiplying  by  2,  gives  Sex  =  lOab ; 

Lastly,  dividmg  by  3c,  gives  x  =  -^. 

Also,  if  10  — x  :  |x  :  :3  :  1. 
Then  mult,  extremes  and  means,  gives  10  —  x  =  2x  ; 
And  transposing  x,  gives  10  =  3x  ; 
Lastly,  dividing  by  3,  gives  3  J  «  x. 


RULE  vn. 

When  the  same  quantity  is  found  on  both  sides  of  an  equa- 
tion, with  the  same  sign,  either  plus  or  minus,  it  may  be  left 
out  of  both  :  and  when  every  term  in  an  equation  is  either 
multiplied  or  divided  by  the  same  quantity,  it  may  be  struck 
out  of  them  all. 

Thus,  if  3x  +  2a  =  2a  +  6  : 
Then,  by  taking  away  2a,  it  is  3x  s  6. 
And,  dividing  by  3,  it  is  x  ==  |5. 

Also,  if  there  be  4ax  +  6a6  =  7flc. 
Then  striking  out  or  dividing  by  a,  gives  4x+  6b  ^s,  7e. 
Then  by  transposing  66,  it  becomes  4x  =  7c  —  66 ; 
And  then  dividing  by  4,  gives  x  »  jfc  —  |6. 

Again,iffx— f  =  V— f 
Then,  taking  away  the  |,  it  becomes  }x  ss  y  ; 
And  taking  away  the  3's,  it  is  2x  =  10  ; 
Lastly,  dividing  by  2,  gives  x  ss  5. 
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1CISCSLLAI9EOU8  EXAMPLES. 

!•  Givea  7x —  18  =  4a;  +  6  ;  to  find  the  value  of  x. 
Firaty  transposing  18  and  4x  gives  2x  ^24; 
Then  dividing  by  3,  gives  x  =  8. 

2.Giiren20  — 4a?  — 12  =  92  — lOx;  to  find  x. 

FirsCy  transposing  20  and  12  and  lOx,  gives  6x  =  84 ; 
^en  dividmg  by  6,  gives  x  ^^  14. 

d.  Let  4ax  —  56  =  9dx  +  2c  be  given  :  to  find  r. 

First,  by  trans.  56  and  3dxy  it  is  4ax  —  Sdx  =  56  +  2c : 

Then  dividing  by  4a  —  3<l,  gives  x  =  — — ^. 

4.  Let  5x*—  12x  =:  9x  +  2x^  be  given ;  to  find  x. 
First,  by  dividing  by  x,  it  is  5x  —  12  =  9  +  2x ; 
Then  transposing  12  and  2r,  gives  3x=21  ; 
Lastly,  dividing  by  3,  gives  x  ==--  7. 

5.  Given  9ax*  —  1506^*  =  eax^  +  I2ax^ ;  to  find  x. 
First,  dividing  by  Sas^,  gives  3x —  56  =  2x  +  4 ; 
Then  transposing  56  and  2x,  gives  x=56  4-4. 


find: 


6.  Let  s-^T  +  ^K^^^be  given,  to 

First,  maltiplying  by  3,  gives  x  —  |x+|x=6 ; 
Then,  multiplying  by  4,  gives  x  +  y x  =  24. 
Also  multiplying  by  5,  gives  17x  =  120 : 
Lastly,  dividing  by  17,  gives  x  =  7^. 

»  ^'       *— S  •  «       ,«      « — 10         ^   , 

7.  Given  -o—  +  h  =  ^^ 5— »  ^^  find  x. 

First,  mult,  by  3,  gives  x  —  5  +  f  x=36  —  x  +  10 ; 
Then  transposing  5  and  x,  gives  2x+|x=51  ; 
And  multiplying  by  2,  gives  7x^102 ; 
Lastly,  dividing  by  7,  gives  x=144. 

3x 

8.  Let  -v/-j-  +  7  =  10,  be  given  ;  to  find  x. 

First,  transposing  7,  gives  v^Jx=3  ; 
Then  squaring  the  equation,  gives  |x=:9 ; 
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Then  dividing  by  3,  gives  |x  s=  3 ; 
Lastly,  multiplying  by  4,  gives  x  »  12. 

So"  '  • 
9.  Let  2x  +  2^(a»  +  «*)  =     ^        ,  be  given,  to  find  «. 

First,  mult  by  v^Co^+x"),  gives  2x  ^(a"+«*)+2a«+2a:» 

Then  transp.  So"  and  2a;*,  gives  2x  v^(a'+««)=3a'— 2«* ; 
Then  by  squaring,  it  is  4x«  X  (a*  +  a:*)  =  (3a*  —  2«*)' ; 
That  is,  4a»x*  +  4x*  =  9a^— 12a*x*  +  4a:* ; 
By  taking  4x*  from  both  sides,  it  is  4€r'x*»9(l*  —  12a'dB' ; 
Then  transposing  12aV,  gives  16aVs=:9ii*;. 
Dividing  by  a'  gives  16x*  =  9a* ; 
And  dividing  by  16,  gives  a:*=^;a* ; 
Lastly,  extracting  the  root,  gives  x=;a. 

EXAHFLES  FOR  FBACTICS. 

1.  Given  2x  —  5  +  16  =  21  ;  to  find  x.  Ans,  x^5. 

2.  Given  6x  —  16  =  x  +  6;  to  find  x.  Ans.  «=4J. 
6.  Given  8— 3x+ 12=30- 5x+4;  to  find  x.     An8.x=s7. 

4.  Given  x  +  ^x  +  Jx=:13  ;  to  find  x.  Ans.  x:sl2. 

5.  Given  3x+ix+2=5x — 4;  to  find  x.  Ans.  x=s4. 

6.  Given  4ax+ Ja — 2=ax — hx ;  to  find  x. 

^"•^  =  95+85- 

7.  Given  |x — i*  +  i*  =  i  ;  to  find  x.        Ans.  x  =  ^. 

8.  Given  v/(4+x)=4— ^'^ ;  to  find  x.  Ans.  x  ==  2^. 

X* 

9.  Given  4a  +  x  =  -r ;  to  deter,  x.     Ans.  x  =  —  2a. 

4a  +  aj 

10.  Given  v'(4a*+  x*)=  */(4ft*  +  x*) ;  to  find  x. 

6*— 4a* 
Ans.  x  =  v^— 2^i — 

4a 

11.  Given  ^x  +  ^(2a-f  x)  =      ,^    ,   \  ;  to  find  x. 

^  .       v^(2a+x) 

Ans*  X  :s  |a. 

12.  Given  ~-  +  —^  =  26  ;  to  find  x. 

•     l+2x      1 — ^2x 

Ans.  xs=  ^  V  — T"  • 
18.  Given  a+x=  v'Caa+x  v^(46*+x*)) ;  to  find  x. 

Ans.  x=s  —  —  a. 

a 
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OV  RKDUCmO  DOITBIiB,  TRIPLE,   &C.   BQUATIONS,   COHTAIRIKO 
TWO,  THREE,   OR  MORE  UNKNOWir  QUANTITIES. 

FR^BLEX  I. 

7b  es^mttfiate  Uoo  Unknown  Quantities;   Or,  1o redmce  ike 
Ueo  Simple  EqutOione  containing  ihemj  to  a  Single  one* 

RULE  I. 

Fom  the  value  of  one  of  the  unknown  letters,  in  terms  of 
the  other  quantities,  in  each  of  the  equations,  by  the  methods 
already  explained.  Then  put  those  two  yalues  equal  to 
each  other  for  a  new  equation,  with  only  one  unknown  quan- 
tity  in  it,  whose  value  is  to  be  found  as  before. 

Note.  It  is  evident  that  we  must  first  begin  to  find  the 
values  of  that  letter  which  is  easiest  to  be  found  in  the  two 
proposed  equations. 

^  XXAXPLE8. 

I.  Given  jJigJ^IJj  ;  tofindajftndy. 

17— -Sir 
In  the  l8t  equat.  trans.  3y  and  div.  by  2,  gives  x  =^  — 5—? ; 

144-2y 
In  the  2d  trans.  2y  and  div.  by  6,  gives  x  =s  — — i ; 

«     .       t^  1  .     .        14+2y      17-8y 

Putting  these  two  values  equal,  gives  — r--^  =  — «      5 

Then  mult,  by  2  and  5,  gives  28  +  4j^  =  85  —  15y  ; 

Transposing  28  and  Iby,  gives  19y  :s  57 ; 

And  dividing  by  19,  gives  y  =  3. 

And  hence  as  =4. 

Or,  effect  the  same  by  finding  two  values  of  y,  thus 

17— 2« 
In  the  1st  equat.  tr.  2x  and  div.  by  8,  gives  y  =  — g— -  ; 

59—14 

In  the  2d  tr.  2y  and  14,  and  div.  by  2,  gires  y  =    _ —  • 

^     .       ^  ,  ,     .       6ap-14      17-4iv 

rutting  these  two  values  equal,  gives  — 5- —  «  --^ — | 
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Mult  b3r2andby  3,giye8  15«  — 42«84  — 4x; 
Tnmsp.  42  and  4ff,  gives  19x  =  76 ; 
Dividing  by  19,  gived  x  =  4. 
Hence  y  =  S,  as  before. 

2.  Given  J  J*  Jl2j«6|  '  tofindscandy. 

Ans.  x&a  +  bf  and  y  «  ^€1  —  H* 
B.  GKveii3x  +  y  =  22,and3y  +  ar=:l8;  tofindxandy. 

Ans.  X  sa  6,  and  y  «  4. 

4.  Given  |}^  +  |5  =  Jj|  ;  tofindxandy. 

Ans.  X  =  6)  and  y  =  3. 

«L«»       2x,3y      22      ,3x,2y        67  ^  . 

5.  Given-5.  +  f  =yand-  +  J^=-;  to  find  « 

and  y.  Ans.  x  =s3t  and  y  ss  4. 

6.  Givenx+2y  =  «,  andx'  — 4y^s=^;  tofindxandy. 

Ana.  X  i=  — ;r — ,  and  y  =s  — - — . 

7.  Given  x  —  2y  =  if,  and  xzyiiaih;  to  find  x  and  y. 

ad         .  hd 

^*^s:::26'"^^y^5=56- 

XVLS  n. 

Fnm  the  value  of  one  of  the  unknown'  letters,  in  only  one 
of  the  equations,  as  in  the  former  rule ;  and  substitute  this 
value  instead  of  that  unknown  quantity  in  the  other  equation, 
and  there  will  arise  a  new  equation,  with  only  one  unknown 
quantity,  whose  value  is  to  be  found  as  before. 

Note.  It  is  evident  that  it  is  best  to  begin  first  with  that 
letter  whose  value  is  easiest  found  in  the  given  equations. 

BXAXTLXS. 

1.  Given  i  &^  ZI 2!!  =  14  C  »  to  find  x  and  y. 
Tliis  will  admit  of  four  ways  of  solution ;  thus ;  First, 
in  the  1st  eq.  trans.  3y  and  div.  by  2,  gives  x  «     T^  • 

Thii  val.  subs,  for  x  in  the  2d,  gives  — ^^^  —  2y»  14; 
JifiiU.  by  3,  thM  becomes  85  ~  16y  -  4y  a  9S; 
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Transp.  15y  and  4y  and  28,  gires  57  =  IQj^  $ 
And  dividing  by  19,  gives  8  =  3^. 

2dly,  in  the  2d  trans.  2y  and  div.  by  5,  gives  «  =  11 +  ^  . 

This  subst.  for  x  in  the  Ist,  gives  — ^^  +  8j^  =  17 ; 

Mult,  by  6,  gives  28  +  .4y  +  15y  =  85  ; 
Transpo.  28,  gives  ]9y  «  57 ; 
And  ^viding  by  10,  gives  y  =  3. 

Then  ««  li~??  =  4,  as  before. 


Sdly,  in  Ihe  1st  trans.  2x  and  div.  by  3,  gives  y  as 


17  — 2j? 


.^  ,  34 4^ 

This  subst.  for  y  in  the  2d,  gives  5x ~-  »  14 ; 

3 

Multiplying  by  3,  gives       15jc  —  34  +  4x  »  42 ; 
Transposing  34,  gives        19x  s=  76 ; 
And  dividing  by  19,  gives      a;  =s  4. 

ir  17  —  2*        ^         .     ^ 

Hence  y  = —  =  8,  as  before. 

o 

4thly,  in  the  2d  tr.  2y  and  14and  div.  by2,givesy=  ^^—  • 

Tliis  substituted  in  the  Ist,  gives  2x  +  ^^^""^^  -le  17 ; 

Multiplying  by  2,  gives  19a:  —  42  =  34 ; 
Transposing  42,  gives  19x  =  76  ; 
And  dividing  by  19,  gives  x  =»  4 ; 

••  5x  — 14 

Hence  y  =  — - —  =:  3,  as  before. 

2.  Given  2r  +  Sy  =  29,  and  3x  —  2y  ^  11  :  to  find  x 
and  y.  ^  Ans.  a;  ==  7,  and  y  =  6. 

3.  Given  ^^jlj^^ll'  tofindxandy. 

Ans.  X  s: 8,  andy  =s 8. 
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4.  Given  | ^'^'^l/^  | ;  to  find  x  and y. 

Ans.  X  =  6,  and  y  ss  4. 

5.  6iven|  +  8y  s=  21,  and  |  +  3x  =  29 ;  to  find  x 
and  y.  Ans.  x  =  9,  and  y=^S. 

6.  Given  10  —  |  =^  |  +  4,  and  ?L=lif  +  |  _  2  = 

3tf  *—  X 

-2^ —  —  1  ;  to  find  X  and  y.  Ana.  x  =  8,  and  y  =  6. 

7.  Given  x  :  y  :  :  4  :  3,  and  x*  —  y'  =  37  ;  to  find  x 
and  y.  Ans.  x  =  4,  and  y  =  3. 


BULE  m. 

Lit  the  given  equations  be  so  multiplied,  or  divided,  diz;c. 
and  by  such  numbers  or  quantities,  as  will  make  the  terms 
which  contain  oile  of  the  unknown  quantities  the  same  in 
both  equations  ;  if  they  are  not  th^  same  when  first  pro- 
posed. 

Then  by  adding  or  subtracting  the  equations,  according 
as  the  signs  may  require,  there  will  result  a  new  equation, 
with  only  one  unknown  quantity,  as  before.  That  is,  add 
the  two  equations  when  the  signs  are  unlike,  but  subtract 
them  when  the  signs  are  alike,  to  cancel  that  common 
term. 

iVbCe.  To  make  two  unequal  terms  become  equal,  as 
abovoi  multiply  each  term  by  the  co-efficient  of  the  other. 


KXAMPLBS. 

Given  i  2x  +  ^  =  16  (  *  ^  ''^^  *  *°^  ^* 

Here  we  may  either  make  the  two  first  terms,  containing  x, 
equal,  or  the  two  2d  terms,  containinff  y,  equal.  To  make 
tb^  two  first  terms  equal,  we  must  multiply  the  1st  equation 
by  2,  and  the  2d  by  5 ;  but  to  make  the  two  2d  terms  equaJ, 
we  must  multiply  the  Ist  equation  by  5,  and  the  2d  by  3  ; 
as  follows. 
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1.  By  making  the  two  first  tenns  equal : 

Multr the  1st  equ.  by  2,.gives  lOx  —  Qy  =48 

Aad  mult,  the  2d  by  5,  gives  lOx  +  25^  =s  80 

Subtr.  the  upper  from  the  under,  gives  Sly  =  62 

And  dividing  by  31,  gives  y  =  2. 

Hence,  from  the  1st  given  equ.  x  =  — r-^  =  3. 

2.  By  making  the  two  2d  terms  equal : 

Mult,  the  1st  equat.  by  5,  gives  25r  —  15y  ==  45  ; 
And  mult,  the  2d  by  3,  gives  6x  +  15y  ==  48 ; 
Adding  these  two,  gives  Six  =  93 ; 

And  dividing  by  31,  gives  x  =s   3. 

Bence,  from  the  Ist  equ.  y  =  -— —  =  2. 


mSCELLANEOVS  EXAMPLES. 

1.  Given  ^^  +  6y  =  21,  and  ?~^  +  6x  =  23  ;  to  find 
X  and  y.  Ans.  «  =  4,  and  y  =  3. 

2.  Given2f^  +  10  =  13,and??^J^  +  5==12;  to  find 

4  » 

X  and  y.  Ans.  x  =  5,  and  y  =  3. 

3.  Given?^y+*=10,and?f:=:??  +  |  =  14;tofind 

5  4  So 

X  and  y.  Ans.  a;  =  8,  and  y  =  4. 

4.  Given  3a;-i-4y  =  38,  and  4x  —  3y  ^  9 ;  ao  find  x  and  y. 

Ans.  X  ^  6,  and  y  =  5. 

PEOBLESI  III. 

To  exterminate  three  or  more  Unknoum  QMontUie^ ;  Or^  to 
reduce  the  simple  E^uationSf  containing  them^  to  a  Single 
one. 

EULB. 

This  may  be  done  by  any  of  the  three  methods  in  the  last 
problem:  viz. 

1.  ApTim  the  manner  of  the  first  rule  in  the  last  problem, 
find  the  value  of  one  of  the  unknown  letters  in  each  of  the 
given  equations  ;  next  put  two  of  these  values  equal  to  each 
other,  and  then  one  of  these  and  a  third  value  equal,  and  so 
on  for  all  the  values  of  it ;  which  gives  a  new  set  of  equations. 

Vol.  I.  32 
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with  which  the  same  process  is  to  be  repeated,  and  so  on  till 
there  is  only  one  equation,  to  be  reduced  by  the  rules  for  a 
single  equation. 

2.  Or,  as  in  the  2d  rule  of  the  same  problem,  find  the  value 
of  one  of  the  unknown  quantities  in  one  of  the  equations  only ; 
then  substitute  this  value  instead  of  it  in  the  other  equations ; 
which  gives  a  new  set  of  equations  to  be  resolved  as  before, 
by  repeating  the  operation. 

3.  Or,  as  in  the  3d  rule,  redutk  the  equations,  by  multi- 
plying or  dividing  them,  so  as  to  make  some  of  the  terms  to 
agree :  then,  by  adding  or  subtracting  them,  as  the  sigas 
may  require,  one  of  the  letters  may  be  exterminated,  dec.  as 
before. 

EXAMPLES. 


1.  Given 


<  «  4-  2y  +32  ==  16  >  ;  to  find  ar,  y,  and  sr. 
^«  +  3y+42  =  20 


1.  By  the  1st  method : 
Transp.  the  terms  containing  y  and  z  in  each  equa.  gives 
a:  =   9  —   y  —   s, 
«  =  16  — 2y  — 32, 
«  =  21  — 3y  — 4»; 
Then  putting  the  1st  and*  2d  values  equal,  and  the  2d  and  3d 
values  equal,  give 

9—   y—   2=16— 2jf  —  32, 
16  — 2y— 32=^21  —  3y  — 42; 
In  the  1st  trans.    9,    z,  and  2y,  gives  y  =  7  —  2z; 
In  the  2d  trans.  16,  32,  and  3y,  gives  y  =  5  -    z; 
Putting  these  two  equal,  gives  6  —  2  =  7  —  22. 
Trans.  5  and  22,  gives  2  =  2. 
Hence  y  =  6  —  2  =  3>  and  a:  =  9-— y—  2=4. 
2dly.  By  the  2d  method  : 

From  the  1st  equa.  a?  =  9  —  y  —  2 ; 
This  value  of  x  substit.  in  the  2d  and  3d,  gives 
9  +    y  +  22  =  16, 
9  +  2y  +  32  =  21  ; 
In  the  1st  trans.  9  and  22,  gives  y  =  7  —  22 ; 
This  substit.  in  the  last,  gives  23   —  2  =  21  ; 
Trans.  2  and  21,  gives  2  =  2. 
Hence  again  y  =  7  —  22  =  3,  and  a?  =  9  —  y  —  2  =  4. 
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8dly.  By  the  3d  method  :  subtracting  the  Ist  equ.  from 
the  2d,  aod  the  2d  from  the  3d,  gives 
y  +  22;  =  7, 
y+    «  =  5; 
Subtr,  the  latter  from  the  former,  gives  z  =  2. 
Hence  y  =  5  —  »  =^  3,  and  x  =  9  —  y  —  a;=5=4. 
ix+    y+    z=^l8) 

2.  Given  <  x  +  3y  +  2z  =  38  >  ;  to  find  x,  y,  and  x. 

<«  +  4y  +  i«.=  ioi 

Ans.  «  =  4,  y  =  6,  «  =  8. 
=  27^ 

3.  Given  -J  a?  +  Jy  +  Ja;  =  20  >  ;  to  find  ar,  y,  and  z. 


Ans.  X  ^  1,  y  =  12,  z  =  60. 
4.  Given  x  —  y  =  2,  x  —  «  =  3,  and  y  +  «  =  9  ;   to 
find  X,  y,  and  2.  Ans.  x  =?  7,  y  <=:  5,  z  s  4. 


(2x+3y  +  4;K  =  34) 
i^3x+4y +  6z=:46) 

^2x+6y  +  8!»  =  fi8) 

ix(x  +  y  +  a^)=  45) 
L  c  y  («  +  y  +  «)  =    70  )  ;  to  find  x,  y,  and  «. 

<«(*  +  y  +  «)  =  105) 


Given  -J  3x  +  4y  +  6z  =  46  J  ;  to  find  x,  y,  and  «• 
Given  < 


A  OOLUtCnON  OF  QUESTIONS  PRODUCING  SIMPLE 
EQUATIONS. 

Quest*  1.    To  find  two  numbers,  such,  that  their  sum 
shall  be  10,  and  their  difference  6. 

Let  X  denote  the  greater  number,  and  y  the  less* . 
Then,  by  the  1st  condition  x  +    y  =  10, 
And  by  the  2d      -    -    -    x  —   y  «   «, 
Transp.  y  in  each,  gives     x  =  10  —   y, 

and  X  =5    6  +    y  ;    . 
Put  these  two  values  equal,  gives  6  +  y  n  10  —  y; 
Transpos.  6  and  — y,  gives    -    2y  =  4  ; 
Dividing  by  2,  gives        -      -      y  =  2. 
And  hence        •        -      -      •      x  =  64-y  =  8* 


*  In  Aete  solntions,  as  many  unknown  letters  are  always  used  as 
there  ore  unknown  numbers  to  be  found,  purposely  for  exercise  in  the 
modes  of  reducing  the  equations :  avoiding  the  short  wsvs  of  notation, 
whicht  though  they  may  cive  neater  solutions,  afford  less  exercise  Im 
pfaetlsing  the  several  ndesTn  reducing  equations, 
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Quest.  2.  Divide  lOOZ  among  a,  b,  c,  so  that  a  may  have 
201  more  than  b,  and  b  lOZ  more  than  c. 

Let  X  =  a's  share,  y  =  b's,  and  %  =  c's. 
Then»  +  y  +    %  =  100, 

X  =r  y  +  20, 

y  =  «  +  10. 
In  the  Ist  suhstit.  y  +  20  for  x,  gives  2y  +  «  +  20  =  100  ; 
In  this  substituting  z  +  10  Tor  y,  gives  dz  +  40  ss  100  ; 
By  transposing  40,  gives         .      .      3z  =  60  ; 
And  dividing  by  3,  gives         •      -        z  =s  20. 
Hencey  » z  +  10 aSO, and  x  s=  y  +  ^  ==  ^• 

Quest.  8.  A  prize  of  500Z  is  to  be  divided  between  two 
persons,  so  as  their  shares  may  be  in  proportion  as  7  to  S  ; 
required  the  share  of  each. 

Put  X  and  y  for  the  two  shares  ;  then  by  the  question, 

7  :  8  : :  X  :  y,  or  mult,  the  extremes, 
and  the  means,  7y  «  8x, 

and  X  +  y  =  500  ; 
Transposing  y,  give?  x  =s  500  —  y  ; 
This  substituted  in  the  1st,  gives  ly  &=  4000  -^  8y  ; 
By  transposing  8y,  it  is  15y  =  4000  ; 
By  dividing  by  15,  it  gives  y  =  260| ; 
And  hence  x  ==  500  —  y^  283^. 

Quest.  4.  What  fraction  is  that,  to  the  numerator  of 
which  if  1  be  added,  the  value  will  be  \  ;  but  if  1  be  added 
to  the  denominator,  its  value  wilLbe  \  ? 

X 

Let  —  denote  the  fraction. 

y 

X  -+-  1  a: 

Then  by  the  quest. =  4,  and  — r-;  =  *• 

y  y  +  1* 

The  Ist  mult,  by  2  and  y,  gives  2x  +  ^  =  y ; 
The  2d  mult,  by  3  and  y  +  1,  is  3x  =  y  +  1  ; 
The  upper  taken  from  the  under  leaves  x  —  2  =  1; 
By  transpos.  2,  it  gives  x  ==  3. 
And  hence  y  =  2x  -{-  2  =  8  ;  and  the  fraction  is  |. 

s 

Quest.  5.  A  labourer  engaged  to  serve  for  30  days  on 
these  conditions  :  that  for  every  day  he  worked,  he  ;was  to 
receive  20ji,  but  for  every  day  he  played,  or  was  absent,  he 
was  to  forfeit  10(2.  Now  at  the  end  of  the  time  he  had  to 
receive  just  20  shillings,  or  240  pence.    It  is  required  to 
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find  how  many  days  he  worked,  and  how  many  he  was 
idle? 

Let  X  be  the  days  worked,  and  y  the  days  idled. 
Then  20x  is  the  pence  earned,  and  lOy  the  forfeits  ; 
Hence,  by  the  question     -    x  +  y  =^  SO, 

and  20x  -  lOjf  =  240  ; 
The  1st  mult,  by  10,  gives  lOx  +  1(^  =  300  ; 
These  two  added,  give  -   30x  =  540  ; 
This  div.  by  30,  gives     -     x  =  18,  the  days  worked  ; 
Hence         -        y  =  30  —  x  ==  12,  the  days  idle  J.     • 

Quest.  6.  Out  of  a  cask  of  wine  which  had  leaked  away 
I,  30  gallons  were  drawn ;  and  then,  being  guaged,  it  appear, 
ed  to  be  half  full ;  how  much  did  it  hold  ? 

Let  it  be  supposed  to  have  held  x  gallons. 

Then  it  would  have  leaked  ^x  gallons, 

Conseq.  there  had  been  taken  away  ^x  +  90  gallons. 

Hence  jx  =  Jx  +  30  by  the  question. 

Then  mult,  by  4,  gives  2x  =»  x  +  120 ; 

And  transposing  x,  gives  x  =  120  the  gidlons  it  held. 

QxTSST.  7.  To  divide  20  into  two  such  parts,  that  3  times 
the  one  part  added  to  5  times  the  other  may  make  76. 

Let  X  and  y  denote  the  two  parts. 
Then,  by  the  question         -        -    x  +    y  =  20, 

and  3x  +  5y  =  76. 
Mult,  the  1st  by  3,  gives        -       3x  +  3j^  =  60  ; 
Subtr.  the  latter  from  the  former,  gives  2y  =  16 ; 
And  dividing  by  2,  gives        -         -         y  =    8. 
Hence,  from  the  Ist,       -       x  =  20  —  y  =  12. 

Quest.  8.  A  market  woman  bought  in  a  certain  number 
of  eggs  at  2  a  penny,  and  as  many  more  at  3  a  penny,  and 
sold  them  all  out  again  at  the  rate  of  5  for  two-pence,  and 
by  so  doing,  contrary  to  expectation,  found  she  lost  3d ;  what 
number  of  eggs  had  she  7 

Let  X  =  number  of  eggs  of  each  sort. 
Then  will  ^x  =  cost  of  the  first  sort, 
And  }x  =  cost  of  the  second  sort ; 
But  5:2  : :  2x  (the  whole  number  of  eggs)  :  |x; 
Hence  |x  =  price  of  both  sorts,  at  5  for  2  pence ;  ^ 
Then  by  the  question  |x  +  Jx  —  jx  =  3  ; 
Muh.  by  2,  gives    -     x  +  J«  —  |x  =  6  ; 
And  mult,  by  3,  gives  5x  —  y  x  =  18 ; 
Also  mult,  by  5,  gives  x  ss  00,  the  number  of  eggs  of 
each  sort. 


Digitized  by  CjOOQ IC 


246  ALGEBRA. 

Quest.  9.  Two  persons,  a  and  b,  engage  at  play.  Bo- 
fore  they  begin,  a  has  80  guineas,  and  b  has  60.  After  a 
certain  number  of  games  won  and  lost  between  them,  A  rises 
with  three  times  as  many  guineas  as  b.  Query,  how  many 
guineas  did  a  win  of  b  ? 

Let  X  denote  the  number  of  guineas  a  won. 
Then  a  rises  with  80  +  x, 
And  B  rises  with  60  —  x; 
Theref.  by  the  quest.  80  +  x  =  180  —  3x  ; 
Transp.  80  and  3x,  gives  4x  =  100  ; 
And  dividing  by  4,  gives  x  =  25,  the  guineas  won. 


QUESTIOr^S  FOR  PRACTICE. 

1.  To  determine  two  numbers  such,  that  their  difference 
may  be  4,  and  the  difference  of  their  squares  64. 

Ans.  6  and  10. 

2.  To  find  two  numbers  with  these  conditions,  viz.  that 
half  the  first  with  a  third  part  of  the  second  may  make  9, 
and  that  a  4th  part  of  the  first  with  a  5th  part  of  the  second 
may  make  5.  Ans.  8  and  15* 

3.  To  divide  the  number  20  into  two  such  parts,  that  a 
3d  of  the  one  part  added  to  a  5th  of  the  other,  may  make  6. 

Ans.  15  and  5. 

4.  To  find  three  numbers  such,  that  the  sum  of  The  Ist 
and  2d  shall  be  7,  the  sum  of  the  1st  and  3d  8,  and  the  sum 
of  the  2d  and  3d  9.  Ans.  3,  4,  5. 

5.  A  father,  dying,  bequeathed  his  fortune,  which  was 
2800Z,  to  his  son  and  daughter,  in  this  manner  ;  that  for  eve- 
ry half  crown  the  son  might  have,  the  daughter  was  to  have 
a  shilling.     What  then  were  their  two  shares  ? 

Ans.  The  son  2000Z  and  the  daughter  800L 

6.  Three  persons,  a,  b,  c,  make  a  joint  contribution,  which 
'    ^'     whole  amounts  to  400Z ;  of  which  sum  b  contributes 

IS  much  as  a  and  20Z  more  ;  and  c  as  much  as  a  and 
her.     What  sum  did  esnch  contribute  ? 

Ans.  A  60Z,  b  140Z,  and  c  200Z. 


L  person  paid  a  bill  of  lOOZ  with  half  guineas  and 
I,  using  in  all  202  pieces  ;  how  many  pieces  were  there 
h  sort  ?  Ans.  180  half  guineas,  and  22  crowns. 
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8.  Says  a  to  b,  if  you  give  rae  10  guineas  of  your  money, 
I  shall  then  have  twice  as  much  as  you  will  have  left :  but 
says  B  to  A,  give  me  10  of  your  guineas,  and  then  I  shall 
have  8  times  as  many  as  you.     How  many  had  each  ? 

Ans.  A  22,  B  26. 

9.  A  person  goes  to  a  tavern  with  a  certain  quantity  of 
money  in  his  pocket,  where  he  spends  2  shillings  ;  he  then 
borrows  as  much  money  as  he  had  led,  and  going  to  another 
tavern,  he  there  spends  2  shillings  also ;  then  borrowing 
again  as  much  money  as  was  leA,  he  went  to  a  third  tavern, 
where  likewise  he  spent  2  shillings  ;  and  thus  repeating  the 
same  at  a  fourth  tavern,  he  then  had  nothing  remaining. 
What  sum  had  he  at  first  ?  Ans.  3^.  9d. 

10.  A  man  with  his  wife  and  child  dine  together  at  an 
inn.  The  landlord  charged  1  shilling  for  the  child  ;  and  lor 
the  woman  he  charged  as  much  as  for  the  child  and  j-  as 
much  as  for  the  man  ;  and  for  the  man  he  charged  as  much 
as  for  the  woman  and  child  together.  How  much  was  that 
for  each  ?  Ans.  The  woman  20d  and  the  man '32(1. 

11.  A  cask,  which  held  60  gallons,  was  filled  with  a 
mixture  of  brandy,  wine,  and  cyder,  in  this  manner,  viz. 
the  cyder  was  6  gallons  more  than  the  brandy,  and  the 
wine  was  aB  much  as  the  cyder  and  ^  of  the  brandy.  Ho\^ 
much  was  there  of  each  ? 

Ans.  Brandy  15,  cyder  21,  wine  24. 

12.  A  general,  disposing  his  army  into  a  square  form, 
finds  that  he  has  284  men  more  than  a  perfect  square  ;  but 
increasing  the  side  by  1  man,  he  then  wants  25  men  to  be  a 
complete  square.  How  many  men  had  he  under  his  com- 
mand ?  Ans.  24000. 

13.  What  numl)er  is  that,  to  which  if  3,  5,  and  8,  be 
severally  added,  the  three  sums  shall  be  in  geometrical  pro- 
gression? Ans.  1. 

14.  The  stock  of  three  traders  amounted  to  7601 :  the 
shares  of  the  first  and  second  exceeded  that  of  the  third 
by  240  :  and  the  sum  of  the  2d  and  3d  exceeded  the  first 
by  360.     What  was  the  share  of  each  ? 

Ans.  The  1st  200,  the  2d  300,  the  3d  260. 

15.  What  two  numbers  are  those,  which,  being  in  the 
ratio  of  3  to  4,  their  product  is  equal  to  12  times  their  sum  7 

Ans.  21  and  28. 
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16.  A  certain  company  at  a  tavern,  when  they  canrie  to 
settle  their  reckoning,  found  that  had  there  been  4  more  inr 
company,  they  might  have  paid  a  shilling  each  less  than 
they  did  ;  but  that  if  there  had  been  3  fewer  in  company, 
they  must  have  paid  a  shilling  each  more  than  they  did. 
What  then  was  the  number  of  persons  in  company,  what 
each  paid,  and  what  was  the  whole  reckoning  ? 

Ans.  24  persons,  each  paid  7^,  and  the  whole 
reckoning  6  guineas. 

17.  A  jockey  has  two  horses  :  and  also  two  saddles,  the 
one  valued  at  16/.  the  other  at  3/.  Now  when  he  sets  the 
better  saddle  on  the  1st  horse,  and  the  worse  on  the  2d,  it 
makes  the  first  horse  worth  double  the  2d  ;  but  when  he 
places  the  better  saddle  on  the  2d  horse,  and  the  worse  on 
the  first,  it  makes  the  2d  horse  worth  three  times  the  1st. 
What  then  were  the  values  of  the  two  horses  ? 

Ans.  The  1st  6/,  and  the  2d  91. 

16.  What  two  numbers  arc  as  2  to  3,  to  each  of  which  if 
6  be  added,  the  sums  will  be  as  4  to  5  ?  Ans.  6  and  9. 

19.  What  are  tliose  two  numbers,  of  which  the  greater  is 
to  the  less  as  their  sum  is  to  20,  and  as  their  difference  is  to 
10  ?  Ans.  15  and  45. 

20.  What  two  numbers  are  those,  whose  difference,  sum, 
and  product,  are  to  each  other,  as  the  three  numbers  2, 
3,  5  ?  .  '   Ans.  2  and  10. 

21.  To  find  three  numbers  in  arithmetical  progression,  of 
which  tho  first  is  to  the  third  as  5  to  9,  and  the  sum  of  b\\ 
three  is  63.  Ans.  15,  21,  27. 

22.  It  is  required  to  divide  the  number  24  into  two  such 
parts,  that  the  quotient  of  the  greater  part  divided  by  the 
less,  may  be  to  the  quotient  of  the  less  part  divided  by  the 
greater,  as  4  to  1.  Ans.  16  and  8. 

.23.  A  gentleman  being  asked  the  age  of  his  two  sonS) 
answered,  that  if  to  the  sum  of  their  ages  16  be  added,  the 
result  will  be  double  the  age  of  the  elder ;  but  if  0  be  taken 
from  the  difference  of  their  affes,  the  remainder  will  l^e  equal 
to  the  age  of  the  younger.     What  then  were  their  ages  1 

Ans.  30  and  12. 

24.  To  find  four  numbers  such,  that  the  sum  of  the  Ist, 
2d,  and  3d  shall  be  13  ;  tho  sum  of  the  1st,  2d,  and  4th, 
15  ;  the  sura  of  the  1st,  3d,  and  4th,  18 ;  and  lastly,  the  sum 
of  the  2d,  3d,  and  4th,  20.  Ans.  2,  4,  7,  9. 
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2&  To  divide  48  into  4  such  parts,  that,  the  first  increased 
bj  3,  tike  second  diminished  by  8,  the  third  multiplied  by  3, 
and  the  4th  divided  by  3,  may  be  all  equal  to  each  other. 

Ans.  6, 12|  3,  27. 


QUADRATIC  EQUATIONS. 

Qd[ADBatic  Equations  are  either  simple  or  compound. 

A  simple  quadratic  equation,  is  that  which  involves  the 
square  only  of  the  unknown  quantity.  As  oo^  =  6.  The 
solution  of  such  quadratics  has  been  already  given  in  simple 
equations. 

A  compound  quadratic  equation,  is  that  which  contains 
the.  square  of  the  unknown  quantity  in  one  term,  and  the 
first  power  in  another  term.    Aaoj^  +  bx^c. 

All  compound  quadratic  equations,  after  being  properly 
reduced,  fall  under  the  three  following  forms,  to  which  they 
must  always  be  reduced  by  preparing  them  for  solution. 

1.    «»+ax  =  5 

3.    ««  — a«  =  — 5 

The  general  method  of  solving  quadratic  equations,  is  by 
what  is  called  completing  the  square,  which  is  as  follows : 

1.  RsnucE  the  proposed  equation  to  a  proper  simple  form, 
.as  usual,  such  as  the  forms  above  ;  namely,  by  transposing  ' 
«){  the  terms  which  contain  the  unknown  quantity  to  one 
tide  of  the  equation,  and  the  known  tefros  to  the  or  her  ; 
placing  the  square  term  first,  and  the  single  power  second  ; 
difiding  the  equation  by  the  co-cfiicieDt  of  the  square  or 
first  term,  if  it  has  one,  and  changing  the  signs  of  airthe 
terms,  when  that  term  happens  to  be  negative,  as  that 
term  must  alwitys  be  made  positive  before  the  solution. 
Then  the  proper  solution  is  by  completing  the  square  as 
follows,  viz. 

2.  Complete  the  unknown  side  to  a  square,  in  this  man- 
ner,  viz.  Take  half  the  co-efficient  of  the  aecbnd  term,  and 
square  it ;  which  square  add  to  both  sides  of  the  equation, 
then  thatiside  which  contains  the  unknown  quantity  will  be 
a  complete  square. 

VOL.L  33 
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3.  Then  extract  the  square  root  on  h<itb  si^efi  of  the 
equation'*'|  and  the  value  of  the  unknown  quantity  will  be 
determined,  making  the  root  of  the  known  side  either  4*  or 
w,  which  will  give  two  roots  of  the  equation,  or  two  values  of 
the  unknown  quantity. 


*  As  the  square  root  of  any  quantity  may  be  either  +  or  — ,  there- 
fore all  quadratic  equations  admit  of  two  solutions.  Thas,  the  square 
root  of  +  n»  is  either  +  n  or  —  «;  for  +  n  X  +  «  and  —  «  X  —  « 
are  each  equal  to  -+-  n^.  But  the  square  root  of  —  n«,  or  V  —  «*  is 
imaginary  or  impossible,  as  neither  -f  ^  nor  —  ft,  when  squared,  gives 
—  n«. 

So,  in  the  first  form,  x^-\-ax  =  b,  where  a:  -|-  J|o  is  foand  =  V(^  - 


the  root  may  be  either  4-  V(b  +  4a2),  or  —  V(5  +  {a^Y  since  either 
of  them  being  multipliea  by  itself  produces  &-{- i^i'.  And  this  ambi- 
guity is  eipressed  by  writing  the  uncertain  or  double  sign  zt,  before 
V(6  4-  Jfl«) ;  thus  x  =  ±  V(6  +  ja')  —  Ja. 

In  this  form,  where  a:  =  Hh  \/(h  +  Ja^)  —  Ja,  the  first  value  of  x,  vis. 
X  =  -f-  V(6  -}-  ifl') —  i*  "  always  affirmative ;  for  since  Jfl^-f  ft  is 
greater  than  ^a',  the  greater  square  must  necessarily  have  the  greater 
root ;  therefore  v(b  -J-  ^a^),  will  always  be  greater  than  Via^  or  its 
equal  j|a ;  and  consequenUy  -f  V{b  +  i^)  ~  i^  will  always  be  afirm- 
ative. 

The  second  value,  viz.  x  r-z  —  ^(h  -{■  |fl«)  —  ^a  will  always  be  nega- 
tive, because  it  is  composed  of  two  negative  terms.  Therefore  when 
:fi +  ax  sz:  b,  vre  shall  have  x  = -\-  \/{h  +  ia^)  —  ^  for  the  affiroiativ« 
value  of  X,  and  x  =  —  V(p  +  ia-)  —  ^n  for  the  negative  value  of  x. 

In  the  second  form,  where  x  =  ±  V(6  -|^  jji«)  -f  ^a  the  first  valae« 
viz.  X  =  +  V(6  +  jff^)  +  i«  is  always  affirmative,  since  it  is  composed 
of  two  affirmative  terms.  Sut  the  second  value,  viz.  x  =  —  V{b  -f-  is*) 
-4-  l/Bi,  will  always  be  negative ;  for  since  6-f  \a^  is  greater  than  4a>, 
taerefore  V(6  +  ^a"^  will  be  greater  than  Vi^*,  or  its  equal  ^a  ;  and 
consequently  —  \/{h  -f  ^o'')  -p  i^a  is  always  a  negative  quantify. 

Therefore,  when  xS— oar  =  6,  we  shall  have  x  =  +  v{b  -|-  4«")  + 1« 
for  the  affirmative  value  of  x ;  and  x  r=  -~  y/(h  -\~  ^a^)  -f  ^  for  tbe 
negative  value  of  x;  so  that  in  both  the  first  and  second  forms,  the  un- 
known quantity  has  always  two  values,  one  of  which  is  positive,  and 
|he  other  negative. 

But,  in  the  third  form,  where  x  —  ^  V{{tfi  —  b)  -\-  j|a,  botli  the 
values  of  x  will  be  positive,  when  \a^  is  greater  than  h.  For  the  first 
value,  viz.  x  =  -|-  vUa'  —  ft)  +  4o  will  then  be  affirmative,  being  com- 
posed of  two  affirmative  terms. 

The  second  value,  viz.  x  =  —  V(<ja^  —  6)  -j-  Js  is  affirmative  alio  ; 
for  since  ia^  is  greater  than  ^a^  —  h,  therefore  V\a^  or  ^a  is  zreatcr  than 
V(4<*' —  b)  ;  and  consequently  -—  V(4<*^  —  ^)  4"  i*  w**^  always  be  an 
affirmative  quantity.  So  that,  when  a?  —  ax  =  —  i,  we  shall  have  x 
=  +  V(ia'—  6)  +  ja.  BDd  also  x  =  —  V(io»—  b)  +  Ja,  for  the 
valoes  of  X,  both  positive. 

But  in  this  third  form,  if  b  be  greater  than  ja^  the  solution  of  the  pro- 
posed auestion  will  be  irr  possible.  For  since  the  square  of  any  quan- 
tity (whether  that  quantity  be  affirmative  or  negative)  is  always  affirma- 
tive, the  square  root  of  a  negative  quantity  is  impossible,  and  cannot 
be  assigned.  But  when  b  is  greater  than  ia\  then  ^a^  —  b  is  a  nega- 
tive quantity ;  and  therefore  its  root  V(4a^'  —  h)  is  impossible,  or  Ima- 
ginary ;  consequently,  in  that  case,  x  =  ^a '±^  V(ia=  —  &),  or  the  two 
roots  or  values  of  x,  are  both  impossible,  or  imaginary  quantities. 
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Note,  1.  The  root  of  the  first  side  of  the  equation,  is 
always  equal  to  the  root  of  the. first  term,  with  half  the  co- 
efficient of  the  second  term  joined  to  it,  with  its  sign,  whether 
+  or  — .  -  Jf 

2.  All  equations,  in  which  there  are  two  terms  including 
the  unknown  quantity,  and  which  have  the  index  of  the  one 
just  double  that  of  the  other,  are  resolved  like  quadratics,  by 
completing  fhe  square,  as  above. 

Thus,  X*  +  aa^  -=  6,  or  a-^*  +  fix"^  =  ^,  or  «  +  ax^  =  &i 
or  (x*  ±  axy  -±  m(r'  x  ax)  =  6,  are  analagous  to  quadra- 
tics, and  the  value  of  the  unknown  quantity  may  be  deter- 
mined accordingly. 

3.  For  the  construction  of  Qijiadratics,  see  vol.  ii. 

EXAXPLES. 

.  1*  Given  x*  +  4j;  =  60 ;  to  find  Xm 

First,  by  completing  the  square,  «'  +  4r  +  4  =  64 ; 

Then,  by  extracting  the  root,  «  +  2  =  ±  8  ; 

Then,  transpos.  2,  gives  x  =  6  or  — 10,  the  two  roots. 

2.  Given  «*  —  6x  +  10  =  65 ;  to  find  a:. 
First,  trans.  10,  gives  x"  —  6x  =  55 ; 
Then  by  complet.  the  sq.  it  is  x"  —  6.r  +  9  =s  64 ; 
And  by  extr.  the  root,  gives  x  —  3  =  ±  8 ; 
Then  trans.  3,  gives  x  =  11  of  —  5. 

8.  Given  3x"  —  3*  +  ^  =  8i ;  to  find  x. 
First  div.  by  3,  gives  x"  —  x  +  3  =  2 J  ; 
Then  transpos.  3,  gives  x*  —  x  =  —  f ; 
And  compl.  the  sq.  gives  x*  —  *  +  i  ==  A » 
Then  extr.  the  root  gives  x  —  J  =  it  ^  ; 
And  transp.  ^,  gives  x  =5  |  or  ^. 

4.  Given  ^  —  |x  +  30^  =»  52^ ;  to  find  x. 
First  by  transpos.  30x,  it  is  i^^  —  ^a;  =  22^  ; 
Then  mult,  by  2  gives  x^—  |x=:44| ; 

And  by  compl.  the  sq.  it  is  x*— |x+j=44f. 
Then  extr.  the  root  gives  x  —  |^  =s  ±  6| ; 
And  trans.  ^,  gives  x  s  7  or  ^  6^ ; 

5.  Given  ax*  —  ix  ^  c;  to  find  x. 
First  by  div.  by  a^itisc* x  =  — ; 
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Then  compl.  the  aq,  gives  a:*—-  x  +4^,=-  "^4?^  * 

h  4ae+  h» 

And  eztrac.  the  root,  gives  jt  —  g^  =  db  ^ — -j —  ; 

b  4ae+V  .    h 

Then  tram^).  g^,  gives  «  =  ±  ^-5^—  +  gj- 

6.  Given  a* — 2aj:*=  S ;  to  find  x» 

First  by  compl.  the  sq.  pves  a:-.2a«+a^=«*+* ; 
And  extract,  the  root,  gives  af-^a  s  ±,  ^{tf^h) ; 
Then  transpos.  a>  gives  a;*  =  ±  ^(fl^  +  *)+«; 
And  extract,  the.root,  gives  a:  =  +  \/[tf  +  v^(flM-*)l* 

EXAJIPIXS  FOR  PAACnCB*. 

}.  Given  2^—02-7  a  83 ;  to  find  2.      Ans.  2  a  10  or-4. 


*  I.  Cubic  eqnaiions  when  occarring  in  pain,  may  vniany  bevedoesd 
to  qaadratics,  by  eilerminatipn.    Thiti, 

Supposf)  4^  -|-  3xs  4-  fix  =  160  I 
and3x'-|-2x»  +2x  =  !{)&] 
*  Then  malt.  Itt  oqaa.  by  3,  and2€l  by  4, 

I81S  +,9aji  4-  15a;  =:  450 
12x«-f  8««  +   8x  =  420 
By  iablr.  «»  -|-  7x  =  30 

Compl.  the  tq.  x»  4  7«  +  V  =  30  +  V  =  H* 
Eitp.  the  root  x    +  f  ==  ±  V 

X    =:t^— J-=3or— 10. 
2.  Sometinet,  when  the  onlcnown  square  has  a  oo-effieSent,  the  fol« 
lowing  method  may  be  advantageously  adopted :  vis. 

Haying  transposed  ihe  known  terms  to  one  side  and  the  unknown 
terms  to  the  other,  multiply  each  side  by  4  times  the  co-efficient  of  the 
nnknnwn  square. 

Add  the  square  of  the  co-efficient  of  the  simple  power  of  the  un- 
known quantity,  to  both  sides;  the  first  side  will  then  be  a  complete 
square. 

£itract  the  root,  and  the  value  of  Che  unknown  quantity  will  be  ob- 
tained. 

Thus,  if  5zs-|.4x  =  28. 

Then  mult,  by  4  X  5,  lOOx'  +  SOx  s  660 

Add    4».    .    100:1^+ 80x  +  l«    =676 

Eitr.  the  root,    lOz  -{-  ^  =  -t  24 

Transposing    .  lObe  =  20  or  —  28 

Dividing  by  10,     x  =  2,  or .—  2-6. 
The  principal  adventnge  of  this  method,  which  Is  doe  to  the  fttdianfl« 
b  that  it  do»-s  not  introduce VmoCton*  into  the  operation.    It  will  haw 
the  same  advantage  in  cases  where  the  aqnareJisi  ooeo-tSsiSBti  If  that 
of  the  simple  power  be  an  orfrf  noober. 
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3.  Oifea  s*— &?— 10  » 14 ;  to  find  :r.    Aat.  jr.as  8  or  —8. 
8*  Given  fix*  +  ^—  M  —  IH  ;  to  find  r. 

Ans*  0  ss  6  or  —  8|« 

4.  GivMi^s'— /»  +  2  s>  9 ;  to  find  X.    An^.  x  ss  4  or-*8^* 

5.  Given  Si^  —  ^x'b  40  ;  to  find  k.     Ana.  x  s  2or  — 2. 

6.  Given |rc*}^«  s  l|;  tofindx.        Am. 9=^9 or 9^. 

7.  Given  ioe*  +  f  a:  =  f  ;  to  find  «. 

Ans.  ar  »  — f  ±  i  v^O  a  *7277668  or —2*0611000. 
a  Given  «"  +  40^  ^  12  ;  to  find  x. 

Am.  «  =  V2  =  1-260921,  or  ^  —  6  «  --  1-817121« 
0.  Qiven  tf +  4x  ^  ^ +  2  ;  to  Sndx. 

Ana.  »  «  4/(€f  +  6)  —  2. 

amflnoira  PxoDuonfo  aaASBAnc  aavAxioiii. 

1.  To  find  two  munbers  whose  difierenee  is  2,  and  pio* 
duct  80. 

Let  X  and  y  denote  the  two  required  numbers. 
Then  the  first  condition  gives  x  •»  y  s  2, 
And  the  second  gives  xy  •=  80. 
The  n  transp.  y  in  the  Ist  gives  x  »  y  -f  Si ; 
This  value  of  x  substitut.  in  the  2dy  is  j^  +  2y  «  80  ; 
Then  comp.  the  square  gives  y*  +  2y  +  1  ^  81  ; 
And  extrac.  the  root  gives  Sf  -i^  1  ^  9  ; 
And  transpos.  1  gives  y  s  8  ; . 
And  therefore  x  =  y  +  2  =s  10. 

3.  To  divide  the  number  14  into  two  such  parts,  that  theit 
product  may  l^e  48. 
^       Let  X  and  y  denote  the  two  parts. 

Then  the  Ist  condition  gives  x  -(-  Sf  *=  14, 
And  the  2d  gives  xy  =s  48. 
Then  transp.  y  in  the  first  gives  x  s  14  —  p^ 
This  value  subst.  for  x  in  the  2d,  is  14^  —  j^  s  48 ; 
Changing  all  the  signs,  to  make  the  square  positivei 
gives  y*  —  14y  ss  .  48  ; 
Then  compl.  the  square  gives  y*  —  14y  +  49  s  1 ; 
And  extrac.  the  root  gives  y  -*  7  as  +  l  • 
Then  transpos.  7,  gives  y  =  8  or  6,  the  two  parts. 

8.  What  two  numbers  are  those,  whose  sum,  product,  and 
difierenee  of  their  squares,  are  all  equal  to  each  other  f 

Let  X  and  y  denote  the  two  numbers. 

Then  the  1st  and  2d  expression  give  x  +y  s xf* 

And  the  Ist  and  8d  give  x  +  y  sss  x*— >/« 
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Then  the  laat  equa.  div.  by  x  +yf  gives  1  s  «'>-«  f ; 
And  transpos.  y,  gives  y  +  1  =  ar ; 
This  val.  substit.  in  the  1st  gives  2y  +  1  =  y'  +  y ; 
And  transpos.  2y,  gives  1  =  y'  —  y  ; 
Then  complet.  the  sq.  gives  f  =  y"^  — y  +  J  > 
And  extracting  the  root  gives  i  v^5  ==  y  —  ^  ; 
And  transposing  \  gives  ^  ^5  +  ^  =  y ; 
And  therefore  x  =  y  +  1  =  ^  ^^5  +  ^. 
And  if  these  expressions  be  turned  into  numbersy  by  ex- 
tracting the  root  of  5,  d&c.  they  give  x  s  2*6130  +,  and 
y  =  1.6180 +. 

4.  There  are  four  numbers  in  arithmetical  progression,  of 
which  the  product  of  the  two  extremes  is  22,  and  that  of  the 
means  40 ;  what  are  the  numbers  ? 

Let  X  =  the  less  extreme, 

and  y  =^  the  common  difierencp  ; 
Then  ar,  a+y,  x-f  2y,  x4-3y,  will  be  the  four  numben. 
Hence,  by  the  1st  condition  .r'  +  3xy  =  22, 
And  by  the  2d  «"  +  Sxy  +  2y^  =  40. 
Then  subtracting  the  first  from  the  2d  gives  2y*  =  18  ; 
And  dividing  by  2  gives  y^  =  9 ; 
And  extracting  the  root  gives  y  ==  3. 
Then  substit  3  for  y  in  the  lst,^ive8  a*  +  9*  *=  22  ; 
And  completing  the  square  gives  x^  +  9x  +  y  =  «|»  ; 
Then  extracting  the  root  gives  »  +  f  =  V  ; 
And  transposing  §  gives  x  =  2  the  least  number. 
Hence  the  four  numbers  are  2,  5,  8,  11. 

5.  To  find  3  numbers  in  geometrical  progression,  whose 
flOffl  shall  be  7,  and  the  sum  of  their  squares  21. 

Let  X,  y,  and  z  denote  the  three  numbers  sought. 
Then  by  the  1st  condition  xz  =  y". 
And  by  the  2d  X  +  y  +  z  =  7, 
And  by* the  3d  x»  +  y*  +  ;c»  =  21. 
'  Transposing  y  in  the  2d  gives  x  +  z  =  7  —  y ; 
Sq.  this  equa.  gives  x*  +  2x5;  +  z"  =  49  —  14y  +  y* ; 
Substi.  2y'  for  2xz,  gives  x'  +  2y=^  +  «"  =  49  —  14y  +  y» ; 
Subtr.  y'  from  each  side,  leaves  x'  +  y*  +  a*  =  49— 14y ; 
Putting  the  two  values  of  x^  +  y»  +  ar*  >  g.  _  49— 14ii  • 
equal  to  each  other,  gives  J  ^* 

Then  transposing  21  and  14y,  gives  14y  =  28  ; 
And  dividing  by  14,  gives  y  *=  2. 
Then  substit.  2  for  y  in  the  1st  equa.  gives  a»  =s  4, 
And  in  the  4th,  it  gives  x  +  ^  =  5 ; 
Transposing  z  in  the  last,  gives  x  =  6  —  z; 
Thb  subst.  m  the  next  above,  gives  5s  .-*i^  s  4 ; 
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Changing  all  the  signs,  gives  v^  —  5«  s  —  4 ; 

Then  completing  the  square,  gives  2'  —  5^  +  Y  ==  f  ; 

And  extracting  the  root  gives  z  —  ^  =  ±  |  ; 

Then  transposing  f ,  gives  z  and  x  =  4  and  1,  the  two 

other  numbers ; 
So  that  the  three  numbers  are  1,  2, 4. 

QUESTIONS  EOR  FRACTICK. 

1.  What  number  is  that  which  added  to  its  square  makes 
42?  Ans.  6,  or  — 7, 

2.  To  find  two  numbers  such,  that  the  less  may  be  to  the 
greater  as  the  greater  is  to  12,  and  that  the  sum  of  their 
squares  may  be  45.  Ans.  3  and  6. 

3.  What  two  numbers  are  fliose,  whose  difference  is  2, 
and  the  difference  of  their  cubes  08?  Ans.  3  and  5. 

4.  What  two  numbers  are  tliose,  whose  sum  is  6,  and  the 
sum  of  their  cubes  72?  Ans.  2  and  4. 

5.  What  two  numbers  are  those,  whose  product  is  20,  and 
tlie  difierence  of  their  cubes  61  ?  Ans.  4  and  5, 

6.  To  divide  the  number  11  into  two  such  parts,  that  the 
product  of  their  squares  may  be  784.  Ans.  4  and  7. 

7.  To  divide  the  number  5  into  two  such  parts,  that  the 
•um  of  their  alternate  quotients  may  be  4},  that  is  of  the 
two  quotients  of  each  part  divided  by  the  oilier. 

Ans.  1  and  4. 

8.  To  divide  12  into  two  such  parts,  that  their  product 
may  be  equal  to  8  times  their  difference.  Ans.  4  and  8. 

9.  To  divide  the  number  10  into  two  such  pnrts,  that  the 
square  of  4  times  the  less  part,  may  be  112  more  than  the 
square  of  2  times  the  greater.  Ans.  4  and  6. 

10.  To  find  two  numbers  such,  that  the  sum  of  their 
squares  may  be  89,  and  their  sum  multiplied  by  the  greater 
may  produce  104.  Ans.  5  and  8* 
-  11.  What  number  is  that,  which  being  divided  by  the 
product  of  its  two  digits,  the  quotient  is  51 ;  but  when  9  is 
subtracted  from  it,  there  remains  a  number  having  the  same 
digits  inverted  ?  Ans.  32. 

12.  To  divide  20  into  three  parts  such,  that  the  continual 
product  of  all  three  may  be  270,  and  that  the  difference  of 
the  first  and  second  may  be  2  less  than  the  difference  of  the 
second  and  third.  Ans.  5,  6,  9. 

13.  To  find  three  numbers  in  arithmetical  progression, 
such  that  the  sum  of  their  squares  may  be  56,  and  the  sum 
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•ristog  by  adding  toffeCber  3  times  the  first  and  2  timet  ikm 
seooDd  and  8  times  the  third,  may  amount  to  82. 

Ans.  2y  4,  8. 
14«  To  dinde  the  number  13  into  three  such  parts,  Aat^ 
their  squares  may  have  equal  differences,  and  that  the  sum 
of  diose  squares  may  be  75.  Ans.  1,  5,  7* 

15.  To  find  three  numbers  having  equal  differences,  so 
Ihat  dieir  sum  may  be  12,  and  the  sum  of  their  fourth  powers 
962.  *  Ans.  3, 4, 5, 

16.  To  find  three  numbers  having  equal  differences,  and 
such  that  the  square  of  the  least  added  to  the  product  of  the 
two  greater  may  make  28,  but  the  square  of  the  greatest 
added  to  the  product  of  the  two  less  may  make  44. 

Ans.  2, 4,  6. 

17.  Three  merchants,  a,  b,  c,  on  comparing  their  gains 
find,  that  among  them  all  they  have  gained  14411 ;  and  that 
B*s  gained  added  to  the  square  root  of  a's  made  9201 ;  but  if 
add^  to  the  square  root  of  o's  it  made  9122.  What  were 
their  several  gams  ?  Ans.  a  400,  b  900,  c  144. 

18.  To  find  three  numbers  in  arithmetical  progression,  so 
that  the  sum  of  their  squares  shall  be  93  ;  also  if  the  first 
be  multiplied  by  3,  the  second  by  4,  and  the  third  by  5, 
the  sum  of  the  products  may  be  66.  Ans.  2,  5,  8. 

19.  To  find  two  numbers  such,  that  their  product  added 
to  their  sum  may  make  47,  and  their  sum  taken  Scorn  the 

1  of  their  squares  may  leave  62.  Ans.  5  and  7.  . 


RESOLUTION  OF  CUBIC  AND  HIGHER 
EQUATIONS. 

A  CvBZC  Equation,  or  Equation  of  the  dd  degree  or 
power,  is  one  that  contains  the  third  power,  of  the  imknown 
quantity.    As  x^  —  aH  +  bx  =se. 

A  BiquadraHCf  or  Double  Quadratic,  is  an  equation  that 
contains  the  4th  power  of  the  unknown  quantity  : 

As  «*  -  ox*  +  W  —  c«  =  A         s 
An  Equation  of  the  5th  Power  or  Degree,  is  one  that 
contains  the  5th  power  of  the  unknown  quantity. 
As**-  ax*  +  bx"  -  cx«  +  dx  -  18. 
And  so  on,  for  all  other  higher  powers.    Where  it  is 
to  be  noted,  however,  that  all  the  powers,  or  terms,  in  the 
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oqufitkiOy.afe  supposed  to  be  freed  from  surds  or  fractional 
.expraents. 

>  There  are  siaoy  pai^cular  and  prolix  rules  usually  given 
.  for  the  soluticfti  of  some  of  the  above-meatioDed  powers 

or  equations.  .But  they  may  be  all  readily  solved  by  the 

foUoiwiag  easy  rule  of  Double  Position,  sometimes  called 

TriaUndrEnror*. 

.  1.  FjMDf  by  trial,  two  numbers,  as  near  the  true  root  as 
you  can,  and  aubstitute  them  separately  in  tho  given  equa- 
.  tion,  instead  of  the>  unknown  quantity ;  and  find  how  much 
the  terms  collected  together,  according  to  their  signs  +  or 
-^ ,  diflfor  from  the  abeoluto  known  term  of  the  equation, 
marking  whether  these  errors  are  in  excess  or  defect. 

3.  Multiply  the  difference  of  the  two  numbers,  found  or ' 
taken  by  trial,  by  either  of  the  errors,  and  divide  the  pro* 
duct  by  the  difference  of  the  errors,  when  they  are  alike, 
but  by  their  sum  when  they  are  unlike.  Or  say.  As  the 
difference  or  sum  of  the  errors,  is  to  the  difference  of  the 
two  numbers,  so  is  either  error  to  the  correction  of  its  sup- 
posed number. 

8.  Add  the  quotient,  last  found,  to  the  number  belonging 
to  that  error,  when  its  supposed  number  is  too  little,  but 
subtract  it  when  too  great,  and  the  result  will  give  the  true 
root  nearly. 

4.  Take  this  root  and  the  nearest  of  the  two  former,  or 
any  other  that  may  be  found  nearer ;  an^,  by  proceeding  in 
like  manner  as  above,  a  root  will  be  had  stilt  nearer  than 
before.   'And  so  on,  to  any  degree  of  exactness  required. 

iVbIs  1.     It  is  best  to  employ  always  two  assumed  num. 
bers  that  shall  differ  from  each  other  only  by  unity  in  the 
last  figure  on  the  right  hand  ;  because  then  the  difference,' 
or  multiplier,  is  only  i.     Ii  is  alsu  best  to  use  always  the 
least  error  in  the  above  operation. 

Noie  2.  It  will  be  convenient  also  to  begin  with  a  single 


^  See,  fiifther,  that  portton  of  vol,  \u  which  relates  to  eqdatioM,  their 
coostraetioii*  lie. 

A  new  and  ingenioos  eenenl  method  of  sotvins;  eqnalionB  has  been 
recently  discovered  by  Messrs.  H.  AUduaon,  Holarei,  end  Hmmur,  inda- 
pendentl  J  of  each  other.  For  the  best  prat  icnl  vie  w  of  this  new  met  hod 
aad  its  applications,  consalt  the  EUnuMtarjf  lVea(we  of  Algebrmt  by  Mr. 
J.  jR.  Young;  a  work  which  deserves  oor  cordial  recommendation. 
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figure  at  first,  trying  several  single  figures  till  there  be  fbond 
tbo  two  nearest  the  truth,  the  one  too  little,  and  the  other 
tco  great ;  and  in  working  with  them,  find  only  one  more 
figure.  Then  substitute  this  corrected  result  in  the  equation, 
for  the  unknown  letter,  and  if  the  result  prove  too  little, 
substitute  also  the  number  next  greater  for  the  second  sup.  ^ 
position  ;  but  contrarywise,  if  the  former  prove  too  great, 
then  take  the  next  less  number  for  the  second  Bupposition  ; 
and  in  working  with  the  second  pair  of  errors,  continue  the 
quotient  only  so  far  as  to  have  the  corrected  number  to  four 
places  of  figures.  Then  repeat  the  same  process  again  with 
this  last  corrected  number,  and  the  next  greater  or  less,  as 
the  case  may  require,  carrying  the  third  corrected  number 
to  eight  figures ;  because  each  new  operation  commonly 
doubles  the  number  of  true  figures.  And  thus  proceed  to 
any  extent  that  may  be  panted. 


CXAMFLCS. 


Ex.  1.  To  find  the  root  of  the  cubic  equation  a?  +  x'  + 
X  =  100,  olr  the  value  of  a?  in  it. 


Here  it  is  soon  found  that 
X  lies  between  4  and  5.  As- 
sume therefore  these  two  num- 
bers, and  the  operation  will  be 
as  follows : 

2d  Sup. 
X        -  5 

«*       -        25 
ar*       .      125 


•-16 


*     sums     - 
but  should  be 

-    errors    - 


155 
100 

+55 


^  the  sum  of  which  is  71. 
Then  as  71  :  1  :  :  16  :  -2 
Hence  a?  =  4*2  nearly. 


Again,  suppose  4*2  and  4*8^ 
and  repeat  the  work  as  fol« 
lows: 


1st  Sup. 

4-2      -  X 

17-64    .  x" 

f4  088  -  «» 


2d  Sap. 

4-3 

18*49 

79-507 


95*928      sums    102-297 
100  100 


•072    errors*   +2-297 


the  sum  of  which  is  6*369. 
As  6*369 :  a  : :  2*297 :  0-036 
This  taken  from      -      4*30a 

leaves  x  nearly  =»  4*264 
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AgaiOy  suppose  4'264,  and  4*205^  and  work  usfolloAvs : 


4-264 

X 

4-265 

181816M 

v^ 

48-rtM)225 

77-526752 

**     . 

77-581310 

U9-972448 
100 


sums     - 


100036535 

100 


—0027552         .     BiTore     -        +0-036535 
the  sum  of  which  is   064087. 
TheD  as  -064087  :  •OOl  :  .-  -027552  :  00004209 
To  this  adding        -        4-264 


gives  X  very  nearly  =  4-2644299 


The  work  of  the  examfvle  above  might  have  been  mnch 
-shortened,  by  the  use  of  the  Table  of  Powers  in  the  Arith* 
inetic,  which  would  have  given  two  or  three  figures  by  in- 
«pectioB.  But  tho  example  has  been  worked* out  so  particu* 
larly  as  it  is,  the  better  to  show  the  method. 

Ex.  2.  To  find  the  root  of  the  equation  ar»  —  15a;"  +  6S« 
«s  50,  or  the  value  of  x  in  it. 

Here  it  soon  appears  that  x  is  very  little  above  1. 


Suppose  therefore  1  -0  and  1-1, 
and  work  as  follows : 


1-0 


1-1 


t»«0  .     63r      .     69-3 
-15       — ISx*       —18-15 
1      .        r»     .        1-331 


49 
50 


sums    .     52-481 
50 


—1      -  errors    -     +2-481 
8*48]  sum  of  the  errors. 
As 3-481 : 1 : :  -1 :  -OScorrect. 
1-00 

Hence  «»  1*03  nearly. 


Again,  suppose  the  two  num. 
bers  1-03  and  1-02,  d^o.  as 
follows : 
1-03     .        X  -    1-02 

64-89     .    63x      64-26 
—15-9135-15a:»— 15-6060 
1092727    x"     1*061208 


50-069227  sums  49-715208 
50  50 


+ -069227errors  -  -284792 
•284792 


As    -354019 : -01 :: -069227: 
*0019555 
This  taken  ffom      103 


leaves  x  nearly  =  1-02804 
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Jlote  3.  Every  equation  has  as  many  roots  as  it  eonlaiiw 
£iiieiisioo8,.or  as  there  are  units  in  the  index  of  its  highest 
power.  Ttiat  is,  a  simple  equation  has  only  one  value  of 
the  root ;  hot  a  quadratic  equation  has  two  values  or  roots, 
a  cubic  equation  has  three  roots,  a  hiquadratic  equation  has 
four  roots,  and  so  on. 

When  one  of  the  roots  of  an  equation  has  been  (bund  by 
approximation,  as  above,  the  rest  may  be  found  as  follows. 
Take,  for  a  dividend,  the  given  equation,  with  the  known 
term  transposed,  with  its  sign  changed,  to  the  unknown  side 
of  the  equation ;  and,  for  a  divisor,  take  x  minus  the  root 
just  found.  Divide  the  said  dividend  by  the  divisor,  and 
the  quotient  will  be  the  equation  depressed  a  degree  lower 
than  the  given  one. 

Find  a  root  of  this  new  equation  by  appmximaiioB,  as  be- 
fore, ortytherwise,  and  it  will  be  a  second  root  of  the  origui* 
si  equation^  Then,  by  means  of  this  root,  deprean  the  se- 
cond equation  one  degree  lower,  and  from  thence  find  a  thiird 
root ;  and  so  on,  till  the  equation  be  reduced  to  a  quadratic  ; 
then  the  two  roots  of  this  being  found,  by  the  method  of  com* 
pleting  the  square,  they  will  make  up  the  remainder  of  the 
roots.  Thus,  in  the  foregoing  equation,  having  found  one 
root  to  be  1*088M,  connect  it  by  minus  with  x  for  a  diviM>r, 
and  the  equation  for  a  dividend,  dec.  as  follows : 

48-63627  —  0. 

Then  the  two  roots  of  this  quadratic  equation,  or  .  •  . 
d^—  18*07196ar  =^  -^ 48*63627,  by  completing  the  square, 
are  6*57653  and  7*39543,  which  are  also  the  other  two  roots 
,of  the  given  cubic  equation.  So  that  all  the  three  roots  of 
that  equation,  viz.  x*  -  15a:*  +  63^?  «=  50, 

^^A  d'Vrti'^  I  '^"^  ^^^  ^^^  ^^  ^^^  ^^^  ''^'^  '^  fouqd  to  be 
*  d  7-8964S I  ^^'  ^®*"^  ®^"***  ^®  ^^^  co.efficient,  of  the  2d 

*" Mermof  the  equation,  which  the  sum  of  the 

gum  15-000001  *"?***'  always  ought  to  be,  when  they  are 
I  right 

Note.  4.     It  is  also  a  particular  advantage  of  the  foregotng 

role,  that  it  is  not  necessary  to  prepare  the  equation,  as  for 

'  other  rules,  by  reducing  it  to  the  usual  final  form  and  state 

of  equations.     Because  the  rule  may  be  applied  at  once  to  An 

wreduced  equation,  though  it  be  ever  so  much  embarrasaod 
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Ex.  Sl  Let  it  be  required  to  fiDd  the  root  x  of  the  eqimtlMi 
^(144^*  — (x*  +  20)«)  +  v^(196a»-(«»  +  84)«)  =  114,  or 
Ae^vaUieof  ^riiiit. 


B7  a ft«r trisb  it  w  soon  fbaad  dMitthervahieer  «  ts-  bnt 
Kllle  above  7.    Suppose  tberefiMe  firal  tbet « ia!»7,  and  thM 

First,  wben  x  »  7,  Second,  i^hen  s  as  8^ 

47-906    .    v^[144x*— («»  +  20)n      .      46-47tt 
06-384    -    v^[19ax«— (a«+a4)T      .      6 


118-290 
114-000 

—0-710 
+1-759 

^2  4166 


the  sums  of  these 
the  true  number 

the  two  enroll 


115-759 
114-000 

-fl-TSe 


t  : :  0-710  :  0-a  nearly. 
70 

llierefore  x  =  7*3  nearly. 


Suppose  again  x  as  7-2,  and  then,  because  it  turns  out  too 
gtea^  siypese  »  also  »  7-1,  die.  as  follows : 


Supp*  X  ss  7*2, 
47-99 
66-402     .      v^[l9a«»  — (a:'+24)' 


47-990    .      -v/[144a:^  — (a:«  +  20)T 


114-392 
114-000 


the  sums  of  these 
the  true  number 


Supp.  X  as  7-1. 
.    47-978 
.    65-904 

118-877 
114^000 


+0-892    -    tike  two  errors 
0-128 


--4I-188 


its    -515 


•Is:  -128  :  -024  tbe  conrectioil, 
7-100  add 


Therefore  x  =»  7*124  nearly  the  rsol  requiied. 

iVsM  k.  He  same  Mle  also,  amow  other  more  diCcull 
ftms  of  equations,  succeeds  very  well  in  what  are  called 
«iponetttial  00^  or  those  which  batrt  an  uttknowa  quttli* 
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ty  in  the  exponent  of  the  power ;  as  in  the  following  ex- 
ample:   . 

Ex.  4.,  To  find  the  value  of  a;  in  the  exponential  equation 
a'  =100. 

For  more  easily  resolving  such  kinds  of  equations,  it  is 
coDvenient  to  take  the  logarithms  of  them,  and  then  com* 
pute  the  terms  by  means  of  a  table-  of  lojs^irithms.  Thus, 
the  logarithms  of  the  two  sides  of  the  present  equation  are 
X  X  log.  of  X  =  2,  the  log.  of  100.  Then,  by  a  few  trials, 
it  is  soon  perceived  that  the  value  of  x  is  somewhere  be- 
tween the  two  numbers  3  and  4,  and  indeed  nearly  in  the 
middle  between  them,  but  rather  nearer  the  latter  than  the 
former.  Taking  therefore  first,  z  =  3  5,  and  then  =  3*6, 
and  working  with  the  logarithms,  the  operation  will  be  as 
follows : 


First  Supp.  or  =  3-5. 
Log*  of  3-6  =  0-544068 
then  3*5  X log.3  5= 1  •9042:^8 
the  true  number  2-000000 


error,  too  little,  —  -095762 
•002689 


Second  Supp.  x  =  3-6. 
Log.  of  3  6  =  0-556303 
then  3-6  X  log.  3-6=2002689 
the  true  number  2-000000 


error,  too  great,  + -002689 


•098451  sum  of  the  errors.     Then, 


As •098451  :  -1  : :  *002689  :  000273  the  correction 
taken  from  3-60000 


leaves    -    3-59727  =  x  nearly. 


By  repeating  the  operation  with  a  larger  table  of  loga- 
ritbms,  a  nearer  value  of  x  may  be  found  3*597285. 

This  method,  indeed,  may  be  a  little  improved  in  practice : 
ibr  since  x*  =s  a,  we  have  by  logarithms  x  X  log.  x  =  log.  a ; 
and  again,  log.  x  +  log.  log.  x  =  ]og.  log.  a*  We  have 
therefore  only  to  find  a  number,  which,  added  to  its  log.  will 
will  be  equal  to  the  log.  of  the  log.  of  the  given  number ; 
and  the  natural  number  answering  to  this  number,  is  the  va« 
lue  of  X  required.   - 

In  illustration  of  the  above,  take  the  12th  example  :  — 
x*  =  123456789.  First,  log.  123456789  =  8-091514H,  and 
log.  8-0915148  =  9080298.  Searching  in  a  table  of  loga- 
is&msy  we  find  the  nearest  number  •03651 ;  which  added  to 
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its  logarithm  — 1«9715124  =  *9080224*    The  next  higher 
number  -93652  +  its  log.  =  -9080371.    Hence      » 

-9080371  -9080298 

-9080224  -9080224        74  ^  147  =» -503 


147  74 


Therefore^  the  number  sought  is  -93651503,  the  natural 
number  answering  to  which  is  8*640026  the  value  of  ar, 
which  is  true  to  the  last  figure,  the  value  given  by  Dr.  Hut- 
ton  being  8*640026a 

The  common  logarithmic  solution  fails  when  a  is  less  than 
unity,  its  log.  being  then  negative.  In  this  case,  assume 
X  =B  1  «7*  y>  end  a  =^  1  <^  e,  which  transforms  the  given  equa. 
x'aa,  toe^ssy.  Taking  the  logs,  iwice^  we  get  y  log. 
e  =  log.  y,  and  log.  y  +  log.  of  log.  e  =  log.  of  log.  y ;  or," 
putting  log.  y=^Vf  and  log.  of  log.  a  =  «,  we  have  v  +  s=^ 
log.  V,  an  equation  easy  to  solve. 

Ex.  5.  To  find  the  value  of  x  in  the  equation  re^  +  lOac" 
+  5a;  =  260.  Ans.  x  =  4-1 179857. 

Ex.  6.  To  find  the  value  of  x  in  the  equation  x^ — 2x=^50. 

Ans.  3-8648854. 

Ex.  7.  To  find  the  value  of  x  in  the  equation  s^  +  2x^  — 
23«  =  7d.  Ans.  x  =  5-13457. 

Ex.  8.  To  find  the  value  of  x  in  the  equation  ar* —  17x* 
+  54x  »  350.  Ans.  x  :=  14-95407. 

Ex.  9.  To  find  the  value  of  x  in  the  equation  s* —  3x'-*- 
75x  =  10000.  Ans.  x  =  10-2609. 

Ex.  10.  To  find  the  value  of  x  in  the  equation  2x* —  Ids' 
+  40x» — 30x  =  —  1.  Ans.  x  =  1-284724. 

Ex.  11.  To  find,  the  value  of  x  in  the  equation  x'  +  2x* 
+  3x»  +  4a^  +  5x  =  54321 .  Ans.  x  =  8-414455. 

Ex.  12.  To  find  the  value  of  x  in  the  equation  x*  «: 
123456789.  Ans.  x  =:=  8*6400268. 

Ex.  13.  Given  2x*  —  7x'  +  llr»  —  3«  =  1 1,  to  find  «. 

Ex.  14.  To  find  the  value  of  x  in  the  equation. 

(3x»  —  2-/x+l)* —.(««  — 4xv/«  +  3-v/x)*  =  56. 

Ans.  X  ss  18-360877. 
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ToovoR  the  foregoing  general  method^  by  the  applicelHNi 
of  Double  Poeition,  be  the  readiest  way,  in  real  practice,  of 
finding  tbe  roots  in  nimibera  of  cubic  e<(oatiotta,  as  well  ns 
of  alt  the  higher  equations  universally,  we  may  here  add  the 
particular  UM^od  conflM>nly  called  Cardan's  Rule,  for  re* 
solving  cubie  equations,  in  case  any  person  should  choose 
occasionally  to  employ  that  method  ;  although  it  is  only  ap- 
'  (ilicaible  iphen  two  of  the  roots  are  impossible. 

'Theffonn  that  a  cubic  equation  must  Becessarily  bavey  lo 

be  tesoLfed  by  tins  rule,  is  this,  viz.  s^  4^  as  »  6,  that  is, 

wanting  the  second  term,  or  the  term  of  the  2d  power  s*. 

'Therefore^  after  any  eubio  equation  has  been  <reduced  down 

'  to  its  'ftiMil  iisiial>  form,  s^  +'|>x*  +  qx  S3^.r>  freed-fremthe 

"eo-^Bfficie«it  6f  ks^  first  (em^  it  will  then  be  neoasMury  to  take 

I  away  the  9d  term-  p:^ ;' which  is  tobe  dene  in  this  maanar  ; 

Take  ^,  or  |  of  the  «o-eliieieot  of  the  second  teixn,  and 

anneje  it,*  with  the  contrary  si^,  to  another  unkaown  letter 

ir,  thus  X  —  \p;  then  subsutute  this  fer  «,  the  unknown 

letter  in  the  original  f^quation  a^.+  p^  +  fx  ^  r,and  there 

mil  re  salt  this  reduc^  eouation  r* +.  as  »  (,  of  the  form 

proper  for  applying  the  following,  or  Cardan's  rule.    Or 

'  take  e  «  la,  and'd  »  (6,  by  which  the  reduced  equation 

takes  thia  form,  s'  +  Scz  as  2i. 

'Then  substitute  the  values  t>f  c  and  J  in  this 

form,«  =  V[^  +  ^(cP  +  c')l  +  V't^-.^(iP  +  c')],j 

i-aod  the  value  of  the  root  «,  of  the  reduced  equation  ^  + 
OS  s  6,  will  be  obtained.     Lastly,  take  r  =^  2  —  |p,  which 

**lHRgiv^  the  value  of  r,  the  veqaired  root  of  the  orfginal 

-  -equation  sp^  +  jux*  -{-  fc  ^  r,  first  proposed. 

One  root  of  this  equation  being  thus  obtained,  then  de* 
yresBing  the  original  equation  one  degree  lower,  after  the 
manner  described,  p.  2G0,  the  other  two  roots  of  that  eqiuu 
tion  wiH  be  obtained  by  means  of  the  resulting  quadratic 
equation. 

iVble.  When  the  co-efficient  a,  or  c,  is  negative,  and  c'  is 

Cater  than  tf*,  this  is  called  the  irredoeibls .  case,  because 
n  the  solution  cannot  be  generally  obtained  by  this  rule*. 

*  Sappoie  s  root  to  eonfist  of  the  two  parti  z  and  ^»  fo  tbat  (x  -f-  y) 
ae s;  waieh ssm  tobttitnted for  z,  in  ih«  gives aqnatioa  z»  +tuiss  k. 
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Ex.  To  fiad  the  roots  of  the  equation  x^—da^  +  lOx^  8. 
First  to  take  away  the  2d  term,  its  co-efficient  being  -«  6,^ 
its  3d  part  is  —  2 ;  {uit  therefore  x  ^  X'^2;  then 

ar»  =  «^  +  6is«  +  12«+  8 
-  6x^=  -.ftea_24ir  — 24 
+  10a;  =  +  10*  +  20 


theref.  the  sum  r*    «     —   2a; +  4  =  8 
or  ST*    ♦     —   2»  =  4 

Here  then  a=:-2,6  =  4,c  =  —  f,d  =  2. 

There£i/[(i+-v/(cP+c»)]-y[2+^(4-^^)]=V(2i-l/  W)= 
V{2+ V%/3)  =  1-57735, 

and?/[(«-,/((i*+0]^i/[2--i/(4-A)]-V(^-^W)« 
3/(2-y^3)=0-42265; 

then  the  sugi  of  these  two  is  the  value  of;;  =  2.    Hence 
«  =  «  +  2  ==  4,  one  root  of  a;  in  the  eq.  x^  —  Oa:"  +  lOx  =  8. 

To  find  the  two  other  roots,  perform  the  division,  S^c.  as 
in  p.  261,  thus : 

a:^4)«»  —  6i»  +  10a:-8(a:»— 2a:  +  2  =  0 


—  2a:^+ia» 

—  2ar»  +  8a: 


2x  — 8 
2x  — 8 


it  becomes  «3-J-«>+3iy  (x+ w) +a  (z  +  y)  =6.  Again,  loppofft 
Zxjf  =  —  a ;  which  substituted,  the  last  eauatioo  becomes  z*  -|-  y^  =  b. 
Now,  from  the  square  of  this  equation  suolract  four  times  the  equation 
agf  =  —  Ja,  and  there  results  z*  —  2zy  +^  =  6^  -f.  ^o^,  the  square 
root  of  which  is  r*  -~  ^  =  V  (63  -f  f^a^).  This  being  added  to  and 
taken  from  the  equation  z9  -|-  y^  =  fr,  gives 


>  I  2y3  =  6  -  v/(t«  -  sS  ft*^)  =  ft-«  V  [(4*)'  +  (i«)T  ;  or 
{fyl^^±l^[%t''^)Y  Hence,  dividing  by  2.  «.d 
extracting  the  cube  roots,  we  have  x  =r  l/d  +  V  (<l>-f.  c^),  and  jf  = 
^d  —  v(d^  -j-  c^)  ;  the  sum  of  these  two  gives  the  fint  form  of  the  root 
%  aboYe  stated.  And  that  the  2d  form  is  equal  to  the  first  will  be  evident 
by  reducing  the  two  2d  quantities  to  the  same  denominator. 

When  c  is  negative,  and  c^  greater  than  (fi^  ^^  root  appears  in  an 
imaginaiy  form. 
Vol.  I.  '     35 
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Hence  »"  —  2»  =  —  2,ora*-ftx+ls=:— l,aiidx-l 
=  lhv'  — ^»*  =  l+-v/-  lor=l  —  -/  — l,thetwo 
other  roots  sought. 

Ex.  2.  Given  x'  —  Gx*  +  30x  =  44,  to  find  x. 

Ans.  X  =s  2*32748. 
Ex.  3.  To  find  the  roots  of  ar*—  7a:*  +  14*  =  20. 

Ans.  a:  =  5,  or  =  l  +  \/  —  3,  or  =  l  — ^.—  8. 

Ex.  4.  Find  the  three  roots  of  a:'  +  6x  =  2(K 


h 


OF  SIMPLE  INTEREST. 

As  the  interest  of  any  sum,  for  any  time,  is  directly  pro- 
portional to  the  principal  sum,  and  to  the  time ;  therefore 
the  interest  of  1  pound,  for  1  year,  being  multiplied  by  any. 
given  principal  sum,  and  by  the  time  of  its  forbearance,  in 
years  and  parts,  will  give  its  interest  for  that  time.  That  is, 
if  there  be  put 

r  =  the  rate  of  interest  of  1  pound  per  annum, 
p  =  any  principal  sum  lent, 
<  =  the  time  it  is  lent  for,  and 

a  =  the  amount  or  sum  of  principal  and  interest ;  then 
is  |)rf  s=  the  interest  of  the  sum  p,  for  the  time  <,  and  conseq« 
p  +  prior  p  X  (1  +  it)  =  a,  the  amount  for  that  time. 

From  this  expression,  other  theorems  can  easily  be  de- 
duced,  for  finding  any  of  the  quantities  above  mentioned : 
which  theorems,  collected  together,  will  be  as  follows : 

1st,  a  =^p  +  prt  the  amount;  2d,  p  =  ,   ,    .  the  principal  ; 

—  the  rate  ;  4th,  t  = the  time. 

pr 

For  Example.  Required  to  find  in  what  time  any  princi- 
pal sum  will  double  itself,  at  any  rate  of  simple  interest. 

In  this  case,  we  must  use  the  first  theorem,  a=rp  +  prt, 
in  which  the  amount  a  must  be  made  =  2p,  or  double  the 
principal,  that  is,  p  +  pr*  =  2p,  or  pit  =  p,  or  rl  ==  1  ; 

and  hence  « =  -. 

r 

Hence  r  being  the  interest  of  II  for  1  year,  it  fi>libws,  that 
the  doubling  at  simple  interest,  itf  equal  to  the  quotient  of 
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way  mm  divided  by  its  interest  for  1  year.  So,  if  the  rate  of 
ioterest  be  5  per  cent,  then  100  -s.  5  =  20,  is  the  time  of 
doubUag  at  that  rate^  Or  the  4th  theorem  gives  at  once 
2>-.l  ^  1 

pr  pr  r  r' " 


t  ss  — £  s=  "^ — ^sa  Z — t  ss  *,  the  same  as  before. 


COMPOUND  INTEREST- 

Besidbs  the  quantities  concerned  in  Simple  Interest, 
ttamely, 

p  =  the  principal  sum, 

r  =  the  rate  of  interest  of  IZ  for  1  year, 

a  s  the  whole  amount  of  the  principal  and  interest, 

<  =  the  time, 

there  is  another  quantity  employed  in  Compound  Interest, 
▼is.  the  ratio  of  the  rate  of  interest,  which  is  the  amount  of 
U  for  1  time  of  payment,  and  which  here  let  be  denoted  by 
x,  viz. 

B  =  1  +  '*9  ^o  amount  of  H  for  1  time. 

Then  the  particular  amounts  for  the  several  times  may 
be  thus  computed,  viz.  As  II  is  to  its  , amount  for  any  time, 
eo  is  anv  proposed  principal  sum,  to  its  amount  for  the  same 
time ;  that  is,  as 

IZ  :  H  :  :  p  :  pa,  the  1st  year's  amount, 
12  :  X  :  :  pn  :  pit*,  the  2d  year's  amount, 
IZ  :  s  :  :  pit*  :  ps^  the  3d  year's  amount, 
and  so  on. 

Therefore,  in  general,  pR*^a  is  the  amount  for  the 
I  year,  or  I  time  ofpayment.  Whence  the  following  general 
theorems  are  deduced : 

a 
1st,  a  s=pK'  the  amount ;  2d,  p  «  -^  the  principal ; 

'         ^  p  -  log.  of* 
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From  whichi  any  one  of  the  quantities  may  bo  founds 
when  the  rest  are  ^ven. 

As  to  the  whole  mterest,  it  is  found  hy  barely  subtracting 
the  principal  p  from  the  amount  a. 


Suppose  it  be  required  to  find,  in  how  many 
years  any  principal  sum  will  double  itself,  at  any  proposed 
rate  of  compound  interest. 

In  this  case  the  4th  theorem  must  be  employed,  making 
a  ss  2p ;  and  then  it  is 

__  log,  g— log.p  ^  log.  2p — log,  p      log.  2 
"^        log.  R        ""         logTS  log.  s* 

So,  if  the  rate  of  interest  be  5  per  cent  per  annum ;  then 
m  =  1  +  '05  "s  1-05  ;  and  hence 

log.  2  -301030       ,^«^^'      , 

that  is,  any  sum  doubles  itself  in  14}  years  nearly,  at  the 
rate  of  5  per  cent,  per  annum  compound  interest. 

Hence,  and  from  the  like  question  in  simple  interest,  above 
given,  are  deduced  the  times  in  which  any  sum  doubles  itself 
at  several  rates  of  interest,  both  simple  and  compound  ;  viz. 


At" 
3 

'  AtSimpJnt. 

At  Comp.Int. 

in  50 

in  360028 

^ 

40 

280701 

8 

«t 

4 

4* 

5 

6 

peir  cent,  per  annum 
interest,  1/.  or  any 

other  aum,  will 
double  itaeir  in  the 

Mowitfg  years. 

33i 

28f 
S5 

221   ^ 
20     S 
16|   ? 

23-4498 
20-1488 
17-6780 
15-7473  h! 
14-2067 1 
11-8957? 

7 

14| 

10-2448 

8 

124 

9-0065 

9 

11* 

80432 

10  J 

^       10  . 

7-2725 

The  following  Table  will  very  much  facilitate  calculations 
of  eomp'ound  interest  on  any  sum,  for  any  number  of  yeai«| 
%i  various  rates  of  interest* 
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The  Amounts  of  IZ  in  any  Number  of  Tears. 


Yw. 

3 

^ 

4 

^ 

5 

6 

1 

10300 

1-0360 

1-0400 

1-0460 

1-0600 

1-0600 

2 

1-0609 

10712 

1-0816 

1-0920 

1-1025 

1-1236 

8 

1-0927 

11087 

1-1249 

11412 

1-1576 

1-1910 

4 

11256 

1-1475 

1-1699 

1-1925 

1-2165 

1-2625 

i 

M693 

1-1877 

1-2167 

1-2462 

1-2763 

1-3882 

6 

11948 

1-2293 

1-2653 

1-3023 

1-3401 

1-4185 

7 

1-2299 

1-2723 

1-3159 

1-3609 

1-4071 

1-6036 

8 

1-2668 

1-3168 

1-3686 

1-4221 

1-4775 

1-6939 

9 

f-3048 

1-3629 

1-4233 

1-4861 

1-6513 

1-6895 

10 

1-3489 

1-4106 

1-4802 

1-5530 

1-6289 

1-7909 

11 

1-8843 

1-4600 

1-5896 

1-6229 

1-7103 

1-8983 

12 

1-4256 

1-5111 

1-6010 

1-6969 

1.7969 

2-0122 

13 

1-4685 

1-5640 

1-6661 

1-7722 

1-8856 

21329 

14 

1-5126 

1-6187 

1-7317 

1-8519 

1-9799 

2-2609 

15 

1-5580 

1-6753 

1-8009 

1-9853 

20789 

2-8966 

16 

1-6047 

1-7340 

1-8730 

2-0224 

2-1829 

2-5404 

17 

1-6528 

1-7947 

1-9479 

21134 

2-2920 

2-6928 

18 

1-7024 

1-8575 

20258 

2-2086 

2-4066 

2-8648 

19 

1-7536 

1-9225 

2-1068 

2-3079 

2-6270 

30256 

20 

1-8061 

1-9828 

21911 

2-4117 

2-6633 

3-2071 

The  use  of  this  Table,  which  contains  all  the  powers,  u*, 
to  the  2(kh  power,  or  the  amounts  of  12,  is  chiefly  to  calcu- 
late the  interest,  or  the  amount  of  any'  principal  sum,  for  any 
time,  not  more  than  20  years. 

For  example,  let  it  be  required  to  find,  to  how  much  5232 
will  amount  in  15  years,  at  the  rate  of  5  per  cent,  per  annum 
compound  interest. 

In  iStke  table,  on  the  line  15,  and  in  the  column  5  per  cent* 
J  is  the  amount  of  IZ,  viz.  .        .    2*0789 

this  multiplied  by  the  principal        ,  -         523 

gives  the  amount  -        •        1087*2647 

or  ....         1087Z5*3|d. 

and  therefore  the  interest  5642  5^  3|  J. 

Nale  1.  When  the  rate  of  interest  is  to  be  determined  to 
any  other  time  than  a  year  ;  as  suppose  to  ^  a  year,  or  j^  a 
year,  dec. :  the  rules  are  still  the  same  ;  but  then  t  will  ex- 
press that  time,  and  b  must  be  taken  the  amount  for  that 
time  also. 
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Note  2.  MThen  the  compound  interest,  or  amount,  of  any 
turn,  is  required  for  the  parts  of  a  year;  it  may  be  determine 
ed  in  the  following  manner : 

Igtf  For  any  time  which  is  some  aliquot  part  of  a  year  :— 
Find  the  amount  of  H  for  1  year,  as  before  ;  then  that  root 
of  it  which  is  denoted  by  the  aliquot  part,  will  be  the  amount 
of  II,  This  amount  being  multiplied  by  the  principal  sum, 
will  produce  the  amount  of  the  given  sum  as  required. 

2df  When  the  time  is  not  an  aliquot  part  of  a  year  : — 
Reduce  the  time  into  days,  and  take  the  365th  root  of  the 
amount  of  1{  for  1  year,  which  will  give  the  amount  of  the 
same  for  1  day.  Then  raise  this  amount  to  that  power  whose 
index  is  equal  to  the  number  of  days,  and  it  will  be  the 
amount  for  that  time.  Which  amount  being  multiplied  by 
the  principal  sum,  will  produce  the  amount  of  that  sum  as 
before. — And  in  these  calculations,  the  operation  by  loga* 
rithms  will  be  very  useful. 


OF  ANNUITIES. 


AmnriTY  is  a  term  used  for  any  periodical  income,  arising 
from  money  lent,  or  from  houses,  lands,  salaries,  pensions, 
^c.  payable  from  time  to  time,  but  mostly  by  annual  pay- 
ments. 

Annuities  are  divided  into  those  that  are  in  Possession, 
and  those  in  Reversion :  the  former  meaning  such  as  have 
commenced  ;  and  the  latter  such  as  will  not  begin  till  some 
particular  event  has  happened,  or  till  after  some  certain  time 
has  elapsed. 

When  an  annuity  is  forbom  for  some  years,  or  the  pay- 
ments not  made  for  that  time,  the  annuity  is  said  to  be  in 
Arrears. 

An  annuity  may  also  be  for  a  certain  number  of  years ; 
or  it  may  be  without  any  limit,  and  then  it  is  called  a  Per- 
petuity. 

The  Amount  of  an  annuity,  forbom  for  any  number  of 
years,  is  the  sum  arising  from  the  addition  of  all  the  annui- 
ties for  that  number  of  years,  together  with  the  interest  due 
upon  each  after  it  becomes  due. 
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The  Present  Worth  or  Value  of  an  annuity,  is  the  price 
or  sum  which  ought  to  be  given  for  it,  supposing  it  to  be 
bought  off,  or  paid  all  at  once. 

Let  a  =s  the  annuity,  pension,  or  yearly  rent ; 
n  =  the' number  of  years  for  born,  or  lent  for ; 
K  =  the  amount  of  II  for  1  year  ; 
m  =  the  amount  of  the  annuity  ; 
o  =  its  value,  or  its  present  worth. 

Now,  1  being  the  present  value  of  the  sum  b,  by  propor- 
Itoq  the  present  value  of  any  other  sum  a,  is  thus  found  : 

CL 

ms  s  :  1  : :  a  :  -  the  present  value  of  a  due  1  year  hence. 
In  like  manner  —^  is  the  present  value  of  a  due  2  years 

hence ;  for  r  :  1  : :  -  :  --.     So  also  --r,  — ,  — ,  &c.  will 
R      R^  r3    R4'r»' 

be  the  present  values  of  a,  due  at  the  end  of  3,  4,  5,  dec. 
years  respectively.    Consequently  the  sum  of  all  these,  or 

B        E«  ^  R»         R*  ^R        R*         r3         R*  ^ 

a  continued  to  n  lerms,  will  be  the  present  value  of  all  the  n 
gears'  annuities.    And  the  value  of  the  perpetuity,  is  the  sum 
of  the  series  to  infinity. 
But  this  series,  it  is  evident,  is  a  geometrical  progression, 

having  —  but  for  its  first  term  and  common  ratio,  and  the 

number  of  its  terms  n ;  therefore  the  sum  v  of  all  the  terms, 
or  the  present  value  of  all  the  annual  payments,  will  be 

1-1x1 

»  =  '.    '      '"  X  «,or  =  ?!jIL»  X  4. 

1  R—  1  R** 

R 

When  the  annuity  is  a  perpetuity ;  n  being  infinite,  r** 
is  also  infinite,  and  therefore  the  quantity  —  becomes  =  0, 

therefore X  —  also  =  0 ;  consequently  the  expression 

becomes  barely  v  = ;  that  is,  any  annuity  divided  by 

the  interest  of  II  for  1  year,  gives  the  value  of  the  perpetui- 
ty.   Soy  if  the  rate  of  interest  be  5  per  cent. 
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Then  100a  -r  5  =  20a  is  the  value  of  the  perpetuity  at 
5  per  cent :  Also  100a  -^  4  =  25a  is  the  value  of  the  per- 
petuity  at  4  per  cent. :  And  100a  -^  3  =  33^  is  the  value 
of  the  perpetuity  at  3  per  cent. :  and  so  on. 

Again,  because  the  amount  of  II  in  n  years,  is  r^,  its 
increase  in  that  time  will  be  R*^  —  1 ;  but  its  interest  for  one 
single  year,  or  the  annuity  answering  to  that  increase,  is 
R  —  1 ;  therefore,  as  r  —  1  is  to  r"  —  1,  so  is  a  to  m ;  that 

is,  m  =  Y  ^  ^'    Hence,  the  several  cases  relating  to 

Annuities  in  Arrear,  will  be  resolved   by   the    foUqwing 
equations  : 

R»  — 1    .. 


w« 

R- 

— rj-       /N      «•     — 

VJl-  , 

V 

= 

:4xf-= 

m 

a 

= 

R- 

~  X  j»  = 

R—  1 
R*—  1 

X 

©R** 

1 

log. 

fllR- 

—  Ill 

+  a 

ft 

= 

log. 

m — log.  » 
log.  R 

a 

log. 

R 

R 

= 

log. 

«— log.  V 
n 

r 

= 

<^- 

-.^»<r 

a 
-1" 

Log. 


In  this  last  theorem,  r  denotes  tlie  present  value  of  an 
annuity  in  reversion,  after  p  years,  or  not  commencing  till 
after  the  first  p  years,  being  found  by  taking  the  difference 
R*'  ^M  \        ft         ijP  ■  ■  1        a 

between  the  two  values X  —  and ;-  =  — • ,  for  » 

R— 1         R*         R  —  1         rP 
years  and  p  years. 

But  the  amount  and  present  value  of  any  annuity  for  any 
number  of  years,  up  to  21,  will  be  most  readily  found  by  the 
two  following  tables. 
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,  The  Amount  of  an  Annuity  of  1/  at  Compound  Interest. 

Yrs. 

at  3  per  c. 

3}perc. 

4  per  c. 

4J  perc. 

5  perc. 

6  per  c. 

1 

10000 

10000 

10000 

1-0000  ^  1-0000 

10000 

2 

20300 

20350 

20400 

20450 

20500 

2-0600 

3 

30909 

3-1062 

31216 

31370 

3  1525 

31836 

4 

41836 

4-2149 

42465 

42782 

4-3101 

43746 

5 

6-3091 

53626 

54163 

54707 

55256 

56371 

6 

6-4684 

65502 

66330 

67169 

6-8019 

69753 

7 

76626 

7-7794 

7-8983 

80192 

8-1420 

8-3938 

8 

8-8923 

9-0517 

92142 

9-3800 

9-5491 

98976 

9 

101591 

10-3686 

10-5828 

10-8021 

110266 

11-4913 

10 

11-4639 

117314 

120061 

122882 

12-5779 

.  13-1808 

11 

12-8078 

131420 

13-4864 

13-8412 

142068 

14-9716 

12 

141920 

14-6020 

150258 

15-4640 

15-9171 

16-8699 

13 

15-6178 

16-1130 

16  6268 

171599 

17-7130 

18-8821 

14 

170863 

17-6770 

182919 

18-9321 

19-5986 

210161 

15 

18-5989 

19-2957 

20-3236 

20-7841 

21-6786 

23-2760 

16 

201569 

20-9710 

21-8245 

227193 

23-6675 

2,^-6725 

17 

21-7616 

22-7050 

23-6975 

247417 

26-8404 

28-2129 

18 

234144 

24-4997 

25-6454 

268551 

28  1324 

309057 

19 

25-1169 

26  3572 

^276712 

290636 

305390 

337600 

20 

26-8704 

28-2797 

29-7781 

31-3714 

33-0660 

36  7866 

21 

286766 

30-2695 

31-9692 

337831 

35-7193 

399927 

TABLE  If. 

The  Present  Value  of  an  . 

Annuity  of  1/. 

Yrs. 

at  3  perc. 

3iperc. 

4  per  c. 

4i  per  c. 

6  per  c. 

6  per  c. 

1 

09709 

0-9662 

0-9615 

0-9569 

09524 

0-9624 

2 

19186 

1-8997 

1-8861 

1-8727 

1-8594 

1-8334 

3 

2-8286 

2-8016 

2-7751 

2-7490 

27233 

2-6730 

4 

3-7171 

3-6731 

3-6299 

3-5875 

3-6460 

3-4661 

5 

45797 

4-6151 

44518 

4-3900 

43296 

4-2124 

6 

5-4172 

6-3286 

6-2421 

61579 

60757 

4-9173 

7 

6-2303 

61145 

6-0020 

6-8927 

5-7864 

66824 

8 

70197 

6-8740 

7-7327 

6-5959 

6-4632 

6-2098 

9 

7-7861 

7-6077 

74353 

7-2688 

7-1078 

6-8017 

10 

8-5302 

8-3166 

81109 

7-9127 

77217 

7-3601 

11 

9-5256 

9-0016 

87605 

86289 

8-3054 

78869 

12 

9-9540 

9-6633 

93861 

91186 

8-8633 

8-3838 

13 

10-6350 

103027 

9-9857 

9-6829 

9-3936 

8-8527 

14 

112961 

10-9205 

105631 

10-2228 

98986 

92960 

15 

11-9379 

115174 

111184 

10-7396 

10  3797 

9-7123 

16 

125611 

12-0941 

116523 

11-2340 

10-8378 

101059 

17 

13-1661 

12-6513 

121657 

11-7072 

11-2741 

10-4773 

18 

13-7535 

13-1897 

126593 

121600 

11-6896 

10-8276 

19 

14-3238 

13-7098 

13-1339 

12-5933 

120863 

11-1681 

20 

14-8775 

142124 

13-5903 

130079 

12-4622 

11-4699 

31 

15-4150 

14-6980 

140292 

13-4047 

128212 

11-7641 

Vol.  I. 


86 


Digitized  by  VjOOQIC 


274  ANsnnm. 


To  find  the  Amotmi  of  anp  Annuity  forhom  a  certain  number 
of  years. 

Take  out  the  amount  of  IZ  from  the  first  table,  for  the 
proposed  rate  and  time ;  then  multiply  it  by  the  given 
annuity  ;  and  the  product  will  be  the  amount,  for  the  same 
number  of  years,  and  rate  of  interest.  And  tiie  coAverse  to 
find  the  rate  of  time. 

Exam.  To  find  how  much  an  annuity  of  50/  will  amount 
to  in  20  years,  at  3^  per  cent,  compound  interest. 

On  the  line  of  20  years,  and  in  the  column  of  3|  per  cent* 
stands  28*2797,  which  is  the  amount  of  an  annuity  of  II  for 
the  20  years.  Then  28-2797  X  50,  gives  1413-985;  = 
1413Z  I9s  Sd  for  the  answer  required. 

To  find  the  Present  Value  of  any  Annuity  far  any  number 
of  years* — Proceed  here  by  the  2d  table,  in  the  same  manner 
as  above  for  the  1st  table,  and  the  present  worth  required 
will  be  found. 

Exam.  1.  To  find  the  present  value  of  an  annuity  of  50/, 
which  is  to  continue  20  years,  at  3|  per  cent.— By  the  table, 
the  present  value  of  II  for  the  given  rate  and  time,  is 
14-2124;  therefore  14-2124  X  50  =  710'62Zor710Z  12s  4d 
is  the  present  value  required. 

Exam  2.  To  find  the  present  value  of  an  annuity  of  201, 
to  commence  10  years  hence,  and  then  to  continue  for  11 
years  longer,  or  to  terminate  21  years  hence,  at  4  per  cent, 
interest. — In  such  cases  as  this,  we  have  to  find  the  difierence 
between  the  present  values  of  two  equal  annuities,  for  the 
two  given  Umes ;  which  therefore  will  be  done  by  subtracting 
the  tabular  value  of  the  one  period  from  that  of  the  other, 
and  then  multipl3ring  by  the  given  annuity.  Thus, 
tabular  value  for  21  years  14*0292 
ditto  for  10  years    8*1109 


the  difierence  5*9183 
multiplied  by  20 


gives      -      118-360/ 
or      -      -      118/7«3^d  the  answer. 


SMD  OF  THE  ALOSBBA. 
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DEFINITIONS. 

1.  A  PoiMT  is  that  which  has  poaitioo,  but 
BO  mftgnitudey  nor  dimensions ;  neither  length, 
breadw,  nor  thickness* 

2.  A  Line  is  length,  lyithout  breadth  or 
thickness. 

9.  A  Surface  or  Superficies,  is  an  extension 
or  a  figure  of  two  dimensions,  length  and 
breadth ;  but  without  thickness. 

4.  A  Body  or  Solid,  is  a  figure  of  three  di- 
mensions, namely,  length,  breadth,  and  depth, 
or  thickness. 

5.  Lines  are  either  Right,  or  Curved,  or 
Mixed  of  these  two. 

6.  A  Riffht  Line,  or  Straight  Line,  lies  all  in 
the  same  direction,  between  its  extremities ; 
and  is  the  shortest  distance  between  two  points. 

When  a  Line  is  mentioned  simply,  it  means 
a  Right  Line. 

7.  A  Curve  continually  changes  its  direction 
between  its  extreme  points. 

8.  Lines  are  either  Parallel,  Oblique,  Per. 
pendicular,  or  Tangential. 

9.  Parallel  Lines  are  always  at  the  same 
perpendicular  distance ;  and  they  never  meet, 
Chough  ever  so  far  produced. 

10.  Oblique  lines  change  their  distance,  and 
would  meet,  if  produced  on  the  side  of  the  least 
distance. 

11.  One  line  is  Perpendicular  to  another, 
when  it  inclines  not  more  on  the  one  side 
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than  the  other,  or  when  the  angles  on  both 
■td<9B  of  it  are  equal. 

12*  A  line  or  circle  is  Tangential,  or  is  a 
Tangent  to  a  circle,  or  other  curve,  when  it 
touches  it,  without  cutting,  when  both  are 
produced. 

Id.  An  Angle  is  the  inclination  or  open- 
ing of  two  Hoes,  having  different  directions, 
and  meeting  in  a  point. 

14.  Angles  are  Right  or  Oblique,  Acute 
or  Obtuse. 

15.  A  Right  Angle  is  that  which  is  made 
by  one  line  perpendicular  to  another.  Or 
when  the  angles  on  each  side  are  equal  to 
one  another,  they  are  right  angles. 

16.  An  Oblique  Angle  is  that  which  is 
made  by  two  oblique  lines ;  and  is  either  less 
or  greater  than  a  right  angle. 

17.  An  Acute  Angle  is  less  than  a  right 
angle. 

18.  An  Obtuse  Angle  is  greater  than  a 
right  angle. 

19.  Superfices  are  either  Plane  or  Curved. 

20.  A  Plane  Superficies,  or  a  Plane,  is  that  with  which 
a  right  line  may,  every  way,  coincide.  Or,  if  the  line  touch 
the  plane  in  two  points,  it  will  touch  it  in  every  point.  But, 
if  not,  it  is  curved. 

21.  Plane  Figures  are  bounded  either  by  right  lines  or 
curves. 

.22.  Plane  figures  that  are  bounded  by  right  lines  have 
names  according  to  the  number  of  their  sides,  or  of  their 
angles;  for  they  have  as  many  sides  as  angles;  the  least 
number  being  three. 

38.  A  figure  of  three  sides  and  angles  is  called  a  Triangle. 
And  it  receives  particular  denominations  from  the  relations 
of  its  sides  and  angles. 

24.  An  Equilateral  Triangle  is  that  whose 
three  sides  are  all  equal. 

25^  An  Isosceles  Triangle  is  that  which  has 
two  ndes  equal. 


A 
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98.  A  Scalene  Triaagle  is  that  whose  three 
are  all  unequal. 


^ 


I 


97.  A  Right-angled  Triangle  is  that  which 
has  one  right  angle. 

28.  Other  triangles  are  Ohlique-angledy  and 
are  either  ohtuse  or  acute. 

29.  An  Obtuse-angled  Triangle  has  one  oh- 
tuse angle* 

30.  An  Acute-angled  Triangle  has  all  its 
tlvee  angles  acute. 

31.  A  figure  of  Four  sides  and  angles  is  call- 
ed a  Quadrangle,  or  a  Quadrilateral. 

32.  A  Parallelogram  is  a  quadrilateral  which 
has  both  its  pairs  of  opposite  sides  parallel. 
And  it  takes  the  following  particular  namesr 
viz.  Rectanglcy  Square,  Rhombusi  Rhomboid. 

83.  A  Rectangle  is  a  parallelogrami  having 
a  right  angle. 

34.  A  Square  is  an  equilateral  rectangle; 
having  its  length  and  breadth  equal. 

35.  A  Rhomboid  is  an  oblique-angled  paral- 
lelognun. 

86.  A  Rhombus  is  an  equilateral  rhomboid ; 
having  all  its  sides  equal,  but  its  angles  ob- 
lique. 

37.  A  Trapezium  is  a  quadrilateral  which 
hath  not  its  opposite  sides  parallel. 

88.  A  Trapezoid  has  only  one  pair  of  oppo- 
site sides  parallel. 

89.  A  Diagonal  is  a  line  joining  any  two  op- 
posite angles  of  a  quadrilateral. 

40.  Plane  figures  that  have  more  than  four  sides  are,  in 
general,  called  Polygons :  and  they  receive  other  particular 
names,  according  to  the  number  of  their  sides  or  angles. 
Thus, 

41.  A  Pentagon  is  a  polygon  of  fm  sides ;  a  Hezagon,  of 
six  sides;  a  Heptag<»,  seven;  an  Octagon,  eight;  a  Non- 
agon,  nine ;  a  Deca^,  ten ;  an  Undecagon,  eleven ;  and  a 
Dodeoagoft}  twehe  sides. 
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42.  A  Regular  Polygon  has  all  its  sides  and  all  ite  angles 
equal* — ^If  they  are  not  both  equal,  tho  polygon  is  Irregular. 

43.  An  Equilateral  Triangle  is  also  a  Regular  Figure  of 
three  sides,  and  the  Square  is  one  of  four  :  the  former  being 
also  called  a  Trigon,  and  the  latter  a  Tetragon. 

44.  Any  figure  is  equilateral,  when  all  its  sides  are  equal : 
and  it  is  equiangular  when  all  its  angles  are  equal.  When 
both  these  are  equal,  it  is  a  regular  figure. 

45.  A  Circle  is  a  plane  figure  bounded  by 
a  curve  line,  called  the  Circumference,  which 
is  everywhere  equidistant  from  a  certain  point 
within,  called  its  Centre. 

The  circumference  itself  is  often  called  a 
circle,  and  also  the  Periphery. 

46.  The  Radius  of  a  circle  is  a  line  drawn 
firom  the  centre  to  the  circumference. 

47.  The  Diameter  of  a  cirle  is  a  line  dra^n 
through  the  centre,  and  terminating  at  the 
circumference  on  both  sides. 


48.  An  Arc  of  a  circle  is  any  part  of  the 
circumference* 


49.  A  Chord  is  a  right  line  joining  the  ex. 
tremities  of  an  arc. 


50.  A  Segment  is  any  part  of  a  circle 
bounded  by  an  arc  and  its  chord. 

51.  A  Semicircle  is  half  the  circle,  or  a 
segment  cut  ofiT  by  a  diameter. 

The  half  circumference  is  sometimes  called 
the  Semicircle. 

52.  A  Sector  is  any  part  of  a  circle  which 
is  bounded  by  an  arc,  and  two  radii  drawn  to 
its  extremities. 

53.  A  Quadrant,  or  Quarter  of  a  circle  is 
a  sector  having  a  quarter  of  the  circumference 
for  its  arc,  and  its  two  radii  are  perpendicular 
to  each  other.  A  quarter  of  the  circumference 
is  sometimes  called  a  Quadrant. 
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54.  The  Height  or  Altitade  of  a  figure  is 
a  perpendicular  let  fall  from  an  angle,  or  its 
vertex,  to  the  opposite  side,  called  the  base. 

55.  In  a  right-angled  triangle,  the  side  op- 
posite the  right  angle  is  called  the  Hypothe- 
nuse ;  and  the  other  two  sides  are  called  the 
Legs,  and  sometinoea  the  Base  and  Perpen* 
dicular. 

56.  When  an  angle  is  denoted  by  three 
letters,  of  which  one  stands  at  the  angular 
point,  and  the  other  two  on  the  two  sides, 
that  which  stands  at  the  angular  point  is  read 
in  the  middle. 

57.  The  circumference  of  every  circle  is 
supposed  to  be  divided  into  360  equal  parts 
called  degrees ;  and  each  degree  into  60  Mi- 
nutes, each  Minute  into  60  Seconds,  and  so 
on.  HenceasemicirclecontainslSOdegrees, 
and  a  quadrant  90  degrees. 

58.  The  Measure  of  an  angle,  is  an  arc  of 
any  circle  contained  between  the  two  lines 
which  form  that  angle,  the  angular  point 
being  the  centre  ;  and  it  is  estimated  by  the 
number  of  degrees  contained  in  that  arc. 

59.  Lines,  or  chords,  are  said  to  be  Equi- 
distant from  the  centre  of  a  circle,  when  per- 
pendlculars  drawn  to  them  from  the  centre 
are  equal. 

69.  And  the  right  line  on  which  the  Great- 
er Perpendicular  falls,  is  said  to  be  farther 
from  the  centre. 

61.  An  Angle  In  a  Segment  is  that  which 
is  contained  by  two  lines,  drawn  from  any 
point  in  the  arc  of  the  segment,  to  the  two 
extremities  of  that  arc. 

62.  An  Angle  On  a  segment,  or  an  arc,  is  that  which  is 
contained  by  two  lines,  drawn  from  any  point  in  the  opposite 
or  supplemental  part  of  the  circumference,  to  the  extremities 
of  the  arc,  and  containing  the  arc  between  them, 

63.  An  Angle  at  the  circumference,  is  that 
whose  angular  point  or  summtt  is  any  where 
in  the  circumference.  And  an  angle  at  the 
centre,  is  that  whose  angular  point  is  at  the 
centre. 
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64.  A  righUlined  figure  b  Inscribed  in  a 
cirdey  or  the  circle  Circumscribes  it,  when 
all  the  angular  points  of  the  figure  are  in  the 
circumfe^nce  of  the  circle. 

05.  A  right-lined  figure  Circumscribes  a 
circle,  or  the  circle  is  Inscribed  in  it,  when  all 
the  sides  of  the  figure  touch  the  circumference 
of  the  circle. 

66.  One  right-lined  figure  is  Inscribed  in 
another,  or  the  latter  circumscribes  the  former, 
when  all  the  angular  points  of  the  former  are 
placed  in  the  sides  of  the  latter. 

67.  A  Secant  is  a  line  that  cuts  a  circle, 
lying  partly  within,  and  partly  without  it. 


66.  Two  triangles,  or  other  right-lined  figures,  are  said  to 
be  mutually  equilateral,  when  all  the  sides  of  the  one  are 
equal  to  the  correspondiing  sides  of  the  other,  each  to  each  : 
and  they  are  said  to  be  mutually  equiangular,  when  the 
angles  of  the  one  are  respectively  equal  to  those  of  the  other. 

00.  Identical  figures  are  such  as  are  both  mutually  equi- 
lateral  and  equiangular  ;  or  that  have  all  the  sides  and  all  the 
angles  of  the  one,  respectively  equal  to  all  the  sides  and  all 
the  angles  of  the  other,  each  to  each ;  so  that  if  the  one  figure 
were  applied  to,  or  laid  upon  the  other,  all  the  sides  of  the  one 
would  exactly  fall  upon  and  cover  all  the  sides  of  the  other ; 
the  two  becoming  as  it  were  but  one  and  the  same  figure. 

70.  Similar  figures,  are  those  that  have  all  the  angles  of 
the  one  equal  to  all  the  angles  of  the  other,  each  to  each,  and 
the  sides  about  the  equal  angles  proportional. 

71.  The  Perimeter  of  a  figure,  is  the  sum  of  all  its  sidea 
taken  together. 

72.  A  Proposition,  is  something  which  is  either  proposed 
to  be  done,  or  to  be  demonstrated,  and  is  either  a  problem  or 
a  theorem. 

73.  A  Problem,  is  something  proposed  to  be  done. 

74.  A  Theorem,  is  something  proposed  <o  be  demonstrated.  ^ 

75.  A  Lemma,  is  something  which  is  premised,  or  demon-  "^ 
trated,  in  order  to  render  what  follows  more  easy. 

76.  A  Corollary,  is  a  consequent  truth,  gained  immediate- 
ly from  some  preceding  truth,  or  demonstration. 

77.  A  Scholium,  is  a  remark  or  observation  made  upon 
something  going  before  it. 
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AXIOMS.     - 

h  Things  which  are  equal  to  the  same  thing  are  equal  to 
each  other. 

2.  When  equals  are  added  to  equals,  th^  'wholes  are 
equal. 

3.  When  equals  are  taken  from  equals,  the  remainders 
are  equal. 

4.  When  equals  are  added  to  unequals,  the  wholes  aie  un- 
equal. 

5.  When  equals  are  taken  from  unequals,  the  remsiindert 
are  unequal, 

6.  Things  which  are  double  of  the  same  thing,  or  equal 
things,  are  equal  to  each  other. 

7.  Things  which  are  halves  of  the  same  thing,  are  equal. 

8.  Every  whole  is  equal  to  all  its  parts  taken  together. 

9.  Tilings  which  coincide,  or  fill  the  same  space,  are  iden- 
deal,  or  mutually  equal  in  dl  their  parts. 

20.  All  right  angles  are  equal  to  one  another. 

21.  Angles  that  have  equal  measures,  or  arcs,  are  equaL 


THKORBX  V 

It  two  triangles  have  two  sides  and  the  included  angle 
in  the  one,  equal  to  two  sides  and  the  included  angle  in 
the  other,  the  triangles  will  be  identical,  or  equal  in  all 
respects. 

In  the  two  triangles  j^bc,  def,  if  C  F 

the  side  ac  be  equal  to  the  side  df, 
and  the  side  bc  equal  to  the  side  ef, 
and  the  angle  c  equal  to  the  angle  f  ; 

then  will  the  two  triangles  be  identical,     ^ ^  j^ 

er  equal  in  all  respects.  -^  . 

For  conceive  the  triangle  abc  to  be  applied  to,  or  placed 
on,  the  triangle  def,  in  such  a  manner  that  the  point  c  may 
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coincide  with  the  poiat  f,  and  the  side  ac  with  the  side  w, 
which  is  equal  to  it.        • 

Then,  since  the  angle  f  is  equal  to  the  angle  c  (hy  hyp.), 
the  side  bc  w41i  fall  on  the  side  ef.  Also,  because  ac  is 
equal  to  df,  and  Be  equal  to  kf  (by  hyp.)}  the  point  a  will 
coincide  with  the  point  d,  and  the  point  b  with  the  point  s  ; 
consequently  the  side  ab  will  coincide  with  the  side  de. 
Therefore  the  two  triangles  are  identical,  and  have  all  their 
other  corresponding  parts  equal  (ax.  9),  namely,  the  side  ab 
equal  to  the  side  de,  the  angle  a  to  the  angle  d,  and  the  angle 
B  to  the  angle  b.    a.  s.  d. 

THEOXEM  n. 

When  two  triangles  have  two  angles  and  the  included 
side  in  the  one,  equal  to  two  angles  and  the  included  side  in 
the  other,  the  trianglfs  are  identical,  or  have  their  other  sides 
and  angle  equal. 

Let  the  two  triangles  abc,  def, 
have  the  angle  a  equal  to  the  angle 
Dy  the  angle  b  equal  to  the  angle  e, 
and  the  side  ab  equal  to  the  side  de  ; 
then  these  two  triangles  will  be  iden* 
tical. 

For,  conceive  the  triangle  abc  to  be  placed  on  the  triangle 
def,  in  spch  manner  that  the  side  ab  may  fall  exactly  on  the 
equal  side  he.  Then,  since  the  angle  a  is  equal  to  the  angle 
D  (by  hyp.),  the  side  ac  must  fall  on  the  side  df  ;  and,  in 
like  manner,  because  the  angle  b  is  equal  to  the  angle  e,  the 
side  BC  must  fall  on  the  side  ef.  Thus  the  three  sides  of  the 
triangle  abc  will  be  exactly  placed  on  the  three  sides  of  the 
triangle  dbf  :  consequently  the  two  triangles  are  identical 
(ax.  9),  having  the  other  two  sides  ac,  bc,  equal  to  the  two 
DF»  BF,  and  the  remaining  angle  c  equal  to  the  remaining 
angle  f.    a*  s*  n. 


THEOREU  in. 

Iir  an  isosceles  triangle,  the  angles  at  the  base  are 
Or,  if  a  triangle  have  two  sides  equal,  their  opposite 
will  also  be  equal. 

If  the  triangle  abc  have  the  side  ac  equal 
to  the  side  bc  :  then  will  the  angle  b  be  equal 
to  the  angle  a. 

For,  conceive  the  angle  c  to  be  bisected, 
or  divided  into  two  equal  parts,  by  the  line 
CD,  making  the  angle  acd  equal  to  the  angle     jr 


equal, 
angles 


I 
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Then,  the  two  triangles,  acd,  bcd,  have  two  sides  and 
the  contained  angle  of  the  one,  equal  to  two  sides  and  the 
contained  angle  of  the  other,  viz.  the  side  ac  equal  to  bc, 
the  angle  aci>  equal  to  bcd,  and  the  side  on  common  ;  there- 
fore these  two  triangles  are  identical,  or  equal  in  all  respects 
(th.  1)  ;  and  consequently  the  angle  ▲  equal  to  the  angle  b« 
a.  B.  D. 

CoroL  1.  Hence  the  line  which  bisects  the  vertical  angle 
of  an  isosceles  triangle,  bisects  the  base,  and  is  also  perpen* 
dicular  to  it. 

Coroh  2.  Hence  too  it  appears,  that  every  equilateral  tri- 
angle,  is  also  equiangular,  or  has  all  its  angles  equal* 


THEOBBtf  IT. 

When  a  triangle  has  two  of  its  angles  equal,  the  sides 
opposite  to  them  are  also  equal. 

If  the  triangle  abc,  have  the  angle  cab 
equal  to  the  angle  cba,  it  will  also  have  the 
side  CA  equal  to  the  side  cb. 

For,  if  CA  and  cb  be  not  equal,  let  ca  be 
the  greater  of  the  two,  and  let  da  be  equal 
to  CB,  and  join  db.  Then,  because  da,  ab, 
are  equal  to  cb,  ba,  each  to  e.ich,  and  the  angle  dab  to 
cba  (liypO*  ^1^0  triangles  dab,  cba,  are  equal  in  all  respects 
(th.  l)i  a  part  to  the  whole,  which  is  absurd  ;  therefore 
CA  is  not  greater  than  cb.  In  the  same  way  it  may  be 
proved,  that  cb  is  not  greater  than  ca.  They  are  therefore 
equal,     a.  b.  d. 

Cofdl*  Hence  every  equiangular  triangle  is  also  equi- 
lateral. 

thborem  v. 

Whkn  two  triangles  have  all  the  three  sides  in  the  one, 
equal  to  all  the  three  sides  in  the  other,  the  triangles  are 
identical,  or  have  also  their  three  triangles  equal,  each  to  each. 

Let  the  two  .  triangles  abc,  abd, 
have  their  three  sides  respectively, 
equal,  viz.  the  side  ab  equal  to  ab, 
AC  to  ad,  and  bc  to  bd  ;  then  shall 
the  two  triangles  be  identical,  or  have 
their  angles  equal,  viz.  those  angles 


Digitized  by  CjOOQ IC 


384 


GBOMETRr. 


*  that  are  opposite  to  the  equal  sides ; 

namely,  the  angle  bag  to  the  angle 

BAD,  the  angle  abc  to  the  angle  abp, 

and  the  an^e  c  to  the  angle  o. 
For,  conceive  the  two  triangles  to 

be  joined  together  by  their  longest 

equal  sides,  and  draw  the  line  CD. 

Then,  in  the  triangle  acd,  because  the  side  ac  is  equal 

to  AD  (by  hyp.)*  the  angle  acd  is  equal  to  the  angle  adc 
.  (th.  3).     In  like  manner,  in  the  triangle  bcd,  the  angle  bcd 

is  equal  to  the  angle  bdc,  because,  the  side  bc  is  equal  to  bd. 

Hence  then,  the  angle  acd  being  equal  to  the  angle  adc^ 

and  the  angle  bcd  to  the  angle  bdc,  by  equal  additions  the 

sum  of  the  two  angles  acd,  bcd,  is  equal  to  the  sum  of  the 

two  ADC,  BDC,  (ax.  2),  that  is,  the  whole  angle  acb  equal  to 

the  whole  angle  adb. 

Since  then,  the  two  sides  ac,  cb,  are  equal  to  the  two 

sides  AD,  DB,  each  to  each,  Thy  hyp.),  and  their  contained 

angles  acb,  adb,    also  equal,  the  two  triangles  abc,  abd, 

are  identical  (th.  1),  and  have  the  other  angles  equal,  viz. 

the  angle  bac  to  the  angle  bad,  and  the  angle  abc  to  the 

angle  abd.    a*  s.  d. 


THE0Rl!^M  VI. 

Whkv  one  line  meets  another,  the  angles  which  it  makes 
on  the  same  side  of  the  other,  are  together  equal  to  two  right 
angles. 

Let  the  line  ab  meet  the  line  cd  :  then 
will  the  two  angles  abc,  abd,  taken  to« 
gcther,  be  equal  to  two  right  angles. 

For,  first,  when  the  two  angles  abc,  abd, 
are  equal  to  each  other,  they  are  both  of 
them  right  angles  (def.  15.) 

But  when  the  angles  are  unequal,  suppose  be  drawn  per- 
pendicular to  CD.  Then,  since  the  two  angles  sbc,  ebd,  are 
right  angles  (def.  15),  and  the  angle  sbd  is  equal  to  the  two 
angles  eba,  abd,  together  (ax.  8),  the  three  angles,  sac,  SBAy 
and  ABD,  are  equal  to  two  right  angles. 

But  the  two  angles  bbc,  zba^  are  together  equal  to  the 
angle  abc  (ax.  8).  Consequently  the  two  angles  abc,  abd, 
are  also  equal  to  two  right  angles,    a*  b.  d. 

Coroi.  1.  Hence  also,  conversely,  if  the  two  angles  abo» 
abd,  on  both  sides  of  the  line  ab,  make  up  together  two 
right  angles,  then  cb  and  bd  form  one  continued  right 
line  CD. 
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Card,  2.  Hence,  all  tke  aii^a  which  can  be  made,  at 
any  point  a,  by  any  number  of  Mnes,  on  the  same  sidci'of 
the  right  line  cd,  are»  when  taken  all  together^  equal  to  two 
right  angles. 

Carol.  3.  And,  as  all  the  angles  that  can  be  made  on  the. 
other  side  of  the  line  en  are  also  equal  to  two  right  angles  ; 
therefore  aU  the  angles  that  can  b«  made  qtrite  round  a  point 
B,  by  any  number  of  lines,  are  e^ual  to  four  right  angles. 

Card.  4.  Hence  also  tb  «  whole  circumier- 
ence  of  a  circle,  being  ^  tbd  sum  of  the  mea- 
sures of  all  the  angles  ;hat  can  be  made  about 
the  centre  f  (def.  57),  is  the  measure  of  four 
right  angles.  Consequently,  a  semicircle,  or 
180  degrees,  is  the  measure  ^f  two  right  an- 
gles  ;  and  a  quadrant^  or  90  degrees,  the  measure  of  one 
fight  angle. 

THiOBVM  vn.  ' 

Whbn  two  lines  intersect  each  other,  the  opposite  angles  are 
equal. 

Let  the  two.  lines  ab,  on,  intersect  in 
the  point  b  ;  then  will  the  angle  akc  be 
equal  to  the  angle  bbd,  and  the  angle      -  ^ 

AED  equal  to  the  angle  cbb.  yjj    tB 

For,  since  the  line  cb  meets  the  line 
AB,  the  two  angles  abc,  bbc,  taken  to- 
gether,  are  equal  to  two  right  angles  (th.  6). 

In  like  manner,  the  line  be,  meeting  the  line  en,  midces 
the  two  angles  bec,  bed,  equal  to  two  right  angles. 

Therefore  the  sum  of  the  two  angles  aeO,  bbo,  ia  equal  to 
the  sum  of  the  two  bec,  bed  (ax.  1). 

And  if  the  angle  bbc,  which  is  common,  be  taken  away 
from  both  these,  the  remaining  angle  a4PC  will  be  equal  to 
the  remaining  angle  bed  (ax.  3). 

And  io  like  manner  it  may  be  shown,  that  the  angle  asd 
is  equal  to  the  opposite  angle  bec. 

THEORBK  Vin. 

Wbbn  one  side  of  a  triangle  is  produced,  the  outward 
angle  is  greater  than  either  of  the  two  inward  oppoaile 
angles. 


-TT^ 
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Let  ABO  be  a  triangle,  having  the 
tide  AB  produced  to  b  ;  then  will  the 
outward  angle  gbd  be  greater  than 
either  of  the  inward  opposite  angles  a 
ore. 

For,  conceif  e  the  side  bc  to  be  bi* 
■ected  in  the  point  e,  and  draw  the 
line  AS,  producing  it  till  ef  be  equal 
to  AB  ;  and  join  bf. 

Then,  since  the  two  triangles  aec,  bef,  have  the  side 
AB  •=  the  side  ef,  and  the  side  ce  =  the  side  be  (by  ^uppos.) 
and  the  included  or  opposite  angles  at  e  also  equal  (th.  7), 
therefore  those  two  triangles  are  equal  in  all  respects 
(th.  1),  and  have  the  angle  c  =  the  corresponding  angle 
bbf.  But  the  angle  cbd  is  greater  than  the  angle  ebf  ; 
consequently  the  said  outward  angle  cbd  is  also  greater  than 
the  angle  c. 

In  like  manner,  if  cb  be  produced  to  o,  and  ab  be  bi- 
■ected,  it  may  be  shown  that  the  outward  angle  abc,  or  its 
equal  cbd,  is  greater  than  the  other  angle  a* 


THXORCK  IX. 

The  greater  side,  of  evrry  triangle,  is  opprs'te  to  (he 
greater  angle  ;  and  the  greater  angle  opposite  to  the  greater 
tide. 

Lot  ABC  be  a  triangle,  having  the  side  q 

AB  greater  than  the  side  ac  ;  then  will  the  >v 

angle  ace,  opposite  the  greater  side  ab,  be  y^  Vy^ 

greater  than  the  angle  b,  opposite  the  less  y^         \\ 

side  AC.  A  DM 

For,  on  the  greater  side  ab,  take  the 
part  AD  equal  to  the  less  side  ac,  and  join  cd.  Then,  since 
BCD  is  a  triangle,  the  outward  angle  adc  is  greater  than  the 
inward  opposite  angle  b  (th.  6).  But  the  angle  acd  is  equal 
to  the  said  outward  angle  adc,  because  ad  is  eqal  to  ao 
(th.  3).  Consequently  the  angle  acd  also  is  greater  than  the 
angle  b.  And  since  the  angle  acd  is  only  a  part  of  aob, 
much  more  must  the  whole  angle  acb  be  greater  than  the 
angle  b.    a.  £•  d. 

Again,  conversely,  if  the  angle  c  be  greater  than  the  angle 
b,  then  will  the  side  ar,  opposite  the  former,  be  greater  than 
the  side  ac,  opposite  the  latter. 

For,  if  AB  be  not  greater  than  ac,  it  must  be  either 
•qaal  to  it,  or  less  than  k.     But  it  cannot  be  equal,  for 
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then  the  angle  o  wonld  be  equal  to  the  angle  b  (th.  8),  which 
it  is  not,  by  the  supposition.  Neither  can  it  be  less,  for  then 
the  angle  c  would  be  less  than  the  angle  b,  by  the  former 
part  of  this  ;  which  is  also  contrary  to  the  supposition.  The 
side  AB,  then,  being  neither  equal  to  ac,  nor  less  than  it» 
must  necessarily  be  greater,    a.  e.  d* 

TBBOBEM  Z. 

The  sum  of  any  two  sides  of  a  triangle  is  greater  than  the 

third  side. 
* 

Let  ABC  be  a  triangle  ;  then  will  the 
sum  of  any  two  of  its  sides  be  greater 
than  the  third  side,  as  for  instance, 
AC  +  CB  greater  than  ab. 

For,  produce,  ac  till  cd  be  equal  to 
cB,  or  AD  equal  to  the  sum  of  the  two 
AC  +  cb;  and  join  bi>  : — Then,  because 
CD  is  equal  to  cb  (by  constr.),  the  angle  d  is  equal  to  the 
angle  cbd  (th.  3).  But  the  angle  abd  is  greater  than  the 
angle  cbd,  consequently  it  must  also  be  greater  than  the 
angle  d.  •  And,  since  the  greater  side  of  any  triangle  is  op. 
posite  to  the  greater  angle  (th.  9),  the  side  ad  (of  the  tri- 
angle  abd)  is  greater  than  the  side  ab.  But  ad  is  equal  to 
AC  and  CD,  or  ac  and  cb,  taken  together  (by  constr.)  ;  there- 
fore AC  -f*  CB  is  also  greater  than  ab.     q.  e.  d. 

Carol.    The  shortest  distance  between  two  points,  is  a 
single  right  line  drawn  from  the  one  point  to  the  other. 

tdbobex  xz. 

The  difference  of  any  two  sides  of  a  triangle,  is  leas  than 
the  third  side. 

Let  ABC  be  a  triangle  ;  then  will  the 
difference  of  any  two  sides,  as  ab  —  ac, 
be  less  than  the  third  side  bc. 

For,  produce  the  less  side  ac  to  d, 
till   AD  be  equal  to  the  greater  side  ab, 
so  that  CD  may  be  the  difference  of  the 
two  sides  ab  —  ac  ;  and  join  bd.    Then, 
because  ad  is  equal  to  ab  (by  constr.),  the  opposite  angels  d 
and  ABD  are  equal  (th.  3).     But  the  angle  cbd  is  less  than 
the  angle  abd,  and  consequently  also  less  than  the  equal 
angle  d.    And  since  the  greater  side  of  any  triangle  ia 
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opponte  to  the  greater  angle  (tli.  9)^  the  aide  od  (of  the  tri- 
angle BCD)  is  leas  than  the  aide  bc*    q.  s.  n. 

Offorvtte.  Set  off  upon  ab  a  distance  ai  ^qual  t^  ac 
Then  (th«  30)  ac  +  ob  ia  greater  than  ab,  thai  is,  greater 
than  Ai  +  XG.  From  these*  take  away  the  equal  parts  ac, 
Ai,  respectively ;  and  there  remains  gb  greater  than  ic.  Con* 
sequently,  ic  is  less  than  cb.    a.  e*  d. 

THEOREM  Xn. 

Wksm  a  line  intersects  two  parallel  lines,  it  makes  the 
alternate  angles  equal  to  each  oUier. 

Let  the  line  ef  cut  the  two  parallel 
line  ab,  cd  ;  then  will  the  angle  aef  he 
equal  to  the  alternate  angle  efd. 

For  if  they  are  not  equal,  one  of  them 
must  be  greater  than  the  other ;  let  it  be 
BFD  for  instance,  which  is  the  greater,  if 
possible ;  and  conceive  the  line  fb  to  be 
drawn,  cutting  off  the  part  or  angle  efb  equal  to  the  angle 
AEF,  and  meeting  the  line  ab  in  the  point  b. 

Then,  since  the  outward  angle  aef,  of  the  triangle  bef, 
is  greater  than  the  inward  opposite  angle  efb  (th.  8) ;  and 
since  these  two  angles  also  are  equal  (by  the  constr.)  it  fol- 
lows, that  those  angles  are  both  equal  and  unequal  at  the 
same  time  :  which  is  impossible.  Therefore  the  angle  efd 
is  not  unequal  to  the  alternate  angle  aef,  that  is,  they  are 
equal  to  each  other,     a*  e.  n. 

Corel.  Right  lines  which  are  perpendicular  to  one,  of  two 
parallel  lines,  are  also  perpendicular  to  the  other. 

THEOREM  xni. 

When  a  line,  cutting  two  other  lines,  makes  the  alter- 
nate  angles  equal  to  each  other,  those  two  lines  are  paral- 
lel. 

Let  the  line  ef,  cutting  the  two  lines 
ab,  CD,  make  the  alternate  angles  aef, 
DFE,  equal  to.  each  other ;  then  will  ab 
be  parallel  to  cd. 

For  if  they  be  not  parallel,  let  some 
other  line,  as  fo,  be  parallel  to  ab. 
Then,  because  of  these  parallels,  the 
angle  aef  is  equal  to  the  alternate  angle  sfg  (th.  12).  But 
the  angle  aef  is  equal  to  the  angle  efd  (by  hyp.)  There- 
fore the  angle  efd  is  equal  to  the  angle  bfg  (ax.  1)  ;  that  is, 
a  part  is  equal  to  the  whole,  which  is  impossible.  Therefore 
no  line  but  cd  can  be  parallel  to  ab.    q.  s.  d. 
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Carol,  Those  lines  which  are  perpendicular  to  the  same 
lines,  are  parallel  to  each  other. 

THBOBEK  ZIV, 

When  a  line  cuts  two  parallel  lines,  the  outward  angle  is 
equal  to  the  inward  opposite  one,  on  the  same  side ;  and 
the  two  inward  angles,  on  the  same  side,  equal  to  two  right 
angles. 

Let  the  line  ef  cut  the  two  parallel 
lines  AB,  CD ;  then  will  the  outward  an- 
gle BOB  be  equal  to  the  inward  oppo- 
site angle  ohd,  on  the  same  side  of  the 
line  BF ;  and  die  two  inward  angles 
BGH,  GHD,  taken  together,  will  be  equal 
to  two  right  angles. 

For  since  the  two  lines  ab,  cd,  are 
parallel,  the  angle  aoh  is  equal  to  the  alternate  angle  ohd, 
(th.  12.)  But  the  angle  agh  is  equal  to  the  opposite  angle 
BOB  (th.  7).  Therefore  the  angle  bob  is  also  equal  to  the 
angle  ohd  (ax.  1).    a«  b.  d. 

Again,  because  the  two  adjacent  angles  bob,  bou,  are  to- 
gether equal  to  two  right  angles  (th.  6)  ;  of  which  the  angle 
BOB  has  been  shown  to  be  equal  to  the  angle  ghd  ;  therefore 
the  two  angles  bgh,  ohd,  taken  together,  are  also  equal  to 
two  right  angles. 

Cani.  1.  And,  conversely,  if  one  line  meeting  two  other 
lines,  make  the  angles  on  the  same  side  of  it  equal,  those 
two  lines  are  parallels. 

Carol.  2.  If  a  line,  cutting  two  other  lines,  make  the  sum 
of  the  two  inward  angles  on  the  same  side,  less  than  two 
right  angles,  those  two  lines  will  not  be  parallel,  but  will 
meet  each  other  when  produced. 

THEOREK  XV. 

Those  lines  which  are  parallel  to  the  same  line,  are 
parallel  to  each  other. 

Let  the  lines  ab,  cd,  be  each  of  them                G         y> 
parallel  to  the  line  bf  ;  then  shall  the  lines  -A.           •  o 

AB,  CD,  be  parallel  to  each  other.  C xj! 3D 

For,  let  the  line  gi  be  perpendicular  v  \  p 

to  EP.     Then  will  this  line  be  also  per-  ^  i  ^ 

pendicular  to  both  the  lines  ab,  cd  (corol.  th.  12),  and  con- 
sequently the  two  lines  ab,  cd,  are  parallels  (corol.  th.  13). 

a«  B-  n« 

Vol.  L  88 
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Whek  erne  side  of  a  triangle  is  produced^  the  ontmunl 
angle  is  equal  to  both  the  inward  opposite  angles  takeo 
together. 

Let  the  side,  ab,  of  the  triangle 
ABC,  be  produced  to  d  ;  then  will  the 
outward  angle  cbd  be  equal  to  the  sum 
of  the  two  inward  opposite  angles  a 
and  c. 

For,  conceive  be  to  be  drawn  pa»     "^^  x»        xr 

rallel  to  the  side  ao  of  the  triangle. 
Then  uc,  meeting  the  two  parallels  ao,  be,  makes  the  alter* 
nate  angles  c  and  cbb  equal  (th.  12).  And  ad,  cutting  the 
same  two  parallels  ac,  be,  makes  the  inward  and  outward 
angles  on  the  same  side,  a  and  sbd,  e^al  to  each  other 
(th.  14).  Therefore,  by  equal  additions,  the  sum  of  the  two 
angles  a  and  c,  is  equal  to  the  sum  of  the  two  cbb  and  bbs* 
that  is,  to  the  whole  angle  cbd  (by  ax.  3}.    t^  x.  d. 


theorbm  xni. 

In  any  triangle,  the  sum  of  all  the  three  axgles  is  equal  lo 
two  right  angles. 

Let  ABC  be  any  plane  triangle  ;  then 
the  sum  of  the  three  angles  a  +  b  +  c 
is  equal  to  two  right  angles. 

For,  let  the  side  ab  be  produced  to  d. 
Then  the  outward  angle  cbd  is  equal 
to  the  sum  of  the  two  inward  opposite 
angles  a  +  c  (th.  16).  To  each  of  these  equals  add  the  in- 
ward  angle  b,  then  will  the  sum  of  the  three  inward  angles 
^  ^  B  +  c  be  equal  to  the  sum  of  the  two  adjacent  angles 
ABU  +  cbd  (ax.  2).  But  the  sum  of  these  two  last  adjacent 
angles  is  equal  to  two  right  angles  (th.  6).  Therefore  also 
the  sum  of  the  three  angles  of  the  triangle  a  +  b  -{-  c  is 
equal  to  two  right  angles  (ax.  1).     a.  s.  d. 

Cord.  1.  If  two  angles  in  one  triangle,  be  equal  to  two 
angles  in  another  triangle,  the  third  angles  will  also  be  equal 
(ax.  3],  and  the  two  triangles  equiangular. 

Cord.  2.  If  one  angle  in  one  triangle,  be  equal  lo  ette 
angle  in  another,  the  sums  of  the  remaining  angles  wiU  ak» 
be  equal  (ax.  3). 
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Cmtl*  S»  If  one  angle  of  r  triangle  be  right,  the  sum  of 
the  other  two  will  also  be  equal  to  a  right  angle,  and  each  of 
them  singly  will  be  acute,  or  less  than  a  right  angle. 

C&nl.  4.  The  two  least  anules  of  every  triangle  are  acute, 
or  each  less  than  a  right  anjrie. 

THEOllKM   XVIII. 

In  any  quadrangle,  the  sum  of  all  the  four  inward  angles,  is 
equal  to  four  right  angles. 
Let  ABCD  be  a  quadrangle ;  then  the 
ram  of  the  four  inward  angles,  a  +  »  + 
c  4"  i>  is  equal  to  four  right  angles. 

Let  the  diagonal  ac  be  drawn,  dividing 
the  quadrangle  into  two  triangles,  abc,  ado. 
Tlien,  because  the  sum  of  the  three  angles 
of  each  of  these  triangles  is  equal  to  two 
right  angles  (th.  17) ;  it  follows,  that  the  sum  of  all  the 
angles  of  both  triangles,  which  make  up  the  four  angles  of 
the  quadraiigle,  must  be  equal  to  four  right  angles  (ax.  *^). 

a.  E.  D. 

Carol,  1.  Hence,  if  three  of  the  angles  be  right  ones,  tie 
fourth  will  also  be  a  right  angle. 

Cani.  2.  And  if  the  sum  of  two  of  the  four  angles  be 
equal  to  two  right  angles,  the  sum  of  the  remaining  two  wiH 
«lso  be  equal  to  two  right  angles. 

THEOKEK  XrX. 

Iif  any  figure  whatever,  the  sum  of  all  the  inward  angles, 
taken  tosether,  is  equal  to  twice  as  many  right  angles, 
wanting  four,  as  the  figure  has  sides. 

Let  ABODE  be  any  figure  ;  then  the 
aum  of  all  its  inward  angles,  a  +  b  + 
c  +  D  +  B»  ^''  equal  to  twice  as  many 
light  angles,  wanting  four,  as  the  figure 
kas  sides. 

For,  from  any  point  p,  witliin  it,  draw 
lines,  PA,  PB,  PC,  dec.  to  all  the  angles, 
dividing  the  polygon  into  as  many  tri- 
angles as  it  has  Hides.  Now  the  sum  of  the  three  angles  of 
each  of  these  triangles,  is  equal  to  (wo  ri^ht  angles  (th.  17) ; 
Iberefore  the  sum  of  the  angles  of  ail  the  triangles  is  equii 
to  twice  as  many  right  angles  as  the  figure  has  sides.  But 
tbe  iOffl  of  all  the  angles  about  the  point  p,  which  aj-e  ao 
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many  of  tlie  angles  of  the  triangles,  but  no  part  of  tlie  ia- 
ward  angles  of  the  polygon,  is  equal  to  four  right  angles 
(corol.  3,  th.  6),  and  must  be  deducted  out  of  the  former 
sum.  Hence  it  follows  that  the  sum  of  all  the  inward  angles 
of  the  polygon  alone,.  A  +  b.+  c  +  n  +  ',  «s  equal  to  twice 
as  many  right  angles  as  the  figure  has  sides,  wanting  the 
said  four  right  angles,     a.  e.  d. 


THEOREM  XX, 

When  every  side  of  any  figure  is  produced  out^  the  sum 
of  all  the  outward  angles  thereby  made,  is  equal  to  four  right 
angles. 

'  Let  A,  B,  c,  dec.  be  the  outward 
angles  of  any  polygon,  made  by  pro- 
ducing  all  the  sides  ;  then  will  the  sum 
A  +  B  +  c  +  i>  +  E>  of  all  those  outward 
angles,  be  equal  to  four  right  angles. 

For  every  one  of  these  outward  an- 
gles, together  with  its  adjacent  inward 
angle,  make  iTp  two  right  angles,  as 
A+a  equal  to  two  right  angles,  being 
the  two  angles  made  by  one  line  meeting  another  (th.  6). 
And  there  being  as  many  outward,  or  inward  angles,  as  the 
figure '  has  sides  ;  therefore  the  sum  of  all  the  inward  aad 
outward  angles,  is  equal  to  twice  as  many  right  angles  as 
the  figur^  has  sides.  But  the  sum  of  all  the  inward  angles 
with  four  right  angles,  is  equal  to  twice  as  many  right  angles 
as  the  figure  has  sides  (th.  19).  Therefore  the  sum  of  all 
the  inward  and  all  the  outward  angles,  is  equal  to  the  sum 
of  all  the  inward  angles  and  four  right  angles  (by  ax.  1). 
From  each  of  these  take  away  all  the  inward  angles,  and 
there  remains  all  the  outward  angles  equal  to  four  right  angles 
(by  ax.  3). 


THEOREH  XXI. 

A  pevfendicular  is  the  shortest  line  that  can  be  drawn 
from  a  given  point  to  an  indefinite  line.  And,  of  any  other 
linos  drawn  from  the  same  point,  those  that  are  nearest  the 
perpendicular  are  less  than  those  more  remote. 

If  AB,  AC,  AD,  d^.  be  lines  drawn  from 
the  given  point  a,  to  the  indefinite  line  de, 
of  which  AB*  is  perpendicular  ;  then  shall 
the  perpendicular  ab  be  less  than  ac,  and 
AC  less  than  ad,  dec. 

Fori  the  angle  b  being  a  right  one»  the 


A 
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anglf  o  18  acQte  (by  cor.  8,  th.  17),  and  therefore  less  than 
the  angle  b.  But  the  less  angle  of  a  triangle  is  subtended 
by  the  less  side  (th.  9).  Therefore  the  side  ab  is  less  than 
the  side  ac. 

Again,  the  angle  acb  being  acute,  as  before,  the  adjacent 
angle  acd  will  be  obtuse  (by  th.  6)  ;  consequently  the  angle 
D  is  acute  (corol.  3,  th.  17),  and  therefore  is  less  than  the 
angle  c.  And  since  the  less  side  is  opposite  to  the  less  angle, 
therefore  the  side  ac  is  less  than  the  side  ad*  o.  s.  d. 

Ccfol.  A  perpendicular  is  the  least  distance  of  a  given 
point  from  a  line. 


THEOREM  XZn. 

The  opppsite  sides  and  angles  of  any  parallelogram  are 
equal  to  each  other  ;  and  the  diagonal  divides  it  into  two 
equal  triangles. 

Let  ABCD  be  a  parallelogram,  of  which 
the  diagonal  is  bd  ;  then  will  its  opposite 
sides  and  angles  be  equal  to  each  other, 
and  the  diagonal  bd  will  divide  it  into  two 


equal  parts,  or  triangles.  ^  jg 

For,  since  the  sides  ab  and  dg  are  pa- 
rallel, as  also  the  sides  ad  and  bc  (de6n. 
8:2),  and  the  line  bd  meets  them  ;  therefore  the  alternate 
angles  are  equal  (th.  12),  namely,  the  angle  abd  to  the  angle 
cDB,  and  the  angle  adb  to  the  angle  cbd.  Hence  the  two 
triangles,  having  two  angles  in  the  one  equal  to  two  angles 
in  the  other,  have  also  their  third  angles  equal  (cor.  1,  th.  17), 
namely,  the  angle  a  equal  to  the  angle  c,  which  are  two  of 
the  opposite  angles  of  the  parallelogram. 

Also,  if  to  the  equal  angles  abd,  cdb,  be  added  the  equal 
angles  cbd,  abd,  the  wholes  will  be  equal  (ax.  2),  namely, 
the  whole  angle  abc  to  the  whole  ado,  which  are  the  other 
two  opposite  angles  of  the  parallelogram.  q.  b.  d. 

Again,  since  the  two  triangles  are  mutually  equiangular 
and  have  a  side  in  each  equal,  vix.  the  common  side  bd  ; 
therefore  the  two  triangles  are  identical  (th.  2),  or  equal  in 
all  respects,  namely,  the  side  ab  equal  to  the  opposite  side 
DC,  and  AD  equal  to  the  opposite  side  bc,  and  the  whole 
triangle  abd  equal  to  the  whole,  tiianf^e  dcd.    a.  b.  d. 
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Corol.  1.  Hence,  if  one  angle  of  a  paralielogram  be  a  ri|^ 
angle,  all  the  other  three  wili  also  be  right  anglea,  and  the 
parallelogram  a  rectangle. 

Corel.  2.  Hence  also,  the  sum  of  any  two  adjacent  angles 
of  a  parallelogram  m  equal  to  two  right  angles. 

TUBORBX   XXIII. 

EvBRv  qnadrilateral,  whose  opposite  sides  are  equal,  is  a 
parallelogram,  or  has  its  opposite  sides  parallel. 

Let  AacD  be  a  quadrangle,  having  the 
opposite  sides  equal,  namely,  the  side  ab 
equal  to  dc,  and  ad  equal  to  bc  ;  then 
shall  these  equal  sides  be  also  parallel, 
and  the  figure  a  parallelogram. 

For,  let  the  diagonal  bd  be  drawn. 
Then,  the  triangles,  abd,  cbd,  being 
mutually  equilateral  (by  hyp.),  they  are 
also  mutually  equiangular  (th.  5),  or  have  their  co 
angles  equal ;  consequently  the  opposite  sides  are  parallel 
(th.  IS) ;  viz.  the  side  ab  parallel  to  do,  and  ad  parallel  to 
BC,  and  the  figure  is  a  parallelogram,     a.  k.  d. 

THEORBM    XXIV. 

TnosB  lines  which  join  the  corresponding  extremes  of 
two  equal  and  parallel  lines,  are  themselves  equal  and 
parallel. 

Let  AB,  DC,  be  two  equal  and  parallel  lines ;  then  will 
the  linei^  ad,  bc,  which  join  their  extremes,  be  also  equal 
and  parallel.     [See  the  fig.  above.] 

For,  draw  the  diagonal  bd.  Then,  because  ab  and  dc  are 
parallel  (by  hyp.),  the  angle  abd  is  equal  to  the  altemato 
angle  bdc  (th.  12).  Hence  then,  the  two  triangles  having 
two  sides  and  the  contained  angles  equal,  viz.  the  side  ab 
equal  to  the  side  do,  and  the  side  bd  common,  and  the  con- 
tained angle  abd  equal  to  the  contained  angle  bdc,  they 
have  the  remaining  sides  and  angles  also  respectively  equal 
(th.  1) ;  consequently  ad  is  equal  to  bc,  and  also  parallel  to 
it  (th.  12).    a.  B.  D. 

THEORBM   XKV. 

Parallbloobaxs,  as  also  triangles,  standing  on  the 
same  base,  and  between  the  same  parallels,  are  equal  te 
each  otben 
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Let  ABCD,  ABSF,  be  two panllelograoiSy  ID_ 
Asc,  ABF,  two  triangles,  standing  on  '^ 
the  same  base  ab,  and  between  the  same 
pafailels  ab,  db  ;  then  will  the  paraHelo- 
gram  abcd  be  equal  to  the  parallelogram 
ABBF)  and  the  triangle  abc  equal  to  the 
triangle  abf« 

For,  since  the  line  dk  cuts  the  two  parallels  af,  bb,  and 
the  two  AD,  BC,  it  makes  the  angle  b  equal  to  the  angle  afd, 
and  the  angle  d  equal  to  the  angle  bob  (th.  14) ;  the  two 
triangles  adf,  bce,  are  therefore  equiangular  (cor.  1,  th.  17) ; 
and  having  the  two  corresponding  sides  ad,  bc,  equal 
(th.  23),  being  opposite  sides  of  a  parallelogram,  these  two 
triangles  are  identical,  or  equal  in  all  respects  (th.  2).  If 
each  of  these  equal  triangles  then  be  taken  from  the  whole 
apace  abbd,  there  will  remain  the  parallelogram  abef  in 
the  one  case,  equal  to  the  parallelograms  abcd  m  the  other 
(by  az.  3). 

Also  the  triangles  abc,  abf,  on  the  same  base  ab,  and 
between  the  same  parallels,  are  equal,  being  the  halves  of 
the  said  equal  parallelograms  (th.  22).    o.  b.  d. 

CardL  !•  Parallelograms,  or  triangles,  having  the  same 
base  and  altitude,  are  equal.  For  the  altitude  is  Ste  same  as 
the  perpendicular  or  distance  between  the  two  parallels,  which 
is  every  where  equal,  by  the  definition  of  parallels. 

Carol,  2.  Parallelograms,  or  triangles,  having  equal  bases 
and  altitudes,  are  equal.  For,  if  the  one  figure  be  applied 
with  its  base  on  the  other,  the  bases  will  coincide  or  be  the 
same,  because  they  are  equid :  and  so  the  two  figures*  having 
the  same  base  and  altitude,  are  equal. 

THEORBX  XXVI. 

If  a  parallelogram  and  a  triangle,  stand  on  the  same 
base,  and  between  the  same  parallels,  the  parallelogram 
will  be  double  the  triangle,  or  the  triangle  half  the  paral- 
lelogram. 

Let  abcd  be  the  parallelogram,  and  abb  a 
triangle,  on  the  same  base  ab,  and  between 
the  same  parallels  ab,  db  ;  then  will  the 
parallelogram  abcd  be  double  the  triangle 
ABE,  or  the  triangle  half  the  parallelo- 
gram. 

For,  draw  the  diagonal  ac  of  the  parallelogram,  dividiBg 
it  into  two  equal  parts  (th.  22).    Then  because  the  Irianglee 
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AMOp  ABB,  on  the  same  base,  and  between  the  same  parallelsr 
are  equal  (th.  25)  ;  and  because  the  one  triangle  abc  is  half 
the  parallelogram  abcd  ^th.  22),  the  other  equal  triangle 
ABB  is  also  equal  to  half  the  same  parallelogram  abcd. 
a.  B.  B. 

CoroL  I.  A  triangle  is  equal  to  half  a  parallelogram  of  the 
same  base  and  altitude,  because  the  altitude  is  the  perpendi- 
cular distance  between  the  parallels,  which  is  every  where 
equal,  by  the  definition  of  parallels. 

Card.  2.  If  the  base  of  a  parallelogram  be  half  that  of  a 
triangle,  of  the  same  altitude,  or  the  base  of  the  triangle  be 
double  that  of  the  parallelogram,  the  two  figures  will  be 
equal  to  each  other. 

THBOBEX  ZXVn. 

Rbctaboxbs  that  are  contained  by  equal  lines,  are  equal 
to  each  other. 

Let  bd,  fb,  be  two  rectangles,  having         p     C  H    O 
the  sides  ab,  bc,  equal  to  the  sides  kf, 
FO,  each  to  each ;  then  will  the  rectangle 
BD  be  equal  to  the  rectangle  fh, 


For,  draw  the  two  diagonals  ac,  eo,  ATB  —  - 
dividing  the  two  parallelograms  each  into 
two  equal  parts.  Then  the  two  triangles  abc,  efg,  are 
equal  to  each  other  (th.  1),  because  they  have  the  two  sides 
AB,  BO,  and  the  contained  angle  b,  equal  to  the  two  sides 
XF,  FG,  and  the  contained  angle  f  (by  hyp.).  But  these 
equal  triangles  are  the  halves  of  the  respective  rectangles. 
And  because  the  halves,  or  the  triangles,  are  equal,  the 
wholes,  or  the  rectangles  db,  hf,  are  abo  equal  (by  az.  6). 

Q.  B.  D. 

Cord.    The  squares  oh  equal  lines  are  also  equal;  for 
every  square  is  a  species  of  rectangle. 

THBOBEX  XXVin. 

Thb  complements  of  the  parallelograms,  which  are  about 
the  diagonal  of  any  parallelogram,  are  equal  to  each  other. 

Let  AC  be  a  parallelogram,  bv  a  dia- 
gonal, aiF  parallel  to  ab  or  dc,  and  oih 
parallel  to  ad  or  bc,  making  ai,  ic,  com- 
plements to  the  parallelograms  bo,  hf, 

which  are  about  the  diagonal  db  :  then  ^ ^ 

will  the  complement  az  be  equal  to  the  /^  jj 

complement  ic. 
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For,  tinee  the  Aagonftl  db  bisects  the  three  parallelogranw 
jLCf  B0|  HF  (th.  22) ;  therefore,  the  whole  triangle  dab  being 
eqaal  to  the  whole  triangle  dcb,  and  the  parts  dbi,  irb,  re- 
spectively equal  to  the  parts  doi,  ifb,  the  remaining  parts  Ar, 
10,  must  also  be  equal  (by  ax,.  3).    q.  b.  d. 

THEORBX  XXIX. 

A  TRAPBZOiD,  or  trapezium  having  two  sides  parallel,  is  ' 
equal  to  half  a  parallelogram,  whose  baqe  is  the  sum  of  those 
two  sides,  and  its  altitude  the  perpendicular  distance  between 
them. 

Let  ABCD  be  the  trapezoid,  having  its  d     r  TT    V* 

two  sides  ab,  Dc,  parallel ;  and  in  ab  i^     i-  H     F 

pioduced  take  be  equal  to  dc,  so  that 
AS  may  be  the  sum  of  the  two  parallel 


f 


EJ 


sides  $  produce  dc  also,  and  let  bf,  oci         A.    6  B    £ 
BH»  be  all  three  parallel  to  ad.    Then  is 
AF  a  parallelogram  of  the  same  altitude  with  the  trapezoid 
ABCD,  having  its  base  ab  equal  to  the  sum  of  the  parallel 
aides  of  the  trapezoid ;  and  it  is  to  be  proved  that  the  trape- 
zoid ABCD  is  equal  to  half  the  parallelogram  af. 

Now,  since  triangles,  or  parallelograms,  of  equal  bases  and 
altitude,  are  e<pial  (corol.  2,  th.  25),  the  parallelogram  do  is 
equal  to  the  parallelogram  he,  and  the  triangle  cob  equal  to 
the  triangle  chb  ;  consequently  the  line  bc  bisects,  or  equal- 
ly divides,  the  parallelogram  af,  and  abcd  is  the  half  of  it. 
a«  B.  D. 

thbobbx  txz. 

TsB  sum  of  all  the  rectangles  contained  under  one  whole 
line*  and  the  several  parts  of  another  line,  any  way  divid* 
ed,  is  equal  to  the  rectiemgle  contained  under  the  two  whole 
lines. 

Let  AD  be  the  one  line,  and  ab  the  r   jr  f* 

other,  divided  into  the  parts  ab,  bf,  "P        .    V  / 

FB ;  then  will  the  rectangle  contained 
by  AD  and  ab,  be  equal  to  the  sum  of 
the  rectangles  of  ad  and  ab,  and  ad  and 


■Fy  and  AD  and  fb  :  thus  expressed,  -^      E    P  B 

AD  •  ab  :=  AD  •  ab  +  AD  .  SF  +  AD  •  FB. 

For,  make  the  rectangle  ac  of  the  two  whole  luies  ad, 
ab  ;  and  draw  bo,  fb,  perpendicular  to  ab,  or  parallel  to 
AD,  to  which  they  are  equal  (th.  22).  Then  the  whole 
rectangle  ac  is  made  up  of  all  the  other  rectangles  ao,  eh. 

Vol.  L  39 
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^  ic.  But  these  rectangles  are  eontaia^ 
ed  by  as  and  ab,  bo  and  ef^  fh  and  fb  ; 
which  are  equal  to  the  rectangles  of  ad 
and  AB,  AD  and  bf,  ad  and  fb,  because 
AD  is  equal  to  each  of  the  two  bo,  fh. 
Therefore  the  rectangle  ad.  ab  is  equal 
to  the  sum  of  all  the  other  rectangles  ad  • 

AB,  AD  •  EF,  AD  .  FB.      Q*  E.  D. 

Card.  If  a  right  line  be  divided  into  any  two  parts,  the 
square  on  the  whole  line,  is  equal  to  both  the  rectangles  of 
the  whole  line  and  each  of  the  parts. 


A      X   FB 


\ 


THEOREX   XXXI. 

The  square  of  the  sum  of  two  lines,  is  greater  than  the 
sum  of  their  squares,  by  twice  the  rectangle  of  the  said 
lines.  Or,  the  square  of  a  whole  line,  is  equal  to  the 
squares  of  its  two  parte,  together  with  twice  the  rectangle  of 
those  parts. 

Let  the  line  ab  be  the  sum  of  any  two 
lines  AC,  cb  ;  then  will  the  square  of  ab 
be  equal  to  the  squares  of  ac,  cb,  together 
with  twice  the  rectangle  of  ac  .  cb.   That 

is,  AB*=  AC*  +  cb"  +  2aC  .  CB. 


H  T> 


G 


C  B 


For,  let  ABDE  be  the  square  on  the  sum 
or  whole  line  ab,  and  acfg  the  square 
on  the  part  ac    Produce  cf  and  gf  to  the  other  sides  at  h 
and  I. 

From  the  lines  ch,  oi,'' which  are  equal,  beinff  each  equal 
to  the  sides  of  the  square  ab  or  bd  (th.  22),  tf^e  the  parts 
CF,  GF,  which  jare  also  equal,  being  the  sides  of  the  square 
af,  and  there  remains  fh  equal  to  fi,  which  are  also  equal 
to.DH,  Di,  being  the  opposite  sides  of  the  parallelogram. 
Hence  the  figure  hi  is  equilateral :  and  it  has  all  its  angles 
right  ones  (corol.  1,  th.  22) ;  it  is  therefore  a  square  on  the 
line  FI,  or  the  square  of  ite  equal  cb.  Also  the  figures  BFy 
fb,  are  equal  to  two  rectangles  under  ac  and  gb,  because 
GF  is  equal  to  ac,  and  fh  or  fi  equal  to  cb.  But  the 
whole  square  ad  is  made  up  of  the  four  figures,  viz*  the  twe 
squares  af,  fd,  and  the  two  equal  rectangles  bf,  fb«  That 
is,  the  square  of  ab  is  equal  to  the  squares  of  ac^  gb,  toge- 
ther with  twice  the  rectangle  of  ac,  cb.  .  a*  e«  d. 

Cord*  Hence,  if  a  line  be  divided  into  two  equal  parts ; 
the  square  of  the  whole  line  will  be  equal  to  four  times  the 
square  of  half  the  line. 
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TBBOKBM  XXXn. 

Thb  square  of  the  difference  of  two  lines,  is  less  than  the 
mim  of  their  squares,  by  twice  the  rectangle  of  the  said 
lines. 

Let  AC,  Bc,  be  any  two  lines,  and  ab 
(heir  difference  :  then  will  the  square  of  ab 
be  leas  than  the  squares  of  ac,  bc,  by 
twice  the  rectangle  of  ac  and  bc.     Or, 

ab*  s=  AC*  +  Bc' — ^2aC  •  BC. 

For,  let  ABDB  be  the  square  on  the'dif. 
ference  ab,  and  acfg  the  square  on  the 
line  AC«     Produce  ed  to  h  ;  also  produce 
OB  and  HC,  and  draw  ki,  making  bi  the  square  of  the  other 
linoBC. 

Now  it  is  visible  that  the  square  ad  is  less  than  the  two 
•qoares  af,  bi,  by  the  two  rectangles  ep,  di.  But  gf  is 
equal  to  the  one  line  ac,  and  gb  or  fr  is  equal  to  the  other 
line  BC  ;NConsequently  the  rectangle  ef,  contained  under  eg 
and  OF,  is^ual  to  the  rectangle  of  ac  and  bc. 

Agaio,  nf  being  equal  to  ci  or  bc  or  dh,  by  adding  the 
tioinmoB  parTHC,  the  whole  hi  will  be  equal  to  the  whole  fc, 
or  equal  to  ac  ;  and  consequently  the  figure  i>i  is  equal  to 
die  rectangle  contained  by  ao  and  bc. 

Hence  the  (wo  figures  bf,  di,  are  two  rectangles  of  the 
two  lines  ac,  bo  ;  and  consequently  the  square  of  ab  is 
teas  than  the  squares  ef  ac,  bc,  by  twice  the  rectangle 
AC  •  BC.     a*  B*  D. 

theobbk  xxxiii« 

The  reclaaffle  under  the  sum  and  difference  of  two  lines,  is 
equal  to  the  difference  of  the  squares  of  those  lines'^. 
Let  AB,  AC,  be  any  two  unequal  lines  ; 

tten  will  the  difference  of  the  squares  of 

AB,  AC,  be  equal  to  a  rectangle  under 

4faeir  sum  and  difference     That  is, 

ab'  —  AC^  »  AB  4-  AC  •  AB    —   AC. 

For,  let  ABDB  be  the  square  of  ab,  and 
ACFO  the  square  of  ac.  Produce  db 
fill  BH  be  equal  to  ac  ;  draw  hi  parallel 
to  AB  or  BD,  and  produce  fc  both  ways 
to  I  and  K. 


K  D 
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A     C 
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*  Thb  and  the  two  preceding  theorems,  are  evinced  algebraically, 
bf  the  three  expressions 
<a-f  &)«:=:•«  4.8a6  +  6s  =  iil  +  6s  +  9a6 
{•  — 6)«  =  4i?— 8a*  +  *a  =  ai  +  6a  — 2aA 
(a  +  6)Ca-6)  =  a^-.ft». 
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Then  the  difference  of  tUe  two  squares  ad,  ap,  is  oTf. 
dently  the  two  rectangles  sf,  kb.  But  the  rectangles  bf, 
Bi  are  equal,  being  contained  under  equal  lines ;  for  ek  and 
BH  are  each  equal  to  ac,  and  oe  is  equal  to  cb,  being  each 
equal  to  the  difference  between  ab  and  ac,  or  their  equals 
AB  and  AG.  Therefore  the  two  ef,  kb,  are  equal  to  the  two 
KB,  Bf,  or  to  the  whole  kb  ;  and  consequently  kh  is  equal 
to  the  difference  of  the  squares  ad,  af.  But  kh  is  a  rect- 
angle  contained  by  dh,  or  the  sum  of  ab  and  ac,  and  by  kd, 
or  the  difference  of  ab  and  ac.  Therefore  the  difference  of 
the  squares  of  ab,  ac,  is  equal  to  the  rectangle  under  their 
sum  and  difference,    a.  e.  d. 

THEOSBIC  XXXnr. 


IiT  any  right  angled  triangle,  the  square  of  the  hypo- 
thenuse,  is  equal  to  the  sum  of  the  squares  of  the  other  two 
sides. 

Let  ABC  be  a  right-angled  triangle, 
having  the  right  angle  o ;  then  will  the 
square  of  the  hypothenuse  ab,  be  equal 
to  the  sum  of  the  squares  of  the  other  ^ 
two  sides    ac,  cb.      Or  ab'  =  ac" 

+  B0«. 

For,  on  ab  describe  the  square  ae, 
and  on  ac,  cb,  the  squares  ao,  bh; 
then  draw  ck  parallel  to  ad  or  be  ;  rj    - 

and  join  ai,  bf,  cd,  cb.  D      aL  S 

Now,  because  the  line  ac  meets  the  two  cg,  cb,  so  as  to 
make  two  right  angles,  these  two  form  one  straight  line  on 
(eorol.  1,  th.  6).  And  because  the  angle  fac  ia  equal  to  the 
angle  dab,  being  each  a  right  angle,  or  the  angle  of  a  square ; 
to  each  of  these  equals  add  the  common  angle  bac,  so  will 
the  whole  angle  or  sum  fab,  be  equal  to  the  whole  an^e  or 
sum  cad.  But  the  line  fa  is  equal  to  the  line  ac,  and  the 
line  AB  to  the  line  ad,  being  sides  of  the  same  square ;  so 
that  the  two  sides  fa,  ab,  and  their  included  angle  fab,  are 
equal  to  the  two  sides  ca,  ad,  and  the  contained  angle  cad, 
each  to  each  :  therefore  the  whole  triangle  afb  is  equal  to 
the  whole  triangle  acd  (th.  1). 

But  the  square  ao  is  double  the  triangle  afb,  on  the 
same  base  fa,  and  between  the  same  parallels  fa,  ob 
(th.  26) ;  in  like  manner  the  parallelogram  ak  is  double  the 
triangle  acd,  on  the  same  base  ad,  and  between  the  same 
parallels  ad,  ck.  And  since  the  doubles  of  equal  things, 
are  equal  (by  ax.  6} ;  therefore  the  square  ao  is  equal  to  we 
parallelogram  ak. 
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In  Uke  maiinery  the  other  aqaaie  bh  is  proved  equal  to 
the  other  parallelogram  bk.  Consequeatly  the  two  aquares 
▲G  and  BB  together,  are. equal  to  the  two  parallelograms  ak 
and  BK  together,  or  to  the  whole  square  ak.  That  is,  the 
sum  of  the  two  squares  on  the  two  less  sides,  is  equal  to  the 
square  on  the  greatest  side.    a.  b.  n. 

Corol.  1.  Hence,  the  squareof  either  of  the  two  less  sides, 
is  equal  to  the  difference  of  the  squares  of  the  hypothenuse 
and  the  other  side  (ax.  3) ;  or,  equal  to  the  rectangle  con- 
tained by  the  sum  and  difference  of  the  said  hypothenuse 
and  other  side  (th.  33). 

CaroL  8.  Hence  also,  if  two  light-angled  trianeles  have 
two  sides  of  the  one  equal  to  two  corresponding  sides  of  the 
odier  ;  their  thiid  sides  will  also  be  equal,  and  the  triangles 
identical. 


THEORSX  XXZV. 

In  any  triangle,  the  difference  of  the  squares  of  the 
two  sides,  is  equal  to  the  difference  of  the  squares  of  the 
segments  of  the  base,  or  of  Uie  two  lines,  or  distances, 
included  between  the  extremes  of  the  base  and  the  perpen- 
dicular. 


J  A 


Let  ABC  be  any  triangle,  having 
CD  perpendicular  to  ab  ;  then  will 
the  difference  of  the  squares  of  ac, 
Bc,  be  equal  to  the  difference  of 
the  squares  of  ad,  bd  ;    that  is,      ^      *^  ^     *      ^w 

AC«-BC»  =  AD«— BD».  A      BDA      DB 

For,  since  ac*  is  equal  to  ad*  +  cd*  J  /k    ♦u  o^\ 

and  Bc«  is  equal  to  bd«  +  cd«  $   ^^^  "*•  ^\^ 
Theref.  the  difference  between  ac*  and  bc*, 
is  equal  to  the  difference  between  ad*  +  cd* 

and  BD*  +  CD*, 
or  equal  to  the  difference  between  ad*  and  bd^ 
by  taking  away  the  common  square  cd*.  q.  s.  d. 

^  Carol.  The  rectangle  of  the  sum  and  difference  of  the  two 
sides  of  any  triangle,  is  equal  to  the  rectangle  of  the  sum 
and  difference  of  the  distances  between  the  perpendicular 
and  the  two  extremes  of  the  base,  or  equal  to  the  rectangle 
of  the  base  and  the  difference  or  sum  of  the  segments, 
according  as  the  perpendicular  fidls  within  or  without  the 
triangle. 
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Tbnt  18,  (ac+bc)  .  (AC — ^bc)  =  (ad+bd)  .  (ad — b») 
Or,  (ao'+bc)  .  (ac — Bc)  =  AB .  (ad — bd)  in  the  2d  fig. 
And  (ac+bc)  .  (ac— bc)  =  ab  .  (ad+bd)  in  the  Ist  fig- 

THEORBirZZXVI. 

In  any  obtuse-angled  triangle,  the  square  of  the  side  sub- 
tending the  obtuse  angle,  is  greater  than  the  sum  of  the 
squares  of  the  other  two  sides,  by  twice  the  rectangle  of 
the  base  and  the  distance  of  the  perpendicular  from  the  ob« 
tuse  angle. 

Let  ABC  be  a  triangle,,  obtuse  angled  at  B,  and  CD  perpeo- 
liieular  to  ab  ;  then  will  the  square  of  ac  be  greater  than  the 
squares  of  ab,  bc,  by  twice  the  rectangle  of  ab,  bd.  That 
is,  AC*  s=  ab'  +  Bc^  +  2ad  •  bd.  See  Uie  1st  fig.  above,  or 
below. 

For,  AD^  =  ab'  +  BD*  +  2aB  .  BD  (th.  81). 

And  ad'  +  CD'  =  ab'  +  bd'  +  cd'  +  2ab  .  bd  (ax.  2). 

But  ad'  +  cd'  =s  ac',  and  bd' +  cd'  «  bc"  (th.  34). 
Therefore  ac'  =  ab'  +  bc'  +  2ab  .  bd.    «•  b.  d, 

iHEOREn:  xxxvn. 

Ih  any  triangle,  the  square  of  the  side  subtending  an  acute 
angle,  is  less  than  the  squares  of  the  base  and  the  other  side, 
by  twice  the  rectangle  of  the  base  and  the  distance  of  the 
perpendicular  from  3ie  acute  angle. 

Let  ABC  be  a  triangle,  having 
the  angle  a  acute,  and  cd  perpen* 
dicular  to  ab  ;  then  will  the  square 
of  BC,  be  less  than  the  squares 
of  ab,  AC,  by  twice  the  rectangle 

of  AB,  AD.    That  is,  bc'=  ab*+        A.    B  D   A    3>  B 
AC*— *2ad  •  ab. 

For  BD*  s=  ad'  +  ab?  —  2ad  .  ab  (th.  32). 

And  bd'  +  Dc'  =  ad'  +  dc'  +  ab'— 2ad  .  ab  (ax.  2). 

Therefore  bc'  «  ac'  +  ab'  -  2ad  .  ab  (th.  34).    a.  b.  d. 

-       THEOREM  XXXVni. 

In  any  triangle,  the  double  of  the  square  of  a  line  drawn 
firaoi  the  vertex  to  the  middle  of  the  base,  together  with 
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double  the  square  of  the  half  base^  19  equal  to  the  sum  of  the 
squares  of  the  other  two  sides. 

Let  ABC  be  a  Iriangle,  and  cd  the  line 
drawn  from  the  yertex  to  the  middle  of 
the  base  ab,  bisecting  it  into  the  two  equal 
parts  AD,  DB ;  then  will  the  sum  of  the 
squares  of  ac,  cb,  be  equal  to  twice  the 
sum  of  the  squares  of  cd,  ad  ;  or  ac^  + 


CB*  =  2cd"  +  2ad^ 


D  EB 


For  Ac»  s=  cd'  +  ad'  +  2ad  .  db  (th.  36). 
And  Bc"  =  CD*  +  BD*  —  2ad  .  de  (th.  37). 
Therefore  ac"  +  bc*  =  2cd'  +  ad»  +  bd» 

=  2cd"  +  2ad»  (ax.  2).    a.  b.  d. 


THSOREM  XXXIX. 

In  an  isosceles  triangle,  the  square  of  a  line  drawn  from 
the  vertex  to  any  point  in  the  base,  together  with  the  rect- 
angle  of  the  segments  of  the  base,  is  equal  to  the  square  of 
one  of  the  equd  sides  of  the  triangle. 

Let  ABC  be  the  isosceles  triangle,  and  cd                q 
a  line  drawn  from  the  vertex  to  any  point 
D  in  the  base :  then  will  the  square  of  ac, 
be  equal  to  the  square  of  cd,  together 
with  the  rectangle  of  ad  and  db.    Inat  is,  

AC*  =»  CD*  +  AD  .  DB.  A  D^      B 

For  AC"—  CD«  «  AB*  —  DB*  (th.  35). 
BS  AD  .  DB  (th.  33). 

Therefore,  ac"  =  cd"  +  ad  .  db  (ax.  2). 

THEOREX  XL. 


C 

A 


H»  E.'  D* 


In  any  parallelogram,  the  two  diagonals  bisect  each  other ; 
and  the  sum  of  their  squares  is  equal  to  the  sum  of  the 
squares  of  all  the  four  sides  of  the  parallelogram. 

Let  ABOD  be  a  parallelogram,  whose        J} C 

diagonals  intersect  each  other  in  e  :  then 
will  AB  be  equal  to  ec,  and  be  to  ed  ;  and 
the  sum  of  the  squares  of  ac,  bd,  will  be 
equal  to  the  sum  of  the  squares  of  ab,  bc, 
CD,  DA.    That  is, 

:  EC,  and  be 


AE  : 


ED, 


andAc"+BD^=sAB"+  bc"+  cd"+  da'« 
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For,  the  triangles  asb,  dbc,  are  equiangalar,  becanae 
they  have  the  opposite  angles  at  b  equal  (th.  7),  and  the  two 
lines  AC,  bd,  meeting  the  parallels  ab,  dc^  make  the  angle 
BAB  equal  to  the  angle  dcb,  and  the  angle  abb,  equal  to  the 
angle  cdb,  and  the  side  ab  equal  to  the  side  nc  (th.  f^2)  ; 
therefore  these  two  triangles  are  identical,  and  have  their 
corresponding  sides  equal  (th.  3),  viz.  ab  «  ec,  and  bb  «  bb. 

Again,  since  ac  is  bisected  in  e,  the  sum  of  the  squares 
AD«  +  DC*  =8  2ab*  +  2db»  (th.  38). 

In  like  manner,  ab'  +  bo"  =^  2ab'  +  288*  or  2b  b*. 

Theref.  ab"  +  bc'  +  cd'  +  da*  =  4ab*  +  4db'  (ax.  2). 

But,  because  the  square  of  a  whole  line  is  equal  to  4 
times  the  square  of  half  the  line  (cor.  th.  31),  that  is,  ac*  s 
4ab",  and  bd*  =  4db*  : 

Theref.  ab*  +  bc'  +  cd*  +  da*  =  ac*  +  bd*  (ax.  1). 

Q.   B.    D« 

Car.  1.  If  AD  ss  DC,  or  the^  parallelogram  be  a  rhombus; 

then  AD*  =  AB*  +  BD*,  CD*  =  DE*  +  CB*,  dcC. 

Cor.  2.  Hence,  and  by  th.  34,  the  diagonals  of  a  rhom* 
bus  intersect  at  right  angles. 


THEOBBM   XLI. 


If  a  line,  drawn  through  or  from  the  centre  of  a  cirde, 
bisect  a  chord,  it  will  be  perpendicular  to  it ;  or,  if  it  be 
perpendicular  to  the  chord,  it  will  bisect  both  the  chord  and 
the  arc  of  the  chord. 

Let  AB  be  any  chord  in  a  circle,  and  cd 
a  line  drawn  from  the  centre  c  to  the 
chord.  Then,  if  the  chord  be  bisected  in 
the  point  d,  cd  will  be  perpendicular  to 

AB. 

Draw  the  two  radii  ca,  cb.  Then  the 
two  triangles  acd,  bcd,  having  ca  equal  to 
CB  (def.  44),  and  cd  common,  also  ad  equal 
to  DB  (by  hyp.) ;  they  have  M  the  three  sides  of  the  one, 
equal  to  all  the  three  sides  of  the  other,  and  so  have  their 
angles  also  equal  (th.  5).  Hence  then,  the  angle  adc  being 
equal  to  the  angle  bdc,  these  angles  are  right  angles,  and  the 
line  CD  is  perpendicular  to  ab  (def.  11). 

Again,  if  cd  be  perpendicular  to  ab,  then  will  the  chord 
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AB  be  bisected  at  the  point  d,  or  have  ad  equal  to  db  ;  and 
the  arc  aeb  bisected  in  the  point  e,  or  have  ab  equal  eb. 

For,  having  drawn  ca,  cb,  as  before  :  Then,  in  the  tri- 
angle  abo,  because  the  side  ca  is  equal  to  the  side  cb,  their 
opposite  angles  a  and  b  a^  also  equal  (th.  3).  Hence  then, 
in  the  two  triangles  acd,  bcd,  the  angle  a  is  equal  to  the 
angle  b,  and  the  angles  at  d  are  equal  (def.  11)  ;  therefore 
the  third  angles  are  also  equal  (corol.  1.  th.  17).  And 
having  the  side  cd  common,  they  have  also  the  side  ad  equal 
to  the  side  db  (th.  2). 

Also, '  since  the  angle  acb  is  equal  to  the  angle  bcs,  the 
arc  AE,  which  measures  the  former  (def.  57),  is  equal  to  the 
arc  BE,  which  measures  the  latter,  since  equal  angles  must 
have  equal  measures. 

CoroL  Hence  a  line  bisecting  any  chord  at  right  angles, 
passes  through  the  centre  of  the  circle. 


THEOREM   XLII. 


If  more  than  two  equal  lines  can  be  drawn  from  any 
point  within  a  circle  to  the  circumference,  that  point  will  be 
the  centre. 

Let  ABC  be  a  circle,  and  n  a  point 
within  it :  then  if  any  three  lines,  da, 
DB,  DC,  drawn  from  the  point  d  to  the 
circumference,  be  equal  to  each  other, 
the  point  d  will  be  the  centre. 
'  Draw  the  chords  ab,  bc,  which  let 
be  bisected  in  the  points  e,  f,  and  join 

DB,  DF. 

Then,  the  two  triangles,  dae,  dbe, 
have  the  side  da  equal  to  the  side  db  by  supposition,  and 
the  side  ab  equal  to  the  side  eb  by  hypothesis,  also  the  side 
db  common :  therefore  these  two  triangles  are  identical,  and 
have  the  angles  at  e  equal  to  each  other  (th.  5) ;  conse- 
quently de  is  perpendicular  to  the  middle  of  the  chord  ab 
(def.  11),  and  therefore  passes  through  the  centre  of  the 
circle  (corol.  th.  41). 

In  like  manner,  it  may  be  shown  that  df  passes  through 
the  centre.  Consequently  the  point  d  is  the  centre  of  the 
circle,  and  the  three  equal  lines  da,  db,  dc,  are  radii. 

a«  E.  D. 

Vol.  I.  40 
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THEORBIC   XLHI. 


If  two  circles  placed  one  within  another,  touch,  the  centrem 
of  the  circles  and  the  point  of  contact  will  be  all  in  the  same 
right  line. 

Let  the  two  circles  abc,  ade,  touch  one 
another  internally  in  the  point  a  ;  then 
will  the  point  a  and  the  centres  of  those 
circles  be  all  in  the  same  right  line. 

Let  F  be  the  centre  of  the  circle  abc, 
through  which  draw  the  diameter  afc. 
Then,  if  the  centre  of  the  other  circle 
can  be  out  of  this  line  ac,  let  it  be  sup- 
posed  in  some  other  point  as  o ;  through  which  draw  the  Uae 
Fo,  cutting  the  two  circles  in  b  and  d. 

Now  in  the  triangle  afg,  the  sum  of  the  two  sides  fg, 
6  A,  is  greater  than  the  third  side  af  (th.  10),  or  greater  than 
its  equal  radius  fb.  From  each  of  these  take  away  the 
common  part  fo,  and  the  remainder  oa  will  be  greater 
than  the  remainder  ob.  But  the  point  e  being  anpposedl 
the  centre  of  the  inner  circle,  its  two  radii,  oa,  gd^  are  equal 
to  each  other ;  consequently  gd  will  also  be  greater  than  gb. 
But  ADE  being  the  inner  circle,  gd  is  necessarily  less  tham 
gb.  So  that  gd  is  both  greater  and  leas  than  gb  ;  which  i» 
absurd.  Consequpntly-  Uie  centre  g  cannot  be  oul  of  the 
line  afg.     o*  e.  d. 


THE<«EH  XLIV. 


If  two  circles  touch  one  another  externally,  the  centres  of 
the  circles  and  the  point  of  contact  will  be  all  in  the  same 
right  line. 

Let  the  two  circles  abc,  ade,  touch  one 
another  externally  at  the  point  a  ;  then  will 
the  point  of  contact  a  and  the  centres  of  the 
two  circles  be  all  in  the  same  right  line. 

Let  F  be  the  centre  of  the  circle  abc^ 
through  which  draw  the  diameter  afo,  and 
produce  it  to  the  other  circle  at  e.  Then,  if 
the  centre  of  the  other  circle  ade  can  be  out 
of  the  line  fe,  let  it,  if  possible,  be  supposed 
in  some  either  point  as  g  ;  and  draw  the  lines 
AG,  fbdg,  cutting  the  two  circles  in  b  and  d. 
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Then,  ta  the  triangle  afo,  the  sum  of  the  two  sides  af, 
AO,  is  greater  than  the  third  side  fo  (th.  10).  But,  f  and  o 
being  the  centres  of  the  two  circles,  the  two  radii  ga,  gd, 
«re  equal,  as  are  also  the  two  radii  af,  fb.  Hence  the  sum 
of  GA,  AF,  is  equal  to  the  sum  of  on,  bf  ;  and  therefore  this 
latter  sum  also,  od,  bf,  is  greater  than  of,  which  is  absurd. 
Consequently  the  centre  g  cannot  t>e  oat  of  the  line  bf. 


THXOBSK  XLV, 

Akt  ciMids  IB  a  eirele,  which  are  equally  distant  from 
the  centre,  are  equal  to  each  other  ;  or  if  they  be  equal  to 
each  other,  they  will  be  equally  distant  from  the  centre. 

Let  AB,  CD,  be  any  two  chords  at  equal 
distances  from  the  centre  o  ;  then  will 
diese  two  chords  ab,  4)9,  be  equal  to  each 
other. 

Draw  the  two  radii  oa,  oc,  and  the 
two  perpendiculars  oe,  of,  which  are  the 
equal  distances  from  the  centre  g.  Then, 
the  two  right-angled  triangles,  gas,  gcf,  having  the  side  ga 
equal  the  side  go,  and  the  side  oe  equal  the  side  of,  and 
the  angle  at  s  equal  to  the  angle  at  f,  therefore  those  two 
triangles  are  identical  (cor.  2,  th.  84),  and  hare  the  line 
▲B  ecpial  to  the  line  cf.  But  ab  is  the  double  of  ae,  and 
CD  is  the  double  of  cf  (th.  41)  ;  therefore  ab  is  equal  to  en 
(by  ax.  6).    a.  b.  b. 

^  Again,  if  the  chord  ab  be  equal  to  the  ohord  cd  ;  then 
will  their  distances  from  the  centre,  «e,  of,  also  be  equal 
,lo  each  other. 

For,  since  ab  is  (equal  on  by  supposition,  the  half  ae  is 
equal  the  half  cf.  Also  the  radii  ga,  gc,  being  equal,  as 
well  as  the  right  angles  b  and  f,  therefore  the  third  sides  are 
equal  (cor.  8)  th.  84),  or  the  distance  ge  equal  the  distance 

GF.      a.  B.  D. 


VEBOmSX  ZLVX. 

A  line  perpendicular  to  the  extremity  of  a  radius,  is  a 
tangent  to  the  circle. 
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Let  the  line  adb  be  perpendicular  to  the      ^     T>   'R  n 

radius  cd  of  a  circle ;  then  shall  ab  touch      = ^^ 

the  circle  in  the  point  d  only. 

From  any  other  point  £  in  the  line  ab 
draw  cFB  to  the  centre,  cutting  the  circle 
in  r. 

Then,  because  the  angle  d,  of  the  trian- 
gle CDE,  is  a  right  angle,  the  angle  at  b  is  acute  (cor.  3,  di. 
17),  and  consequently  less  than  the  angle  d.  But  the  greater 
side  is  always  opposite  to  the  greater  angle  (th.  9]  ;  there* 
fore  the  side  ce  is  greater  than  the  side  cd,  or  greater  than 
its  equal  cf.  Hence  the  point  e  is  withbut  the  circle  ;  and 
the  same  for  every  other  point  in  the  line  ab.  Consequently 
the  whole  line  is  without  the  circle,  aad  meets  it  in  the  point 
Donly. 


THEOBEIC  XLVn. 

Wheit  a  line  is  a  tangent  to  a  circle,  a  radius  drawn  to 
the  point  of  a  contact  is  perpendicular  to  the  tangent. 

Let  the  line  ab  touch  the  circumference  of  a  circle  at  the 
point  D  ;  then  will  the  radius  cd  be  the  perpendicular  to  the 
tangent  ab.     [See  the  last  figure.] 

For  the  line  ab  being  wholly  without  the  circumference 
except  at  the  point  d,  every  other  line,  as  cb,  drawn  from 
the  centre  c  to  the  line  ab,  must  pass  out  of  the  circle  to 
arrive  at  this  line.  The  line  cd  is  therefore  the  shortest  that 
can  be  drawn  from  the  point  c  to  the  line  ab,  and  conse- 
quently (th.  21}  it  is  perpendicular  to  that  line. 

Cord.  Hence,  conversely,  a  line  drawn  perpendicular  to 
a  tangent,  at  the  point  of  contact,  passes  through  the  centre 
of  the  circle. 

THEOREM  XLVIII. 

The  angle  formed  by  a  tangent  and  chord  ia  measured  by 
half  the  arc  of  that  chord. 

Let  AB  be  a  tangent  to  a  circle,  and  cd  a  chord  drawn 
from  the  point  of  contact  o  ;  then  is  the  angle  bcd  measured 
by  half  the  arc  cfd,  and  the  angle  acd  measured  by  half  the 
arc  OGD. 

Draw  the  radius  eg  to  the  point  of  contact,  and  the  radius 
xt  perpendicular  to  the  chord  at  h. 
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Then  the  ndius  bf,  being  perpendicular 
to  the  chord  on,  bisects  the  arc  cfd  (th. 
41 ).    Therefore  cv  is  half  the  arc  cfd. 

In  the  triangle  csh,  the  angle  h  being  a 
right  one,  the  sum  of  the  two  remaining 
angles  ■  and  c  is  equal  to  a  right  angle  (cor. 
3,  th.  17)9  which  is  equal  to  Uie  angle  bcb, 
because  the  radius  ce  is  perpendicular  to 
the  tangent*  From  each  of  these  equals  take  the  common 
part  or  angle  c,  and  there  remains  the  angle  s  eq(ial  to  the 
angle  BCD.  But  the  angle  e  is  measured  by  the  arc  cf  (def. 
57)9  which  is  the  half  of  cfd  ;  therefor^^e  equal  angle 
BCD  must  also  hare  the  same  measure,  namely,  half  the 
arc  CFD  of  the  chord  cd. 

Again,  the  line  oef,  being  perpendicular  to  the  chord  cd, 
bisects  the  arc  cod  (th.  41).  Therefore  co  is  half  the  axe 
COD.  Now,  since  the  line  cs,  meeting  fg,  makes  the  sum 
of  the  two  angles  at  e  equal  to  two  right  angles  (th.  6),  and 
the  line  cd  makes  with  ab  the  sum  of  the  two  angles  at  c 
equal  to  two  right  angles ;  if  from  these  two  equal  sums 
there  be  taken  away  the  parts  or  angles  cbh  and  tocH, 
which  have  been  proved  equal,  there  remains  the  angle 
OBO  equal  to  the  angle  ach.  But  the  former  of  these, 
CFO,  being  an  angle  at  the  centre,  is  measured  by  the  arc 
CG  (def.  57)  ;  consequently  the  equal  angle  acd  must  also 
have  the  same  measure  ce,  which  is  half  £e  arc  cgd  of  the 
chord  CD.     a*  b;  d. 

Carol.  1.  The  sum  of  two  right  angles  is  measured  by 
half  the  circumference.  For  the.  two  angles  bcd,  acd, 
which  make  up  two  right  angles,  are  measured  by  the  arcs 
CF,  CO,  which  make  up  half  the  circumference,  fg  being  a 
diameter. 

Carol.  2.  Hence  also  one  right  angle  must  have  for  its 
measure  a  quarter  of  the  circumference,  or  90  degrees. 


thborek  xux. 

An  angle  at  the  circumference  of  a  circle  is  meamired  by  half 
the  arc  that  subtends  it. 


Let  BAc  be  an  angle  at  the  circumference ;    DAB 
it  has  for  its  measure,  half  the  arc  bc  which  ' 

mibtends  it. 

For,    suppose    the    tangent  db    passing 
through  the  point  of  contact  a  ;  then,  the 


3>     A     B 
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angle  dac  being  measured  by  half  the  arc  abo,  and  the  angle 
DAB  by  half  the  arc  ab  (th-  48)  ;  it  follows,  b^  equal  sub- 
traction, that  the  difference,  or  angle  bag,  must  be  measured 
by  half  the  arcac,  which  it  stands  up^n.     a.  b.  d. 

THEORBM   L. 

^LL  angles  in  the  same  segment  of  a  circle,  or  standing  on 
the  same  arc,  are  equal  to  each  other. 

Let  c  and  n  be  two  angles  in  the  qnme 
segment  acdb,  or,  which  is  the  same  thing, 
standing  on  the  supplemental  arc  abb  ;  then 
will  the  angle  c  be  equal  to  the  angle  n. 

For  each  of  these  angles  is  measured  by 
half  the  arc  abb  ;  and  thus,  having  equal 
measures,  they  are  equal  to  each  other  (ax. 


THBOREM   U. 

Air  angle  at  the  centre  of  a  circle  is  double  the  anglo  at  the 
circumference,  when  both  stand  on  the  same  arc. 

Let  c  be  an  angle  at  the  centre  c,  and  d 
an  angle  at  the  circumference,  both  standing 
on  the  same  arc  or  same  chord  ab  :  then  will 
the  angle  c  be  double  of  the  angle  d,  or  the 
angle  n  equal  to  half  the  angle  c. 

For,  the  angle  at  the  centre  c  is  measured 
by  the  whole  arc  abb  (def.  57),  and  the  angle  at  the  circum- 
ference  d  is  measured  by  half  the  sanoe  arc  abb  (th.  40)  ; 
therefore  the  angle  d  is  only  half  the  angle  c^  or  the  angle  c 
doubles  the  angle  d. 

THBORBIC  LU. 

An  angle  in  a  semicircle,  is  a  right  angle. 

If  ABC  or  ADC  be  a  semicircle  ;  then  any 
angle  d  in  that  semicircle,  is  a  right  angle. 

For,  the  angle  d,  at  the  circumference, 
is  measured  by  half  the  arc  abc  (th.  40), 
that  is,  by  a  quadrant  of  the  circumference. 
But  a  quadrant  is  the  measure  of  a  right  ^ 

angle  (cor.  4,  th.  6 ;  or  cor.  2,  th.  48).  ® 

Therefore  the  angle  d  is  a  right  angle. 
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THBORBM  Lin. 


Ths  angle  formed  by  a  tangent  to  a  circle,  and  a  chord 
drawn  from  the  point  of  contact,  is  equal  to  the  angle  in  the 
alternate  segment. 

If  AB  be  a  tangent,  and  ac  a  chord,  and 
D  any  angle  in  the  alternate  segment  adc  ; 
then  will  the  angle  n  be  equal  to  the  angle 
BAG  made  by  the  tangent  and  chord  of  the 
arc  ABC. 

For  the  angle  b,  at  the  circumference, 
is  measured  by  half  the  arc  ago  (th.  49) ; 
and  the  angle  bag,  made  by  the  tangent  and  chord,  is  also 
nieasured  by  the  same  half  arc  aeg  (th.  48) ;  therefore  these 
two  angles  are  equal  (ax.  11). 

THEOREM   LIV. 

The  sum  of  any  two  opposite  angles  of  a  Quadrangle  in- 
,  scribed  in  a  circle,  is  equal  to  two  right  angles. 

Let  ABCD  be  any  quadrilateral  inscribed 
in  a  circle ;  then  shall  the  sum  of  the  two 
opposite  angles  a  and  g,  or  b  and  n,  be  equal 
to  two  right  angles. 

For  the  angle  a  is  measured  by  half  the 
arc  DCB,  which  it  stands  on,  and  the  angle 
g  by  half  the  arc  dab  (th.  49)  ;  therefore 
the  sum  of  the  two  angles  a  and  c  is  measured  by  half  the 
sum  of  these  two  arcs,  that  is,  by  half  the  circumference. 
But  half  the  circumference  is  the  measure  of  two  right  angles 
(cor.  4,  th.  6) ;  therefore  the  sum  of  the  two  opposite  angles 
A  and  G  is  equal  to  two  right  angles.  In  like  manner  it  is 
shown,  that  the  sum  of  the  other  two  opposite  angles,  n  and 
b,  is  equal  to  two  right  angles,     a.  e*  i>- 

THEOREM   LV. 

If  any  side  of  a  quadrangle,  inscribed  in  a  circle,  be  pro- 
duced out,  the  outward  angle  will  be  equal  to  the  inward 
opposite  angle. 

If  the  side  ab,  of  the  quadrilateral 
ABCD,  inscribed  in  a  circle,  be  produced 
to  E  ;  the  outward  angle  dae  will  be  equal 
to  the  inward  opposite  angle  g. 
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For,  the  mim  of  the  two  adjacent  angles  dab  and  dab  u 
equal  to  two  right  angles  (th.  6}  ;  and  the  sum  of  the  two 
opposite  angles  o  and  dab  is  also  equal  to  two  right  angles 
(th.  54) ;  therefore  the  former  sum,  of  the  two  angles  dab 
and  DAB,  is  equal  to  the  latter  sum,  of  the  two  o  and  dab  (ax. 
1).  FromjBach  of  these  equals  taking  away  the  common 
angle  dab,  the^e  remains  the  angle  dab  equal  the  angle  c* 
a«  E*  D, 


THEOBEU  LTI. 


Anv  two  parallel  chords  intercept  equal  arcs. 

Let  the  two  chords  ab,  gd,  be  parallel : 
then  will  the  arcs  ac,  bd,  be  equal ;  or 
AC  =  bd. 

Draw  the  line  bc.  Then,  because  the 
lines  AE,  CD,  are  parallel,  the  alternate  an. 
gles  B  and  c  are  equal  (th.  12}.  But  the 
angle  at  the  circumference  b,  is  measured  by  half  the  arc 
AC  (th.  49) ;  and  the  other  equal  angle  at  the  circumference 
c  is  measured  by  half  the  arc  bd  :  therefore  the  halves  of  the 
arcs  AC,  BD,  and  consequently  the  arcs  themselves,  are  also 
equal.     a>  e.  d. 


THEOREK  LVn. 


When  a  tangent  and  chord  are  parallel  to  each  other,  they 
intercept  equal  arcs. 

Let  the  tangent  abc  be  parallel  to  the 
chord  DP ;  then  are  the  arcs  bd,  bf,  equal ; 
that  is,  bd  ^  BF. 

Draw  the  chord  bd.  Then,  because  the 
lines  AB,  DF,  are  parallel,  the  alternate 
angles  d  and  b  are  equal  (th.  12).  But 
the  angle  b,  formed  by  a  tangent  and  chord,  is  measured  by 
half  the  arc  bd  (th.  48) ;  and  the  other  angle  at  the  circum- 
ference  d  is  measured  by  half  the  arc  bf  (&.  4^);  therefore 
the  arcs  bd,  bf,  are  equal,    a.  e.  d. 
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THSOREX  IfVin. 


Trb  angle  formed^  wjthia  a  circle,  by  the  intersection  of 
Iwo  chords,  is  measured  by  half  the  sum  of  the  two  inter- 
cepted arcs. 

Let  the  two  chords  ab,  cb,  intersect  at 
the  pdint  b  :  then  the  angle  aec,  or  dbb,  is 
measured  by  half  the  sum  of  the  two  arcs 

AC,  DB* 

Draw  the  chord  af  parallel  to  cd.  Then 
because  the  lines  af,  cd,  are  parallel,  and  ab 
cuts  them,  the  angles  on  the  same  side  a 
and  DEB  are  equal  ^th.  14).  But  the  angle  at  the  circumfer- 
cnce  A  is  measured  by  half  the  arc  bf,  or  of  the  sum  of  fd 
and  db  (th.  49) ;  therefore  the  angle  s  is  also  measured  faj 
half  the  sum  of  fd  aad  db. 

Again,  because  the  chords  af,  cd,  are  parallel,  the  arcs  ac, 
m,  are  equal  (th.  56)  ;  therefore  the  sum  of  the  two  arcs  ac, 
»B,  is  equal  to  the  sum  of  the  iwo  fd,  db  ;  and  consequently 
fbe  angle  b,  which  is  measured  by  half  the  latter  sum,  is  also 
flseasurod  by  half  the  former,    a.  b.  d. 


THBOREK  LIX. 


Thb  angle  formed,  out  of  a  ciicle,  by  two  secants,  is  mea- 
tBured  by  half  the  difference  of  the  intercepted 

Let  the  angle  e  be  formed  by  two  se- 
cants BAB  and  BCD ;  this  angle  is  measur- 
ed by  half  the  difference  of  the  two  arcs 
Ao,  DB,  intercepted  by  the  two  secants. 

Draw  the  chord  af  parallel  to  cd.  Then, 
because  the  lines  af,  gd,  are  parallel,  and 
AB  cuts  them,  the  aiwles  on  the  saraeside  a 
«nd  KBD  are  equal  ^.  14).  But  the  angle  a,  at  the  cifcum- 
ffsrenc^  is  measured  by  half  the  arc  bf  (th.  49),  <x'  of  the 
difference  of  df  andnn:  therefore  the  equal  angle  b  is  also 
measured  by  half  the  difference  of  df,  db. 

Again,  because  the  chords,  af,  cd,  are  parallel,  the  area 
AC,  FD,  are  equal  (th.  56) ;  therefore  the  difference  of  the 

VoL,L  41 
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OBOMBT&T. 


two  arcs  ac,  db,  is  equal  to  the  difference  of  the  two  »f,  db. 
Conaequently  die  angle  s,  which  is  meaiiired  by  half  the 
latter  difference,  is  also  measured  by  half  the  fonner. 

<|»  B«  D. 


THEOBEM  LX. 


The  angle  formed  by  two  tangents,  is  measured  by  half  the 
difference  of  the  two  intercepted  arcs* 
•  • 

Let  eb,  ed,  be  two  tangents  to  a  circle 
at  the  points  a,  c;  then  the  angle  e  is 
measured  by  half  the  difference  of  the  two 

arcs  CFA,  CGA. 

Draw  the  chord    af   parallel   to    ed« 
Then,  because  the  lines,  ap,  bd,  are  pa- 
rallel,  and  eb  meets  them,  the  angles  on 
the  same  side  a  and  b  are  equal  (th.  14). 
But  the  angle  a,  formed  by  the  chord  af  and  tangent  a^^ 
is  measured  by  half  the  arc  af  (th.  48) ;  therefore  the  equal 
angle  e  is  also  measured  by  half  the  same  arc  af,  or  half  the 
difference  of  the  arcs  cfa  and  cf,  or  cga  (th.  87)* 


Cord.  In  like  manner  it  is  proved,  that 
the  angle  e,  formed  by  a  tangent  bod, 
and  a  secant  eab,  is  measured  by  half 
the  difference  of  the  two  intercepted  arcs 
CA  and  CFB. 


TRBORBlf  LXI. 


When  two  lines,  meeting  a  circle  each  in  two  points,  cut 
one  another,  either  within  it  or  without  it;  the  rectangle 
of  the  parts  of  the  one,  is  equal  to  the  rectangle  of  5ie 
parts  of  the  other ;  the  parts  of  each  being  measured  from 
Che  point  of  meeting  to  the  two  intersections  with  the  cii\ 
cumference^ 
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Let  the  two  lines  ab,  cd»  meet  each 
t)ther  in  s ;  dien  the  rectangle  ef  ae^  eb,  ' 
will  be  equal  to  the  rectangle  of  cb,  eb. 

0^9  AS  •  bb  =  C8  •  ED. 


■aJLg 


For,  through  the  point  b  draw  the  dia- 
meter Fo ;  also,  from  the  centre  h  draw 
the  radius  mi,  and  draw  hi  perpendicular 

to  CD. 

Thei^  since  dbh  is  a  triangle,  and  the 
perp.  BX  bisects  the  chord  cd  (th.  41),  the 
line  cb  is  equal  to  the  difference  of  the 
segments  di,  Bit  the  sum  of  them  being 
BE.  Also,  because  h  is  the  centre  of  the 
circle^  and  the  radnDH,  fh,  oh,  are  all  equal,  thejine  eo 
is  equal  to  the  sum  of  the  sides  dh,  he^  and  ef-Is  equal  to 
their  difference. 

But  the  rectangle  of  the  sum  and  difierence  of  the  two 
.  sides  of  a  triangle  is  equal  to  the  rectangle  of  the  sum  and 
diffiMPence  of  the  segments  of  the  base  (th.  35) ;  therefore 
the  rectangle  of  fb,  bg,  is  equal  to  the  rectangle  of  ob,  bd» 
In  like  manner  it  is  proved,  that  the  same  rectangle  of  fb, 
BO,  is  ecpial  to  the  roctangle  of  ab,  eb.  Consequently  the 
rectangle  of  ab,  eb,  is  also  equal  to  the  roctangle  of  ce,  ed 
(ax.  1).    a«  B.  D. 

Carol.  1.  When  one  of  the  lines  in  the 
aeoond  case,  as  db,  by  rovolving  atfout  the 
point  B,  comes  into  the  position  of  the  tan. 
gent  EC  or  bd,  the  two  points  c  and  d  run- 
ning into  one ;  then  the  rectangle  of  cb,  ed, 
becomes  the  square  of  cb,  because  ce  and  de 
aro  then  equal.  Consequently  the  rectangle 
of  the  jMirts  of  the  secant,  ae  •  eb,  is  equal 
to  the  squaro  of  the  tangent,'cE^ 

Cord.  2.  Hence  both  the  tangents  eq,  ef,  drawn  from 
the  same  point  e,  aro  equal ;  eince  the  square  of  each  is  equal 
to  the  same  rectangle  or  quantity  ab  .  be. 


THBORBM  LXn* 

In  equiangular  triangles,  the  rectangles  of  the  corresponding 
or  lOce  sides,  taken  alternately,  are  equal. 
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Let  ABC,  DBP)  h%  two  equumgular 
trianglei,  having  the  aogle  a  »  the 
angle  n,  the  angle  b  =s  the  angle  b^ 
and  the  angle  p  =  the  angle  f  ;  also 
the  like  sides  ab,  db,  and  aC|  df,  be- 
ing those  opposite  the  equal  aolgles  : 
then  will  the  rectanele  of  ab,  bf,  be 
equal  to  the  rectangle  of  ao,  db. 

In  BA  produced  take  ax^  equal  to  df;  and  through  the 
three  points  b,  c,  o,  conceive  a  circle  boor  to  be  desoibed, 
meeting  ca  jproduced  at  h,  and  join  ob. 

Then  the  ande  o  is  equal  to  the  angle  c  on  the  same  arc 
BHy  and  the  anjpe  h  equal  to  the  angle  b  on  the  same  arc 
GO  (th.  60)  ;  a&  the  opposite  angles  at  a  are  eqaal(du  7)  : 
therefore  the  triangle  aoh  is  equiangular  to  die  tiiansle 
ACBy  and  consequently  to  the  triangle  dfb  also.  Bet  Uie 
two  like  sides  aoi  df,  are  also  equal  by  supposition ;  conse- 
quently the  two  triaagles  Ana,  dfb,  are  ideoiical  (th»  2\ 
having  the  two  sides  ao»  ah,  equal  to  the  twoDF,  i>m,  earn 

tO( 


But  the  rectangle  ga  •  ab  is  equal  to  the  rectangle  ha  •  ao 
(th.  61)  !  consequently  the  rectangle  df  .  ab  is  equal  to  ik» 
rectangle  de  . 


AC. 


Q*  E.  D. 


TBBOBBXLXm. 


Thb  rectangle  of  the  two  sides  of  any  triangle,  is  eqaal 
to  the  rectangle  of  the  perpendicular  on  the  third  side  and 
the  diameter  of  the  circumscribing  circle. 

Let  CD  be  the  peipendioulari  and  ob 
the  diameter  of  the  circle  about  the  triaa^e 
ABC  ;  then  the  rectangle  ca  .  cb  is  =  the 
yeotangle  cb  .  cb« 

FVnt,  join  BB  :  then  in  the  two  triaagleB 
ACD,  BCB,  the  angles  a  aad  b  are  e^al, 
standing  on  the  same  arc  bc  (th.  50)  ;  abp 
the  right  angle  d  is  equal  the  angle  b,  which  is  also  a  xi^ 
angle,  being  in  a  semicircle  (th.  52)  :  therefore  these  two 
triangles  have  also  their  Uiird  angles  equal,  and  are  equian* 
gular.  Hence,  ac»  cb,  and  cd,  cb,  being  like  sidefii,  sub* 
tending  the  ecjual  angles,  the  rectangle  ac  •  cb.  of  th»  first 
and  last  of  them,  is  equal  to  the  rectangle  cb  .  cd,  of  the 
«ther  two  (th.  63). 
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THBOBBX  LXXV. 

ihxB  tqwive  of  a  line  bisecting  any  angle  of  a  triangk^ 
together  with  the  rectangle  of  the  two  segmeoti  of  the  oppo* 
lite  flide,  i«  equal  to  the  reotangle  of  the  two  oth#r  sidef  in- . 
okriing^  liie  bisected  angle. 

Let  oi>  biseet  the-  angle  c  of  die  triangle 
ABC  ^  then  the  square  cn^  +  the  reetangle 
▲n  •  DB  is  c=  the  rectangle  ac  .  cb. 

For,  let  CD  be  produced  to  meet  the  cir- 
eumscribing  circle  at  b,  and  join  ae. 

Then  the  two  triangles  acb,  bcp,  are 
equiaaghkr  :  tat  the  angles  at  c  are  equal 
by  supposition,  and  the  angles  b  and  e  are  equal,  standing 
on  the  same  arc  ac  (th.  50) ;  consequently  the  third  angles 
at  A  and  d  are  equal  (cor.  1,  th.  17)  :  also  ag,  on,  and  on, 
OB,  are  like  or  corresponding  sides,  bein^  opposite  tO' equal 
angles  :  therefore  the  rectangle  ac  •  gb  is  ss  the  rectangle 
on  •  cs  (th.  62).  But  the  latter  rectangle  cd  .  cb  is  =?  on'  + 
the  rectangle  en  •  de  (th.  SO) ;  therefore  the  former  rect- 
angle Ao  •  CB  is  also  as  OB^  -f-  cD  .  BE,  or  equal  to  cd'  4* 
An  •  DB,  since  en  •  be  is  =>  ad  •  db  (th.  61).    a*  e.  d. 


THEOBBM  LXY. 

Tbe  rectangle  of  the  two  diagonals  of  any  quadrangle 
lAscribed  in  a  circle,  is  equal  to  the  sum  of  the  two  rect- 
angles of  tiie  opposite  sides. 

Let  ABCD  be  any  quadrilateral  inscribed 
in  a  circle,  and  ac,  bd,  its  two  diagonals  : 
then  tbe  rectangle  ac  •  bd  is  =  the  rect- 
angle AB  •  DO  +  the  rectangle  ad  .  bc. 

For,  let  CE  be  drawn,  making  the  angle 
B«  equal  to  the  anfi^DCA^  Then  the  two 
tfianglee  aod,  bob,  are  equiuigul^ir ;  for 
the  angles  a  and  s  are  equal,  standing  on  the  same  arc  nc  ; 
and  the  angles  doa,  bob,  are  equal  by  suppositioa ;.  cotmbm 
quently  the  third  an^^es  adc,  bec,  are  also  equal :  idso,  ac, 
BC,  and  An»  be,  are  like  or  corresponding  sides,  being  oppo- 
site to  die  equal  angles :  therelbre  the  reetan^e-Ae  •  n  is 
*:  the  rectai^e  ad  •  bo  (th.  03). 
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Again,  the  two  triangles  abc,  dbc,  are  eqaiangolar :  ibr 
the  angles  bac,  bdc,  are  equal,  standing  oh  the  same^  are  bc  ; 
and  the  angle  dce  is  equal  to  the  angle  bca,  by  adding  the 
common  angle  acb  to  the  two  equal  angles  dca,  bob  ;  there- 
fore the  thira  angles  e  and  abc  are  also  equal :  but  ao,  dc, 
and  ab,  db,  are  the  like  sides :  therefore  the  rectangle  ac  • 
DE  is  s  the  rectangle  ab  .  dc  (th.  62). 

Hence,  by  equal  additions,  the  sum  of  the  rectangles 
AO  •  BB  +  AC  .  DB  is  =  AD  •  BC  +  AB  •  DC.  But  the  for- 
mer sum  of  the  rectangles  ac  .  be  +  ac.  de  is  s  the  rect. 
an^e  ac  .  bd  (th.  30) :  therefore  the  same  rectangle  ag  • 
bd  is  equal  to  the  latter  sum,  the  rect.  ad  ..bc  +  the  rect. . 
Afi  .  DC  (ax.  1).     a.  E.  D. 

CoroL  Hence,  if  abd  be  an  equilateral  trianele,  and  c 
any  point  inihe  arc  bcd  of  the  circumscribing  circle,  we  have 
AC  =:  BC  +  i>c.  For  AC  •  BD  being  =  ad  •  bc  -h  ab  •  dc  ; 
dividing  by  bd  =  ab  s  ad,  there  results  ac  =  bc  -f-  dc 


OF  RATIOS  AND  PROPORTIONS. 


DBnNITIONS. 

Dbp.  76.  Ratio  is  the  proportion  or  relation  which  one 
magnitude  bears  to  another  magnitude  of  the  same  kind, 
with  respect  to  quantity. 

Note.  The  measure,  or  quantity,  of  a  ratio,  is  etaiceived, 
by  considering  what  part  or  parts  the  leading  quantity,  called 
the  Antecedent,  is  of  the  other,  called  the  Consequent ;  or 
what  part  or  parts  the  number  expressing  the  quantity  of  the 
former^  is  of  the  number  denoting  in  like  manner  the  latter. 
So,  the  ratio  of  a  quantity  expressed  by  the  number  3;  to  a 
like  quantity  expressed  by  the  number  6,  is  denoted  by  3 
divided  by  6,  or  |  or  | :  the  number  2  being  3  times  con- 
tained in  6,  or  the  third  part  of  it.  In  like  manner,  the  ratio 
of  the  quantity  3  to  6,  is  measured  by  f  or  ^ ;  the  ratio  of 
4  to  6  is  ^  or  I ;  that  of  6  to  4  is  {  or  }  ;  &c. 

77.  Proportion  is  an  equality  of  ratios.  .  Thus, 

78..  Three  quantities  are  said  to  be  proportional,  when  the 
ratio  of  the  first  to  th^  second  is  equfil  to  the  ratio  of  the 
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second  to  the  third.    As  of  the  three  quantities  a  (2),  b  (4), 
0  (8),  where  1  "^^  t  =  !»  both  the  same  ratio. 

79.  Four  quantities  are  said  to  be  proportional,  when  the 
ratio  of  the  first  to  the  second,  is  the  same  as  the  ratio  of  the 
third  to  the  fonrth.  As  of  the  four,  a  (4),  b  (2),  c  (10),  o  (5), 
where  |  ==  .y  ^  ^'  both  the  same  ratio. 

Note.  To  denote  that  four  quantities,  a,  b,  c,  t>,  are  pro- 
portional, they  are  usually  stated  or  placed  thus,  a  :  b  : :  c :  d; 
and  read  thus,  a  is  to  b  as  c  is  to  n.  But  when  three  quan- 
tities are  proportional,  the  middle  one  is  repeated,  and  titoy 
are  written  thus,  a  :  b  :  :  b  :  c. 

The  proportionality  of  quantities  may  also  be  expressed 
very  generally  by  the  equality  of  fractionid,  as  at  pa.  118. 

Thus,  if  -  =^  -,  then  a  :  b  : :  c ;  n,  also  b  :  a  : :  c  :  n,  and 
b       d 

A :  o  : :  b  id,  and  c :  a  : :  B  :  d« 

80.  Of  three  proportional  quantities,  the  middle  one  is 
said  to  be  a  Mean  Proportional  between  the  other  two ;  and 
the  last,  a  Third  Proportional  to  the  first  and  second. 

81.  Of  four  proportional  quantities,  the  last  is  said  to  be 
a  Fourth  Proportional  to  the  other  three,  taken  in  order. 

82.  Quantities  are  said  to  be  Continually  I^roportional,  or . 
in  Continued  Proportion,  when  the  ratio  is  the  same  between 
every  two  adjacent  terms,  viz.  when  the  first  is  to  the  second, 
as  the  second  to  the  third,  as  the  third  to  the  fourth,  as  the 
fourth  to  the  fifth,  and  so  on,  all  in  the  same  common  ratio. 

As  in  the  quantities  1,  2,  4,  8,  16,  &c. ;.  where  the  com. 
mon  ratio  ik  equal  to  2. 

83.  Of  any  number,  of  quantities,  a,  b,  c,  d,  the  ratio  of 
the  iirst  a,  to  the  last  n,  is  said  to  be  Compounded  of  the 
ratios  of  the  first  to  the  second,  of  the  second  to  the  third, 
and  so  on  to  the  last. 

84.  Inverse  ratio  is,  when  the  ^antecedent  is  made  the 
consequent,  and  the  consequent  tfie  antecedent.— *Thus,  if 
1  :  2  :  :  3  :  6 ;  then  inversely,  2  :  1  :  :  6  :  3. 

85.  Alternate  proportion  is,  when  antecedent  is  compared 
with  antecedent,  and  consequent  with  consequent. — As,  if 
1  :  2  :  :  3  :  6 ;  then,  by  alternation,'or  permutation,  it  will  be 
1  :  3  :  :  2  :  6. 

86.  Compound  ratio  is,  when  the  sum  of  the  antecedent 
and  consequent  is  compared,  eidier  with  the  consequent,  or 
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irhh  the  anteceddot.— Thin,  if  1  :  2  : :  8  :  0,  then  by  ccmu. 
positiOD,  1  +  2  :  1  : :  3  +  6  :  3,  and  1  +  2  :  2  : :  S  + 
6  :  6. 

87.  Divided  T«tio,  is  when  the  difference  of  the  antecedent 
and  consequent  is  compared,  either  with  the  antecedent  or 
with  the  conseqaent.— Thus,  if  1  :  2  : :  8  :  6,  then,  by  di^ 
vision,  2  —  1:1  : :  6—  8  :  8,  and  2  —  1  :  2  : :  6  —  8  :  6. 

iVbCe«  The  term  Divided,  or  Division,  here  means  subtract- 
iof  ,  or  parting ;  bein^  used  in  the  sense  opposed  to  com- 
pomdiiig,  or  adding,  m  def.  8d. 

THSOSBK  Z.ZVI. 

EavmuLTiPLEs  of  any  two  quantities  have  the  same  ratio  as 
the  quantities  themselves.    ^ 

Let  A  and  b  be  any  two  quantities,  and  sia,  mn,  any  eqi»« 
multiples  of  them,  m  being  any  number  whatever :  then  will 
laA  and  »b  have  the  same  ratio  as  a  and  b,  or  a  :  b  : :  sia  ; 

„     mB       B    . 
For  —  s=s  -,  the  same  ratio. 
mA      A 

Cord,  Hence,  like  parts  of  quantities  ha;ve  the  same  ratio 
as  the  wholes  ;  because  the  wholes  are  equimultiples  of  the 
like  parts,  or  a  and  b  are  like  parts  of  mx  and  sib. 


THEORBX  IXVII. 

If  four  quantities,  of  the  same  kind,  bo  proportionals ; 
they  will  be  in  proportion  by  alternation  or  permutation^ 
or  the  antecedents  will  have  the  same  ratio  as  the  oonae* 
quents*. 


*  The  motbor't  object  in  Ihete  propotitiOBi  was  to  «hiipllly  the  doe- 
trine  of  ratios  and  proportiooL  by  Imegining  that  the  aoteoedentB  end 
eoDseqneocea  may  always  be  cUTided  into  parts  that  are  commensDia- 


ble.  Bat  it  is  known  to  mathematicians  that  there  are  certain  quantities 
or  mapiitBdes,  sach  as  the  side  and  the  diagonal  of  a  square,  which 
cannotpossibly  be  divided  in  that  manner  by  means  of  a  comfMa  hmc- 
ntn.  The  theorems  themselves  are  tme,  nevertheless,  when  applied  to 
these  McemmsnswaMss ;  since  no  two  .quantities  of  the  same  kind  oan 
possibly  be  assigned,  whose  ratio  cannot  be  expressed  bv  that  of  two 
numbers,  so  near,  that  the  differance  shall  be  less  than  the  least  number 
that  can  be  named.  From  the  mater  of  two  nnequal  magfaitudes  we 
may  take*  or  suppose  taken,  its  Aa(r,  from  the  ramauiiag  half,  tlihali; 
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Let  A  :  B  : :  mi':  tkb  ;  then  will  a  :  mA  : :  b  :  mB. 

For  —  =  -;-•  and =  -r-*  both  the  same  ratio. 

A  1  B  1 


and  80  on,  by  contioaal  bisections,  until  there  shall  at  length  be  left  a' 
magnitude  less  than  the  least  of  two  magnitudes ;  or,  indeed,  less  tham 
the  least  magnitude  that  can  be  assigtaed ;  and  this  principle  furnishes  a 
ground  of  reasoning. 

Or,  somewhat  differenti;^,  let  a  and  b  be  two  constant  quantities,  a 
and  b  two  variable  quantities,  which  we  can  render  as  small  as  we 
please,  if  we  have  an  equality  between  ▲  +  a,  and  b  -|-  &»  or,  in  other 
words,  if  the  equation  A-\-a=zB-yb  holas  good  whatever  are  the  var 
lues  of  a  and  b,  it  may  be  divided  into  two  others,  ▲  =  b,  between  the 
constant  quantities,  and,  a  =  b,  between  the  variable  quantities,  and 
which  latter  must  obtain  for  all  their  states  of  magnitude.  For  if,  on 
the  contrary,  we  suppose  a  =  b  ^  q,  we  shall  have  a  —  b  =  6  —  a  = 
-t:  ^f  an  absurd  result ;  since  the  quantities  a  and  b  being  susceptible  of 
diminishing  indefinitely^  their  dlflference  cannot  always  be  =  q.  This 
is  the  principle  which  constitutes  the  method  of  Umka,  In  general,  one 
magnitude  is  called  a  limil  of  another,  uhen  toe  can  make  Uns  tatter  op- 
friMick  wo  war  to  thoformor,  that  their  difference  shall  be  leu  than  any  gioem 
magnitade,  andyel  so  that  the  two  magnitudes  shall  never  become  drietlg 
'  ot/uaL 

Let  us  here  apply  the  principle  to  the  demonstration  of  this  proposi- 
tion, that  the  ratio  uf  two  angles  acb,  kop,  is  equal  to  that  of  the  arcs, 
a6,  iq»,  comprised  between  their  sides,  and  drawn  from  their  respective 
summits  as  centres  with  equal  radii. 

If  the  arcs  jm,  6a,  are  ^ 


commensurable,  their 
common  measure  bm 
will  be  contained  » 
times  in  vn,  r  times  in 
ba;  so  tnat  we  shall 
have  the    equal    ratios 

C.  =  -.  Through  each 
ba       r 

point  of  division,  m,  ir,  Slc,  draw  the  lines  mc,  n'c,  &c*  to  the  summiti 

c,  and  o,  the  angles  proposed  will  be  divided  into  n,  and  r,  equal  angles, 

bem,  wcW,  foq,  qor,  Sic  *  We  shall,  therefore,  have  —  =  -.  Hence 

^—  is  =  r-y  since  each  of  them  is  equal  to  the  ratio  -.' 
bca         J#  ^  t 

If  the  arcs  are  incommensuAble,  divide  one  of  them,  ba,  into  a  num- 
ber r  of  equal  parts,  6m,  mn\  kc.  and  set  off  equal  parts  pq^  qr^  &c>  upon 
the  other  vc  pa;  and  let  s  be  the  point  of  division  that  falls  nearest  to  fk 
Draw  OSS.    Then,  by  the  preceding,  ba,  ps,  being  commensurable,  we 

shall  have  —  =  •£•  the  angle  pos  =  pok  +  iros,  arc  f  «  ^  jm  +  *v. 
bca       ra 

Therefore,  / 

P05    ,    aos  __  ^  ,    ns 
BOA    '    BCA  ""  6ii    '    6a* 
Here  nos  and  its  are  susceptible  of  indefinite  variation,  acoording  as 
we  change  the  common  measure,  6m,  of  6a ;  they  may,  therefore,  bo 
Vol.  I.  42 
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OtJienoue.    Let  a  :  b  :  :  c  :  d  ;  then  ahaD  b  :  a  : :  c  r  d» 
For,  let  -  =  -  =5  r ;  then  a  =  sr,  and  c  =  i>r :  them- 

B         D 

A,C„  B    1  jD  1 

fyre  B  ^  -9  and  d  =  -.    Hence  -  =s  -    and  -  =  — ^^ 
r  r  A        r  c  r 

Whence  it  is  evident  that  —  =  — •  (ax.  1),  or  b  :  a  : :  d  :  c. 

In  a  similar  manner  may  most  of  the.other  theorems  be 
demonslrated. 

TUEOSEK  LXnil. 

If  four  quantities  be  proportional ;  they  will  be  in  i^opoitioD 
by  inversion,  or  inversely. 

Let  A  ;  B  : :  si»A  :  mB ;  then  will  b  :  a  :  :  ab  :  bia. 

For  —  ^  — I  both  the  same  ratio. 
mn       B 

THEOBEX  LXIX. 

If  four  quantities  be  proportional  $  they  will  be  in  proportion 
by  composition  and  division. 

Let  A  :  B  :  :  i»A  :  mn  ; 
Then  will  b  ±  a  :  a  : :  mB  ±  iba  :  mA, 
and  B  di  A  :  B  : :  XB  :£:  mA  :  ffiB. 

fBB  B 


For  — -7 — -  =  --r — ;  and 


mn  ^  fflA        B  ±  A  '  ffIB  ±  VIA         B  ±:  A* 

Cord.  It  appears  from  hence,  that  the  sum  of  the  greatest 
and  least  of  four  proportional  quantities,  of  the  same  kind, 
exceeds  the  sum  of  the  other  two.  For,  since  .... 
A  :  A  +  B  :  :  ffiA  :  iBA  +  mB,  where  a  is  the  least,  and 
fliA  +  iitB  the  greatest ;  then  m  +  1  >  a  +  iab,  the  sum  of 
the  greatest  and  least,  exceeds  »i  +  1  .  a  +  b,  the  sum  of 
the  two  other  quantities. 

THEOBEM  LXX. 

If,  of  four  proportional  quantities,  there  be  taken  any 
equimultiples  whatever  of  the  two  antecedents,  and  any  equi* 

rendered  as  small  aa  we  please,  while  the  other  qnantities  nmain  the 
same.    Conieqaently,  by  the  nature  of  limits,  as  above  explalnedi  we 

have  the  equal  ratios  -^  =  ^,  or  poir :  bac  : :  vn :  te. 

BCA  OH,  ■  * 
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miltiples  whatever  of  the  two  consequents ;  the  quantities 
resulting  will  still  be  proportional. 

Let  A  :  B  :  :  fliA  :  MB ;  also,  let  pA  and  j^tiiA  be  any 
equimultiples  of  the  two  antecedents,  and  qs  and  qmB  any 
equimultiples  of  the  two  consequents ;  then  will  .... 
pA  :  gB  : :  pmA  :  ^b. 

For  ^^  =  —.  both  the  same  ratio. 
pmA      pA 

tbborbx  uezi. 

If  there  be  four  proportional  quantities,  and  the  two  con- 
sequents be  either  augmented  or  diminished  by  quantities 
that  have  the  same  ratio  as  the  respectiva  antecedents ;  the 
results  and  the  antecedents  will  still  be  proportionals. 

Let  A  :  b  :  :  iiiA  :  ms,  and  nA  and  nrnx  any  two  quan. 
tities  having  the  same  ratio  as  the  two  antecedents ;  then  will 
A  :  B  dk  iiA  :  :  stA  :  mB  ±  nmA. 

«     SIB  ±  nsiA       B  ±  nA  ,   ^,  ^. 

Por == : — I  both  the  same  ratio. 


THBORBH  LXXn. 

If  any  number  of  quantities  be  proportional,  then  any 
one  of  the  antecedents  will  be  to  its  consequent,  as  the 
sum  of  aU  the  antecedents,  is  to  the  sum  of  all  the  conse- 
quents. 

Let  A  :  B  : :  IIIA  :  mB  : :  fiA  :  nB,  d^c. ;  then  will  .  -  . 
•A  :  B  :  :  A  +  «A  +  fiA  :  B  +  mB  +  JIB,  dec. 

For  — f 5 =  ;,  ,  _v   >    =»  — ^  the  same  ratio. 

A+1IIA+IU.  (l+m+Jl)A  A 


thbobbx  lxzui. 

If  a  whole  magnitude  be  to  a  whole,  as  a  part  taken  from 
^the  first,  is  to  a  part  taken  from  the  other ;  then  the  re- 
raatttder  will  be  te  the  remainder,  as  the  whole  to  the 
whole. 

Let  a:b::  —  a:  —  b; 
n        n 

then  wiU  a:b:;a  —  —  a:b  —  —  b. 

n  n 
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m 

B—  —  B 

For ss  — ,  both  the  same  ratio. 

m  A 

A  —  — A' 

n 

THBOBEM  LXXIV. 

If  any  quantities  be  proportional ;  their  squares,  or  cubes, 
or  any  like  powers,  or  roots,  of  them,  will  also  be  propor- 
tional. 

Let  A  :  B  :  :  jftA  :  i»B  ;  then  will  a*  :  B*  :  :  m*A*  :  «*B». 

-,       W^B**        B"    .      ,     , 

For =  --,  both  the  same  ratio. 

flf'A*        a" 

See  also,  th.  vni.  pa.  118. 

THBOBEM  UtXV. 

If  there  be  two  sets  of  proportionals  ;  then  the  products 
or  rectangles  of  the  corresponding  terms  will  also  be  pro* 
portional. 

Let  A  :  B  :  :  fiiA  :  mB, 
and  o  :  D  :  :  nc  :  no  ; 
then  will  ao  :  bd  :  :  mnAO  :  mnBD. 

—      mflBD         BD    ,      ,     , 

for =  — ,  both  the  same  rfttio, 

MUAC  AO 

THBOBXX  LXXVI. 

If  four  quantities  be  proportional ;  the  rectangle  or  pro- 
duct of  the  two  extremes,  will  be  equal  to  the  rectangle  or 
product  of  the  two  means.    And  the  converse. 

Let  A  :  B  :  :  mA  :  ibb  ; 
then  is  A  X  mB  =  B  X  mA  ==  irab,  as  is  evident. 

theobbm  Lxxvn. 

If  three  quantities  be  continued  proportionals  ;  the  recC* 
angle  or  oroduct  of  the  two  extremes,  will  be  equal  to  the 
square  of  the  mean.     And  the  converse. 

Let  A,  «A,  fli'A  be  three  proportionals, 


or  A  :  ffiA  :  :  mA  :  m'A  ; 

then  is  A  X  m*A  =  mV,  as  is  evident. 
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THEOREM  LXXTIU. 

If  any  number  of  quantities  be  continued  proportionals  ; 
the  ratio  of  the  first  to  the  third,  will  be  duplicate  or  the 
square  of  the  ratio  of  the  first  and  secodd  ;  and  the  ratio  of 
the  first  and  fourth  will  be  triplicate  or  the  cube  of  that  of 
the  first  and  second  ;  and  so  on. 

Let  Ay  mA,  m'A,  m^A,  dsc.  be  proportionals  ; 

.L.A  l.^A  1  -A^l         ^       , 

IRA       HI         ffi  A      m  in  A      m 


THEOBSX  LXXIX. 

Triangles,  and  also  parallelograms,  having  equal  altitudes, 
are  to  each  other  as  their  bases. 

Let  the  two  triangles  adc,  def,  have  I 
the  same  altitude,  or  be  between  the  same 
parallels  ae,  cb  ;  then  is  the  surface  of 
the  triangle  adc,  to  the  surface  of  the 
triangle  def,  as  the  base  ad  is  to  the 
base  DB.  Or,  ad  :  de  :  :  the  triangle 
ADC  :  the  triangle  def. 

For,  let  the  base  ad  be  to  the  base  db,  as  any  one  num. 
ber  m  (2),  to  any  other  number  n  (3) ;  and  divide  the 
respective  bases  into  those  parts,  ab,  bd,  do,  oh,  hb,  all 
equal  to  one  another  ;  and  from  the  points  of  division  draw 
die  lines  bc,  fo,  fh,  to  the  vertices  c  and  f.  Then  will 
diese  lines  divide  the  triangles  adc,  def,  into  the  same 
number  of  parts  as  their  bases,  each  equal  to  the  triangle 
ABC,  because  those  triangular  parts  have  equal  bases  and 
altitude  (cor.  2,  th.  25) ;  namely,  the  triangle  abo  equal  to 
each  of  the  triangles  boc,  dfo,  gfh,  hfe.  So  that  the  tri- 
angle ADC,  is  to  the  triangle  dfe,  as  the  number  of  parts  m 
(2)  of  the  former,  to  the  number  n  (3)  of  the  latter,  that  is, 
as  the  base  ad  to  the  base  de  (def.  79)*. 

In  like  manner,  the  parallelogram  adki  is  to  the  parallelo- 
gram DEFK,  as  the  base  ad  is  to  the  base  de  ;  each  of  these 
having  the  same  ratio  as  the  number  of  their  parts,  m  to  n* 
a.  b.  d. 


*  Tf  the  bases  ad,  dx,  of  two  trianeles  that  have  a  common  vertex  e, 
are  incommensurable  to  each  other,  the  ratio  of  the  triangles  is,  notwith- 
iltanding,  equal  to  that  of  their  bases. 
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THEOREM  LXXX. 

TsiAHOLEfly  land  also  parallelograms  having  equal  basesy  are 
to  each  other  as  tl^eir  altitudes. 

Let  ABC,  BEF,  be  two  triangles 
having  the  equal  bases  ab,  be,  and 
wjioee  altitudes  are  the  perpendicu- 
lars CO,  FH ;  then  will  the  triangle 
ABC :  the  triangle  bef  :  :  go  :  fh. 

For,  let  BK  be  perpendicular  to 
AB,  and  equal  to  do  ;  in  which  let 
there  be  taken  bl  =  fh  ;  drawing  ak  and  al. 

Then  triangles  of  equal  bases  and  heights 
(cor.  2,  th.  25),  the  triangle  abk  is  =  abc,  and 
ABL  =  bef.  But,  coDsidering  now  abk,  abl, 
angles  pn  the  bases  bk,  bl,  and  having  the  same 
these  will  be  as  their  bases  (th.  79),  nainelyy 
ABK  :  the  triangle  abl  :  :  bk  :  :  bl. 

But  the  triangle  abk  a  tABc,  and  the  triangle 

also  BK  =  CG,  and  bl  =  fh. 
Theref.  the  triangle  abc  :  triangle  bef  : :  cg  : 

And  since  parallelograms  are  the  doubles  of  these  trifLnglesi 
having  the  same  bases  and  altitudes,  they  will  likewise  have 
to  each  other  the  same  ratio  as  their  altitudes,     q.  b.  d. 

CoroZ.  Since,  by  this  theorem,  triangles  and  parallelo- 
grams, when  their  bases  are  equal,  are  to  each  other  as  their 
altitudes;  and  by  the  foregoing  one,  when  their  altitudes  are 
equal,  they  are  to  each  other  as  their  bases;  therefore  uni- 


being  equal 
the  triangle 
as  two  tri- 
altitude  ab, 
the  triangle 

abl  =  bef, 

FH. 


B   I  £    D        MA 


Forf  first,  if  possible,  let  the  triangle  kcd 
be  to  the  triangle  acD)  not  as  so  to  ad,  bot 
«i  tome  other  line  bd  gnaUr  than  *v,  is  to 

AD. 

Let  AM  be  a  part,  or  meaaore  of  ad,  less 
than  BB,  and  let  di  be  that  multiple  of  am, 
whioh  least  eiceeds  dx,  and  which  by  (he  note 
to  th.  67,  may  be  made  as  small  as  we  please. 
Let  CB,  01,  be  drawn,  i  evidently  falls  between  x  and  b,  becanae  (by 
byp.)  XI  is  less  than  am.  But  icd  :  aod  : :  id  :  ad,  by  th.  99.  Also, 
by  hyp.  xcd  :  aod  : :  bd  :  ad,  greater  than  the  ratio  of  id  :  ad,  or  of 
Icd  :  acd  ;  and  consequently,  xcd  is  greater  than  icd  :  which  is  tnifwm- 
bU,  By  a  like  reasoning  It  may  be  shown,  that  xcd  cannot  be  to  aco, 
as  a  line  lest  than  kd,  is  to  ad.  Consequently,  it  must  be  xcd  :  acd  : :  bd 
:  ad. 

Similar  reasoning,  founded  upon  the  preceding  note,  applies  alio  to 
the  case  of  parallelograms. 
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Teraally,  when  neither  are  equal,  they  are  to  each  other  in 
the  compound  ratio,  or  as  the  rectangle  or  product  of  thenr 
bases  and  altitudes. 

TH£OREM  LXXXI. 

'  If  four  lines  be' proportional;  the  rectangle  of  the  ez» 
tremes  will  be  equal  to  the  rectangle  of  the  means.  Aud, 
conversely,  if  the  rectangle  of  the  extremes,  of  four  lioesy 
be  equal  to  the  rectangle  of  the  means,  the  four  lines,  taken 
alternately,  will  be  proportional. 

Let  the  four  lines  a,  u,  c,  d,  be         A 

proportionals,    orA:B::c:D;  B- 

then  will  the  rectangle  of  a  and  d  be  S^[ 

equal  to  the  rectangle  of  b  and  c ; 
or  the  rectangle  a  .  d  =  b  .  c. 

For,  let  the  four  lines  be  placed 
with  their  four  extremities  meeting 
in  a  common  point,  forming  at  that 

'point  four  right  angles  ;  and  draw  lines  parallel  to  them  to 
complete  the  rectangles  p,  a,  s,  where  p  is  the  rectangle  of 
A  and  Dy  a  the  rectangle  of  b  and  c,  and  n  the  rectangle  of 
n  and  d. 

Then  the  rectangles  p  and  b,  being  between  the  same 
parallels  are  to  each  other  as  their  bases  a  and  b  (th.  79)  ; 
and  the  rectangles  a  and  r,  being  between  the  same  parallels, 
are  to  each  other  as  their  bases  c  and  d.  But  the  ratio  of 
A  to  b,  is  the  same  as  the  ratio  of  ^  to  p,  by  hypothesis  : 
therefore  the  ratio  of  p  to  b,  is  the  same  as  the  ratio  of  q  to 
B ;  and  consequently  the  rectangles. p  and  q  are  equal. 

Q.  E.  D* 

Again,  if  the  rectangle  of  a  and  d,  be  equal  to  the 
rectangle  of  b  and  c  ;  these  lines  will  be  proportional,  or 
A  :  b  :  :  c  :  D.] 

For,  the  rectangles  being  placed  the  same  as  before :  then, 
because  parallelograms  between  the  same  parallels,  are  to  one 
another  as  their  bases,  the  rectangle  p  :  a  :  :  a  :  b,  and 
a  :  R  :  :  c  :  D.  But  as  p  and  a  are  equal,  by  supposition, 
they  have  the  same  ratio  to  r,  that  is,  the  ratio  of  a  to  b  is 
equal  to  the  ratio  of  c  to  d,  or  a  t  b  : :  c  :  d.      a.  s.  d. 

Carol*  1.  When  the  two  means,  namely,  the  second  and 
third  terms,  are  equal,  their  rectangle  becoihes  a  square  of 
the  second  term,  which  supplies  the  place  of  both  the  second 
and  third.    And  hence  it  follows,  that  when  three  lines  are 
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proportionals,  the  rectangle  of  the  two  extremes  is  equal  ta 
the  square  of  the  mean  ;  and,  conversely,  if  the  rectangle  of 
the  extremes  be  equal  to  the  square  of  the  mean,  the  three 
lines  are  proportionals. 

Ccrcl.  2.  Since  it  appears,  by  the  rules  of  proportion  in 
Arithmetic  and  Algebra,  that  when  four  quantities  are  pro-  * 
portional,  the  product  of  the  extremes  is  equal  to  the  product 
•of  the  two  means  ;  and,  by  this  theorem,  the  rectangle  of  the 
extremes  is  equal  to  the  rectangle  of  the  two  means  ;  it  fol- 
lows,  that  the  area  or  space  of  a  rectangle  is  represented  or 
expressed  by  the  product  of  its  length  and  breadth  multiplied 
together.  And,  in  general,  a  rectangle  in  geometry  is  similar 
to  the  product  of  the  measures  of  its  two  dimensions  of  length 
and  breadth,  or  base  and  height.  Also,  a  square  is  similar 
to,  or  represented  by,  the  measure  of  its  side  multiplied  by 
itself  So  that,  what  is  shown  of  such  products,  is  to  be  un* 
derstood  of  the  squares  and  rectangles. 

CoroL  3.  Since  the  same  reasoning,  as  in  this  theorem, 
holds  for  any  parallelograms  whatever,  as  well  as  for  the 
rectangles,  the  same  property  belongs  to  all  kinds  of  paral- 
lelograms, having  equal  angles,  and  also  to  triangles,  which 
are  the  halves  of  parallelograms  ;  namely,  that  if  the  sides 
about  the  equal  angles  of  parallelograms,  or  triangles,  be 
reciprocally  proportional,  the  parallelograms  or  triangles  wiU 
be  equal ;  and,  conversely,  if  the  parallelograms  or  triangles 
be  equal,  their  sides  about  the  equal  angles  will  be  recipro- 
cally  proportional. 

Corql,  4.  Parallelograms,  or  triangles,  having  an  angle  in 
each  equal,  are  in  proportion  to  each  other  as  the  rectangles 
of  the  sides  which  are  about  these  equal  angles. 

THEOREM  2.XXXII. 

If  a  line  be  drawn  in  a  triangle  parallel  to  one  of  its  sides^ 
it  will  cut  the  other  two  sides  proportionally* 

Let  BE  be  parallel  to  the  side  bc  of  the 
triangle  abc  ;  then  will  ad  :  db  :  :  ab  :  £c. 

For,  draw  be  and  cd.  *  Then  the  tri- 
angles DBB,  DCE,  are  equal  to  each  other, 
because  they  have  the  same  base  de,  and 
are  between  thp  same  parallels  de,  bc 
(th.  25^.  But  the  two  triangles,  ade,  bde, 
on  the  bases  ad,  db,  have  the  same  altitude  ;  and  the  two 
triangles  ade,  cde,  on  the  bases  ae,  bc,  have  also  the  same 
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mltitude  ;  and  because  triangles  of  the  same  altitude  are  to 
«ach  other  as  their  bases,  therefore 

the  triangle  abe  :  bde  :  :  ad  :  db» 
and  triangle  ade  :  cdb  : :  ae  :  ec. 

But  BDE  is  ^  ODE ;  and  equals  roust  hare  to  equals  the 
«ame  ratio ;  therefore  ad  :  db  : :  ae  :  Ea     q.  e.  d. 

Carol*  HencOy  also,  the  whole  lines  ab,  ac,  are  propor- 
tional to  their  corresponding  proportional  segments  (corol. 
th.  66), 

viz*  AB  :  AC  :  :  AD  :  ae, 
and  AB  :  AC  :  :  BD  :  CE« 


THSOBEM  LXXXIII. 


A  Line  which  bisects  any  angle  of  a  triangle,  divides  the 
opposite  side  into  two  segments,  which  are  proportional  to 
the  two  other  adjacent  sides. 


A.      D    B 


Let  the  angle  acb,  of  the  triangle  abg, 
be  bisected  by  the  line  cd^  making  the 
angle  r  equal  to  the  angle  s  :  then  will  the 
seffment  ad  be  to  the  segment  db,  as  the 
«ide  AC  is  to  the  side  ob.  Or,  -  .  -  • 
AD  :  DB  : :  AC  :  cb. 

For,  let  BE  be  parallel  to  cd,  meeting 
AC  produced  atE.  Then,  because  the  line  bc  cuts  the  two 
paraUeb  on,  be,  it  makes  the  angle  cbe  equal  to  the  alter- 
nate angle  s  (th.  12),  and  theiefore  also  equal  to  the  an^ 
r,  which  is  equal  to  s  by  the  supposition.  Again,  because 
the  line  ae  cuts  the  two  parallels  dc,  be,  it  m&ea  the  angle 
B  equal  to  the  angle  r  on  the  same  side  of  it  (th.  14).  Hence, 
in  the  ttiangle  bob,  the  angles  b  and  e,  being  each  equal  to 
the  angle  r,  are  equal  to  each  other,  and  consequently  their 
opposite  sides  cb,  ce,  are  also  equal  (th.  9)« 

But  now,  in  the  triangle  abe,  the  line  cd,  being  drawn 
parallel  to  the  side  be,  cuts  the  two  other  sides  ab,  ae,  pro- 

Srtionally  (th*  82),  making  ad  to  db,  as  is  ao  to  ce  or  to 
I  equal  cb.    a*  e.  d* 
Vol.  I.  48 
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TBBORBic  Lxxxrr. 


A 

L  B 

A 


EttiTiAifOULAB  triangles  are  similar,  or  have  their  like  side* 
proportional. 

Let  ABC,  BEF,  be  two  equiangular  tri- 
angles, having,  the-uQgle  a  equd  to  the 
angle  d,  the  angle  b  to  the  angle  b,  and 
consequently  the  angle  c  to  the  angle  p  ;  _ 

then  will  ab  :  ac  t :  de  :  df.  A  B 

For,  make  dg  =  ab,  and  dh  =  aC,  and  V 
j<Mn  OH.    Then  the  two  triangles  abc, 
PGH,  having  the  two  sides  ab,  ag,  equal 
to  the  two  DO,  DH,  and  the  contained  an- 
gles A  and  D  also  equal,  are  identical,  or          

equal  in  all  respects  (th.  1),  namely,  the         ^  G  JES 

angles  b  and  c  are  equal  to  the  angles  o  and  h.  But  the 
angles  b  and  o  are  equal  to  the  angles  b  and  f  by  the  h3rpo- 
Ihesis ;  therefore  also  the  angles  o  and  h  are  equal  to  the 
angles  b  and  f  (ax.  1),  and  consequently  the  line  or  is  paral- 
lel to  the  side  ef  (cor.  1,  th.  14). 

Hence  then,  in  the  triangle  def,  the  line  oh,  being  parallel 
to  the  side  ef,  divides  the  two  other  sides  proportionally, 
making  do  :  dh  :' :  de  :  df  (cor.  th.  82)«  But  do  and 
DH  are  equal  to  ab  and  ac  ;  therefore  also  ..... 
AB  :  AG  :  :  DE  :  DF.     a«  b.  d. 

THEOREM   LXXXV» 

Taiaitgles  which  have  their  sides  proportional,  are  equi* 
angular. 

In  the   two   triangles    abc,   def,  if  ^ 

AB  ;  db  :  :  AC  :  DF  :  :  EC  :  EF ;  the  two 
triangles  will  have  their  corresponding 
angles  equal. 

For,  if  the  triangle  abc  be  not  equian.  A  B 

gular  with  the  triangle  def,  suppose  some  C^  P 

other  triangle,  as  dbg,  to  be  equiangular 
with  ABC.  But  this  is  impossible  :  for  if 
the  two  triangles  abc,  deg,  were  equian- 
gular, their,  sides  would  be  proportional 
(th.  84).  So  that,  ab  being  to  de  as  ac 
to  do,  and  ab  to  de  as  bc  to  eg,  it  follows  that  do  and  eg, 
being  fourth  proportionals  to  the  same  three  quantities,  as 
well  as  the  two  df,  ef,  the  former,  w;^  so,  would  be  equal 


/X 
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to  the  lattery  df,  kf.  Thus,  then,  the  two  triangles  def, 
DB69  having  their  three  sides  equal,  would  he  identical 
(Ih*  S) ;  which  is  ahsurd,  since  their  angles  are  unequal. 


THEORBM  UUCXVI. 

TniAKQLSs,  which  have  an  angle  in  the  one  equal  to  an 
angle  in  the  other^  and  the  eides  about  these  angles  pro« 
poirtional,  are  equiangular. 

Let  4BC,  DBF,  be  two  triangles,  having  the  angle  ▲  =  the 
angle  n,  and  the  sides  ab,  ac,  proportional  to  the  sides 
DB,  DF :  then  will  the  triangle  abc  be  equiangular  with  the 
triangle  dbf. 

For,  make  do  =b  ab,  and  dh  =  ao,  and  join  gh. 

Then,  the  two  triangles  abc,  doh,  having  two  sides  equal, 
and  the  contained  angles  a  and  d  equal,  are  identical  and 
equiangular  (th.  1),  having  the  angles  g  and  h  equal  to  the 
angles  b  and  c.  But,  since  the  sides  do,  db,  are  proportional 
to  the  sides  db,  df,  the  line  gh  is  parallel  to  bf  (th.  82) ; 
hence  the  angles  b  and  f  are  equal  to  the  angles  g  and  k 
{th.  14),  and  consequently  to  their  equals  b  and  c.  a.  b.  d« 
[See  fig.  th.  Lxxxrv.] 

THBOBBM  LXXXVU. 

In  a  right-angled  triangle,  a  perpendicular  from  the 
right  an^e,  is  a  mean  proportional  between  the  segments  of 
the  hjrpothenuse ;  and  each  of  the  sides,  about  the  right 
angle,  is  a  mean  proportional  between  the  hf  pothenuse  and 
the  adjacent  segment. 

C 

Let  ABC  be  a  right-angled  triangle,  and  f  j/^  j  ^^ 
CD  a  perpendicular  from  the  right  angle  c  l/^  I  \ 
to  the  hypothenuse  ab  ;  then  will  A         D    B 

CD  be  a  mean  proportional  between  ad  and  db  ; 
AG  a  mean  proportional  between  ab  and  ad  ; 
Bc  a  mean  proportional  between  ab  and  bd. 

Or,  ad  :  CD  :  :  CD  :  DB ;  and.AB  :  bc  :  :  bc  7  bd;  and 
AB  :  AC  :  :  AC  :  ad. 

For,  the  two  triangles,  abc,  adc,  having  the  right  angles 
f£t  c  and  D  equal,  and  the  angle  a  common,  have  their  third 
angles  equal,  and  are  equiangular,  (cor.  1,  th.  17).  In  like 
»aaner«  the  two  triangles  abc,  bdc»  having  the  right  angles 
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at  c  and  d  equal,  and  the  angle  b  common,  haTO  their  third 
angles  equal,  and  are  equiangular. 

Hence  then,  all  the  three  triangles,  abc,  ado,  nnd,  being 
equiangular,  will  have  their  like  sides  proportional  (th.  84) ; 

viz.  AD  :  CD  :  :  CD  :  db; 
and  AB  :  AC  :  :  AC  :  ad; 
and  AB  :  Bc  :  :  BC  :  bd«  q,  b  .d* 

Cord.  I.  Because  the  angle  in  a  semicircle  is  a  right 
angle  (th.  52) ;  it  follows,  that  if,  from  any  point  c  in  ukB 
periphery  of  the  semicircle,  a  perpendicular  be  drawn  to  the 
oiameter  ab  ;  and  the  two  chords  ca,  cb,  be  drawn  to  the 
extremities  of  the  diameter :  then  are  ac,  bc,  cd,  the  mean 
proportionals  as  in  this  theorem,  or  (by  th.  77),  .... 
CD*  =s  AD  •  db  ;   Ac"  »  AB  •  AD ;  and  bo*  ^  ab  •  bd. 

CaroL  2.    Hence  ac*  :  bc"  : :  ad  :  bd. 

Cord*  8.  Hence  we  have  another  demonstration  of 
th.84. 

For  since  ac'  as  ab  •  ad,  and  bo*  »  ab  •  bd  ; 
By  addition  ac*  +  bc*  =  ab  (ad  +  bd)  »  ab*. 


TBBOBBX  LXXXVnX* 

E<iuiANcruLAS  or  similar  triangles,  are  to  eaeh  other  as  the 
squares  of  their  like  ndes. 

Let  ABC,  DBF,  be  two  equiangular 
triangles,  ab  and  de  being  two' like 
sides :  then  will  the  triangle  abc  be  to 
the  triangle  dbf,  as  the  square  of  ab 
is  to  the  square  of  de,  or  as  ab'  to  de*. 

For,  the  triangles  being  similar,  they 
have  their likesidesproportional  (th.  84)| 
and  are  to  each  other  as  the  rectangles 
of  the  like  pairs  of  their  sides  (cor.  4, 
th.  81) ; 

theref.  ab  :  de  :  :  ac  :  df  (th.  84), 
and  AB  :  DE  : :  AB  :  db  of  equality : 

theref  AB*  :  de"  :  :  ab  .  ac  :  de  .  df  (th.  75). 

But  A  ABC  :  A  DBF  :  :  AB  .  AC  :  DE  •  DF  (con  4,  th.  81)» 
theref.  A  abc  :  a  def  : :  ab*  :  db*.  o*  e*  ^ 
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dSS 


All  similar  figures  are  to  each  other,  as  the  squares  of  their 
like  sides. 


w^ 


Let    ABODE,     FOHIK,     he 

any  two  similar  figures,  the 
like  sides  being  ab,  fg,  and 
BO,  OH,  and  so  on  in  the 
same  order:  then  will  the 
^l^ure  ABODE  be  to  the  figure 
FGHiK,  as  the  square  of  ab 
to  the  square  of  fo,  or  as  ab*  to  fq'. 

For,  draw  bb,  bd,  gk,  oi,  dividing  the  figures  into  an 
equal  number  of  triangles,  by  lines  from  two  equal  angles 
B  ando. 

The  two  figures  being  similar  (by  suppos.),  they  are  equi' 
angular,  and  have  their  like  sides  proportional  (def.  67). 

Then,  since  the  angle  a  is  =  the  angle  f,  and  the  sides 
AB,  AB,  proportional  to  the  sides  fo,  fk,  the  triangles 
ABE,  FOK,  are  equiangular  (th.  86).  In  like  manner,  the 
two  triangles  Bpn  ohi,  having  the  angle  o  ^s  the  angle  fi, 
and  the  sides  bo,  cd,  proportional  to  the  sides  oh,  hi,  are 
also  equiangular.  Also,  if  from  the  equal  angles  aed,  vki, 
there  be  taken  the  equal  angles  aeb,  fkg,  there  will  remain 
the  equals  bed,  gki  ;  and  if  from  the  equal  angles  cdb,  hik, 
be  taJccn  away  the  equals  cdb,  hig,  there  will  remain  the 
equals  bdb,  oik  ;  so  that  the  two  triangles  bde,  oik,  having 
two  angles  equal,  are  also  equiangular.  Hence  each  trian- 
gle of  the  one  figure,  is  equiangular  with  each  corresponding 
triangle  of  the  other. 

But  equiangular  triangles  are  similar,  and  are  proportional 
to  die  squares  of  their  like  sides  (th.  88). 


Therefore  the 

A  abb  : 

A  FGK  : 

:ab» 

!  FG", 

and  A 

BCD  : 

A 

GHi  : 

:bc*; 

OH«, 

and 

A 

bdb  : 

A 

OIK  : 

:de» 

:iK^ 

But  as  the  two  polygons  are  similar,  their  like  sides  are 
proportional,  and  consequently  their  squares  also  proper- 
tional ;  so  that  all  the  ratios  ab'  to  fo^  and  bo'  to  on',  and 
Ds'  to  ik',  are  equal  among  themselves,  and  consequently 
the  corresponding  triangles  also,  abe  to  fgh,  and  bcd  to 
OHI,  and  BDE  to  gik,  have  all  the  same  ratio,  viz.  that  of 
AB*  to  Fo' :  and  hence  all  the  antecedents,  or  the  figure 
ABODE,  have  to  all  the  consequents,  or  the  figure  fohsk,  stiH 
the  same  ratio,  viz.  that  of  ab"  to  fg^  (th.  72).    a.  e.  d. 
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THEOBEM  ZC. 

SixiiiAS  figures  inscribed  in  circles,  hare  their  like  sides, 
and  also  their  whole  perimeters,  in  the  same  ratio  as  the 
diameters  of  the  circles  in  which  they  are  inscribed* 

Let     ABCDE,    FOHIK, 

be  two  similar  figures, 

inscribed  in  the  circles 

whose  diameters  are  al 

andFK;  then  will  each 

aide  ab,  bc,  dec.  of  the 

one  figure  be  to  the  like 

side  OF,  OH,  dzK^.  of  the 

other  figure,  or  the  whole  perimeter  ab  +  bc  +  dec  of  the 

one  figure,  to  the  whole  perimeter  fo  +  oh  +  dec*  of  the 

other  figure,  as  the  diameter  al  to  the  diameter  fv. 

For,  draw  the  two  corresponding  diagonals  ac,  fh,  as 
also  the  lines  bl,  gx.  Then,  since  the  pdfygons  are  similar, 
they  are  equiangular,  and  the^  like  sides  have  the  same  ratio 
(def.  67) ;  therefore  the  two  triangles  abc,  foh,  have  the 
angle  b  =  the  angle  o,  and  the  sides  ab,  bc,  proportional 
to  the  two  sides  fo,  oh,  consequently  these  two  triangles 
are  equiangular  (th.  86),  and  have  the  angle  acb  ^^  fho* 
JBut  the  angle  acb  =  alb,  standing  on  the  same  arc  ab  ; 
and  the  angle  fho  =  fmo,  standing  on  the  same  arc  fo  ; 
therefore  the  angle  alb  ==  fxg  (ax.  1).  And  since  the 
angle  abl  =  fgm,  being  both  right  angles,  because  in  a 
semicircle ;  therefore  the  two  triangles  abl,  fgm,  having 
two  anffles  equal,  are  equiangular ;  and  consequently  their 
like  sides  are  proportional  (th.  84)  ;  hence  ab  :  fg  : :  the 
diameter  al  :  the  diameter  fh. 

In  like  manner,  each  side  bc,  ci>,  dec.  has  to  each  side 
oh,  hi,  dec.  the  same  ratio  of  al  to  fh  ;  and  .consequently 
the  sums  of  them  are  still  in  the  same  ratio,  viz.  ab  +  bc  + 
CD,  dec.  :  FG  +  GH  +  HI,  dec.  :  :  the  diam.  al  :  the  diam. 
FH  (th.  72).    a.  £.  D. 

thbohbh  xci. 

SiHiLAR  figures  inscribed  in  circles,  are  to  each  other  as  (he 
squares  of  the  diameters  of  those  circles* 

Let  ABODE,,  FGHiK,  be  two  similar  figures,  inscribed  in 
the  circles  whose  diameters  are  al  and  fh  ;  then  the  surface 
of  the  polygon  abode  will  be  to  the  surface  of  the  polygon 

FOHIKy  as  al'  to  FH*. 
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For,  the  figures  being  similar,  are  to  each  other  as  the 
squares  of  their  like  sides,  ab^  to  fg'  (th.  88).  But,  by  the 
laat  theorem,  the  sides  ab,  fo,  are  as  the  diameters  al,  fx  ; 
and  therefore  the  squares  of  the  sides  ab'  to  fg^  as  the 
squares  of  the  diameters  al'  to  fx*  (th.  74).  Consequently 
the  polygons  abode,  fohik,  are  also  to  each  other  as  the 
squares  of  the  diameters  al'  to  fk"  (ax.  1).  q.  e.  d. 
[See  fig.  th.  xc] 


THEOREH  XCII. 

The  circumferences  of  all  circles  are  to  each  other  as  their 
diameters*. 

*  The  truth  of  theorems  92, 93,  and  94,  may  be  established  more 
aatisfactorily  than  ia  the  text,  apon  principles  analogous  to  those  of  the 
two  last  notes. 

Thborbv.  The  area  of  any  circle  abd  is  equal  to  the  rectangle  con- 
tained by  the  radius,  and  a  straight  line  equal  to  half  the  circumference. 

If  not,  let  the  rectangle  be  lest  than  the  circle 
ABD,  or  equal  to  the  circle  fith  :  and  imagine  bd 
drawa  to  touch  the  interior  circle  in  f,  and  meet 
the  etrcumference  abd  in  e  and  d.  Join  cd, 
cutting  the  arc  of  the  interior  circle  in  s.  Let 
FH  be  a  onadrantal  arc  of  the  inner  circle,  and 
fn>m  It  take  its  half,  from  the  remainder  its  half, 
and  so  on,  until  an  arc  fi  is  obtained,  less  than 
FB.  Join  CI,  produce  it  to  cut  bd  in  l,  and  make 
FO  =  FL ;  so  snail  lq  be  the  side  of  a  regular  polygon  circumscribing  the 
'  circle  fbh.  It  is  manifest  that  this  polygon  is  less  than  the  circle  abd, 
because  it  is  contaioed  within  it  Because  the  triangle  ocl  is  half  the 
rectangle  of  base  ol  and  altitude  cf,  the  whole  polygon  of  which  ocl 
is  a  constituent  triangle,  is  equal  to  half  the  rectangle  whose  base  is  the 
perimeter  of  that  polygon  and  altitude  cf.  But  that  perimeter  is  less 
than  the  circumference  abd,  because  each  portion  of  it,  such  as  gl,  is 
leas  than  the  oorresponding  arch  of  circle  having  radius  ol,  and  there- 
fore, «  fsrtiori,  less  than  the  corre^nding  arch  of  circle  with  radius 
OA.  Also  cb  is  less  than  ca.  Therefore  the  polygon  of  which  one  side 
ia  OL,  is  less  than  the  rectangle  whose  base  is  halt  the  circumference  abd 
and  altitude  ca;  that  is,  (by  hyp.)  less  than  the  circle  fitb,  which  it 
conttt  IS :  which  is  absurd.  Therefore,  the  rectangle  under  the  radios 
and  half  the  circumference  is  not  less  than  the  circle  abd.  And  by  a 
similar  process  it  may  be  ^own  that  it  is  not  gttaier.  Consequently, 
it  is  equal  to  that  rectangle,    q.  b.  d. 

THBORBir.  The  circumferences  of  two  circles  abd,  abd,  are  as  their 
radii. 


If  possible,  let  the  radios  ac, 
be  to  the  radius  oc,  as  the  cir- 
cumference ABD  to  a  circum- 
ference tAA;  less  than  oM.  Draw 
the  radius  ete,  and  the  straight 
Une/t^achord  to  the  circle 
oM,  and  a  tangent  to  the  circle 
Aib  in  i  From  tb,  a  quarter  of 
the  circumference  of  abd,  take 


© 


Digitized  by  VjOOQ IC 


GEOlTETRr. 

Let  D,  d,  denote  the  diameters  of  two  circles^  and  c^  ^ 
their  circumfereuces ; 

then  will  d  i  d  : :  c  :c,ori}  :  c  ::  d  :  c. 

For  (by  theor.  90),  similar  polygons  inscribed  in  circles 
have  their  perimeters  in  the  same  ratio  as  the  diameters  of 
those  circles. 

Now  as  this  property  belongs  to  all  polygons,  whatever 
the  number  of  the  sides  may  be  ;  conceive  the  number  of  the 
sides  to  be  indefinitely  great,  and  the  length  of  each  inde- 
finitely small,  till  they  coincide  with  the  circumference  of 
the  circle,  and  be  equal  to  it,  indefinitely  near.  Then  the 
perimeter  of  the  polygon  of  an  infinite  number  of  sides,  is 
the  same  thing  as  the  circumference  of  the  circle.  Hence  it 
appears  that  the  circumferences  of  the  circles,  being  the  same 
as  the  perimeters  of  such  polygons,  are  to  each  other  in  the 
same  ratio  as  the  diameters  of  the  circles,     a,  b.  d. 

THBOBEM  XCin. 

The  areas  or  spaces  of  circles,  are  to  each  other  as  the 
squares  of  their  diameters,  or  of  their  radii. 

Let  A,  a,  denote  the  areas  or  spaces  of  two  circles,  and 
D,  d,  their  diameters ;  then  a  :  a  : :  d^  :  «P. 

For  (by  theorem  91}  similar  polygons  inscribed  in  circles 
are  to  each  other  as  the  squares  of  the  diameters  of  die 
circles. 


away  its  half,  and  then  the  half  of  the  remainder,  and  so  on,  until  there 
be  obtained  an  arc  ed  less  than  eg ;  and  from  d  draw  ad  pairallel  to^, 
it  will  he  the  side  of  a  regular  pol  vgon  inscribed  in  the  cirde  abd,  yet 
evidently  greater  than  the  circle  ihk,  because  eadi  of  its  constitoent  tri- 
angles, as  aed  contains  the  corresponding  circular  sector  cm.  Let  ▲!> 
be  the  sidv  of  a  similar  polygon  inscribed  in  the  circle  apb,  and  join  AC, 
€D»  similarly  to  ac,  ed.  The  similar  triangles  aco,  aed,  give  ao  :  ec : : 
All :  ad,  and : :  perim.  of  polygon  in  abo  :  perim.  of  polygon  in  ahd. 
Bat,  by  the  preceding  theorem,  ac  :  oc  : :  circumf.  abd  :  circnmf.  M, 
The  perimeters  of  the  pot^rgons  are,  therefore,  as  the  circumferences  of 
the  circles.  But,  this  is  impossible ;  because,  (by  hyp.)  the  perim.  of 
.  polygon  in  ABD  is  lus  than  the  circumf. ;  while,  on  the  contrary,  the 
'  perim.  of  polygon  in  adb  is  greaUr  than  the  circumf.  ihk,  Conse> 
qoently,  ac  b  not  to  ac,  as  circumfl  adb,  to  a  circumference  lui  than 
adb.  And  hy  a  similar  process  it  may  be  shown,  that  ae  is  not  to  ac,  as 
the  circumf.  dbd,  to  a  circumference  Uis  than  abd.  Therefore  ac  :  ac 
: :  circumf.  abd  :  circnmf.  abd.    q.  e.  d. 

CotqI.  Since  by  this  theorem,  we  have  c  :  c : :  n :  r,  or,  if  e  =  ««, 
e  =  fff ;  and,  by  the  former,  area  (a)  :  area  (a) : :  Arc  :  Arc :  wa  have 
a:  a::  JiTR':  J«t«::  R»:  r»::  d':  rfa  ::  c»:  c«. 
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Hence,  concemng  the  number  of  the  sidea  of  the  polygone 
to  be  increased  more  and  more,  or  the  length  of  the  sides  to 
become  less  and  less,  the  polygon  approaches  nearer  and 
nearer  to  the  circle,  till  at  length,  by  an  infinite  approach, 
they  coincide,  and  become  in  effect  equal  ;  and  then  it  fol- 
lows, that  the  spaces  of  the  circles,  which  are  the  same  as  of 
the  polygons,  will  be  to  each  other  as  the  squares  of  the 
diameters  of  the  circles,     a.  e.  d. 

Carol.  The  spaces  of  circles  are  also  to  each  other  as  the 
squares  of  the  circumferences ;  since  the  circumferences  are 
in  the  same  ratio  as  the  diameters  (by  theorem  92). 

THEOREBC  XCIV. 

Tbm  area  of  any  circle,  is  equal  to  the  rectangle  of  half  its 
circumference  and  half  its  diameter. 

Conceive  a  regular  polygon  to  be  in- 
scribed in  the  circle  ;  and  radii  drawn  to 
all  the  angular  points,  dividing  it  into  as 
many  equal  triangles  as  the  polygon  has 
sides,  one  of  which  is  abc,  of  which  the 
ahitiide  is  the  perpendicular  en  from  the 
centre  to  the  base  ab. 

Then  the  triangle  abc,  being  equal  to  a  rectangle  of  half 
the  base  and  equal  altitude  (th.  26,  cor.  2),  is  equal  to  the 
rectangle,  of  the  half  base  ad  and  the  altitude  cd  ;  con- 
sequently the  whole  polygon,  or  all  the  triangles  added  to- 
gether which  compose  it,  is  equal  to  the  rectangle  of  the 
common  altitude  cd,  and  the  halves  of  all  the  sides,  or  the 
half  perimeter  of  the  polygon. 

'  Now  conceive  the  number  of  sides  of  the  polygon  to  be 
indefinitely  increased  ;  then  will  its  perimeter  coincide  with 
the  circumference  of  the  circle,  and  consequently  the  altitude 
CD  will  become  equal  to  the  radius,  and  the  whole  polygon 
equal  to  the  circle.  Censequently  the  space  of  the  circle,  or 
of  the  polygon  in  that  state,  is  equal  to  the  rectangle  of  the 
radius  and  half  the  circumference.    a<  s*  d'. 
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OF  PLANES  AND  SOLIDS* 


DEFIIfinONS. 

Def.  88.  The  Common  Section  of  two  Planes^  m  the 
line  in  which  they  meet,  or  cut  each  other. 

80.  A  Line  is  Perpendicular  to  a  Plane,  when  it  is  per* 
pendicular  to  every  line  in  that  plane  which  meets  it. 

90.  One  Pl&ne  is  Perpendicular  to  Another^  when  every 
line  of  the  one,  which  is  perpendicular  to  iIm  line  of  dieir 
common  section,  is  perpendicular  to  the  other. 

91.  The  Inclination  of  one  Plane  to  another,  or  the  aagle 
they  form  between  them,  is  the  angle  contained  by  two  lines, 
drawn  from  any  point  in  the  common  section,  and  at  xighc 
angles  to  the  same,  one  of  these  lines  in  each  plane. 

92.  Parallel  Planes,  are  such  as  being  produced  ever  s# 
far  both  ways,  will  never  meet,  or  which  are  every  where  al 
an  equal  perpendicular  distance. 

98.  A  Solid  Angle,  is  that  which  is  made  by  diree  or 
more  plane  angles,  meeting  each  other  in  the  same  point. 

94.  Similar  Solids,  contained  by  plane  figurea,  are  such  as 
have  all  their  solid  angles  equal,  each  to  each,  and  are  bounded 
by  the  same  number  of  similar  planes,  alike  placed. 

95.  A  Prism,  is  a  solid  whose  ends  are  parallel,  equal,  and 
like  plane  figures,  and  its  sides,  connecting  those  endS|  are 
parallelograms. 

96.  A  Prism  takes  particular  names  according  to  the  figure 
of  its  base  or  ends,  whether  triangular,  square,  rectangular, 
pentagonal,  hexagonal,  &c. 

97.  A  Right  or  Upright  Prism,  is  that  which  has  the 
planes  of  the  sides  perpendicular  to  the  planes  of  the  ends 
or  base. 


98.  A  Parallelepiped,  or  Parallelopipedon,  is         

a  prism  bounded  1^  six  parallelograms,  every  ^       P 

opposite  two  of  which  are  equal,  alike,  and  pa-  U      "^ 
rallel. 
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D9.  A  Ractaogiihur  Pftrallelopidedon,  is  thai  whose  bound- 
ioff  planes  are  all  rectangles,  which  are  perpendicular  to  each 
emer. 

100.  A  Cube,  is  a  square  prism,  being  bound- 
ed by  six  equal  square  sides  or  faces,  and  are 
perpendicular  to  each  other. 

101.  A  Cylinder  is  a  round  prism,  having 
circles  for  its  ends ;  and  is  conceiyed  to  be  form- 
ed by  the  rotation  of  a  right  line  about  the  cir- 
eumforences  of  two  equal  and  parallel  circles, 
always  parallel  to  the  axis. 

102.  The  Axis  of  a  Cylinder,  is  the  right 


line  joining  the  centres  of  the  two  parallel  circles,  about 
which  the  figure  is  described. 

le  is  any  . 

iangles,  /  \ 

lier  in  a  /  \ 

:  of  the  /jA\ 


108.  A  Pyramid,  is  a  solid,  whose  base  is  any 
right-lined  plane  figure,  and  its  sides  triangle 
haying  all  their  vertices  meeting  togethe 
point  above  the  base,  called  the  vertex 
pynmid. 

104.  A  pyramid,  like  the  prism,  takes  particular  names 
fiom  the  figure  of  the  base. 

105.  A  Cone,  is  a  round  pyramid,  having  a 
circular  base,  and  is  conceived  to  be  generated 
1^  the  rotation  of  a  right  line  about  the  circum- 
Arence^of  a  circle,  one  end  of  which  is  fixed  at 
a  point  above  the  plane  of  that  circle. 

106.  The  Axis  of  «  cone,  is  the  right  line,  joining  the 
vertex,  or  fixed  jpeint,  and  the  centre  of  the  ourcle  about 
which  the  ^gure  is  described* 

107.  Siaalar  Cones  and  Cylmders,  are  sueh  as  have  their 
mllitndes  and  the  -diameters  of  their  bases  proportienaL 

108.  A  Sphere,  is  a  solid  bounded  by  one  curve  surface, 
-which  is  'every  where  equally  distant  firom  a  certain  point 
within,  called  the  Centre.  It  is  conceived  to  be  generated 
by  the  rotation  of  a  semicircle  about  its  diameter,  which  re- 
mains fixed. 

109.  The  Axis  of  a  Sptiere,  is  the  right  line  about  which 
the  semicircle  revolves ;  add  the  centrej  is  the  same  as  that 
of  the  revolving  semicircle. 

110.  The  Diameter  of  a  Sphere,  is  any  right  line  passio^ 
through  the  centre,  and  terminated  both  ways  by  the  surface. 

111.  The  Altitude  of  a  solid,  is  the  perpendicular  dram 
6om  the  vertex  to  the  (^posite  side  or  base. 
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A  FBBFBiTDicuLAR  is  the  shoitest  line  t^hich  can  be  drawn 
from  any  point  to  a  plane. 

Let  AB  be  perpendicular  to  the  plane 
DE  ;  then  any  other  line,  as  ac,  drawn 
from  the  same  point  a  to  the  plane,  will 
be  longer  than  the  line  ab. 

In  the  plane  draw  the  line  nc,  joining 
thepoints  bc. 

Then,  because  the  line  ab  is  perpendi- 
cular to  the  plane  de,  the  angle  b  is  a  right  angle  (def.  90)^ 
and  consequently  greater  than  the  angle  c ;  therefore  the 
line  AB,  opposite  to  the  less  angle,  is  less  than  any  other  Ime 
AC,  oj^osite  the  greater  angle  (th.  21).    a.  e.  n. 


X 


TBEORSX  XOn. 

A  PEBPENDicui.As.meBSQrea  the  distance  of  any  point  from  a 
plane. 

Hie  distance  of  one  point  from  another  is  roeasund  by  a 
right  line  joining  them,  because  this  is  the  shortest  line  which 
can  be  drawn  from  one  point  to  another.  So,  also,  the  die- 
tance  from  a  ponit  to  a  line,  is  measured  by  a  perpendicu- 
lar,  because  this  line  is  the  shortest  whkh  can  be  drawn 
from  the  point  to  the  line.  In  like  manner,  the  distance 
from  a  point  to  a  plane,  must  be  measured  by  a  perpendicu- 
lar drawn  from  that  point  to  the  plane,  because  this  is  the 
shortest  line  which  can  be  drawn  from  the  point  to  the 
plane. 

THEOBSX  XOVII. 


The  common  section  of  two  planes,  is  a  right  line. 

Let  ACBDA,  AEBFA,  be  two  planes  cut- 
ting each  other,  and  a,  b,  two  points  in 
which  the  two  planes  meet ;  drawing  the 
line  AB,  this  line  will  be  the  common  in- 
tersection of  the  two  planes. 

For,  because  the  right  line  ab  touches 
the  two  planes  in  the  points  a  and  b,  it 
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touches  them  in  ail  other  points  (def.  20)  ;  this  line  is  there- 
fore common  to  the  two  planes.  That  is,  the  common  in* 
teisection  of  the  two  planes  is  a  right  line.    a«  b.  d. 

Cord,  From  the  same  point  in  a  plane,  there  cannot  be 
drawn  two  perpendiculars  to  the  plane  on  the  same  side  of 
it.  For,  if  It  were  possible,  each  of  these  lines  .would  be 
perpendicular  to  the  straight  line  which  is  the  conmion  inter- 
section of  the  plane  and  another  plane  passing  through  the 
two  perpendiculars,  which  is  im^iossible. 


THSORIM  XCmi. 

Ir  a  line  be  perpendicular  to  two  other  lines,  «t  their  com* 
moo  point  of  meeting ;  it  will  be  perpendicular  to  the  plane 
of  those  lines. 

Let  the  line  ab  make  right  angles  with  -^ 

the  lines  ac,  ab  ;  then  will  it  be  per- 
pendicular to  the  plane  cde  which  passes 
through  these  lines. 

If  the  line  ab  were  not  perpendicular  to 
the  plane  cdx,  another  plane  might  pass 
through  the  point  a,  to  which  the  line  ab 
would  be  perpendicular.  But  this  is  im- 
possible ;  mr,  since  the  angles  bao,  bad^  are  right  angles^ 
this  other  plane  must  pass  through  the  points  c,  d.  Hence» 
this  plane  passing  through  the  two  points  a,  c,  of  the  line 
AC,  and  through  the  two  points  a,  d,  of  the  line  ad,  it  will 
pass  through  l^th  these  two  lines,  and  therefore  be  the  same 
plane  with  the  former,    a.  b.  d. 


CS) 
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If  two  planes  cut  each  other  at  right  angles,  and  a  line 
be  drawn  in  one  of  the  planes  perpendicular  to  their 
common  intersection,  it  will  be  perpendicular  to  the  other 
plane. 

Let  the  two  planes  acbd,  abbf,  cut 
each  other  at  right  angles  ;  and  the  line 
CO  be  perpendicular  to  their  common  sec- 
tion AB  ;  then  will  co  be  also  perpendicu- 
lar to  the  other  plane  aebf. 

For,  draw  bo  perpendicular  to  ab. 
Hen,  because  the  two  lines,  oc,  ob,  are 
perpendicular  to  the  common  intersection 


C 


\: 


P 
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AB,  the  angle  cob  is  the  angle  of  inclination  of  the  two 
planes  (def.  92).  But  since  the  two  planes  cut  each  odier 
perpendicularly,  the  an^le  of  inclination  cge  is  a  right 
angle.  And  since  the  line  ca  is  perpendicttlar  to  the  two 
lines  6A,  OB,  in  the  plane  abbf,  it  is  therefore  perpendkalar 
to  that  plane  (th.  98).    a.  b.  p. 

CarcIL  1  •  Every  plane,  acb,  passing  through  a  perpendicolar 
oo  to  another  plane  abbf,  will  be  perpendicular  to  that  other 
plane.  For,  if  aob  be  not  perpendicular  to  the  plane  abbf, 
some  other  plane  on  the  same  side  of  abbf,  and  passing 
through  AB,  will  be  perpendicular  to  it.  Then,  if  from  the  point 
o  a  straight  line  be  drawn  in  this  other  plane  perpendicular  to 
4he  cosDoion  intersection,  it  will  be  perpBudicular  to  die  plane 
ambP*  But  (hyp.)  oo  is  perpendicular  to  that  plane.  There* 
fore,  there  will  be,  from  the  same  point  o,  two  perpendica* 
lars  to  the  same  plane  on  the  same  side  of  it,  which  is  im- 
possible (cor.  97).  * 

CoroL  3.  If  from  any  point  o  in  the  common  intersection 
-of  the  two  planes  acb  and  abbv  perpendicular  to  each  elber; 
<a  line  be  drawn  perpendicular  to  either  plane,  that  line  will 
be  in  the  other  plane. 


THBOBBM  C. 

If  two  lines  be  perpendicular  to  the  same  jriane,  they  will  be 
parallel  to  each  other. 

Let  the  two  lines  ab,  op,  be  both  per- 
pendicular to  the  same  plane  bbdf  ;  Uien 
wiU  AB  be  parallel  to  on. 

For,  join  b,  d,  by  the  line  bd  in  the 
plane.  The  plane  abd  is  perpendicular  to 
the  plane  ef  (cor.  1,  th.  99)  ;  and  therefore 
the  line  on,  drawn  from  a  point  in  the  common  intersection 
of  the  two  planes,  perpendicular  to  bf,  will  be  in  the  plane 
ABD  (cor.  2,  th.  99).  But,  because  the  lines  ab,  cd,  are 
perpendicular  to  the  plane  ef,  they  are  both  perpendicidar 
to  Uie  line  bd  in  that  plane,  and  they  have  been  proved  to 
be  in  the  same  plane  abd  ;  consequently,  they  are  paral« 
lei  to  each  other  (cor.  th.  18).     q.  b.  d. 

Card.  If  two  lines  be  parallel,  and  if  one  of  them  be  p^- 
pendicular  to  any  plane,  the  other  win  also  be  perpendiemar 
to  the  same  plane. 
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If  one  plane  meet  another  plane,  it  will  make  angles 
with  that  other  plane,  which  are  together  equal  to  two  right 
angles. 

Let  the  plane  acbd  meet  the  plane  jlbbf  ;  these  planes 
make  with  each  other  two  angles  whose  sum  is  equal  to  two 
light  angles.  ^ 

For,  through  any  point  e,  in  the  common  section  ab, 
draw  CD,  bf,  perpendicular  to  ab.  Then,  the  line  co 
makes  with  bf  two  angles  together  equal  to  two  right  angles. 
But  these  two  angles  are  (by  def.  92)  the  angles  of  inclina- 
tion of  the  two  planes.  Therefore  the  two  planes  make  an- 
gles with  each  other,  which  are  together  equal  to  two  right 
angles. 

Carol.  In  like  manner,  it  may  be  demonstrated,  that  planes 
which  intersect  have  their  vertical  or  opposite  angles  equal ; 
also,  that  parallel  planes  have  their  alternate  angles  equal ; 
and  so  09,  as  in  parallel  lines. 


THBOREK  CII. 

If  two  planes  be  parallel  to  each  other  ;  a  line  which  is 
perpendicular  to  one  of  the  planes,  will'also  be  perpendicular 
Co  die  other. 

Let  the  two  planes  cd,  bf,  be  parallel,        Tn/^S'^""SNTsi 
and  let  the  line  ab  be  perpendicular  to  the        ^f*  "^l!/ 
I^ane  cd  ;  then  shall  it  also  be  perpendi-  ^J — ^ 

cttlar  to  the  other  plane  bf. 

For,  from  any  point  o,  in  the  plane  bf, 
draw  OH  perpendicular  to  the  plane  cd,  and 
draw  AH,  BO. 


<s> 


Then,  because  ba,  oh,  are  both  perpendicular  to  the 
plane  cd,  the  angles  a  and  h  are  both  righ\  angles.  And 
because  the  planes  cd,  bf,  are  parallel,  the  perpendiculars 
BA,  OH,  are  equal  (def.  96).  Hence  it  follows  that  the  lines 
BO,  AH,  are  parallel  (def.  9).  And  the  line  ab  being  per- 
pendicular to  the  line  ah,  is  also  perpendicular  to  the  parallel 
line  BG  (eor.  th.  12). 

In  like  manner  it  is  proved,  that  the  line  ab  is  perpendicu^ 
lar  to  all  other  lines  which  can  be  drawn  from  the  point  b  in 
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the  plane  ef.    llierefore  the  line  ab  is  perpendicular  to  the 
'  whole  plane  xf  (def.  00).    d.  x.v. 


THKOBXK  cm. 


If  two  lines  be  parallel  to  a  third  line,  thongfa  not  in  the 
same  plane  with  it ;  they  will  be  parallel  to  each  other. 


Let  (he  linea  ab,  cd,  be  each  of  them 
parallel  to  the  third  lioe  ef,  though  not  in 
the  same  plane  with  it ;  then  wil)  Asbepa-       B 
mllel  to  CD. 

For,  from  any  point  g  in  the  line  ef,  let 
GH,  oi,  be  each  perpendicular  to  ef,  in  the 
planes  eb,  bd,  of  the  proposed  parallels.  i 

Then,  since  the  line  ef  is  perpendicular  .  /^N 
to  the  two  lines  gh,  oi,  it  is  perpendicular 
to  the  plane  ghx  of  those  lines  (th.  08).  And  beeause  ef 
is  perpendicular  to,  the  plane  ohi,  its  parallel  ab  is  also  per- 
pendicular  to  that  plane  (cor.  th.  99).  For  the  same  reason, 
the  line  cd  is  perpendicular  to  the  same  plane  ghi.  Hence, 
because  the  two  lines  ab,  cd,  are  perpendicular  to  the  same 
plane,  these  two  lines  are  parallel  (th.  99).    a.  b.  d. 


theorbm  civ. 


If  two  lines,  that  meet  each  other,  he  parallel  to  two 
other  lines  that  meet  each  other,  though  not  in  the  same 
plane  with  them  ;  the  angles  contained  by  those  lines  will  be 
equal. 

Let  the  two  lines  ab,  bc,  be  parallel  to 
the  two  lines,  de,  ef  ;  then  will  the  angle 
ABC  be  equal  to  the  angle  def. 

For,  make  the  lins  ab,  bc,  de,  ef,  all 
equal  to  each  other,  and  join  ac,  df,  ad, 

BE,  OF* 

Then,  the  lines  ad,  be,  joining  the  equal 
and  parallel  linos  ab,  de,  are  equal  and 
parallel  (th.  24).  For  the  same  reason,  cf,  be,  are  equal 
and  parallel,  llerefore  ad,  cf,  are  equal  and  parallel 
(th.  15)  ;  and  consequently  also  ac,  df  (th.  24).  Hence, 
tiie  two  triangles  abc,  def,  having  all  their  sides  equal) 
each  to  each,  have  their  angles  also  equal,  and  consequently 
the  angle  abc  =  the  angle  def.    a.  £.  d. 
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h^f^ 


Jg^ 


AN 


K^ 


Tos  Motions  made  by  a  plane  cutting  two  other  parallel 
planes,  are  also  parallel  to  each  other. 

Let  the  two  parallel  planes  ab,  cd,  be 
cttt  by  the  third  plane  bfho,  in  the  lines 
jBFy  6H :  these  two  sections  bf,  gh,  will 
be  parallel. 

Suppose  EO,  FH,  be  drawn  parallel  to 
each  other  in  the  plane  bfro  ;  also  let 
Ely  VK»  be  perpendicular  to  the  plane 
CD ;  and  let  lo^  xh,  be  joined. 

Then  eg,  fh,  being  parallels,  and  ei,  fk,  being  both 
perpendicular  to  the  plane  en,  are  also  parallel  to  each  other 
(th.  M)  ;  consequently  the  angle  hfk  is  equal  to  the  angle 
OBI  (th.  104).  But  the  angle  fkh  is  also  equal  to  the  angle 
BIO,  being  both  right  angles  ;  therefore  the  two  triangles  are. 
equiangular  (cor.  1,  th.  17) ;  and  the  sides  fk,  bi,  being  the 
equal  distances  between  the  parallel  planes  (def.  98),  it  foU 
lows  that  the  sides  fh,  eg,  are  also  equal  (th.  2).  But  these 
two  lines  are  parallel  (by  suppos.),  as  well  as  equal ;  con- 
oequently  the  two  lines  ef,  gh,  joining  those  two  equal 
paifallels,  are  also  parallel  (th.  34).    a.  e.  n. 


THBOREM  C^ru 


If  any  prism  be  cut  by  a  plane  parallel  to  its  base,  the  sec- 
tion will  be  equal  and  like  to  the  base. 

Let  AG  be  any  prism,  and  il  a  plane 
parallel  to  the  base,  ac  ;  then  will  the  plane 
IL  be  equal  and  like  to  the  base  ac,  or  the 
two  planes  will  have  all  their  sides  and  all 
their  angles  equal. 

For,  the  two  planes  ac,  il,  being  parallel 
by  hypothesis;  and  two  parallel  planes,  cut 
by  a  third  [dane,  having  parallel  sections 
(th.  105) ;  therefore  ix  is  parallel  to  ab,  and 
KL  to  Bc,  and  lx  to  en,  and  m  to  ad.  But  ai  and  bx  are 
parallels  (by  def.  95) ;  consequently  ax  is  a  parallelogram ; 
and  the  opposite  sides  ab,  ik,  are  equal  (th.  22).  In  like 
manner,  it  is  shofwn  that  xl  is  »  bc,  and  lx  =s  on,  and  uc 
«  AD,  or  the  two  planes  ac,  il,  are  mutually  equilateral.  But 
these  two  planes  having  their  corresponding  sides  parallel, 
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have  the  angles  contained  by  them  also  equal  (th.  104), 
namely,  the  angle  a  =  the  angle  i,  the  angle  b  «  the 
angle  k,  the  angle  c  ==  the  angle  l,  and  the  angle  n  s  the 
angle  x.  So  that  the  two  planes  ac,  il,  have  all  their 
corresponding  sides  and  angles  equal,  or  they  are  equal  and 
like,    a*  e.  d. 

THBOREM  evil. 

If  a  cylinder  be  cut  by  a  plane  parallel  to  its  base,  the 
section  will  be  a  circle,  equal  to  the  base. 

Let  AF  be  a  cylinder,  and  ohi  aay  sec- 
tion parallel  to  the  base  abc  ;  then  will  oiii 
be  a  circle,  equal  to  abc. 

For,  let  the  planes  ke,  kp,  pass  through 
the  axis  of  the  cylinder  mk,  and  meet  the 
section  ohi  in  the  three  points  h,  i,  l  ;  and 
join  the  points  as  in  the  figure.  ^ 

Then,  since  kl,  ci,  are  parallel  (by  def. 
102) ;  and  the  plane  Ki,  meeting  the  two 
parallel  planes  abc,  ohi,  makes  the  two  sections  xc,  u,  pa- 
rallel (th.  105) ;  the  figure  rlic  is  therefore  a  parallelogram, 
and  consequently  has  the  opposite  sides  u,  xc,  equal,  where 
KG  is  a  radius  of  the  circular  base. 

In  like  manner  it  is  shown  that  lh  is  equal  te  the  radius 
KB;  and  that  any  other  lines,  drawn  from  the  poiht  L  to 
the  circumference  of  the  section  ohi,  are  all  equal  to  radii 
of  the  base ;  consequently  ohi  is  a  circle,  and  equal  to  abo. 

a*  E.  B. 


THEOREM  CVUI. 


All  prisms  and  cylinders,  ef  equal  bases  and  altitudes,  are 
equal  to  each  other. 

Let  AC,  DF,  be  two 


prisms,  and  a  cylinder, 
on  equal  bases,  ab,  de, 
apd  having  equal  alti* 
tudes  bc,  ^f;  then  will 
the  solids  ac,  df,  be 
equal*. 
For,  let  po,  bs,  be 


Q  H 


0\ 


cav 


SOS 


*  This,  and  some  other  demonstrations  relative  to  solids,  are  opoo  the 
defective  principle  of  /iiiirift6^,  introduced  by  Cscaiertvf  in  tne  year 
1635.  Unfortunately,  demonstrations  upon  sounder  prinoiples  would 
not  accord  with  the  brevUy  of  this  Course.^ 
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mnj  two  leetiens  parallel  to  the  bates,  and  equidistant  from 
them.  Then,  by  the  last  two  theorems,  the  section  pa  is 
eqoal  to  the  base,  ab,  and  the  section  as  equal  to  the  base 
BB.  But  the  bases,  ab,  db,  are  equal,  by  the  hypothesis  ; 
-therefore  the  sections  po,  as,  are  equal  also.  lo  like  manner, 
it  may  be  shown,  that  any  other  •corresponding  sections  are 
«qual  to  one  another. 

Since  then  every  section  in  the  prism  ac  is  equal  to  its 
corresponding  section  in  the  prism  or  cylinder  dp,  the  prisms 
and  cylinder  themselves,  which  are  composed  of  an  equal 
number  of  all  those  equal  sections,  must  also  be  equal. 

a.  B.  D. 

Carol.  Every  prism,  or  cylinder,  is  equal  to  a  rectangular 
parallelopipedony  of  an  equal  base  and  altitude* 


THBORBX  CIX, 

Hbctaivovlab  parallelopipedons,  of  eqnal  altitudes,  are  to 
each  other  as  their  bases*. 

Let  AC,  BO,  be  two  rectan- 
jralar  parallelopipedons,  having 
2ie  equal  altitudes  ad,  eb  ; 
then  wiU  the  solid  ao  be  to  the 
tMlid  BG,  as  the  base  ab  is  to  the 
base  EF. 

For,  let  the  proportion  of  the 
base  AB  to  the  base  bf,  be  that 
of  any  one  number  nt  (3)  to 

any  other  number  ft  (2).  And  conceive  ab  to  be  divided 
into  SI  equal  parts,  or  rectangles,  ai,  lk,  kb  (by  dividing  an 
into  that  number  of  equal  parts,  and  drawing  ii,,  km,  paral- 
lel to  bn).  And  let  ef  be  divided,  in  like  manner,  into  n 
equal  parts,  or  rectangles,  bo,  pf  :  all  of  these  parts,  of  both 
bases,  beine  mutually  equal  among  themselves^  And  through 
the  lines  of  division  let  the  plane  sections  lb,  hs,  fv,  pass 
parallel  to  Aa»  bt. 

Then  the  parallelopipedons  ar,  ls,  mc,  bv,  po,  are  all 
equaly  having  equal  bases  and  altitudes.  Therefore  the  solid 
AC  is  to  the  solid  bo,  as  the  number  of  parts  in  the  former^ 
to  (he  number  of  eqnal  parts  in  the  latter ;  or  as  the  number 


*  Here,  alto,  the  prlDoiple  of  former  notes  may  readily  be  applied  in 
the  oaee  of  Inconmenrarablee. 
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6r  parts  in  ab  to  the  number  of  equal  parts  in  bf,  that  is,  as 
the  base  ab  to  the  base  bf.    o.  e.  n. 

Chroi.  From  this  theorem,  and  the  coroUarj  to  tfad  last,  it 
^mears  that  all  prisms  and  cylinders  of  equal  altitndei^  are 
to  each  other  as  their  bases ;  every  prism  and  cylinder  beii« 
equal  to  a  rectangulaf'parallelopipedon  of  an  equal  base  and 
altitude. 

THEOBEM  ex. 

RjBCTAiiouLAB  parallolopipedons,  of  eaual  bases,  are  to  each 
other  as  their  altitudes. 

Let  AB,  CD,  be  two  rectan-  -q 

ffular  parallelopipedons,  stand-  A        '7\ 

mg  on  the  equal  bases  ab,  of  ;  r-        [ 

then  will  the  solid  ab  be  to  the  >         "7^ 

fl(£doD,  as  the  altitude  bb  is  to 

the  altitude  fi>.  / 7® 
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For,  let  AG  be  a  rectangular        .^i.         «        v. 
parallelopipedon  on  the  blise 
AS,  and  its  altitude  bo  equal  to  the  altitude  fd  of  the  solid 

CD. 

Then  ao  and  cd  are  equal,  being  prisms  of  equal  bases  and 
.  altitudes.  But  if  hb,  bo,  be  considered  as  bases,  the  sdttds 
ab,  AG,  of  equal  altitude  ah,  will  be  to  each  other  as  those 
bases  hb,  hg.  But  these  bases  hb,  ho,  being  parallelograms 
of  equal  altitude  hb,  are  to  each  other  as  their  basies  bb, 
9G ;  therefore  the  two  prisms,  ab,  ag,  are  to  each  other  as 
the  lines  eb,  eg.  But  ag  is  equal  to  cd,  and  eg  equal  to  fd  ; 
consequently  the  prisms  ab,  cd,  are  to  each  other  as  their  al- 
titudes,  eb,  fd  ;  that  is,  ab  :  cd  : :  eb  :  fd.    o.  e.  d. 

CoroL  1.  From  this  theorem,  and  the  corollary  to  theorem 
108,  it  appears,  that  all  prisms  and  cylinders,  of  equal  bases, 
are  to  one  another  as  their  altitudes. 

Cord.  2.  Because,  by  corollary  1,  prisms  and  cylinders 
are  as  their  altitudes,  when  their  bases  are  equal.  And  by 
the  corollary  to  the  .last  theorem,  they  are  as  their  bases, 
when  their  altitudes  are  equal.  Therefore,  universally, 
when  neither  are  equal,  they  are^o  one  another  as  the  pro- 
duct of  their  bases  and  altitudes.  And  hence  also  these 
products  are  the  proper  numeral  measures  of  their  qoaiHities 
w  magnitudes. 


i 


I 
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SiOEXLAs  prisms  and  cylinders  are  to  each  other,  as  the 
eabes  of  their  altitudes,  or  of  any  other  like  linear  dimensions. 

Let  ABOi>,  j^rcR,  be  two  simillur 
prisms ;  then  wfll  the  prislkn  eo  be 
to  the  prism  6R|  as  ab'  to  sv'  or 
AB*  to  xh'. 

For  die  solids  are  to  ^ach  other 
as  the  product  of  their  bases  and 
altitudes  (th.  110,  cor.  2),  that  is, 

as   Ac  •  AD    to   EG  .  BH.      But  th(9 

bases,  being  similar  planes,  are  to  each  other  as  the  squares 
of  their  like  sides,  that  is,  ac  to  eg  as  ab'  to  si^;  therefore 
the  solid  en  is  to  the  solid  gh,  as  ab*  .  ad  to  et'  .  eh.  But 
BD  and  FR,  bein|r  similar  planes,  hare  their  like  sides  pro. 

portions],  that  is,  ab  :  ef  :  :  ad  :  eh, or  ab*  : 

■r*  :  :  ad^  :  eh'  :  therefore  ab*  .  ad  :  xt^  •  eh  :  :  a^  :  bf', 
or  :  :  ad'  :  eh'  ;  conseq.  the  solid  cd  :  solid  gk  :  :  ab'  :  ef'  : : 
ad'  :  eh'.     a«  X.  D. 


THEOBEX  CXII. 


In  any  pyramid,  a  section  parallel  to  the  base  is  similar  to 
the  base  ;  and  these  two  planes  are  to  each  other  as  the 
squares  of  their  distances  from  the  vertex. 

Let  ABCD  be  a  pyramid,  and  bfg  a  sec 
tion  parallel  to  the  base  bcd,  also  aih  a 
line  perpendicular  to  the  two  planes  at  h 
and  I :  then  will  bd,  eg,  be  two  similar 
planes,  and  the  plane  bd  will  be  to  the 
plane  eg,  as  ah'  to  ai'« 

For,  join  ch,  fi.  Hen  because  a  plane 
cutting  two  parallel  planes,  makes  parallel 
sections  (th.  105),  therefore  the  plane  abc, 
meeting  the  two  parallel  planes  bd,  eg,  makes  the  sections 
bo,  bf,  parallel :  In  like  manner,  the  plane  acd  makes  the 
se(;tions  cd,  fg  parallel.  Again,  because  two  pair  of  parallel 
lines  make  equd  angles  (th.  104),  the  two  ef,  fo,  which 
are  parallel  to  bc,  cd,  «Dake  ^the  angle  bfg  equal  the  angle 
BCD.  And  in  like  manner  it  is  shown,  that  each  angle  in 
the  plane  bo  is  equal  to  each  angle  in  the  plane  bd,  and  con- 
sequently those  two  planes  are  equiangular. 


Digitized  by  VjOOQ IC 


I 


SSP  OBOMtiTET. 

Again,  the  three  lines  ab»  ac,  ad,  making  with  the 
parallels  bc,  bf,  and  cd,  fo,  equal  angles  (th.  14),  and 
the  angles  at  a  being  common,  the  two  triangles  abc,  asf, 
are  equiangular,  as  also  the  two  triangles  acd,  afo,  and 
have  therefore  their  like  sides  proportional,  namely,  •  .  .  - 
AC  :  AF  :  :  bc  :  BF  :  :  CD  :  FG*  And  in  like  manner  it 
may  be  shown,  that  all  the  lines  in  the  plane  fo,  are  pro« 

E^rtional  to   all   the   corresponding  lines  in  the  base  bd. 
ence  these  two  planes,  having  their  angles  equal,  and  their 
sides  proportional,  are  similar,  by  def.  98. 

But,  similar  planes  being  to  each  other  as  the  squares  of 
their  like  sides,  the  plane  bd  :  bo  :  :  bc"  :  bf*,  or  :  :  ac*  : 
af*,  by  what  is  shown  above.  Also,  the  two  triangles 
ABC,  aif,  having  the  angles  h  and  i  right  ones  (th.  98), 
apd  the  angle  a  common,  are  equiangular,  and  have  there- 
fore their  like  sides  proportional,  namely,  ac  ;  af  :  :  ah  :  ai, 
or  AC*  :  af*  :  :  ah'  :  ai'.  Consequently  the  two  planes  bd, 
BG,  which  are  as  the  former  squares  ac*,  af',  will  be  also  aa 
the  latter  squares  ah',  ai',  that  is bd  :  bo  :  : 

AH*  :    Al".      0.  B.  D. 

THBORBK  CXIU. 

In  a  cone,  any  section  parallel  lo  the  base  is  a  circle ;  and 
this  section  is  to  the  base,  as  the  squares  of  their  distances 
fifooi  the  vertex. 

Let  ABCD  be  a  cone,  and  ghi  a  secti  on 
parallel  to  the  base  bcd  ;  then'  will  ghi 
be  a  circle,  and  bcd,  ghi,  will  be  to  each 
odier,    as  the  squares  of  tlieir  distances 
from  the  vertex. 

For,  draw  alf  perpendicular  to  the  two 
parallel  planes  ;  and  let  the  planes  acb, 
ADB,  pass  through  the  axis  of  the  cone 
AKB,  meeting  the  section  in  the  three  points 

H,  I,  K. 

Then,  since  the  section  ghi  is  parallel  to  the  base  bcd,  and 
the  planes  ok,  dk,  meet  them,  hk  is  parallel  to  cb,  and 
iKto  DB  (th.  105).  And  because  the  triangles  formed  by 
these  lines  are  equiangular,  xh  :  bc  :  :  ak  :  ab  :  :  ki  :  bd. 
But  Bc  is  equal  to  bd,  being  radii  of  the  same  circle  ;  there- 
fore HI  is  also  equal  to  kh.  And  the  same  may  be  shown  of 
any  other  lines  drawn  from  the  point  k  to  the  perimeter  of 
the  section  ghi,  which  is  therefore  a  circle  (def.  44).  * 

Again,  by  similar  triangles,  al  :  af  :  :  ak  :  ab,  or 
: :  SI :  bd,  hence  al'  :  af'  : :  xi*  :  bd'  ;  but  ki*  :  bd'  :•: 
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circle  ghi  :  circle   bcd    (th.  08)  ;    therefore  al'  :  at*  :  r 
circle  oki  :  circle  bcd.    q.  e.  d. 

THSOBEM  CXIV. 


All  pyramids,  and  cones,  of  equal  bases  and  altitudes,  arer 
equal  to  one  another. 

Let  ABC,  PEF,  be 
any  pyramids  and 
cone, ofequal bases 
BC,  EF,  and  equal 
altitudes  ao,  dh  : 
then  will  the  pyra- 
mids and  cone  abc 
and  DBF,  be  equal. 

For,  parallel  to  the  bases  and  at  equal  distancesAN,  do, 
from  the  vertices,  suppose  the  planes  ik,  lx,  to  be  drawn. 

Then,  by  the  two  preceding  theorems, • 

do'  :  dh'  :  :  lm  :  ef,  and 
AN*  :  Ao'  : :  IK  :  bc. 

But  since  Aif",  ao',  are  equal  to  do',  dh',  respectively, 
therefore  ik  :  bc  :  :  lm  :  ef.  But  bc  is  equal  to  ef, 
by  hypothesis  :  therefore  ik  is  also  equal  to  lm. 

In  like  manner  it  is  shown,  that  any  other  sections,  al 
equal  distance  from  the  vertex,  are  equal  to  each  other. 

Since  then,  every  section  in  the  cone,  is  equal  to  the  cor- 
responding section  in  the  pyramids,  and  the  heights  are  equal, 
the  solids  abc,  dbf,  composed  of  all  those  sections,  must  be 
equal  also.     a.  e.  d. 


theorem  cxv. 

Evert  pyramid  is  the  third  part  of  a  prism  of  the  same  base 
and  altitude. 

Let  ABCDEF  be  a  prism,  and  bdef  a  A 

pyramid,  on  the  same  triangular  base  def  :  • 
then  will  the  pyramid  bdef  be  a  third  part  ^ 

of  the  prism  abcdef. 

For^  in  the  planes  of  the  three  sides  of 
the  prism,  draw  the  diagonals  bf,  bd,  cd. 
Then  the  two  planes  bdf,  bcd,  divide  the 
whole  prism  into  the  three  pyramids  bdef, 
DABC,  DBCF,  which  BTO  proved  to  be  all  equal  to  one  another, 
as  follows. 

Since  the  opposite  ends  of  the  prism  are  equal  to  each  other, 
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the  pyramid  ivhose  base  is  4bc  and  vertex  d,  is  equmi  to  tbe 
pyramid  whose  base  is  dsf  and  vertex  b  (th.  114}i  being 
pyramids  of  equal  base  and  altitude. 

But  the  latter  pyramid,  whose  base  is  dbf  and  vertex  b, 
is  the  same  solid  as  the  pyramid  whose  base  is  sspand 
vertex  d,  and  this  is  equal  to  the  third  pyramid  whose  base 
is  BCF  and  vertex  d,  being  pyramids  of  the  same  altitude  and 
equal  bases  bbf,  bcf. 

Consequently  all  the  three  pyramids,  which  compose  the 
prism,  are  equal  to  each  other,  and  each  pyramid  is  the 
third  part  of  the  prism,  or  the  prism  is  triple  of  the  pyramid, 
a.  b.  b. 

Hence  also,  every  pyramid,  whatever  its  figure  may  be,  is 
the  third  part  of  a  prism  of  the  same  base  and  altitude ; 
since  the  base  of  the  prism,  whatever  be  its  figure,  may  be 
divided  into  triangles,  and  the  whole  solid  into  triangular 
prisms  and  pyramids. 

Coral.  Any  cone  is  the  third  part  of  a  cylinder,  or  of  a 
prispa,  of  equal  base  and  altitude  ;  since  it  has  been  proved 
&at  a  cylinder  is  equal  to  a  prism,  and  a  cone  equal  to  a 
pyramid,  of  equal  base  and  altitude. 

Scholium.  Whatever  has  been  demonstrated  of  the  pro. 
portionality  of  prisms^  or  cylinders,  holds  equally  true  ot 
pyramids,  or  cones  ;  the  former  being  always  triple  the 
latter ;  viz.  that  similar  pyramids  or  cones  are  as  the  cubes 
of  their  like  linear  sides,  or  diameters,  or  altitudes,  &c. 
And  the  same  for  all  similar  solids  whatever,  viz.  that  they 
are  in  proportion  to  each  other,  as  the  cubes  of  their  like 
linear  dimensions,  since  they  are  composed  of  pyramids  every 
way  similar. 

THBOBXai  cxvi. 

If  a  sf^here  be  cut  by  a  plane,  the  section  will  be  a  circle. 

Let  the  sphere  abbf  be  cut  by  the  plane       ^\  _E 
ADB ;  then  will  th^  section  jldb  be  a  circle* 

If  the  section  pass  through  the  centre  of 
the  sphere,  then  will  the  distance  from  the 
centre  to  every  point  in  the  peripheir  of  * 
that  section  be  equal  to  th^  radius  of  the 
sphere,  and  consequently  such  section  is  a 
circle.  Such,  in  truth,  is  the  circle  eafb 
in  the  figure. 

Draw  the  chord  ab,  or  diameter  of  the  section  adb  ;  per* 
pendicular  to  which,  or  to  the  said  section,  draw  the  axis  of 
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the  Sfrhere  bcgi*,  fhrough  the  centre  o«  which  will  Meect  tb*e 
clioYd  AB  in  the  point  o  (ch.  41).  Also,  join  ca,  cb;  anit 
draw  CIS  ei>>  to  any  point  i>  in  the  perimeter  of  ([he  see- 

tion  ABB. 

.  Then,  becHuse  co  id  perpendicular  to  the  plane  abb,  it  ig 
perpendieular  both  to  o\  and  od  (def.  90).  So  that  coa, 
CGB  are  two  right-angled  trianglee,- having  the  perpendi- 
etilaf  CO  common,  and  the  two  hypothenuaes  oa,  ob,  eqnal^ 
befaig  beth  radii  ef  the  sphere ;  therefore  the  third  sides  gA, 
GD,  are  also  equal  (cor.  2,  th.  34).  In  like  manner  it  is 
shown,  that  any  other  line,  drawn  from  the  centre  o  toJthe 
circuoilerence  of  the  section  abb,  is  eqaal  to  qa  or  gb  ;  con- 
seqnently  that  sectioo  is  a  circle. 

i^AoZttoa.  The  section  through  the  centre,  having  the 
same  centre  and  diameter  as  the  sphere,  is  called  a  ffreat 
cira(e  of  the  sphere  ;  the  other  plane  sections  being  little, 
circle. 

THEORBX  CXVU. 

Evbry  sphere  is  two*thirds  of  its  circumscribing  cylinder. 

Let  ABCB  be  a  cylinder,  circumscribing    A  F         B 

the  sphere  bfgh  ;  then  will  the  sphere 
U9BH  be  two-thirds  of  the  cylinder  abcb. 

For,  let  the  plane  ac  be  a  section  of  the 
sphere  and  cylindei  through  the  centre  i. 
Join  Ai,  bi.  Also,  let  fih  be  parallel  to 
AD  or  BC,  and  big  and  kl  parallel  to  ab 
or  DC,  the  base  of  the  cylinder ;  the  latter 
line  KL  meeting  bi  in  x,  and  the  circular  section  of  the 
sphere  in  v. 

Then,  if  the  whole  plane  hfbc  be  conceived  to  revolve 
about  the  line  hf  as  an  axis,  the  square  fo  will  describe 
a  cylinder  ag,  and  the  quadrant  ifg  will  describe  a  hemi- 
sphere BFO,  and  the  triangle  ifb  will  describe  a  cone  iab. 
Also,  in  the  rotation,  the  three  lines  or  parts  kl,  kit,  kx,  as 
radii,  will  describe  corresponding  circular  sections  of  those 
solids,  namely,  kl  a  section  of  the  cylinder,  kn  a  section  of 
the  sphere,  and  kk  a  section  of  the  cone. 

Now,  FB  being  equal  to  n  or  ig,  and  kl  paraUel  to  fb, 
then  by  similar  triangles  ik  is  equal  to  kk  (th.  82).  And 
since,  in  the  right-angled  triangle  ikn,  in"  is  equal  to  ix' 
+  Ki^  (th.  34)  ;  and  because  kl  is  equal  to  the  radius  ig 
or  IN,  and  kx  =  ik,  therefore  kl^  is  equal*  to  xx*  +  kb*, 
or  the  square  of  the  longest  radius,  of  the  said  circular 

VoLL  46 
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8e*ction0y  is  equal  to  the  sum  of  the  squares  of  the  two  odierat. 
And  because  circles  are  to  each  other  as  the  squares  of  their 
diameters,  or  of  their  radii,  therefore  the  circle  described  by 
KL  is  equal  to  both  the  circles  described  by  kx  and  kh  ;  of 
the  section  of  the  cylinder,  is  equal  to  both  the  corresponding 
sections  of  the  sphere  and  cone.  And  as  this  is  always  the 
case  in  every  parallel  position  of  kl,  it  follows,  that  the  cy- 
linder BB,  which  is  coRiposed  of  all  the  former  sections,  is 
equal  to  the  hemisphere  efg  and  cone  iab,  which  are  conu 
posed  of  alt  the  latter  sections. 

But  the  cone  iab  is  a  third  part  of  the  cylinder  bb  (cor.  2, 
th.  115);  consequently  the  hemisphere  bfg  is  equal  to  the 
reroaming  two-thirds  ;  or  the  whole  sphere  bfoh  equal  to 
two-tlvirds  of  the  whole  cylinder  abcd.     a*  b.  n. 

Carol.  1.  A  cone,  hemisphere,  and  cylinder  of  the  same 
base  and  altitude,  are  to  each  other  as  the  numbers  I,  2,  3. 

Carol.  2.  All  spheres  are  to  each  other  as  the  cubes  of 
their  diameters ;  all  these  being  like  parts  of  their  circora* 
scribing  cylinders. 

Carol.  3.  From  the  foregoing  demonstration  it  also  ap« 
pears,  that  the  spherical  zone  or  frustum  bobp,  is  equal  to 
the  difference  between  the  cylinder  bglo  and  the  cone  mOt 
all  of  the  same  cosfimon  height  ik.  And  that  the  spherical 
segment  pfn,  is  equal  to  the  difference  between  the  cylinder 
ABLo  and  the  conic  frustum  aqmb,  all  of  the  same  commoa 
altitude  fk.  , 
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To  bisect  a  line  ab  ;  that  is,  to  divido  it  into  two  eqaal  par(i« 

Prom  the  two  ceDtres  a  and  b,  with  any 
equal  radii,  describe  arcs  of  circles,  inter- 
secting each  other  in  c  and  d  ;  and  draw 
the  line  on,  which  will  bisect  the  given  Ibe 
AB  in  the  point  b* 

For,  draw  the  radii  ac,  bc,  ai>,  bd. 
llien,  because  all  these  four  radii  are  equal, 
and  the  side  43d  common,  the  two  triangles 
ACD,  BCD,  are  mutually  equilateral :  consequently  they  are 
also  nutuaUy  equiangular  (th.  5),  and  have  the  angle  acb 
equal  to  the  angle  bcb. 

Hence,  the  two  triangles  ace,  bce,  having  the  two  sides 
AO,  CE,  equal  to  the  two  sides  bo,  cib>  and  their  contained 
angles  equal,  are  identical  (th»  1),  and  therefore  have  the 
m&  AM  equal  to  eb«    a*  b.  d. 


ntoBLBM  n. 


To  bisect  an  angle  bac*. 

From  the  centre  a,  with  any  radius,  de- 
scribe an  arc,  cutting  off  the  equal  lines 
AO,  AB  ;  and  from  the  two  centres  ,d,  e, 
with  the  same  radius,  describe  arcs  inter- 
secting in  F  ;  then  draw  Ar,  which  will 
bisect  the  angle  a  as  required. 


*  A  very^  InMnioas  instntment  for  trimOmg  an  anglei  is  datcribed  ia 
lU  Mechaaie*!  M agasine,  No.  S2,  p.  844. 
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Port  jo>n  DFy  EF.  Then  the  two  triangles  adf,  axf, 
httving  the  two  sides  ad,  dp,  equal  to  the  two  ab^  bf  (heii^^ 
equal  radii),  and  the  side  af  common,  they  are  mutually 
equilateral ;  consequently  they  are  also  mutually  equiangular 
(th.  5),  and  have  the  angle  bap  equal  to  the  angle  oaf. 

Scholium,  In  the  same  manner  is  an  arc  of  a  circle  hi- 
sected. 

PBOBLBK  m. 

At  a  given  point  c,  in  a  line  ab,  to  erect  a  perpendicular. 

From  the  given  point  c,  with  any  radius, 
cut  off  any  equal  parts  cd,  cb,  of  the  given 
line  ;  and,  from  the  two  centres  d  and  s, 
with  any  one  radius,  describe  arcs  intersect- 
ing in  f  ;  then  join  cf,  which  will  be  per- 
pendicular as  required. 

For,  draw  the  two  equal  radii  noPf  bf.  Then  Ae  tpa 
triangles  cdf,  cef,  having  the  two  sides  cd,  dp,  equal  to 
die  two  CB,  BF,  and  cf  common,  are  mutually  equilateral  ; 
consequently  they  are  also  mutually  equiangular  (th.  6),  and 
have  the  two  adjacent  angles  at  c  equal  to  each  other ;  Ib^re- 
fore  the  hne  of  is  perpendicular  to  ab  (4ef.  jl). 

Whbn  the  given  point  c  is  near  the  end  of  the  lint. 

From  any  point  d  assumed  above  the 
line,. as  a  centre,  through  the  given  point 
o  describe  a  circle,  cutting  the  given  line 
at  E  ;  and  through  e  and  the  centre  d, 
draw  the  diameter  edf;  then  join  cf, 
which  will  be  the  perpendicular  required. 

For  the  angle  at  c,  being  an  angle  in  a  semicircle,  is  a 
right  angle,  and  therefore  the  line  cf  is  a  perpendicular  (by 
def.  16). 

FBOBLEM  IV. 

Prom  a  given  point  Ay  to  let  fall  a  perpen4^cular  on  a  gifW 
line  Bc. 


i 


From  the  given  point  a  fis  a  centre,  with 
any  convenient  radius,  describe  an  arc,  cut- 
ting the  given  line  at  the  two  points  d  and 
X  ;  and  from  the  two  centres  n,  e,  with  any 
radius,  describe  two  ores,  intersecting  at  p  ; 
then  draw  aof,  which  wil)  be  perp^pdicular 
Co  EC  as  required. 
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For,  draw  the  equal  radii  ad,  ai»  and  df,  sr.  Then  the 
two  triangles  adf,  abf,  haviqg  the  tw6  sides  ad  df»  equal 
to  the  two  ABy  BF,  and  af  common,  are  mutually  e<piilateral ; 
coosequently  they  ar9  also  mutually  equiangular  (Uu  6),  and 
have  the  angle  dag  equal  the  angle  bag.  Hence-then,  the 
two  triangles  adg,  abg,  having  the  two  sides  ad,  ag,  equal 
to  the  two  AB,  AG,  and  their  included  angles  equal,  are  there* 
fore  equiangular  (th.  1),  and  have  the  angles  at  g  equal ; 
consequently  ag  is  perpendicular  to  bc  (def.  11). 

Otheneise. 
Whbh  the  given  pcnnt  is  nearly  opposite  the  end  of  the  Kne. 

From  any  point  d,  in  the  given  line 
bc,  as  a  centre,  describe  the  arc  of  a 
cirqle  through  the  given  point  a,  cutting 
BO  in  B  ;  and  from  the  centra  99  with  the 
radius  ba,  describe  another  arc,  cutting 
the  former  in  f  ;  then  draw  agf,  which 
will  be  perpendicular  to  bc  as  required. 

For,  draw  the  eqi^l  radii  das  df,  and  bai  bf«  Then  the 
two  triangles  dak,  dfb,  will  be  mutually  equiktersl ;  conse* 
quently  they  are  also  m^tuaUy  equiangular  (th.  5),  and  have 
the  angles  at  ^  equal*  lience,  the  two -triangles  DAOy^F^t 
having  the  two  sides  da,  do,  equal  to  the  two  pf,  dg,  ana 
the  included  angles  at  d  equal,  have  also  the  angles  at  g 
equal  (th.  1)  ;  consequently  those  angles  at  g  are  right 
angles,  and  the  line  ag  is  perpendicular  to  dg. 


fsoblem  v. 

At  a  given  point  a,  in  a  lin^  ab»  to  make  an  sngl^  eqiaal^. 
a  given  ao^  o* 


From  the  centres  a  and  c,  with  any  one 
radius,  describe  the  arcs  db,  fo.  Then, 
with  radias  db,  and  centre  f,  describe  an 
arc,  cutting  fg  in  g.    Through  g  draw 


the  line  ag^  and  it  will  form  the  angle  re-  ^^ 

quired.  ^^y^  \ 

For,  conceive  th^  ^al  lines  or  radii,         ^  ^^ 

DB,  FG,  to  be  drawn,    "nien  the  two  trian- 
{^ea  oDB,  AJrQ«  being  mutualiy  equilateral  are  muDiially  equU 
angular  (tk  fi)i  aodhave  the  angle  at  a  equel  t9  tha  Mile  q« 
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FHOBX.BM  VX. 

Thxouob  a  given  point  a,  to  draw  a  lioe  parallel  to  a  giyen 
line  Bc. 

From  the  given  point  ▲  draw  a  line  ad  ^EA E 

to  any  point  in  the  given  line  bc.     Theri 

draw  the  line  eaf  making  the  angle  at  a  ^ 

equal  to  the  angle  at  d  (by  prob.  5) ;  so  ^g  jTc 

shall  EF  be  parallel  to  bc  as  required. 

For,  the  angle  d  being  equal  to  the  alternate  angle  a,  the 
lines  BCy  bf,  are  parallel,  by  th.  13. 

FBOBLEM  VU. 

To  divide  a  line  ab  into  any  proposed  number  of  equal 
parts. 

Draw  any  other  line  ac,  forming  any 
angle  with  the  given  line  ab  ;  on  which 
set  off  as  many  of  any  equal  parts  ad,  db, 
BF,  Fc,  as  the  line  ab  is  to  be  divided  into. 
Join  BC ;  parallel  to  which  draw  the  other 
lines  FG,  BH,  Di :  then  these  will  divide  ab 
in  the  manner  as  required. — For  those  parallel  lines  divide 
both  the  sides  ab,  ac,  proportionally,  by  th.  62. 

FBOBLEM  VUI. 

To  find  a  third  proportional  to  two  given  lines  ab^  ac. 

Place  the  two  given  lines  ab,  ac, 

forming  any  angle  at  a  ;  and  in  ab  take  A — JB 

also  AD  equal  to  ac.     Join  bc,  and  A-               C 

draw  DB  parallel  to  it ;  so  will  ab  be  E>/R 

the  third  proportional  sought.  ^'''n/V 

For,  because  of  the  parallelis,  bc,  db,  A--^^^— yTr^ 

the  two  lines  ab,  ac,  are  cut  propor- 
tionally (th.  82) ;  so  that  ab  :  ac  : :  ad  or  ac  :  ab  ;  thera* 
ibre  AB  is  the  third  proportional  to  ab,  ac. 

PBOBLEK  IX. 

To  find  a  fourth  proportional  to  three  lines  ab,  ac,  ad. 

Place  two  of  the  given  lines  ab,  ac,  makins  any  angle  at 
A ;  also  place  ad  on  ab.    Join  bc  ;  and  pariJlel  to  il  draw 


OHoi 
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mt :  8o  shall  ab  be  the  fourth  propor- 
tional as  required. 

For,  because  of  the  parallels  bc,  de, 
the  two  sides  ab,  ac,  are  cut  propor- 
tionally (th.  82}  ;  «>  that  .... 
AB  :  AC  : :  AD  :  ab.  . 


A. 


PROBLBX  Z. 


To  find  a  mean  proportioi^al  between  two  lines  ab,  bc. 


Place  AB,  BC,  joined  in  one  straight 
line  AC :  on  which,  as  a  diameter,  describe 
the  semicircle  adc  ;  to  meet  which  erect 
the  perpendicular  bd  ;  and  it  will  be  the 
mean  proportional  sought,  between  ab  and 
bc  (by  c«r.  th.  87). 

PROBLEM  XX. 


D— C 


-B 


Ch 


To  find  the  centre  of  a  circle. 

Draw  any  chord  ab  ;  and  bisect  it  per- 
pendicularly with  the  line  cd,  which  will  be 
a  diameter  (th.  41,  cor.).  Therefore  cd 
bisected  in  o,  will  give  the  centre,  as  requir- 
ed. 


OB    C 


A, 


FBOBLEH  Xn. 

To  describe  the  circumference  of  a  circle  through  three  given 
points  A,  B,  c. 

From  the  middle  point  b  draw  chords 
BA,  BO,  to  the  two  other  points,  and  bi- 
sect these  chords  perpendicularly  by  lines 
meeting  in  o,  which  will  be  the  centre. 
Then  from  the  centre  o,  at  the  distance 
of  any  one  of  the  points,  as  oa,  describe 
a  circle,  and  it  will  pass  through  the  two 
other  points  a,  c,  as  required. 

For  the  two  right-angled  triangles  oad,  obd,  having  the 
sides  AD,  DB,  equal  (by  constr.),  and  on  common,  with  the 
included  right  angles  at  d  equal,  have  their  third  sides  oa, 
OB,  also  equal  (th.  1).  And  in  like  manner  it  is  shown  that 
oc  is  equal  to  on  or  oa.  So  that  all  the  three  oa,  ob,  oc,  be- 
ing equal,  will  be  radii  of  the  same  circle. 
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PROBLEM  Xni. 


To  draw  a  tangent  to  a  circle,  through  a  given  point  a. 

When  the  given  point  ▲  is  in  the  circom. 
ference  of  the  circle :  Join  a  and  the  centre 
o ;  perpendicular  to  which  draw  bac,  and  it 
will  be  the  tangent,  by  th.  46. 

But, when  the  given  point  a  is  out  of  the 
circled  Draw  ao  to  the  centre  o ;  on  which 
aa.a  diameter  describe  a  semicircle,  cutting 
the  given  circumference  in  d  ;  through  ^ 
which  draw  badc,  which  will  be  the  tangent 
as  required. 

For,  join  do.  Then  the  angle  ai^o,  in  a 
semicircle,  is  a  right  angle,  and  consequent- 
ly  AD  is  perpendicular  to  the  f  adius  do,  or 
is  a  tangent  to  the  circle  (th.  46). 

PROBLBM  XIT. 

On  a  given  line  b  to  describe  a  segment  of  a  circle,  to  contain 
a  given  angle  c. 

At  the  ends  of  die  given  line  make 
angles  dab,  dba,  each  equal  to  the 
given  angle  c.  Then  draw  ax,  bb, 
perpendicular  to  ad,  bd  ;  and  with  the 
centre  b,  and  radius  ea  or  eb,  describe 
a  circle ;  so  shall  afb  be  the  segment 
required,  as  any  angle  f  made  in  it  will 
be  equal  to  the  given  angle  o. 

For,  the  two  lines  ad,  bd,  being 
perpendicular  to  the  radii  ea,  eb  (by  constr.),  are  tangents 
to  the  circle  (th.  46) ;  and  the  angle  a  or  b,  which  is  equal  to 
the  given  angle  c  by  construction,  is  equal  to  the  angte  f  in 
the  alternate  segment  abb  (th.  58). 

PBOBUIM  XV. 

To  cut  off  a  segment  from  a  circle,  that  shall  contain  a  given 
angle  c. 

Draw  any  tangent  ab  to  the  given 
circle ;  and  a  chord  ad  to  make  the 
angle  dab  equal  to  the  given  angle  c ;  • 
then  DBA  will  be  the  segment  required, 
any  angle  b  made  in  it  being  equal  to 
the  given  angle  c. 
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For  the  angle  a,  made  by  the  tangent  and  chord,  which 
18  equal  to  the  given  angle  c  by  conatruction,  is  also  equal  to 
any  angle  s  in  the  alternate  segment  (th.  53).  ' 


PBOBLEM  XVI. 

To  make  an  equilateral  triangle  on  a  given  line  ab« 

From  the  centres  a  and   b,   with   the  ^ 

distance  ab^  describe  arcs,  intersecting  in 
o.  Draw  ac,  bc,  and  abc  will  be  the 
equilateral  triangle. 

For  the  equal  radii,  ac,  bc,  are,  each  of 
them,  equal  to  ab. 


FBOBLEH  Xni. 


To  make  a  triangle  with  three  given  lines  ab,  ac,  bc. 


A 


With  the  centre  a,  and  distance  ac, 
describe  an  arc.     With  the  centre  b,  and 
distance  bc,  describe  another  arc,  cutting 
the  former  in  c.     Draw  ab,  bc,  and  abc         j^, 
will  be  the  triangle  required. 

For  the  radii,  or  sides  of  ihe  triangle,        -^' 
AC,  BC,  are  equal  to  the  given  lines  ac, 
BC,  by  construction. 


PBOBtEM  xvin. 

To  make  a  square  on  a  given  line  ab« 

Raise  ab,  bc,  each  perpendicular  and 
«qual  to  AB ;  and  join  1X2 ;  so  shall  abcd  be 
the  square  sought. 

For  all  the  three  sides  ab,  ad,  bc,  are 
equal,  by  the  construction,  and  dc  is  equal 
and  parallel  to  ab  (by  th.  24) ;  so  that  all  the 
four  sides  are  equal,  and  the  opposite  ones  are  parallel. 
Again,  the  angle  a  or  b,  of  the  parallelogram,  being  a  right 
angle,  the  angles  are  all  right  ones  (cor.  1,  th.  22).  Hence, 
then,  the  figure,  having  all  its  sides  equal,  and  all  its  angles 
right,  is  a  square  (def.  34)« 
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OEOVBTRY* 


PROBLSK  XIZ. 


To  make  a  rectangle,  or  a  parallelogram,  of  a  given  lehgtb 
and  breadth,  ab,  bc. 

Erect  AD,  BC,  perpendicular  to  ab,  and 
each  equal  to  bc  ;  then  join  dc,  and  it  is 
done. 

The  demonstration  is  the  same  as  the  _ 

last  problem.  B  C 

And  in  the  same  manner  is  described  any  oblique  parai- 
lelogram,  only  drawing  ai>  and  bc  to  make  the  given  oblique 
angle  with  ab,  instead  of  perpendicular  to  it. 


PROBLEM  xz« 

To  inscribe  a  circle  in  a  given  triangle  abc. 

Bisect  any  two  angles  a  and  b,  with 
the  two  lines  ad,  bd.  From  the  inter* 
section  d,  which  will  be  the  centre  of 
the  circle,  draw  the  perpendiculars  db, 
DF,  i>G,  and  they  will  be  the  raclii  of  the 
circle  required. 

For,  since  the  angle  dab  is  equal  to 
the  angle  dag,  and  the  angles  at  s,  o, 
right  angles  (by  constr.),  the  two  triangles,  adb,  ado,  are 
equiangular ;  and,  having  also  the  side  ad  commoDy  they  are 
identical,  and  have  the  sides  de,  do,  equal  (th.  2).     In  like 
manner  it  is  shown,  that  df  is  equal  to  de  or  dg. 

Therefore,  if  with  the  centre  d,  and  distance  de,  a  circle 
be  described,  it  will  pass  through  all  the  three  point^  b,  f,  o» 
in  which  pomts  also  it  will  touch  the  three  sides  of  the  tri» 
angle  (th.  46),  because  the  radii  db,  df,  do,  are  perpendicup 
lar  to  them. 

PROBLEM  XXI. 

To  describe  a  circle  about  a  given  triangle  abc. 

Bisect  any  two  sides  with  two  of  the 
perpendiculars  de,  df,  dg,  and  d  will 
be  the  centre. 

For,  join  da,  db,  dc.  Then  the  two 
right.angled  triangles  dab,  dbe,  have 
the  two  sides,  de,  ea,  equal  to  the  two 
DBy  EB,  and  the  included  angles  at  b 
equal :  those  two  triangles  are  therefore 
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iifeiitica]  (th,  1),  and  have  the  side  da  equal  to  db.  In  like 
vnanner  it  ib  shown,  that  dc  is  also  equal  to  da  or  db.  So 
that  all  the  three  da,  db,  dc,  being  equal,  they  are  radii  of 
«  circle  passing  through  a,  b,  and  c. 


ntOBUBX  XXiX. 

To  inscribe  an  equilateral  triangle  in  a  given  circle. 

Through  the  centre  c  draw  any  dinmetcr 
ab.  From  the  point  b  as  a  centre,  with  the 
radius  bc  of  the  given  circle,  describe  an 
arc  DCS.  Join  ad,  ae,  de,  and  adk  is  the 
equilateral  triangle  sought. 

For,  join  db,  dc,  bb,  ec.  Then  dcb 
is  an  equilateral  triangle,  having  each  side 
equal  to  the  radius  of  the  given  circle.  In 
like  manner,  bce  is  an  equilateral  triangle.  Rut  the  angle 
ade  is  equal  to  the  angle  abe  or  cbb,  standing  on  the  same 
arc  ab  ;  also  the  angle  akd  is  equal  to  the  angle  cbd,  on  the 
same  arc  ad  ;  hence  the  triangle  dae  has  two  of  its  angles, 
ADR,  AED,  equal  to  the  angles  of  an  equilateral  triangle,  and 
therefore  the  third  angle  at  a  is  also  equal  to  the  same  ;  so 
dial  the  triangle  is  equiangular,  and  therefore  equilateral. 


noBUBM  xxin. 

To  inscribe  a  square  in  a  given  circle* 

Draw  two  diameters  ac,  bd,  crossing 
at  right  angles  in  the  centre  e.  Then 
join  the  four  extremities  a,  b,  c,  d,  with 
right  lines,  and  these  will  form  the  in* 
scribed  square  abcd. 

For  the  four  right-angled  triangles 
aeb,  brc,  ced,  dea,  are  identical  he- 
cause  they  have  the  sides  ea,  eb,  ec,  ed, 
all  equal,  l>eiDg  radii  of  the  circle,  and 
the  four  included  angles  at  e  all  equal, 
i)eiog  right  angles,  by  the  construction.  Therefore  all  their 
third  sides  ab,  bc,  cd,  da,  are  equal  to  one  another,  and  the 
figure  abcd  is  equilateral.  Also,  all  its  four  angles,  a,  b,  o,  d, 
are  right  ones,  being  angles  in  a  semicircle.  Consequently 
the  figure  is  a  square. 
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PROBLEM  XXir. 

To  describe  a  square  about  a  given  circle* 

Draw  two  diameters  ac,  bd,  crossing 
at  right  angles  in  the  centre  e.  'J'hen 
through  their  four  extremities  draw  fo, 
in,  parallel  to  ac,  and  n,  9K,  parallel 
lo  BDy  and  they  will  form  the  square 

FGHr. 

For,  the  opposite  sides  of  parallelo- 
grams being  equal,  fo  and  ih  are  each 
equal  to  the  diameter  ac,  and  fi  and  gh  each  equal  to  the 
diameter  bd  ;  so  that  the  figure  is  equilateral.  AgaiOi  be- 
cause  the  opposite  angles  of  parallelograms  are  equal,  all  the 
four  angles  f,  g,  u,  i,  are  right  angles,  being  equal  to  the 
opposite  angles  at  b.  So  that  the  figure  fohi,  having  its 
sides  equal,  and  its  angles  right  ones,  is  a  square,  and  its  sides 
touch  the  circle  at  the  four  points  a,  b,  c,  n,  being  perpen^ 
dicular  to  the  radii  drawn  to  those  points. 

PBOBLSK  zxv. 

To  inscribe  a  circle  in  a  given  sqeare. 

^isect  the  two  sides  f6«  fi,  in  the  points  a  and  b  (last  fig.). 
Then  through  these  two  points  'draw  ac  parallel  to  fc  or  le, 
and  BD  parallel  to.  fi  or  gh.  Then  the  point  of  intersection 
E  will  be  the  centre,  and  the  four  lines  sa,  eb,  sc,  ed,  radii 
of  the  inscribed  circle. 

For,  because  the  four  parallelograms  bf,  eg,  br,  bt,  have 
their  opposite  sides  and  angles  equal,  therefore  all  the  four 
lines  EA,  eb,  ec,  ed,  are  equal,  being  each  equal  to  half  a 
side  of  the  square.  So  that  a  circle  described  from  the  centre 
E,  with  the  distance  ea,  will  pass  through  all  the  points 
A,  B|  c,  d,  and  will  be  inscribed  in  the  square,  or  will  toach 
its  four  sides  in  those  points,  because  the  angles  there  are 
right  ones. 

PBOBLBM  ZZYI. 

To  describe  a  circle  about  a  given  square. 
(See  fig.  Prob.  xxiii.) 
Draw  the  diagonals  ac,  bd,  and  their  intersection  e  wiO 
be  the  centre. 

For  the  diagonals  of  a  square  bisect  each  other  (f  h.  40), 
making*  ea,  bb,  eo,  bd,  all  equal,  and  consequently  tbeee 
are  radii  of  a  circle  passing  through  the  foor  poiotB  a,  Bi  c,  ik 
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To  cut  a  given  line  in  extreme  and  mean  ratio. 

Let  AB  be  the  given  line  to  be  divided 
in  extreme  and  mean  ratio,  that  is,  so  aa 
that  the  whole  line  may  be  to  the  greater 
part,  as  the  greater  part  is  to  the  less  part* 

Draw  BC  perpendicular  to  ab,  and  equal 
to  half  AB.  Join  ac  ;  and  with  centre  c 
and  distance  cb,  describe  the  circle  bd  $ 
then  with  centre  a  and  distance  ad,  de- 
scribe the  arc  dr  ;  so  shall  ab  be  divided 
in  B  in  extreme  and  mean  ratio,  or  so  that 
AB  :  ab  :  :  AS  :  bb. 

Produce  ac  to  the  circumference  at  f.  Then,  avf  being 
a  secant,  and  ab  a  tangent,  because  b  is  a  right  angle  :  there, 
fore  the  rectangle  af  .  ad  is  equal  to  ab'  (cor.  1,  th.  61) ;  con* 
sequently  the  means  and  extremes  of  these  are  proportional 
(th.  77),  viz.  AB  :  af  or  ad  +  df  :  :  ad  :  ab.  But  ab 
is  equal  to  ad  by  construction,  and  ab  »=  2bc  =s  df  ; 
thereft)re,  ab  :  ab  -h  ab  :  :  ab  :  ab  ; 

and  by  division,  ab  :  ax  :  :  ab  :  eb. 


PBOBLEM  XXTIli. 


To  inscribe  an  isosceles  triangle  in  a  given  circle,  that 
■hall  have  each  of  the  angles  at  the  base  double  the  angle  at 
the  vertex. 

Draw  any  diameter  ab  of  the  given 
circle ;  and  divide  the  radius  cb,  in  the 
point  d,  in  extreme  and  mean  ratio,  by  the 
last  problem.  From  the  point  b  apply  the 
chords  bb,  bf,  each  equal  to  the  greater 
part  CD.  Then  join  ae,  af,  ef  ;  and  aef 
will  be  the  triangle  required. 

For,  the  chords  bk,  bf,  being  equal* 
their  arcs  are  equal ;  \hcrefore  the  supplemental  arcs  and 
chords  AB.  AF,  are  also  equal ;  consequently  the  triangle  aef 
is  isosceles,  and  has  the  angle  b  equal  to  the  angle  f  ;  also 
the  angles  at  o  are  right  angles. 

Draw  OF  and  df.  Then,  bc  :  cd  :  :  cd  :  bd,  or 
BC  :  BF.  :  :  BF  :  BD  by  eonstr.  And  ba  :  bf  :  :  bf  :  bo 
(by  til.  87).  But  bc  =  |ba  ;  therefore  bo  »  ^bd  »  gd  ; 
Iherefore  the  two  triangles  obf,  oor^  are  identical  (th.  1), 
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and  each  equiangular  to  arf  and  aof  (th.  87).  Therefore 
their  doubles,  bfd,  afe,  are  isosceles  and  equiangular,  as 
well  as  the  triangle  bcf  ;  having  the  two  sides  bc,  of,  equal, 
and  the  angle  b  common  with  the  triangle  bfd.  But  cd 
is  s=:  DP  or  bf  ;  therefore  the  angle  c  =  the  angle  df€ 
(th«  4)  ;  consequently  the  angle  bdf,  which  is  equal  to  the 
sum  of  these  two  equal  angles  (th.  16),  is  double  of  one  <^ 
them  o  ;  or  the  equal  angle  b  or  cbb  double  the  angle  c. 
So  that  CBF  is  an  isosceles  triangle,  having  each  of  its  two 
equal  angles  double  of  the  third  angle  c.  Consequently  the 
triangle  akf  (which  it  has  been  shown  is  equiangular  to  the 
triangle  o  f)  has  also  each  of  its  angles  at  the  base  double 
the  angle  a  at  the  vertex. 

PROBLEM  XXIX. 

To  inscribe  a  regular  pentagon  in  a  given  circle. 

Inscribb  the  isosceles  triangle  abc, 
having  each  of  the  angles  abc,  acb, 
double  the  angle  bac  (prob.  28).  I'hen 
bisect  the  two  arcs  adr,  akc,  in  the 
points  D,  b  ;  and  draw  the  chords  ad,  db, 
AR,  BC,  so  shall  adbce  be  the  inscribed 
equilateral  pentagon  required. 

For,  because  equal  angles  stand  on 
equal  arcs,  and  double  angles  on  double  arcs,  also  the  angles 
ABC,  acb,  being  each  double  the  angle  bac,  therefore  the 
arcs  ADR,  ABC,  subtending  the  two  former  angles,  are  each 
double  the  arc  bc  subtending  the  latter.  And  since  the  two 
former  arcs  are  bisected  in  d  and  r  it  follows  that  all  the 
five  arcs  ad,  db;  bc,  ck,  ea,  are  equal  to  each  other,  and  con* 
sequently  the  chords  also  which  subtend  them,  or  the  five 
sides  of  the  pentagon,  are  i\'l  equal. 

Ndfe.    In  the  construction,  the  points  d  and  e  are  most 
easily  found,  by  applying  bd  und  ck  each  equal  to  bc. 

problem  XXX, 

To  inscribe  a  regular  hexagon  in  a  circle. 

Apply  the  radius  ao  of  the  given  circle 
as  a  chord,  ar,  bo,  cd,  6lc.  quite  round 
the  circumference,  and  it  will  complete 
Che  regular  hexagon  abcdef. 

Draw  the  radii  ao,  bo,  co,  do,  so,  fo, 
completing  six  equal  triangles  ;  of  which 
any  one,  as  abo,  being  equilateral  (by 
constr.)  its  three  angles  are  all  equal  (cor. 
2»  th.  3)»  and  any  one  of  them,  as  aob>  is  one-third  of  the 
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whole,  or  of  two  ri^ht  angles  (th.  17),  or 
0De*8izth  of  four  right  angles.  But  the 
whole  circumference  is  the  measure  of  four 
right  angles  (cor.  4,  th.  6).  Therefore  the 
arc  AB  is  one.sixth  of  the  circumference  of 
the  circle,  and  consequently  its  chord  ab  one 
aide  of  an  equilateral  hexagon  inscribed  in  the 
circle.    And  the  same  of  the  other  chords. 

'  CoroL  The  side  of  a  regular  hexagon  is  equal  to  the 
radius  of  the  circumscribing  circle,  or  to  the  chord  of  one* 
sixth  part  of  the  circumference'^. 

PROBLEM  XXXI. 

To  describe  a  regular  pentagon  or  hexagon  about  a  circle* 

In  the  given  circle  inscribe  a  regular 
polygon  of  the  same  name  or  number 
of  sides,  as  abcdk,  by  one  of  the  fore- 
going problems.  Then  to  all  its  angular 
points  draw  tangents  (by  prob.  13),  and 
these  will  form  the  circumscribing  poly- 
gon  required. 

For  all  the  chords,  or  sides  of  the 
inscribed  figure,  ab,  bc,  dec.  being  equal,  and  all  the  radii 
OA,  OB,  dec.  being  equal,  all  the  vertical  angles  about  the 
pomt  o  are  equal.  But  the  angles  obf,  oaf,  oao,  obo, 
made  by  the  tangents  and  radii,  are  right  angles  ;  therefore 
obf  +  OAF  =  two  right  angles,  and  oag  +  obo  =  two  right 
angles ;    consequently,  also,  aob  +  afb  =  two  rieht  an* 

fles,  and  oab  +  ag^  «  two  right  angles  (cor.  2,  th.  18). 
lence,  then,  the  angles  aob  +  afe  being  =s  aob  +  aob,  of 
which  aob  is  ^  aok  ;  consequently  the  remaining  angles  f 
and  o  are  also  equal.  In  the  same  manner  it  is  shown,  that  all 
the  angles  f,  o,  h,  i,  k,  are  equal. 

Again,  the  tangents  from  the  same  point  fe,  fa,  are  equal, 
as  also  the  tangents  a^,  ob,  (cor.  2,  th.  61) ;  and  the  angles 
F  and  o  of  the  isosceles  triangles  afe,  aob,  are  equal,  as  well 
as  their  opposite  sides  ae,  ab  ;  consequently  those  two  tri* 
angles  are  identical  (th.  1),  and  have  their  other  sides  ef,  fa, 
AG,  GB,  all  equal,  and  fg  equal  to  the  double  of  any  one  of 
them.  In  like  manner  it  is  shown,  that  all  the  other  sides 
GH,  HI,  CK,  Ki,  are  equal  to  fg,  or  double  of  the  tangents  gb, 
BR,  dec. 

*  The  belt  way  to  describe  a  polyeon  of  any  number  of  sides,  the 
length  of  one  side  beinf^  given,  is  to' find  the  redius  of  the  eircamscrib- 
ing  circle  by  means  of  ^e  table,  at  pa.  412,  and  the  rule  at  pa.  4i3.  . 
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Hence,  then,  the  circumscribed  figure  is  both  equilateral 
and  equiangular,  which  was  to  be  shown. 

CaroL.  The  inscribed  circle  touches  the  middle  of  the  sides 
of  the  polygon. 

FSOBLEM  XXXII. 

To  inscribe  a  circle  in  a  regular  polygon. 

Bisect  any  two  sides  of  the  polygon 
by  the  perpendiculars  oo,  fo,  and  their 
intersection  o  will  be  the  centre  of  the 
inscribed  circle,  and  oo  or  of  will  be  the 
radius. 

For  tlie  perpendiculars  to  the  tangents 
AF,  AO,  pass  through  the  centre  (cor. 
th.  47) ;  and  the  inscribed  circle  touches 
the  middle  points  f,  o,  by  the  last  corollary.  Also,  the  two 
■ides,  AO,  AO,  of  the  right-angled  triangle  aoo,  being  equal 
to  the  two  sides  af,  ao,  of  the  rigtit-angled  triangle  aof,  the 
third  sides  of,  oo,  will  also  be  equal  (cor.  th.  45} •  There* 
fore  the  circle  described  with  the  centre  o  and  radius  oo,  will 
pass  through  f,  and  will  touch  the  sides  in  the  points  o  aiid  f. 
And  the  same  for  all  the  other  sides  of  the  figure. 

PSOELEM  XXXIII. 

To  describe  a  circle  about  a  regular  polygon. 

Bisect  any  two  of  the  angles,  c  and  n, 
with  the  lines  co,  do  ;  then  their  inter* 
section  o  will  be  the  centre  of  the  circum- 
scribing circle ;  and  oc,  or  on,  wiU  be  the 
radius. 

For,  draw  ob,  oa,  oe,  dec.  to  the  an- 
gular points  of  the  given  polygon.  Then 
the  triangle  ocd  is  isosceles,  having  the  angles  at  c  and  d 
equal,  being  the  halves  of  the  equai  angles  of  the  polygon 
BCD,  CDS  ;  therefore  their  opposite  sides  co,  no,  are  equal, 
(th.  4).  But  the  two  triangles  oci>,  ocb,  having  the  two  sides 
00,  CD,  equal  to  the  two  oc,  cb,  and  the  included  angles  ocD/ 
OCB,  also  equal,  will  be  identical  (th.  1),  and  have  tbeir  third 
sides  BO,  OD,  equal.  In  like  manner  it  is  shown,  that  all  the 
lines  OA,  ob,  oc,  od,  or,  are  equal.  Consequently  a  cirole 
described  with  the  centre  o  and  radius  oa,  will  pass  through 
all  the  other  angular  points,  b,  c,  d,  dec.  and  wiU  circtim* 
scribe  the  polygon. 
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PBOBLEU  ZXXIV. 

To  make  a  square  equal  to  the  sum  of  two  or  more  given 
squares. 

LsT  AB  and  ac  be  the  sides  of  two 
given  squares.  Draw  two  indefinite 
lines  AP,  AQ,  at  right  angles  to  each 
other ;  in  which  place  the  sides  au,  ac, 
of  the  given  squares  ;  join  bc  ;  then  a 
aquare  described  on  bc  will  be  equal  to 
the  sum  of  the  two  squares  described 
on  AB  and  ac  (tb.  34). 

In  the  same  manner,  a  square  may  be  made  equal  to  the 
sum  of  three  or  more  given  squares.  For,  if  ab,  ac,  ab,  be 
taken  as  the  sides  of  the  |);iven  squares,  then,  making  ae^^bc, 
AD  =s  AD,  and  drawing  he,  it  is  evident  that  the  square  on  de 
will  be  equal  to  the  sum  of  the  three  squares  on  ab,  ac,  ad. 
And  so  on  for  more  squares. 

pboblbx  xxzv. 

To  make  a  square  equal  to  the  difTerence  of  two  given 
squares. 

Let  ab  and  ac^  taken  in  the  same 
straight  line,  be  equal  to  the  sides  of  the  ^ — ^nJ3 

two  given  squares. — From  the  centre  a, 
with  the  distance  ab,  describe  a  circle ; 


andmakecDperpendicularto  AB,  meet-  ACE 

ing  the  circumference  in  d  :  so  shall  a  square  described  on 
CD  be  equal  to  ad' — ^Ac^  or  ab" — ac%  as  required  (cor.  th.  34). 

PfiOBLEX  XXEVl. 

To  make  a  triangle  equal  to  a  given  qiladrangle  abcd. 

Draw  the  diagonal  ac,  and  parallel  x>     n 

to  it  DE,  meeting  ba  produced  at  e,  and  /p^ 

join  CE ;  then  will  the  triangle  ceb  be  /  }{^' 

equal  to  the  given  quadrilateral  abcd.  ^  -^  ■' 

For,  the  two  triangles  ace,  acd, 
being  on  the  same  base  ac,  and  between 
the  same  parallels  ac,  db,  are  equal  (th.  25)  ;  therefore,  if 
ABC  be  added  to  each,  it  will  make  bob  equal  to  abcd  (ax.  2). 

Vol.  I.  48 
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PROBLEM  XXXVII. 


To  make  a  triangle  equal  to  a  given  pentagon  abcuKp. 

Draw  da  and  db,  and  also  ef,  co, 
parallel  to  them,  meeting  ab  produced 
at  V  and  o ;  then  draw  df  and  d»  ;  so 
shall  the  triangle  dfg  be  equal  to  the 
given  pentagon  abcde. 

For  the  triangle   dfa  =  dra,  and 
the    triangle    dgb  =  dcb    (th.    25)  ; 
therefore,  by  adding  dab  to  the  equals, 
the  sums  are  equal  (ax.  2],  that  is,  dab  +  daf  +  dbo=  dab 
-f  DAE  +  DBc,  or  the  triangle  dfg  =  to  the  pentagon  abcdb.. 


problsm  xxxvnu 


To  make  a  rectangle  equal  to  a  given  trtangle  . 
Bisect  the  base  ab  in  d  :  then  raise  q  j^ 


BE  and  BF  perpendicular  to  ab,  and 
meeting  cp  parallel  to  ab,  at  b  and  f  ; 
so  shall  DF  be  the  rectangle  equal  to  the 
given  triangle  abc  (by  cor.  2,  th.  26). 


m 


FSOBLSH  XXXIX. 


To  make  a  square  equal  to  a  given  rectaiigle  abod.. 


Produce  one  side  ab,  till  be  be 
equal  to  the  other  side  bc.     On  ab  as  G  ^ 

a  diameter  describe  a  circle,  meeting 
bc  produced  at  f  :  then  will  bf  be  the 
side  of  the  square  bfgh,  equal  to  the 
given  rectangle  bd,  as  required ;  as  AH 

appears  by  cor^  th.  87,  and  th.  7%. 


" ,. 

i 

f 

L 
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APPLICATION  OP  ALGEBRA 


TO 


GEOMETRY. 


WuKN  it  is  proposed  to  resolve  a  geometrical  problem 
algebraically,  or  by  algebra,  it  is  proper,  in  the  first  place, 
to  draw  a  figure  that  shall  represent  the  several  parts  or  coa- 
litions of  the  problem,  and  to  suppose  that  figure  to  be  the 
true  one.  Then  having  considered  attentively  the  nature 
•of  the  problem^  the  figure  is  next  to  be  prepared  for  a  solu* 
tion,  if  necessary,  by  producing  or  drawing  such  lines  in  it  as 
appear  most  conducive  to  that  end.  This  done,  the  usual 
symbols  or  letters,  for  known  and  unknown  quantities,  are 
employed  to  denote  the  several  parts  of  the  figure,  both  the 
known  and  unknown  parts,  or  as  many  of  them  as  necessary, 
as  also  such  unknown  line  or  lines  as  may  be  easiest  found, 
whether  required  or  not.  Then  proceed  to  the  operation, 
l>y  observing  the  relations  that  the  several  parts  of  the  figure 
have  to  each  other  ;  from  which,  and  the  proper  theorems 
in  the  foregoing  elements  of  geometry,  make  out  ^s  many 
•equations  mdependent  of  each  other,  as  there  are  unknown 
quantities  employed  in  them  :  the  resolution  of  which  equa* 
tions,  in  the  same  manner  as  in  arithmetical  problems,  will 
determine  the  unknown  quantities,  and  resolve  the  problem 
proposed. 

As  no  general  rule  can  be  given  for  drawing  the  lines,  and 
selecting  the  fittest  quantities  to  ^bstitnte  for,  so  as  nlways 
lo  bring  out  the  most  simple  conclusions,  because  different 
problems  require  different  modes  of  solution  ;  the  best  way 
to  gain  experience,  is  to  try  the  solution  of  the  same  problem 
indifferent  ways,  and  then  apply  that  which  succeeds  best, 
lo  other  cases  of  the  same  kind,  when  they  at^erwards  occur. 
The  following  particular  directions,  however,  may  be  of 
some  use. 

1st,  In  preparing  the  fi^pire,  by  drawiu]^  lines,  let  them  be 
either  parallel  or  perpendicular  to  other  hues  in  the  figure, 
or  so  as  to  form  similar  triangles.  And  if  an  angle  be  given, 
it  will  be  proper  to  let  the  perpendicular  be  opposite  to  that 
angle,  and  to  fall  firom  one  end  of  a  given  line,  if  possible. 
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2d»  Id  selecting  the  quantities  proper  to  substitate  fer, 
those  are  to  be  chosen,  whether  required  or  not,  which  lie 
nearest  the  known  or  given  parts  of  the  figure,  and  by  means 
of  which  the  next  adjacent  parts  may  be  expressed  by  addi- 
tion and  subtraction  only,  without  using  surds* 

Sdf  When  two  lines  or  quantities  are  alike  related  to  other 
parts  of  the  figure  or  problem,  the  best  way  is,  not  to  make 
use  of  either  of  them  separately,  but  to  substitute  for  their 
sum,  or  difference,  or  rectangle,  or  the  sum  of  their  alternate 
quotients,  or  for  some  line  or  lines,  in  the  figure,  to  which 
they  have  both  the  same  relation. 

4lA,  When  the  area,  or  the  perimeter,  of  a  figure  is  given, 
or  such  parts  of  it  as  have  only  a  remote  reliction  to  the  parts 
required  :  it  is  sometimes  of  use  to  assume  another  figure 
similar  to  the  proposed  one,  having  one  side  equal  to  unity, 
or  some  other  known  quantity.  For,  hence  the  other  parts 
of  the  figure  may  be  found,  by  the  known  proportions  of  the 
like  sides,  or  parts,  and  so  an  equation  be  obtained.  For 
examples,  take  the  following  problems. 

PBOBLSIC  I. 

In  a  rigJu-aagled  triangle,  having  gitten  ike  base  (8),  and 
the  mm  of  the  hypolhemtee  and  perpendicular  (9)  ;  to  find 
boih  these  tteo  ddee. 

Lrt  ABC  represent  the  proposed  triangle 
right-angled  at  b.  Put  the  base  ab  =  3  ^  6, 
and  the  sum  ac  +  bc  of  the  hypothenuse 
and  perpendicular  =  9  =  »  ;  also,  let  x  de- 
note the  hypothenuse  ac,  and  y  the  perpen* 
dicular  bc. 

Then  by  the  question    •    .    .    x  +  y  ^  <» 
and  by  theoreni  84,  -    -    .    .    «•  =  J*  +  6», 
By  transpos.  y  in  the  1st  cqu.  gi  ves «  ~  t  —  y* 
This  value  of  x  substi.  in  the  2d, 

gives      .        •        .        .        «»-2v+y»«y»  +  t^. 
Takingawayy'onhothsidesleavesf'-Stfy  =s  b^^ 
By  transpos.  2«y  and  6',  gives  -   <*-6»    =2^, 

And  dividing  by  2*,  gives    -    -    — —  sx  |^  =  4  «  bc. 

Hence  x=s  —  y-ssSss  ac 

N.  B.  In  this  solution,  and  the  following  ones,  the  aota* 
tion  is  made  by  using  as  many  unknown  letters,  x  and  y,  as 
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there  are  unknown  sides  of  the  triangle,  a  separate  letter  for 
each  ;  in  preference  to  using  onl}^  one  unknown  letter  for 
one  side,  and  expressing  the  other  unknown  side  in  terms 
of  that  letter  and  the  given  sum  or  diflference  of  the  sides  ; 
though  this  latter  way  woukl  render  this  solution  shorter  and 
sooner  ;  because  the  former  way  gives  occasion  for  more  and 
better  practice  in  reducing  equations ;  which  is  the  very  end 
and  reason  for  which  these  problems  are  given  at  all. 


PROBLEM  II. 

fit  a  right-angled  tnangU^  havmg  given  the  kypdhenuse  (5) ; 
and  the  eum  of  iKe  baee  and  perj^ndiadar  (7)  ;  tojind  bath 
iheee  two  sides. 

Let  ABC  represent  the  proposed  triangle,  right.ang1ed  at 
B.  Put  the  giveo  hypothenuse  ao  «  5  »  a,  and  the  sum 
AB  +  BC  of  the  base  and  perpendicular  =  7  ^  «  ;  also  let  x 
denote  the  base  ab,  and  y  the  perpendicular  bc. 

Then  by  the  question    «    -    -    '  +  y  =  «» 
and  by  theorem  84        ...    2*4-  y*^  i^y 
By  transpos.  y  in  the  1st,  gives    z  =  «  -^  y, 
By  substitu.  this  value  for  x,  gives  ^—  2sy  +  2y*  s^  a\ 
By  transposing  «*,  gives    -    .     2j^—  2$y  is  o^  —  **, 
By  dividing  by  2,  gives    -    -      y*—  sy  s  jo"  —  I**, 
By  completing  the  square,  gives  y*  —  sy  +  i«*  ^  ^a'  «-*  i^t 
By  extracting  the  root,  gives  •    y  —  {#  sa  ^{^a*  —  j.«^ 
By  transposing  fr,  gives    •    .    y  s^  |s  ±  v^(|a'  —  i^)  » 

4  and  3,  the  values  of  x  and  y. 


PBOBLBX  in. 

In  a  rectangle,  having  given  the  diagotud  (10\  and  the  peri* 
meter,  or  sum  of  all  the  four  sides  (28)  ;  tojind  each  of  the 
sides  severally. 

Lbt  abco  be  the  proposed  rectangle  ; 
and  put  the  diagonal  ac  s=  10  =  J,  and 
half  the  perimeter  ab  +  bc  or  ad  + 
DO  3r  14  s  a  ;  also  put  one  side  ab  ss  x,  ^-— 

and  the  other  side  bc  =  y.    Hence,  by         '^ 
right-sngled  triangles,     -    .    -    .    •    «*4-y'  =  <J'» 

And  by  the  question        x  +  y  ^  a. 

Then  by  transposing  y  in  the  2d,  gives     x  s=  a  ^-  y. 
This  value  substituted  in  the  1st,  gives    o^  —  2ay-|-2y'=  iP, 
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TranspoAing  a\  gives    -     -    2y«  —  2ay  s=  rf'  _  a«, 

And  dividing  by  2,  gives    -      y'  —    ay  =^  i<^^—  f«*» 
fly  completing  the  square,  it  is  y^  —  ay  +  Ja^  =  ^cP —  Jo^^ 
And  extracting  the  root,  gives    y  —  |a  =  ^(^*_  Jo*), 
And  transposing  |a,  gives    -    y  =  ^a  2:  y/^d^ —  la^)  =- B, 
or  6,  the  values  of  x  and  y. 


FROBLEH  nr. 

Having  given  ths  base  any  perpendicular  of  atfy  triangle  /  !• 
fold  the  side  of  a  square  inscribed  in  the  same. 

ItET  ABC  represent  the  given  triangle, 
and  EFOH  its  inscribed  square.  Put  the 
base  AB  ==  b,  the  perpendicular  cd  =  a, 
and  the  side  of  the  square  of  or  on  = 
Di  "s^  X  ;  then  will  ci  =f  cd  —  di  = 
a  —  X. 

Then,  because  the  like  lines  in  the 
similar  triangles  abc,  ofc,   are  propor- 
tional (by  iheon  8i,  Geom.),  ab  :  cd  :  :  ob  2  cr,    that 
is,  6  2  a  :  :  X  :  «  —  a-*     Hence,  by  multiplying  extremes  and 
means,  a6  —  6x  -=  ox,  and  transposing  bXf  gives  ofc  =  oc 

(A 
+  bx ;  then  dividing  by  a  +  6»  gives  x  =       .   ^  =*  gf  or  gh 

the  side  of  the  inscribed  square :  which  therefore  is  of  the 
same  magnitude,  whatever  the  species  or  the  angles  of  the 
triangles  may  be. 


PBOBLF.X  V. 


In  an  equilateral  triangle^  having  given  the  lengths  of  the 
three  perpendiculars,  drawn  from  a  certain  point  tPtAin*  oit 
the- three  sides ;  to  determine  the  sides. 

Let  ABC  represent  the  equilateral  tri- 
angle, and  DE,  DF,  D6,  the  given  per- 
pendiculars from  the  point  d.  Draw  the 
lines  DA,  DB,  DC,  to  the  three  angular 
points  ;  and  let  fall  the  perpendicular  ch 
on  the  base  ab.  Put  the  three  given  per- 
pendiculars, DE  =  a,  DF  =3?  6,  DG  s=  c, 
and  put  X  =  AH  or  bh,  half  the  side  of 
the  equilateral  triangle,  llien  is  ac  or  bc  ^  2jr,  and  by- 
right-angled  triangles  the  perpendicular  oh  ^^  ^/(ac'  —  ah*) 


KG    B 
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Now,  since  the  area  or  space  of  a  rectangle,  is  expressed 
by  the  product  of  the  base  and  height  (cor.  2,  th  81,  ijeom.)f 
and  that  a  triangle  is  equal  to  half  a  rectangle  of  equal  base 
and  height  (cor.  1,  th.  *^6),  it  follows  that, 
the  whole  triangle  abc  is  =  ^ab  X  ch  =  x  X  t  ^8  =  ar'  ^^3, 
the  triangle  abd  =  Jah  X  do  =  »  X  c  =  ct, 
the  triangle  bcd  —  ^bc  X  db  =  «  X  a  =  ax, 
the  triangle  acd  =  ^ac  X  df  =  u  X  6  =  64:.   ' 
But  the  three  last  triangles  make  up,  or  are  equal  to»  the 
whole  former,  or  great  triangle  ; 

that  is,  x'  ^8  =  ax  +  fcx  4-  ex  ;  hence,  dividing  by  x,  gives 
r  y/Z  =s  a    +  &    +  Ci  and  dividing  by  ^^3,  gives 

X  ss ^ — .^  half  the  side  of  the  triangle  sought. 

Also,  since  the  whole  perpendicular  ch  is  «  x  y/S,  it  is 
therefore  »  a  +  ^  +  c.  That  is,  the  whole  perpendicular 
CH,  is  just  equal  to  the  sum  of  all  the  three  smaller  perpen- 
diculars DE  +  DF  +  DG  taken  together,  wherever  the  point 
p  is  situated. 

PROBLEM  VI. 

Iif  a  right-angled  triangle,  having  given  the  base  (3^,  and 
the  difference  between  the  hypothenuse  and  perpendicular 
(1)  ;  to  find  both  these  two  sides. 

PBOBLSM  vn. 

In  a  right-angled  triangle,  having  given  the  bypothenase 
(5))  and  the  difference  between  the  base  and  perpendicular 
(1)  ;  to  determine  both  these  two  sides. 

PBOBLBK  VIII. 

Hayiiio  given  the  area,  or  measure  of  the  space,  of  a  rect- 
angle,  inscribed  in  a  given  triangle  ;  to  determine  the  sides 
of  the  rectangle. 

7S0BLBM  iz. 

In  a  triangle,  having  given  the  ratio  of  the  two  sides, 
together  with  both  the  segments  of  the  base,  made  by  a  per. 
pendicular  from  the  vertical  angle ;  to  determine  the  sides  of 
the  triangle. 

FBOBLBX  X* 

In  a  triangle,  having  given  the  base,  the  sum  of  the  other 
two  sides,  and  the  length  of  a  luie  drawn  from  the  vertical 
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angle  to  the  middle  of  the  base  ;  to  iiod  the  sidee  of  the 
triangle* 

PROBLRM  XI. 

In  a  triangle,  having  given  the  two  sides  about  the  verti- 
cal angle,  with  the  line  bisecting  that  angle,  and  temuoating 
in  the  base  ;  to  find  the  base. 

PROBLKX  xn. 

To  determine  a  right-angled  triangle  ;  having  given  the 
lengths  of  two  lines  drawn  from  the  acute  angles,  to  the 
middle  of  the  opposite  sides. 

FIDBLBX  Xm. 

To  detemtoe  a  right.angled  triangle  ;  having  given  the 
perimetet,  and  the  rt^ius  of  its  inscribed  eircle. 

PROBLBX  XIV. 

To  detennine  a  triangle  ;  having  given  the  base,  the  per- 
pendicular, and  the  ratio  of  the  two  sides. 

PBOBLEX  XT. 

To  determine  a  right-angled  triangle  ;  having  given  the 
hypc^enuse,  and  the  side  of  the  inscribed  square. 

PROBLEX  XVI. 

To  determine  the  radii  of  three  equal  circles,  described  in 
a  given  circle,  to  touch  each  other  and  also  the  circum- 
ference of  the  given  circle. 

PBOBLSM  xvn. 

Iir  a  right-ang^led  triangle,  having  given  the  perimeter,  or 
sum  of  all  the  sides,  and  the  perpendicular  let  fall  from  the 
right  angle  on  the  hypotfaenose  $  to  determine  tfae  triangle, 
that  is,  ite  Bides. 

PBOBLBM  xvm. 

To  determine  a  right-angled  triangle ;  having  given  the 
bypothenuae,  and  the  difference  of  two  lines  drawn  from  the 
4wo  acute  angles  to  the  centre  of  the  inscribed  eirde« 
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PROBLSM  JMX. 

To^  determine  a  triangle  ;  havinff  given  the  base,  the  per^ 
pendicular»  and  the  difference  of  the  two  other  sides. 

PBOBLEX  XX. 

To  determine  a  triangle  ;  having  ffiven  the  base,  the  per- 
pendicolar,  and  the  rectangle  or  product  of  the  two  sides* 

PROBLBM  XXI. 

To  determine  a  triangle  ;  having  given  the  lengths  of  three 
lines  drawn  from  the  three  angles,  io  the  middle  of  the  oppo* 
site  sides. 

PROBLEM  xxn. 

In  a  triaQglot  having  ^veii  all  the  three  sides ;  lo  find  the 
radios  of  the  inscribed  circle^ 

PROBLEHXXni. 

To  determine  a  right-angled  triangle  ;  having  ipven  the 
side  of  the  inscribed  square,  and  the  radius  of  the  inscribed 
circle. 

PROBLEX  XXIV. 

To  determine  a  triangle,  and  the  radius  of  the  inscribed 
eirele  ;  having  given  the  lengths  of  three  lines  drawn  from 
A»  three  angles,  to  the  centre  of  that  circle. 

PBOBUBM  XXV. 

To  determine  a  right-angled  triangle ;  having  fftem  the 
bypothenose,  and  the  radius  of  the  inscribed  ciide. 

PaOMUBH  XXVI. 

To  determine  a  triaa^e  ;  having  given  the  base,  the  line 
bisecting  the  vertical  aof^e,  and  the  mameter  of  the  eiicooi* 
scribing  circle. 
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DEFINITIOK8. 


1.  Plains  Thiganometrt  treats  of  the  refaiions  and  caF« 
culations  of  the  sides  and  angles  of  plane  triangles* 

2.  The  circumference  of  every  circle  (as  bcu>re  observed 
fQ  Geom.  D^f*  56)  is  supposed  to  be  divided  into  SGO*  equal 
parts,  called  Degrees  ;  also  each  degree  into  60  Minutes, 
and  each  minute  into  60  Seconds,  and  so  on.  Hence  a  se- 
micircle contains  180  degrees,  and  a  quadrant  90  degreesr 

3.  The  Measure  of  an  angle  (Def.  57,  Geom.)  is  an  an: 
of  any  circle  contained  between  the  two  lines  which  fomi 
that  angle,  the  angular  point  being  the  centre  ;  and  it  is  esti- 
mated  by  the  number  o\  degrees  contained  in  that  arc. 

Hence,  a  right  angle,  being  measured  by  a  quadrant,  or 
quarter  o^  the  circle,  is  an  angle  of  90  degrees  ;  and  the 
sum  of  the  three  angles  of  every  triangle,  or  two  right  an- 
^  gles,  is  equal  to  180  degrees.  Therefore,  in  a  right-angled 
'  triangle,  taking  one  of  the  acute  finglea  from  90  degrees, 
leaves  the  other  acute  angle  ;  and  the  sum  of  the  two  angles, 
in  any  triangle,  taken  from  180  degrees,  leaves  the  third 
angle  ;  or  one  angle  being  taken  from  180  degrees,  leaves 
the  sum  of  the  other  two  angles. 

4.  Degrees  are  marked  at  the  top  of  the  fi^e  with  a 
small  ^  minutes  with  ',  seconds  with  %  and  so  on.  Tbusf, 
57<>  30'  12\ denote  57  degrees  30  minutes  and  12  seconds. 

5.  The  Complement  of  an  arc,  is  ■ 
what  it  wants  of  a  quadrant  or  tK)^. 
Thus,  if  AD  be  a  cfuadrant,  then  bd  is 
the  complement  of  the  arc  ab  ;  and, 
reciprocally,  ab  Is  the  complement  of 
BD.  So  that,  if  AB  be  an  arc  of  50^, 
then  its  complement  bd  will  be  40^. 

6.  The  Supplement  of  an  arc,  is 
what  it  wants  of  a  semicircle,  or  180^. 
Thus,  if  ADE  be  a  semicircle,  then 
bde  is  the  supplement  of  the  arc  ab  ;  and|  reciprocally,  ab 
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id  (he  supplement  of  the  arc  bde.     So  that,  if  ab  be  aa  arc 

ef  90^,  then  its  supplement  bde  will  be  130^. 
I  7.  The  Sine,  or  Right  Sine,  of  an  arc,  is  the  line  drawn 

I  from  one  extremity  of  the  arc,  perpendicular  to  the  diamoter 

which  passes  through  the  other  extremity.     Thus,  bf  is  the 
I  «ine  of  the  arc  ab,  or  of  the  supplemental  arc  bdk.     Hence 

the  sine    (bf)  is   half  the  chord  (bg)  of  the  double  arc 

(bao). 

8,  The  Versed  Sine  of  aa  arc,  is  the  part  of  the  diameter 
'  intercepted  between  the  arc  and  its  sine.  So,  af  is  the  versed 

sine  of  the  arc  ab,  and  bf  the  versed  sine  of  the  arc  edb. 

9.  The  Tangent  of  an  arc,  is  a  line  touching  the  circle  in 
one  extremity  of  that  arc,  continued  from  thence  to  meet  a 
line  drawn  from  the  centre  through  the  other  extremity  ; 
which  last  line  is  called  the  Secant  of  the  same  arc.  Thus, 
AH  is  the  tangent,  and  cii  the  secant,  of  the  arc  ab.  Also, 
EI  is  the  tangent,  and  ci  the  secant,  of  the  supplemental  are 
bob.  And  this  latter  tangent  and  secant  tire  equal  to  the 
forroery  but  are  accounted  negative,  as  being  drawn  in  an 
opposite  or  contrary  direction  to  the  former. 

.10.  The  Cosine,  Cotangent,  and  Cosecant,  of  an  arc, 
are  the  sine,  tangent,  and  secant  of  the  complement  of  that 
arc,  the  Co  being  only  a.  contraction  of  the  word  comple- 
nient.  Thus,  the  arcs  ab,  bd,  being  the  complements  of 
each  other,  the  sine,  tangent,  or  secant  of  the  one  of  these, 
is  the  cosine,  cotangent,  or  cosecant  of  the  other,  ^o,  bf, 
the  sine  of  ab,  is  the  cosine  of  bd  ;  and  bk,  the  sine  of  bd, 
is  the  cosine  of  ab  :  in  like  manner,  ah,  the  tangent  of  ab,  . 
is  the  cotangent  of  bd  ;  and  dl,  the  tangent  of  db,  is  the 
cotangent  of  ab  ;  alsQ,  ch,  the  secant  of  ab,  is  the  cosecant 
of  BD  ;  and  cl,  the  secant  of  bd,  is  the  cosecant  of  ab. 

C&rol.  Hence  several  important  properties  easily  follow 
from  these  definitions  ;  es, 
'  '*'  iMt  That  an  arc  and  its  supplement  have  the  same  sine* 
tangent,  and  secant ;  but  the  two  latter,  the  tangent  and 
secant,  are  accounted  negative  when  the  arc  is  greater  than 
a  quadrant  or  90  degrees. 

-  2d^  When  the  arc  is  0,  or  nothing,  the  siiie  and  tangent ' 
are  nothing,  but  the  secant  is  then  the  radius  ca,  the  least  it 
can  be.  As  the  arc  increases  from  0,  the  sines,  tangents, 
and  secants,  all  proceed  increasing,  till  the  arc  becomes  a 
whole  quadrant  ad,  and  then  the  sine  is  tke  greatest  it  can 
be,  being  the  radius  cd  of  the  circle ;  and  both  the  tangent 
and  secant  are  infinite. 

3dt  Of  any  arc  ab,  the  versed  sine  af,  and  cosine  bk, 
or  CK,  togf^ther  make  up  the  radius  ca  of  the  circle. — The 
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ndiqs  CA,  the  tangent  ah,  and  the  secant  oh,  ibrm  a  lighlv 
Angled  triangle  €ab.  So  also  do  the  radius,  sine,  and  eosioti 
form  another  right-angled  triangle  cbf  or  cbk«  As  also  the 
radius,  cotangent,  and  cosecant,  another  right-angled  triangle 
CDu  And  all  these  right-angled  triangles  are  siaoilar  to  ei^ 
other. 

11.  The  sine,  tangent,  or 
•ecantof  ao  angle,  is  the  sine, 
tangent,  or  sectint  of  the  arc 
hy  which  the  angle  is  mea*> 
eured,  or  of  the  degrees,  d^* 
in  the  same  arc  or  angle. 

12.  The  method  of  con- 
structing the  scales  of  chords, 
sines,  tangents,  and  secants, 
usually  engraven  on  instru- 
ments, for  practice,  is  exhi- 
bited in  the  annexed  figure. 

13.  A  Trigonometrical 
Canon,  is  a  taUe  showing 
the  length  of  the  sine,  tan- 

Sent,  and  secant,  to  every; 
egree  and  ^  minute  of  the 
quadrant,  with  respect  to  the 
radius,  which  is  expressed  by 
unity  or  1,  with  any  number 
of  cii^ers.  The  logarithms 
ef  these  sines,  tangents,  and 
secdnts,  are  also  ranged  in  the 
tables ;  and  these  are  most  commonly  used,  as  they  perform 
the  calculations  by  only  addition  and  subtraction,  instead  of 
the  multiplication  and  division  hy  the  natural  sines»  dec.  ac* 
cording  to  the  nature  of  logarithms.  Such  taUes  of  log. 
sines  imd  tangents,  as  well  as  the  logs  of  common  numbenii 
greatly  facilitate  trigonometrical  computations,  and  are  now 
very  common.  Among  the  niost  correct  are  those  published 
by  the  author  of  this  Owrse. 


PSOBLEH  I. 


To  eompuie  the  Natural  Sine  and  Came  of  a  Gwen  Are. 

This  problem  is  resolved  after  various  ways.    One  of  these 
is  as  foUowSi  via.  by  means  of  the  ratio  between  the  diametaf 
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tad  oircjsmftreiice  of  a  circle,  together  wilh  the  fc#owQ  eeries 
Ibr  the  eiee  and  coeine»  hereafter  demooetrated*    Thua,  the 
eeroioircumrerence  of  the  circle^  whnae  radiua  is  1,  heiog 
8-14159-265358979^  &c,  the  proportion  will  therefore  be, 
aa  the  number  of  degreea  or  minutea  in  the  aeniicircie,   > 
ia  to  the  degrees  or  minutea  in  the  propoaed  arc, 
ao  ia  8*14159265  dec,  to  the  length  of  the  aaid  arc. 
Thia  length  of  the  arc  being  denoted  by  the  letter  a ;  and 
ita  aine  and  coaine  by  s  and  e ;  then  will  tbeae  two  be  ex* 
lireaaed  by  the  two  following  aeriea,  viz* 

*      ^       2.3  ■**  2.8.4.6      2X4:6.6.7'*"*^ 
""*       6  ■**120~5040'*' 

"     *  =  ! -a +8X4-07435  +  **- 

'*^"-2-  +  2i-f26  +  *'=- 

Exam.  1.  If  it  be  required  to  find  the  sine  and  coaine  of 
1  minute.  Then,  the  number  of  minutea  in  IBO^  being 
lOaOa,  it  will  be  firat,  aa  10600  :  1  : :  8-141992tS5  dec.  : 
•000290888208665  » the  length  of  an  arc  of  one  minute* 
Therefore,  in  thia  caae, 

a^    -0002908882 
and  jo's:    -000000000004  dEC. 
the  diff.  ia  f  =    0002908882  the  aine  of  1  minute. 
Also,  from    1* 

take  j^  =  0  0000000423079  dsc. 
leavea  e  =   -9999999577  the  coaine  of  1  minute* 

ExAX.  2.  For  the  aine  and  cosine  of  5  degreea. 
Here  aa  I8O0  :  5<>  :  :  814159265  &c.  :  -08726646  »  a  the 
length  of  5' degreea.    Hence  a  ss  -08726646 
-ja»«  -  -00011076 
+  ^y  a»  «  -00000004 

theae  collected  give  s  =  *08715574  the  aine  ef  8*. 

And,  ibr  the  coaine,  1  =  1* 

_   ia«=s_    -00880771 
+  Via*«        -00000241 

theae  collected  give  c  s         -99619470  the  coaine  of  5^ 


Digitized  by  CjOOQ IC 


S88  nANH  TaXGlOXOlaBTBT. 

After  th€  same  manner,  the  sine  and  cosine  of  any  other 
arc  may  be  computed.  Dutthe  greater  the  arc  is,  tho  slower 
the  series  will  converge,  in  which  case  a  greater  number  of 
terms  must  be  taken,  to  bring  out  the  conclusion  to  the  same 
degree  of  exactness. 

Or^  having  found  the  sine,  the  cosine  will  be  found  from^ 
ity  by  the  property  of  the  right-angled  trisngle  cbf,  viz.  the 
cosine  cf  ==  v^(cii' —  bf*),  or  c  =  y/{\  —  ^). 

There  are  also  other  methods  of  constructing  the  canon 
of  sines  and  cosines,  which,  for  brevity's  sake,  are  here 
omitted  :  some  of  them,  however,  are  explained  under 
the  analytical  trigonometry  in  the  second  volume  of  this 
Course. 


FROBLEK  n.     . 

To  compote  the  Tangents  and  Secants. 

Ths  sines  and  cosines  being  known,  or  found  by  the 
foregoing  problem  ;  the  tangents  atid  secants  will  be  easily 
found,  from  the  principle  of  similar  triangles,  in  the  follow. 
iQg  manner : 

In  the  first  figure,  where,  of  the  arc  ab,  bf  is  the  sine» 
CF  or  bk  the  cosine,  ah  the  tangent,  ch  the  secant,  di.  the 
cotangent,  and  cl  the  cosecant,  the  radius  being  ca  or  cb  or 
CD ;  the  three  similar  triangles  cfb,'  cah,  cdl,  give  the  foU 
lowing  proportions : 

l9ty  CF  :  FB  ::  CA  :  ah  ;  whence  tha  tangent  is  known, 
being  a  fourth  proportional  to  the  cosine,  sine,  and  radius. 

2dt  cF  :  CB  :  :  CA  :  CH  ;  whence  the  secant  is  known, 
being  a  third  proportional  to  the  cosine  and  radius :  or, 
being,  indeed,  the  reciprocal  of  the  cosine  when  the  radius 
is  unity. 

Sd,  BF  :  Fc  : :  CD  :  DL  ;  whence  the  cotangent  is  known,* 
being  a  fourth  proportional  to  the  sine,  cosine,  and  radius. 

Or,  AH  :  AC  :  :  CD  :  DL  ;  whence  it  appear»  that  the  co* 
tangent  is  a  third  proportional  to  the  tangent  and  radius; 
or  the  reciprocal  of  the  tangent  to  radius  1. 

ah  BF  :  Bc  :  ;  CD  :  cL  ;  whence  the  cosecant  is  known, 
being  a  third  proportional  to  the  sine  and  radius  ;  or  the  re* 
ciprooal  of  the  sine  to  radius  1. 

As  for  the  log.  sines,  tangents,  and  secants,  in  the  tables, 
they  are  only  the  logarithms  of  the  natural  sines,  tangents, 
and  secants,  calculated  as  above. 

Having  given  an  idea  of  the  calculation  and  use  of  sines, 
tangents,  and  secants,  we  may  now  proceed  to  resolve  the 
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■everal  cases  of  Trigonometry  ;  ptevioos  to  which,  however, 
it  may  be  proper  to  add  a  few  preparatory  notes  and  ob- 
servations, as  below. 

Note  !•  There  are  three  methods  of  resolvinv  triangles, 
or  the  cases  of  trigonometry  ;  namely,  Geometrical  Con* 
struction,  ArithmeticalComputation,  and  Instrumental  Opera^ 
lion  ;  of  which  the  first  two  will  here  be  treated. 

In  the  First  MefJiod,  The  triangle  is  constructed,  by 
making  the  parts  of  the  given  magnitudes,  namely,  the  sides 
from  a  scale  of  equal  parts,  and  the  angles  from  a  scale  of 
chonls,  or  by  some  other  instrument.  Then  measuring  the 
ookoown  parts  by  the  same  scales  or  instruments,  the  solu* 
tion  will  he  obtained  near  the  truth. 

In  the  Second  Method^  Having  stated  the  terms  of  the 
proportion  according  to  the  proper  rule  or  theorem,  resolve 
h  like  any  other  proportion,  in  which  a  fourth  term-  is  to  be 
found  from  three  given  teirms.  by  multiplying  the  scconil 
and  third  togethei*,  and  dividing  the  product  by  the  first, 
in  working  with  the  natural  numbers';  or,  in  working  with 
the  logarithms,  add  the  logs,  of  the  second  and  third  terms 
together,  and  from  the  sum  take  the  log.  of  the  first  term  ; 
then  the  natural  number  answering  to  the  remainder  is  the 
fourth  term  sought 

Note  2.  livery  trisAigle  has  six  parts^  viz.  three  sides  and 
three  angles.  And  in  every  triangle  proposed,  there  rousl 
be  given  three  of  these  parts,  to  find  the  other  three.  Also, 
of  the  three  parts  that  are  given,  one  of  them  at  least  must 
be  a  side ;  because,  with  the  same  angles,  the  sides  may  be 
greater  or  less  in  any  proportion. 

Note  3.  All  the  cases  in  trigonometr}',  may  be  comprised 
in  three  varieties  only ;  viz. 

Ise,  When  a  side  and  its  opposite  angle  are  given. 

2^  When  two  sides  and  the  contain^  angle  are  given* 

3dy  When  the  three  sides  are  given. 

For  there  cannot  possibly  be  more  than  these  three  varie- 
ties of  cases ;  for  each  of  which  it  will  therefore  be  proper 
to  give  a  separate  theorem,  as  follows  : 


THEOREM  X. 

When  a  Side  and  its  Opposite  Angle  aretujoofthe  Given 
Paris. 

Then  the  unknown  parts  will  be  found  by  this  theorem  : 
viz.  The  sides  of  the  triangle  have  the  same  proportioQ  to 
each  other>  as  the  sines  of  their  opposite  angles  have. . 
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Thai  lt»  At  any  one  mde^ 

Is  to  the  sioe  of  its  opposite  anglo  ; 

So  is  any  other  side, 

To  the  sioe  of  its  opposite  angle. 

ZteslsiMir.    For,  let  abo  be  the  pro- 
posed triangle,  haring  ab  the  greatest 
side,  and  bc  the  least    Take  ab  ^ 
Bc»  considering  it  as  a  radius ;  and  let 
fall  the  perpendiculars  db,  of,  which 
will  evidently  be  the  sines  of  the  an- 
gles A  and  B,  to  the  radios  ad  or  bcu 
Now  the  trian^es  ads,  acf,  are  equiangular  ;  they  thereferw 
have  their  like  sides  proportional,  namely,  ac  :  cr  :  a  ad  or 
BO  :  DB  ;  that  is,  the  side  ac  is  to  the  sine  of  its  opposite  an- 
gle b,  as  the  side  Bo  is  to  the  sine  of  its  opposite  angle  a. 

NoU  I*  In  practice,  to  find  an  angle,  begin  the  propoitioii 
trith  a^side  opposite  to  a  given  angle.  And  to  find  a  sidot 
begin  with  an  angle  opposite  to  a  given  side. 

AoEs  3.  An  an^le  found  by  this  rule  is  ambiguous,  or  nn. 
certain  whether  it  be  acute  or  obtuse,  unless  it  be  a  right 
angle,  or  unless  ite  magnitude  be  such  as  to  prevent  the 
wnbiguity  ;  because  the  sine  answers  to  two  angles,  which 
are  supplements  to  each  other  ;  and  accordingly  the  geome* 
tffieal  eonatruction  forms  two  triangiecf  with  the  same  parts 
that  are  given,  as  in  the  example  bebw  ;  and  when  there  is 
no  restriction  or  limitation  included  in  the  question,  either 
of  them  may  be  taken.  The  number  of  degrees  in  the  table, 
answering  to  the  sine,  measure  the  acute  angle  ;  but  if  the 
angle  be  obtose,  subtract  those  degrees  from  180<^,  and  the 
remainder  will  be  the  obtuse  angle.  When  a  ^ven  angle  is 
obtuse,  or  a  right  one,  there  can  be  no  ambiguity  ;  fiir  then 
neither  of  the  other  anglea  can  be  obtuse,  and  the  geometri- 
cal eoMtnietion  will  form  only  one  trian^ 


KXAXPLB   I. 

In  the  plane  triangle  abc, 

i  AB  945  yards 
Given  <  bo  282  yards 

(i  A87*a(y 
Required  the  other  parts. 

1.  GeomOrieaBy. 

Dmw  an  indefinite  line ;   on  which  set  off  ab  «»  345^ 
from  Bone  cenvenientsoide  of  equal  partB.~lfnke  the  aa^ 
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A  B  37^.— With  a  radius  of  232,  taken  from  the  same 
acale  of  equal  parts,  and  centre  b,  cross  ac  in  the  two 
points,  Cy  c. — lisstly,  join  bc,  bo,  and  the  figuse  is  construct* 
ed,  which  gives  two  triangles,  and  shows  that  the  case  is  am* 
biguoQS* 

Then,  the  sides  ac  measured  by  the  scale  of  equal  parts, 
and  the  angles  b  and  c  measured  by  th^  line  of- chords,  or 
other  instrument,  will  be  found  to  be  nearly  as  below  ;  viz. 

AC  174  /.b27«  Z.cllS'^i. 

or  a74^  or     78}  or      64  i. 


2.  ArithmetieaUff. 
First,  to  find  the  angles  at  c. 

As  side       bc   232  •        -    log. 

To  sin.  op.  ^  A  37*  20'      • 

So  side       ab   345 

To  sin.  op.  Z.  c  1 15»  Sa*  or  ev  24' 
add  Z.  A  37  20       37  20 

the  sum  152  56  or  101  44 

taken  from  180  00  180  00 
leaves     z.  b   27  04  or  78  16 


2-3654880 
9-7827058 
2-5378191 
9^551269 


Theut  to  find  the  side  ac« 
As  sine      Za    37*' 2a 
To  op.  side  bo 

So  sin. 

To  op.  side  ac 
or 


<27-04' 
^  ?■  J  78    16 


17407 
374-56 


log.  9-7827958 
2-3654^80 
9-6580371 
9-9908291 
2*2407293 
2-5735213 


BXAUPLB  n. 

-  In  the  plane  triangle  abc, 
(  AB  865  poles 
Given  ^Z.  A   57M2' 
f  Z.B   24  45 
Required  the  other  parts. 

EXAXPLB  in. 

In  the  plane  triangle  abc, 

C  AC  120  feet 

Oiven^    bo  112  feet 

(  Z.A   57-'27' 

Required  Uie  other  parts. 
Vol.  I.  60 


Ans. 


AC 
BC 


98*3' 
lM-33 
309-86 


Z.b64''34'21' 
or  115  25  39 
Z.C57  58  39 
or  7  7  21 
AB  112*65  feet 
Lor    16*47  feet 
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n.ANX  TUOONOMBTBT. 


THBOREH   U. 

When  two  Sides  and  their  C<mtained  Angie  are  gieen* 

First  find  the  sum  and  the  difference  of  the  given  sides. 
Next  subtract  the  given  angle  from  180%  and  the  remainder 
will  be  the  sum  of  the  two  other  angles ;  then  divide  that 
by  2,  which  will  give  the  half  sum  of  the  said  unknown  an* 
gles.     Then  say, 

As  the  sum  of  the  two  given  sides, 

Is  to  the  difference  of  the  same  sides  ; 

So  is  the  tang,  of  half  the  sum  of  their  op.  angles, 

To  the  tang,  of  half  the  diff.  of  the  same  angles. 

Add  the  half  difference  of  the  angles,  so  found,  to  their 
half  sum,  and  it  will  give  the  greater  angle,  and  subtracting 
the  same  will  leave  the  less  angle :  because  the  half  sum  of 
any  two  quantities,  increased  by  their  half  difference,  gives 
the  greater,  and  diminished  by  it  gives  the  less. 

All  the  angles  being  thus  known,  the  unknown  side  will 
be  fpund  by  the  former  theorem. 

Note.  Instead  of  the  tangent  of  the  half  sum  of  the  an* 
known  angles,  in  the  third  term  of  the  proportion,  maybe 
used  the  cotangent  of  half  the  given  angle,  which  is  the 
same  thing. 

Demon.  Let  abc  be  a  plane  triangle  of  which  ac,  cb, 
and  the  included  angle  c  are  given :  c  being  acuU  in  the 
first  figure,  obtuse  in  the  second. 

On  AC,  the  longer  side,  set  off  cd  »  cb  the  shorter ;  join 


BD,  and  bisect  it  in  a  ;  also,  bisect  ad  in  o,  and  join  ob*  cs, 
producing  the  latter  to  f. 

Now  j(AC  +  cb)  =  J(2gd  +  2dc)  =  co 
and   i(Ac  —  cb)  =  |(2ag)  =ao 

also  i(A  +  b)  =  J(CDB  +  CBD)  ■=  CBD 

and  j(B  —  a)  =  ABC  —  \  Bum  =  abd  : 
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also,  because  cb  bisects  the  base  af  the  isosceles  triangle  cbd, 
it  is  perpendicular  tn  it : 

Therefop  kc  =  tangent  of  cbd  j 
EF  =  tangent  of  ARD  ^ 
Lastly,  because  in  the  triangle  acf,  ob  is'  parallel  to  av 
(Geom.  th.  82)  we  have 

CO  :  OA  :  :  CB  :  BP ;  that  is, 
^(ac  +  cb)  :'|(ac —  cb)  :  :  tan.  ^(b  +  a)  :  tan.  ^(b —  a)  ; 
or,  siuce  doubling  both  the  antecedent  and  consequent  of 
the  first  ratio  does  not  change  the  muiual  relatiou  of  its 
terms,  we  have 
AC  4*  CB  :  AC  —  cB  : :  tan.  |(b  +  a)  :  tan.  ^(b  —  a),  q.  e.  d. 


EXAKFLB  I. 


.  In  the  plane  triangle  abc, 
C    AB  345  yards 
Given  <    ac  174'07  yards 
(  ^.a37''2U' 
Required  the  other  parts. 


1.  Geametricany* 

Draw  AB  =  345  from  a  scale  of  equal  parts.  Make  the 
angle  a  ^  S?""  20\  Set  off  ac  s  174  by  the  scale  of  equal 
parts.    Join  bc*  and  it  is  done. 

Then  the  other  parts  being  measured,  they  are  found  t^ 
be  nearly  as  follow  ;  viz.  the  side  bc  232  yards,  the  angle 
B  27%  and  the  angle  c  115"^. 


2.  ArkhmedcaUy. 


The  side  ab  345 
Uie  side    ac  174-07 
their  sum      519*07 
their  differ.   170-93 


From  ISO^OO' 

take  Za  37  UO 

sum  of  c  and  b  142  40 

half  sum  of  do.  71  20 


As  sum  of  sides  ab,  ac,  •  • 
To  diff.  of  sides  ab,  ac,  •  - 
So  tang,  half  sum  ^  s  c  and  b 
To  tang,  half  diff.  ^.  s  c  and  b 
these  added  give  ^  o 
and  subtr.    give  ^  b 


51907 log.  2-7152259 
170*9:^  .  2-2328183 
71"  2a  .  10  4712979 
44  10  .  99868903 
115  36 
27    4 
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Th6&»  by  the  fbrnier  theorem,    . 

As  ain.  z  c  1 16°  36'  or  Bd**  24'    ,    .  log.  0-9551950 

To  its  op.  side  ab  345    .        -        •  2*5378191 

So«n-ofZ  A3720r    .                 .  9782W68 

To  its  op.  Bide  Bc  232    .        -        .  2*3654890 

SXAMPLB  U. 

In  tiie  plane  triangle  ABCy 

(   AB  365  poles  (  Bc800«86< 

Given  <  ao  154-33  Ans.^  Zb24<'45' 

(Za57M2'  (z.c98    3 

Required  the  dther  parts. 


BXAXPLB  III. 


In  the  plane  triangle  abc, 

i   AC  120  yards 
Given  (   bc  112  yards  Ans.  {  Za  57'*  ST    0' 

(Zc57"68'39"  |^b65  34  21 

Required  the  other  parts. 


THBOBSM  UI. 

When  the  Three  Sides  of  a  Triangle  a  *e  given. 

FiasT»  let  fall  a  perpendicular  from  the  greatest  angle  on 
the  opposite  side,  or  base,  dividing  it  into  two  segments,  and 
the  whole  triatigie  into  two  right-angled  triangles :  then  the 
proportion  will  be. 

As  the  base,  or  sum  of  the  segments, 
Is  to  the  sum  of  the  other  two  sides  ; 
So  is  the  diflference  of  those  sides, 
To  the  diff*.  of  the  segments  of  the  base. 

Then  take  half  this  difference  of  the  segments,  and  add 
it  to  the  half  sum,  or  the  half  baKe»  for  tHe  greater  segment, 
and  subtract  tbe  same  for  the  less  segment. 

Hi  nee,  in  each  of  the  two  right-angled  triangleSt  there 
will  be  known  two  sides,  and  the  right  angle  opposite  to  one 
of  them  ;  consequently  the  other  angles  witt  be  fonaA  by  the 
first  theorem. 

Demxmstr.  By  iheor.  35,  Geom.  the  rectangle  of  the  sum 
and  differenee  of  the  two  sides,  is  equAl  to  the  rectangle  of 
the  sum  and  difference  of  the  two  segments.  Therefore,  by 
forming  the  sides  of  these  rectangles"  into  a  proportioa  by 
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theor.  78,  Geometry,  it  will  appear  that  the  euma  and  dif. 
forenees  are  proportional  as  in  this  theorem. 

N*  B,  ^fbre  you  commence  a  solution  of  an  example  to 
this  ease^  ascertain  whether  the  triangle  be  right-angled  or 
not,  by  determining  whether  the  square  of  the  longest  side 
be  equal  or  unequal  to  the  sums  of  the  squares  of  the  other 
two.  If  equal,  the  example  may  be  referred  to  the  notes 
to  theorem  vr. 


BZAIIPLVI. 

In  the  plane  triangle  abc, 
^.         i  AB  845  yards 

*•«*»)«,  m-OT 
To  find  the  angles. 

1.  GeomeiricaUy. 

DraWk  the  base  ab  =s  345  by  a  scale  of  equal  parts.  With 
radius  282,  and  centre  a,  describe  an  arc  ;  and  with  radius, 
174,  and  centre  b,  describe  another  arc,  eutting.the  former 
in  o.    Join  ac,  bc,  and  it  is  done^ 

Then,  by  measuring  the  angles,  they  will  be' found  to  be 
nearly  as  follows,  viz.  ^ 

Z  A  27%  ^  B  97%  and  zc  115°;. 

2.  Arithmetically. 

Having  let  fall  the  perpendicular  cp,  it  will  be. 
As  the  base  ab  :  ac  +  bc  : :  ac  —  bc  :  ap  —  bp, 
that  is,  as  845  :  406  07  : :  57*93  :  6818  sar  ap  —  bp, 

its  hUlf  is        •  34-09 

the  half  base  is       172-50 

the  sum  of  these  is  206-59  s  ap. 

and  their  diff.  is      138*41  =  bp. 

Then,  in  the  triangle  apc,  right-angled  at  p. 


As  the  side        ac    • 

232    . 

log.    2-3654880 

To  sin.  op.        ^Ip     . 

90*    . 

.    10-0000000 

do  is  the  side     ap    . 

203-59 

.     2-315109a 

To  sin.  op.  ^  ACP    . 

62«  56' 

.     0-94£C»13 

which  taken  from 

^" 

90    00 

leaves  the  Z 

A 

27    04 
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wo  ¥LAm  9»iaov<MCBnY. 

* 
Again,  in  the  triangle  BPd,  right-angleJ  at  p» 


Aa  the  side        bc    • 

174-07 

■  log.  S-2407289 

To  sin.  op.       Jit    • 

90° 

■    ■  lO-OOOOOOO 

So  is  side          bp    . 

138-41 

.    ■    »- 141 1675 

To  sin  op.   Z  BCP    • 

52"  40' 

.    .    9-0004436 

which  taken  from 

00   00 

leaves  the  Z.B 

37    2U 

Alio  the  /ACF   62'>56'  j 

added  to  Zbcf   52  40 

givei  the  whole  Z.ACB  115  36  i 

So  that  all  the  three  angles  are  as  follow,  viz, 
theZ.A27-4';  the^BST-W;  the  Z.cll6"36'. 

The  angles  a  and  b  may  also  easily  be  found  by  the  ex* 

AC  Bl 

pressioiis  sec.  a  «=  — ,  sec.  b  «  — »  or  the  equivalent  logs.  i 


XXAUPLB  n* 


In  the  plane  triangle  abc, 

oj--.-      4AB365pole«  (^a57*12' 

th![  ISL  I  ^«  1^-^  Ans-  ^  ilB  24  45 

thesides   ^^309-86  ^  ^.c  98    3 

To  find  the  angles 


BXAXFLB  m. 

♦kll'S..   I  AC  112-65  Ans.  <  Zb  57  58  89 

thesides   ^j^jj2  Uc  64  34  21 

To  find  the  angles.    • 


The  three  foregoing  theorems  include  all  the  eases  of 
plane  triangles,  both  right-angled  and  oblique.  But  there 
are  other  theorems  suited  to  some  particular  forms  of  tri* 
angles  (see  vol.  ii.),  which  are  sometimes  more  expeditious 
in  their  use  than  the  general  ones ;  one  of  which,  as  the  caae 
for  which  it  serves  so  frequently  occurs,  may  be  here  ex* 
plained* 


Digitized  by  VjOOQIC 


tr.  aai 


THSORBX  IT. 

When  a  Triangle  m  Right-angled;  any  pf  the  unknown  parte 
may  be  found  by  thefdlowing  prqportione :  viz* 

As  radius 

Is  to  either  leg  of  the  triangle  ; 

80  is  tang,  of  its  adjacent  angle. 

To  its  opposite  leg ; 

And  so  is  secant  of  the  same  angle, 

To  the  hypothenuse. 

Denumstr,  ab  being  the  given  leg,  in  the 
right-angled  triangle  abc  :  with  the  centre 
Ay  and  any  assumed  radius  ad,  describe  an 
arc  BB,  and  draw  df  perpendicular  to  ab, 
or  parallel  to  bc.  Then  it  is  evident,  from 
the  definitions,  that  df  is  the  tangent,  and 
AF  the  secant  of  the  arc  db,  or  of  the 
angle  a  which  is  measured  by  that  arc,  to  the  radius  ao* 

Then,  because  of  the  parallels  bc,  df,  it  will  be 

as  AD  :  ab  : :  df  :  bc  and  : :  af  :  ac,  which  is  the  same  as 
the  theorem  is  in  words. 

Note.  The  radius  is  equal,  either  to  the  sine  of  90",  or  the^ 
tangent  of  45" ;  and  is  expressed  by  1,  in  a  table  of  natural 
sines,  or  by  10  in  the  log.  sines. 

BXAXPLE  I. 

In  the  right-angled  triangle  abc, 

1.  CreometricaUy. 

MfUce  AB  ss  162  equal  parts,  and  the  angle  assSS"*  7'  48^ ; 
then  raise  the  perpendicular  bc,  meeting  ac  in  c.  So  shall 
AC  measure  270,  and  bc  216. 

2.  Arithmetically. 

As  radius  log.  10-0000000 

TolegAB  .  162        .  .  2-2095150 

So  tang.  ^  A  .  53<'r48''  -  10*1249371 

TolegBc  .  216        -  -  2*8344521 
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Sfl8  TLAnZ  TUGOKOMSTRT. 

SoiecantZA     .         53"r48'        *  lO'7SllB4nrr 

To  hyp.  AC  •        270        .  .  2-4318627 

SXAXFLE   n. 

Id  the  right-angled  triangle  abc, 

r-v-.^  $  t^e  *«g  AB  180  .^   i  ic  802-0146 

^*^^°  \  the  Z  A  62  40'  ^°*"  J  Bc  a48-2464 

To  find  the  other  two  sideii. 

Nde*  There  is  sometimes  given  another  method  lor  right* 
angled  triangles^  which  is  thisj 

ABO  being  such  a  triangle,  make  one 
leg  AB  radius ;  that  is,  with  centre  a, 
and  distance  ab,  describe  an  arc  bf. 
Then  it  is  evident  that  the  other  leg  bc 
represents  the  tangent,  and  the  hypo. 

thenuse  ac  the  secant^  of  the  arc  bf,  or       j<^^| ^Tg  j^ 

of  the  angle  A.  ^^ 

In  like  manner,  if  the  leg  bc  be  made 
radius  {  then  the  other  lee  ab  will  re- 
present ^he  tangent,  and  the  hypothenuse  ac  the  secant,  of 
the  arc  bo  or  angle  c. 

.  But  if  the  hypothenuse  be  made  raclius ;  then  each  leg 
will  represent  the  sine  of  its  opposite  ant^le ;  namely,  the  leg 
ab  the  sine  of  the  aic  ag  or  angle  c,  and  the  leg  bc  the  sine 
of  the  arc  cb  or  angle  a. 

Then  the  general  rule  for  all  these  cases  is  this,  namely, 
that  the  sides  of  the  triangle .  bear  to  each  other  the  same 
propor^on  as  the  parts  which  they  represent. 

And  this  is  called,  Making  every  side  radiusw 

Note  2*  When  there  are  given  two  sides  of  a  rightrangled 
triangle,  to  find  the  third  side  ;  thii  is  to  be  found  by  the 
property  of  the  squares  of  the  sides,  in  theorem  34,  Gebm. 
viz.  that  the  square  of  the  hypothenuse,  or  longest  side,  is 
equal  to  both  the  squares  of  the  two  other  sides  together. 
Therefore,  to  find  the  longest  side,  add  the  squares  of  the 
two  shorter  sides  together,  and  extract  4he  square  root  of 
that  sum  ;  but  to  find  one  of  the  shorter  sides,  subtract  the 
one  square  from  the  other,  and  extract  the  root  of  the  re- 
nminder.  Or,  when  the  hypothenuse,  h,  and  either  the  base, 
b,  or  the  perpendicular,  f,  are  given :  then  half  the  sum  of 
lop.  (fl  +  f)  and  log.  (n  -  p)  =^  log.  b  ;  and  half  the  sum 
ofteg.  (a  +  b)  and  log.  (h  —  b)  =  log.  f- 
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When  B  and  i*  are  given,  the  following  logarithmic  ope- 
ration ,  may  sometimes  be  advantageously  employed ;  viz. 
Find  N  the  number  answering  to  the  log.  diff.,  2  log.  p  — -  log. 
B ;  and  make  b  +  h  =?  k  :  then,  ^  (log.  m  +  log.  b)  =  log.  h, 
the  hypothenuse. 

The  truth  of  this  rule  is  evident :  for,  from  the  nature 

p*  p° 

of  logarithms.  —  =  w;    whence  b  +  n  =  b  +  —  « 

B  B 

sx  H ;  and  ^  (log.  m  +  log.  b)  =  ^  log.  aib  s^  ^  log. 

(b»  +  P«)  i  log.    V(b*  +  P*)  =  log.  H. 

Or,  still  more  simply,  find  10  +  the  diff.  (log.  p  —  log.  b) 
in  the  log.  tangents.  The  corresponding  log.  secant  added 
to  log.  b  =  log.  H. 

Jfciej  also,  as  many  right-angled  tnaiigle^  in  integer  num- 
bers as  we  please  may  be  found  by  making 
m'  4.  n*  s=  hypothenuse 
m*  —  It*  =  perpendicular 
2m»  s  base 
HI  and  n  being  taken  at  pleasure,  m  greater  than  n. 

Before  we  proceed  to  the  subject  of  Heights  and  Distances 
we  shall  give, 

A  CONCISE  INVESTIGATION  OF  80S1E  OF  THE  MOST  USEFUL . 
TRIGONOMETRICAL  FORMULJE. 

Let  AB,  AC,  AD,  be  three  arches,  such  that  bc  =  cd,  and 
o  the  centre.    Join  ao,  oc,  bd.     Draw  deq  and  01  per- 
pencGcular,  and  bim  ||  to  oa.    Join  mq  and  bisect  it  by  the 
radius  on  ;  and  draw  au  ||  to  sp. 
Then  is  ab  =  sin,  ac  _B 

ou  =  cos.  Ac; 
also  DE  =  £Q  =  sin.  ap 

EK  =s  01    —  sin.  AB 

OK  =  sin.  AD  +  sin.  ab 

DK  ==s  sin.  AD  —  sin.  ab 

BI  =  IM  =  COS.  ab 

OB  =3  KI   =  COS.  AD 
MK  =  COS.  AB  +  COS.  AD 
BK  c=  COS.  AB  —  COS.  AD 

Because  the  angles  at  k  are  right  angles  : 
arc  BD  +  arc  hq  =  180«,  and  arc  dc  +  arc  un  =  90* 

.  .    *     /•  MP  =  PU  SS  oc  =  COS.  DC  ?=  COS.  BC  ; 

VoL.L  51 
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also,  because  ac  =  J(ab  +  ad)  =  Jbau  =  angle  aoc  (at 
centre)  ^  bbu  (at  cireumf.)  »=  BMa  (on  same  arc) 
/•  triangles  aoh,  bdk,  Q»Ky  are  equiangular. 

Hence — 


I.  OA  :  AH  :  :  ua  :  QK ; 

that  is,  rad. 

:  sin.  AC  :  :  2  cos.  bc  :  sin.  ad  +  sin.  ab 

II.  AO  :  OH  :  :  BD  :  dk  ; 

•  or,  rad. 

:  COS.  AC  :  :  2  sin.  bc  :  sin.  ad  —  sin.  ab 

in.  AO  :  OH  :  :  QIC  :  MK  ; 

or,  rad. 

:  COS.  AC  :  :  2  cos.  bc  :  cos.  ab  -f-  cos.  ad 

lY.  AO  :  AH  :  :  DB  :  DK  ;       « 

or,  rad. 

:  sin.  AC  :  :  2  sin.  bc  :  cop.  ab  —  coS  ad 

also, 

V.   BK  .  KM  =  DK  .  KQ,  that  is  (coS.  AB  *—  COS*.  AD) 

(cos.  AB+cos.  ad)  =  (sin.  ad* sin.  AB)'(siii.  ad^-sIq.ab). 

t 

By  reducing  the  above  four  proportions  into  equations, 
making  rad.  =  1,  we  obtain  two  distinct  classes  of  formuIsB, 
thus  :— 

First  Class*^  ac  =  a,  cb  =  6  ;  then  ad  »  a  +  6,  &b  j==o*-6, 

1.  sin.  (a  +  fr)  +  sin.  (a  —  6)  =s  2  sin.  a  cos.  6 

2.  sin.  (<i  -|-  i)  —  sin.  {a  —  6)  =  2  cos.  o  mn.  6 

3.  COS.  (a  —  b)  +  COS.  (a  +  6)  =  2  cos.  a  cos.  b 

4.  cos.  (o  —  h)  —  COS.  (a  +  6)  =  2  sin.  a  sin.  * 

Second  doss,  ad  =  a,  ab  =  6  ;  then  ac  =  \{a  +  b)^ 
BC  =  |(o  —  6). 

5.  sin.  a  +  sin.  6=2  sin.  i(«  +  b)  cos.  i(a  —  b) 

6.  sin.  a  —  sin.  6=2  cos.l^a  +  b)  sin.  ^(a  —  b) 

7.  COS.  b  +  COS.  o  =  2  cos.i(a  +  I)  cos.  \{a  —  6) 

8.  cos.  b  —  COS.  a  =  2  sin.  ^(a  +  b)  sin.  i(a  —  b) 

The  Hrst  class  is  useful  in  transforming  the  products^  of 
sines  into  simple  sines,  and  the  contrary. 

The  second  facilitates  the  substitutign  of  sums  or  differ- 
ences of  sines  for  the  products,  and  the  contrary. 

Taking  the  sum  and  the  difference  of  equations  1  and  2, 
also  of  3  and  4,  remembering  that  sin.  =  cos.  tan.  we  obtain 
the  following  : 

Third  Class. 

9.  sin.  (a  +  6)  =  sin.  a  cos.  b  +  sin.  b  cos.  a 
=  cod.  a  cos.  b  (tan.  a  +  tan.  b) 
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10.  sin.  (a  —  b)  =  sin.  a  cos.  6  —  sin.,  6  cos.  a 

^  COS.  a  COS.  b  (tan.  a  —  tan.  6) 

11.  COS.  (a  +  6)  =  COS.  a  cos.  6  —  sin.  a  sin.  ft 

e«  COS.  a  COS.  6  (1  —  tan.  a  tan.  b) 

12.  COS.  (tt  —  ft)  =  COS.  a  COS.  ft  +  sin.  a  sin.  ft. 

==  COS.  a  COS.  ft  (1  +tan.  a  ta&.  ft). 

From  these,  making  a  =  ft,  we  readily  obtain  the  Ex- 
pressions for  sines  and  cosines  of  double  arcs ;  also  dtyidiag 
equation  9  by  11,  and  equation  10  by  12,  we  obtain  ex- 
pressions  for  the  tangents  of  a  -f  ft  and  a  —  ft.  Tlttis  we 
have  : — 

Fourth  Class. 

13.  sin.  2a  =  2  sin^  a  cos.  a  =  2  cos.'  a  tan.  a 

14.  cos.  2a  =  COS."  a  —  sin.'  a  =  cos.'  a  (1  —  tan.' a) 

1  r    8*0'  /     I    t\       *       /     I   r\       tan.  a  +  tan.  ft 

15.  —  (a  +  ft)  =  tan.  (a  +  ft)  =  r ■■ 

COS.  ^  ^  V     I     y       1-tan.  otan.  ft 


16 


s>n-  ,         tv       .       ,         rx        tan.  o  —  tan.  ft 


1  (a  —  ft)  =  tan.  (a  —  ft)  =  - 


COS.  ^  ^  '       1  +  tan.  a  tan.  ft 

2  tan. a 

17.  tan.  2a  = -z- 

1— tan.'a 

1  —tan.'a 

18.  cot.  2a  =  1--^-?. 

2  tan.  a 

Substituting  in  the  second  class, 

for  sin.  l(a+ft)^  cos.  \{a  +  ft)  tan.  i(a+ft), 
.and  for  sin.  i(a— ft),  cos.  ^a  —  ft)  tan.  |(a  — ft),  we  have  :— 

Fifth  Class. 

19.  cos.  ft+cos.  a=2  cos.  i(a+ft)  cos.  ^  (a— ft). — See  equa.  7. 

20.  cos.  ft-cos.a  ==  tan.  i[a+h)  tan.  ^(a-  ft^  2  cos.  i(a+ft) 
cos.  i(a-ft)  =tan.  J(a+ft)tan.  J(a-.6}(cos.ft+cos.  a) 

21.  sin.  a+sin.  ft  =  tan.'  i(a+b)  2  cos.  i(a+ft)  cos.  i(a-ft) 

=  taa.  i(a-|-^;  (cos.  a-f  cos.  ft) 
113.  sin.  a*^sin.  ft  =tan.  i(a-ft)  2  cos.  ^(a+ft)  cos.  ^(a—ft) 
S3  tan.  i(a-*ft)  (cos.  a+cos.  ft) 

^^  sin.  a+sin.  ft      tan.  Ua+b)     .       ^,       ,  ^^ 

23.  -: ^— Y  = : — t7-^t(  2  from  21  and  22. 

sm.  a— sm.  ft.     tan.  K^"*^) 

^,    sin.  a+sin.  ft        ^       ,/     .    ,x     i.       «• 

24. r  =*  tan.  Ua  +  ft) :  from  21. 

co0.a+co6.  ft  ^^  ^ 

^_   sin.  a-— sin.  ft  .        »v     r       no 

25.  -. ; =  tan.  4(a  —ft) :  from  22. 

cos.a+cos.  ft  * 
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ExampieBjbr  ExercUe, 

L  DemoDBtrate  that  in  any  right-angled  plane  triangle  th# 
'  following  properties  obtain :  viz. 

(!•)  ~-^=tan,  ang.  at  base.  (2.) -^tan.  ang.  at  vertex. 

Dase  perp* 

(S,)  ^--^=sin.  ang.  at  base.  (4.)  r- =^sin.  ang.  at  vertex. 

(5.)  r^^BBsec.  ang.  at  base.  (6.)    ^^'  =eec.  ang.  at  vertex. 
^    '  base  **  ^    '  perp.  ^ 

2.  Demonstrate  that  tan.  a  +  ^ec.  a  =  tan.  (45<»  +  ^a). 

3.  Demonstrate  that  sec.  2a  =  = — - — V4»  and  that  ' 

1 — ^tan.*  A' 

^         l+tan.'A        sec.' A 

cosec.  3a  =  -TT- =  jj- . 

2  tan.  A       2tan.  a 

4.  Given  Axy  =  b^  +  n^e' ;    to  find  x  and  y  the  sine  and 
cosine  of  an  arc. 

5.  Demonstrate  that  of  any  arc,  tan.'  —  sin.'  =  tan.'  sin.'. 

6.  Demonstrate  that  if  the  tan.  of  an  arc  be  =  ^n,  the 

sine  of  the  same  arc  is  =  ^ — rrr. 
^  n+l 


OP  HEIGHTS  AND  DISTANCES,  &c. 

Br  the  mensuration  and  protraction  of  lines  and  angles, 
are  determined  the  lengths,  heights,  depths,  and  distances  of 
bodies  or  objects. 

Accessible  lines  are  measured  by  applying  to  them  some 
certain  measure  a  number  of  times,  as  an  inch,  or  a  foot,  or 
yard.  But  inaccessible  lines  must  be  measured  by  taking 
angles,  or  by  such-like  method,  drawn  from  the  principles  of 
geometry. 

When  instruments  are  used  for  taking  the  magnitude  of  the 
angles  in  degrees,  the  lines  are  then  calculated  by  trigonome* 
try :  in  the  other  methods,  the  lines  are  calculated  urom  the 
principle  of  similar  triangles,  or  some  other  geometrical 
property,  without  regard  to  the  measure  of  the  angles.  << 
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Angles  of  elevation,  or  of  depression,  are  usually  taken 
either  with  a  theodolite,  or  with  a  quadrant,  divided  into  de- 
grees  and  minutes,  and  furnished  with  a  plummet  suspended 
mm  the  centre,  and  two  open  sights  fixed  on  one  of  the  radii, 
or  else  with  telescopic  sights. 

Tb  take  an  Angle  of  AUUude  and  Depression  with  (he 
Quadrant, 


Let  A  be  any  object,  as  the  sun, 
moon,  or  a  star,  or  the  top  df  a 
tower,  or  hill,  or  other  eminence  : 
and  let  it  be  required  to  find  the 
measure  of  the  angle  abc,  which  a 
line  drawn  from  the  object  makes 
above  the  horizontal  line  bc. 

Place  the  centre  of  the  quadrant 
in  the  angular  point,  and  move  it 
round  there  as  a  centre,  till  with  one  eye  at  d,  the  other 
being  shut,  you  perceive  the  object  a  through  the  sights ; 
then  will  the  arc  gh  of  the  quadrant,  cut  on  by  the  plumb- 
line,  BH,  be  the  measure  of  the  angle  abc  as  required. 

The  angle  abc  of  depression  o£  j^  ^ 

any  object  a,  below  the  horizontal 
line  bc,  is  taken  in  the  same  manner ; 
except  that  here  the  eye  is  applied  to 
the  centre,  and  the  measure  of  the 
angle  ia  the  arc  gh,  on  the  other 
side  of  the  plumb-line. , 

The  following  examples  are  to  be  constructed  and  calcu* 
lated  by  the  rules  of  Trigonometry. 


0^ 


I 


\. 


N«t 


BXAMFLE   I. 

Having  measured  a  distance  of  200  fbet,  in  a  direct  hori- 
zontal line,  from  the  bottom  of  a  steeple,  the  angle  of  eleva« 
tion  of  its  top,  taken  at  that  distance,  was  found  to  be  47°  SO' ; 
hence  it  is  required  to  find  the  height  of  the  steeple. 

Constructian. 

Draw  an  indefinite  line ;  on  which  set  ofif  ac  s  200  equal 
parts,  for  the  measured  distance.  Erect  the  indefinite  per- 
pendicular ab  ;  and  draw  cb  so  as  to  make  the  angle  c  = 
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^490  30%  tbo  angle  of  ekefation ;  and  it  is  done.    Then  ab, 
laeanired  oa  the  scale  of  equal  paite,  ia  nemiy  21Bj^. 


CaktdaHon. 


As  radius   -     - 
To  AC  200      . 
So  tang.  Z.c47«80'' 
To  AB  218-26  required 


10-0000000 
2-3010300 

10-0379475 
2-3380775 


Or,  by  the  nat.  tangents,  we  have  ac  X  tan.  bca  =1 
200  X  1-091308  ==  218-2616  =  ab. 

EXAXPLS  II. 

What  was  the  perpendicular  height  of  a  cloud,  or  of  a 
balloon,  when  its  angles  of  elevation  were  35^  and  64°,  as 
taken  by  two  observers,  at  the  same  time,  both  on  the  same 
side  of  it,  and  in  the  same  vertical  plane  ;  the  distance  be- 
tween them  being  half  a  mile  or  880  yards  ?  And  what  was 
its  distance  from  the  said  two  observers  ? 


Construction. 

Draw  an  indefinite  ground  line,  on  which  set  off  the 
given  distance  ab  =  880 ;  then  a  and  b  are  the  places  of 
the'  observers.  Make  the  angle  a  =  35^,  and  the  angle 
B  =  64*' ;  then  the  intersection  of  the  lines  at  c  will  be  the 
place  of  the  baUoon :  whence  the  perpendicular  cd,  being  let 
fall,  will  be  its  perpendicular  height.  Then,  by  measure- 
ment are  found  the  distances  and  height  nearly  as  follow, 
viz.  AC  1631,  BC  1041,  DC  I 


Calctdation. 

First,  from  Z  b  64' 
take  /La  35 
leaves    z.  acb  29 


Then  in  the  triangle  abc, 
As  sin.  ^acb         29° 
To  op.  side  ab      880 
So  sin,  <Z  A  36* 

To  op.  side  BC    l(y  1-125 


9-6855712 
2-0444827 
0-7585913 
3-0175028 
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As  sin.  ^ACB  .  20'' 
To  op.  side  ab  880 
So  sin.  Z.Bli6"or64» 
To  op.  side  AC    1631-442  ^ 

And  in  the  triangle  bcb, 
As  sin.  21d  90" 

To  op.  side  Bc     1041-125 
^sin.  Zb  64* 

To  op.  side  cd      935-767 


9-6855712 
2-9444827 
9*9596602 
8'2126717 


10-0000000 
8-0175028 
9«96d6602 
2-9711630 


EXAMFI.S  lU. 

Having  to  find  the  height  of  an  obelisk  standing  on  the 
top  of  a  declivity,  I  first  measured  from  its  bottom  a  distance 
of  40  feet,  and  there  found  the  angl«,  formed  by  the  oblique 
plane  and  a  line  imagined  to  go  to  the  top  of  the  obelisk, 
41  <^ ;  but  afler  measuring  on  in  the  same  direction  69  feet 
farther,  the  like  angle  was  only  28°  45'.  What  then- was 
the  height  of  the  obelisk  ? 


Construdkun.   > 

Draw  an  indefinite  line  for  the  sloping  plane  or  declivity, 
in  which  asshme  any  point  a  for  the  bottom  of  the  obelisk, 
from  which  set  ofi*  the  distance  ac  =  40,  and  again  cd  «  60 
equal  parts.  Then  make  the  angle  c  =  4P,  ^and  the  angle 
D  =  23"*  45' ;  and  the  point  b  where  the  two  fines  meet  will 
be  the  top  of  the  obelisk.  Therefore  ab  joined,  will  be  its 
height. — Draw  also  the  horizontal  line  de  perp.  to  ab. 


Calctdalum, 

From  the  ^  c  41"  00' 
take  the  Z  D  23  45 
leaves  the  ^  dbc  J?  15 


Then  in  the  triangle  dbc, 

As  sin.  /Idbc   17*  15' 
To  op.  side  dc  60 
So  sin.  Z  d       23    45 
To  op.  side  cb  81*488 


0-4720856 
1-7781513 
9-6050320 
1-9110977 
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And  in  the  triangle  abc, 

As  sum  of  sides  CB,  CA  121*488 

To  difr.  of  sides  cb,  ca  41  -488 

So  tang-  t(A  +  B)        -  eO"  30' 

Totang.  J(a-.b)        -  42  24^ 


the  diff.  of  these  is  Lcbk   27    5^ 
the  sum  is  .Zcab  111  54^ 


Lastly,  as  sin.  Z.cba  27"  5'^ 

To  op.  side  ca  40  -        - 

So  sin,  Z.C         -        4P0' 

To  op.  side  ab  67-623 

Also  the  Z  ADB  =  BAG  —  90«  =  21«  54'f 


20845333 

1-6179225 

10-4272623 

9-9606516 


9-6582842 
1-6020600 
9-8169429 
1-7607187 


EXAMPLE  IV. 

Wanting  to  know  the  distance  between  two  inaccessible 
trees,  or  other  objects,  from  the  top  of  a  tower  120  feet  high, 
which  lay  in  the  same  right  line  with  the  two  objects,  I  took 
the  angles  formed  by  the  perpendicular  wall  and  lines  con. 
ceived  to  be  drawn  from  the  top  of  the  tower  to  the  bottom 
of  each  tree,  and  found  them  to  be  33^  and  64^|.  What  is 
t)ie  distance  between  the  two  objects  ? 


Construction. 


Draw  the  indefinite  ground  line 
BD,  and  perpendicular  to  it  ba  = 
120  equal  parts.  Then  draw  the 
two  lines  ac,  ad,  making  the  two 
angles  bag,  bad,  equal  to  the 
given  measures  33°  and  64"!.  So 
shall  c  and  d  be  the  places  of  the 
two  objects. 


1^- 


a 


\»"'^» 


CalculiUion. 
First,  in  the  right-angled  triangle  abc, 

As  radius 

TOAB          .         120         -         -         . 
So  tang.  iiBAc     33" 
ToBc        -    77'929 

10-0000000 
2>0791812 
0-8125174 
1-8916086 
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Then  in  the  right-angled  triangle  abd, 

Aaradtas        .....  10*0000000 

ToAB        .        -          120       .        -  2*0701812 

So  tang.  ^  BAD  .            64"  30* .        .  10-3'21fi039 

ToBD        .           251*585       .        .  2-4006851 
From  which  take  bc  77*029 
leaTee  the  diat.  cd  173-656,  aa  required. 

Or  thus,  by  the  natural  tangents, 

From  nat.  tan.  dab        .        .      64^  30'  s  2*0965436 
Take  nat.  tan.  cab         •        .      33     0  «  0  6404076 


Difference  •  .  .  1*4471360 

If  drawn  into  ab    •  •  •  120 


The  reault  givea  CD  s  173-65632 


BXAXPLB  V. 

Being  on  the  aide  of  a  river,  and  wanting  to  know  the 
distance  to  a  house  which  was  seen  on  the  other  side,  I  mea. 
sured  200  yards  in  a  straight  line  by  the  side  of  the  river ; 
and  then,  at  each  end  of  this  line  of  distance,  took  the  hori- 
zontal angle  formed  between  the  house  and  the  other  end  of 
the  line ;  which  angles  were,  the  one  of  them  68**  2',  and  the 
other  73*  15'.  What  were  the  distances  from  each  end  to 
the  house  ? 

Contiruelkn. 

Draw  the  line  ab  ss  200  equal  parts. 
Then  draw  ac  so  as  to  make  the  anglo 
a  =s  68°  2',  and  bc  to  make  the  angle 
B=>73"  15'.  So  shall  the  point  c  be  the 
place  of  the  house  required.  _ ^ 

The  calculation,  which  is  left  for  the  student's  exercise, 
gives  AC  =  306*  19,  bc  =  296*54. 

Exam.  vi.  From  the  edge  of  a  ditch,  of  36  feet  wide, 
surrounding  a  fort,  having  taken  the  angle  of  elevation  of 
the  top  of  the  wall,  it  was  found  to  be  62"  40* :  required  the 
height  of  the  wall,  and  the  length  of  a  ladder  to  reach  from 
my  station  to  the  top  of  it  ?         a  «.  i  height  of  wall  69*64, 

^°'-  \  ladder,  78-4  feet. 

Vol.  I.  52 
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ExAH.  vn*  Required  the  leogth  of  a  nhoar,  which  beiag^ 
to  strut  11  feet  from  the  upright  of  a  building,  will  aapport 
a  jamb  23  feet  10  inches  i'rom  the  ground  ? 

Ana.  26  feet  3  inches. 

Exam.  tiii.  A  ladder,  40  feet  long,  can  be  so  placed,  that 
it  shall  reach  a  window  33  feet  from  the  ground,  on  one  side 
of  the  street ;  nod  by  turning  it  over,  wit|ioot  moving  the 
foot  out  of  it8  place,-  it  will  do  the  same  by  a  window  21  feet 
high,  on  the  other  side  :  required  the  breadth  of  the  street  ? 

Ans.  56-649  feet 

Exam.  ix.  A  maypole,  whose  top  was  broken  off  by  a 
blact  of  wind,  struck  the  ground  at  16  feet  distance  from  the 
foot  of  the  pole  :  what  was  the  height  of  the  whole  mayp<rfe, 
supposing  the  broken  piece  to  meaaure  39  feet  in  length  f 

Ans.  75  feet. 

Exam.  x.  At  170  feet  distance  from  the  bottom  of  a  tower, 
the  ^  angle  of  its  elevation  was  found  to  be  52'  30^ :  required 
the  altitude  of  the  tower  ?  Ans.  221*55  fMiU 

Exam.  xi.  From  the  top  of  a  tower,  by  the  sea-side,  of 
143  feet  high,  it  was  observed  that  the  angle  of  depreasioQ 
of  a  ship's  bottom,  then  at  anchor,  measured  35* ;  what  was 
the  ship's  distance  from  the  bottom  of  the  wall  ? 

Ans.  204-22  feet 

Exam.  xii.  What  is  the  perpendicular  height  of  a  hfll ; 
its  angle  of  elevation,  taken  at  the  bottom  of  it»  being  46*, 
and  200  yards  farther  off,  on  a  level  with  (he  bottom,  the 
angle  waa  31  <"  7  Ans.  286*28  yards. 

Exam.  xiu.  Wanting  to  know  the  height  of  an  inacces- 
sible tower  ;  at  the  least  distance  from  it,  on  the  same  hori* 
zontal  plane,  I  took  its  angle  of  elevation  equal  to  58* ;  then 
going  300  feet  directly  from  it,  found  the  angle  there  to  be 
only  32* :  required  its  height,  and  my  distance  from  it  at  the 
first  station  7  .       (height    307*58 

^"**  I  distance  19215 

Exam.  XIV.  Being  on  a  horizontal  plane,  and  wanting  to 
know  the  height  of  a  tower  placed  on  the  top  of  an  inacees* 
sible  hill ;  I  took  the  angle  of  elevation  of  the  top  of  the  hill 
40«,  and  of  the  top  of  ihs  tower  51<*  ;  the  measuring  in  a 
line  directly  from  it  to  the  disUnce  of  900  feet  fiuther,  I 
found  the  angle  to  the  top  of  (he  tower  to  be  33''  45'.  What 
is  the  height  of  the  tower  7  Ans.  98*33148  feet 

Exam.  xv.  From  a  window  near  the  bottom  of  a  house, 
which  seemed  to  be  on  a  level  with  the  bottom  of  a  steeple. 
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I  look  the  angle  of  elevation  of  the  top  of  the  steeple  equal 
40^ ;  then  from  another  window,  18  feet  directly  above  the 
former,  the  like  angle  was  S?"*  10'  :  required  the  height  and 
dbtftsce  of  the  ateeple.  ^^    (  height    210  44 

^^    J  distance  250-79 

ExxH*  3CVI.  Wanting  to  know  the  height  of,  and  my 
distance  NWfm,  an  object  on  the  other  side  of  a  river,  which 
appeared  to  be  on  a  level  with  the  place  where  I  stood, 
olose  by  the  side  of  the  river ;  and  not  having  room  to 
measure  backward,  in  the  aaroe  line,  because  of  the  im. 
mediate  rise  of  the  bank,  I  placed  a  mark  where  I  stood, 
and  measured  in  a  direction  from  the  object,  up  the  ascend- 
ing  ground,  to  the.distance  of  264  feet,  where  it  was  evi-w 
dent  that  I  was  above  the  level  of  the  top  of  the  object ; 
there  the  angles  of  depression  were  found  to  be,  viz.  of  the 
mark  left  at  the  river's  side  42^,  of  the  bottom  of  the  object 
27*^,  and  of  its  top  19^.  Required  the  height  of  the  object, 
and  the  distance  of  the  mark  from'its  bottom  ? 

.       i  height      CT-Se 
^°^- 1  distance  150-60 

Exam.  xvn.  If  the  height  of  the  mountain  called  the 
Peak  of  Tenerifle  be  2}  miles,  as  it  is  very  nearly,  and  the 
angle  taken  at  the  top  of  it,  as  formed  between  a  plumb-line 
and  a  line  conceived  to  touch  th^  earth  in  the  horizon,  or 
farthest  visible  point,  be  88^  2* ;  it  is  required  from  these 
measures  to  determine  the  magnitude  of  the  whole  earth, 
and  the  utmost  distance  that  can  be  seen  on  its  surface  from 
the  top  of  the  mountain,  supposing  the  form  of  the  earth  to 
be  perfectly  globular  ? 

.^  $dist.     135-943^     .,^, 
^^'•{diam.        7918  5 '"'*^'- 

ExAX.  zvui.  Two  ships  of  war,  intending  to  cannonade 
a  fort,  are,  by  the  shallowness  of  the  water,  kept  so  fur  from 
it,  that  they  suspect  their  guns  cannot  reach  it  with  efiecf. 
In  order  therefore  to  measure  the  distsnce,  they  separate 
ijrom  each  other  a  quarter  of  a  mile,  or  440  yards  ;  then  each 
ship  observes  and  measuses  the  angle  which  the  other  ship 
and  the  fort  subtends,  which  angles  are  SS"  45'  and.  85"  15'« 
What  ia  the  distance  between  each  ship  and  the  fort  ? 

.^  4  2292  26  yards. 
-*"'•  ^229805 

ExAX.  XIX.  Wanting  to  know  the  breadth  of  a  river,  I 
measured  a  base  of  500  yards  in  a  straight  line  close  by  one 
side  of  it ;  and  at  each  end  of  this  line  I  found  the  angles 
subtended  by  the  other  end  and  a  tree,  close  to  the  bank  on 
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the  other  side  of  the  river,  to  be  53''  and  79*  13^.    What  watf ' 
the  perpeodicular  breadth  of  the  river  1 

Aoe.  529*48  yarda. 

ExAX.  XX.  Wanting  to  know  the  extent  of  a  piece  of  water, 
or  distance  between  two  headlands ;  I  measured  from  each 
of  them  to  a  certain  point  inland,  and  foand  the  two  distances 
to  be  735  yards  and  840  yards  ;  also  the  horizontal  an^e 
subtended  between  these  two  lines  was  55"*  40'.  What  waa 
the  distance  required  ?  Ana.  741  -2  yards* 

Exam.  xxi.  A  point  of  land  was  observed,  by  a  ship  at 
aea,  to  bear  east.by-south ;  and  after  sailing  north.east  12 
miles,  it  was  found  to  bear  south^east-by-east.  It  is  required 
to  determine  the  place  of  that  headland,  and  the  ship's  dts* 
tance  from  it  at  the  last  observation  ?      Ans.  26*0728  miles. 

ExAif.  XXII.  Wanting  to  know  the  distance  between  a 
house  and  a  mill,  which  were  seen  at  a  distance  on  the  other 
side  of  a  river,  I  measured  a  base  line  along  the  side  where 
I  was«  of  GOO  yards,  and  at  each  end  of  it  took  the  angles 
subtended  by  the  other  end  and  the  house  and  mill,  which 
were  as  follow,  viz.  at  one  end  the  angles  were  58*"  20*  and 
95'  20",  and  at  the  other  end  the  like  angles  were  53'  30^  and 
98°  45'.  What  then  was  the  distance  between  tlie  house  and 
mill  ?  Ans.  959-5866  yards. 

Exam.  xxnj.  Wanting  to  know  my  distance  from  an  in- 
accessible  object  o,  on  the  other  side  of  a  river  ;  and  having 
no  instrument  for  taking  angles,  but  only  a  chain  or  cord  for 
measuring  distances  ;  from  each  of  two  stations,  a  and  b, 
which  were  taken  at  500  yards  asunder,  I  measured  in  a  di- 
rect like  from  the  object  o  100  yards,  viz.  ac  and  bd  each 
equal  to  100  yards  ;  also  the  diagonal  ad  measured  550 
yards,  and  the  diagonal  nc  560.  What  was  the  distance  of 
the  object  o  from  each  station  a  and  b  ! 

,       S  ao  536-81 
'  "^"^  BO  500-47 

ExAX.  XXIV.  In  a  garrison  besieged  are  three  remaricable 
objects,  A,  B,  c,  the  distances  of  which  from  each  other  are 
discovered  by  means  of  a  map  of  th(9  place,  and  are  as  M^ 
low,  vie.  AB  266],  AC  530,  bc  327^  yards.  Now,  having  to 
erect  a  battery  against  it,  at  a  certain  spot  without  the  place, 
and  being  desirous  to  know  whether  my  distances  from  the 
three  objects  be  such,  as  that  they  may  from  thence  be  bat* 
terud  with  effect,  I  took,  with  an  instrument,  the  horizontal 
angles  subtended  by  these  objects  from  the  station  a,  and 
found  them  to  be  as  follow,  viz.  the  angle  asb  13*"  30^,  and 
the  angle  bsc29"50^«    Required  the  three  distances,  sa. 
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■B,  80  ;  the  object  b  being  situated  neareet  me,  mid  between 
the  two  otben  a  and  c.  i  ba  757*14 

Ana.  <  en  &87-10 

Exam*  xzv.  Required  the  same  aa  in  the  last  example, 
when  the  object  b  is  the  Tarthest  from  my  station,  but  still  seen 
between  the  two  others  as  to  angular  position,  and  those  an- 
gles  being  thus,  the  angle  asb  88  45\  and  bso  22*'  80\  also 
the  three  distances,  ab  600,  ac  800,  bc  400  yatds  ? 

(SA    710*8 
Ans.  {sB  1041*85 
(sc    98414 

ExAX.  XXVI,  IfoB  in  the  figure  at  pa.  378  represent  a  por* 
tion  of  the  earth's  surface,  and  n  the  point  where  the  level- 
ling instrument  is  placed,  then  lb  will  be  the  difference 
between  the  true  and  the  apparent  level ;  and  you  are  re* 
quired  to  demonstrate  that,  for  distances  not  exceeding  5  or 
6  miles  measured  oq  the  earth's  surface,  bl,  estimated  in 
feet,  is  equal  to  ]  of  the  squiue  of  bd,  taken  in  miles. 


MENSURATION  OF  PLANES. 

Tub  Area  of  any  plane  figure,  is  the  measure  of  the  space- 
contained  within  its  extremes  or  hounds  ;  wtthout  any  re* 
gard  to  thickness. 

This  area,  or  the  content  of  the  plane  figure,  is  estimated 
by  the  number  of  little  squares  that  may  be  contained  in  it ; 
the  side  of  those  little  measuring  squares  being  an  inch,  or  a 
fqot,  or  a  yard,  or  any  other  fixed  quantity.  And  hence  tie 
area  or  content  is  said  to  be  so  many  square  inches,  or  square 
feet,  or  square  yards,  dsc. 

Thus,  if  the  figure  to  be  measured  be 
the  rectap^le  abco,  and  the  little  square 
b,  whose  side  is  one  inch,  be  the  men. 
suring  unit  proposed  :  then  as  often  as 
the  said  little  square  is  contained  in  the 
rectangle,  so  many  square  inches  the 
rectangle  is  said  to  contain,  which  in 
the  present  case  is  12. 


D 

i 

t 

C 
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' 
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11 
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Tojmdihe  Area  of  any  ParaUdogram ;  whether  ii  he  a  Sfmara, 
a  Rectangle^  a  Rkombu8y  or  a  Rhomboid. 

Multiply  the  length  by  the  perpendicular  breadth,  or 
height,  and  the  product  will  be  the  area^* 

BZAVPLBS. 

Ex.  1 .  To  find  the  area  ofa  parallelogram,  the  length  being 
12*25,  and  breadth  or  height  8-5. 

12*25  length 
t^^b  breadth 


G125 
9800 


104-125  area. 


Ex.  8.  To  find  the  area  or  a  aqunre,  whose  aide  is  85*25 
chains.  Ana.  124  acres,  1  rood,  1  perch. 

Ex.  3.  To  find  the  area  of  a  rectangular  board,  whose 
length  is  12}  feet,  and  breadth  9  inches.  Ans.  0}  feet. 

Ex  4.  To  find  the  con'ent  ofa  piece  of  land,  in  form  df  a 
rhonnbus,  its  length  being  6-20  chains,  and  |ierpeodicular 
breadth  5*45.  Ans.  3  acres,  1  rood,  20  perches. 

Ex.  5.  To  find  the  number  of  square  yards  of  painting  in 
a  rhomboid,  whose  length  is  37  feef,  and  height  5  feet  3 
incbes.  Ans.  21 1^^  square  yards. 


*  The  truth  of  this  role  Is  proved  in  the  G4*oin.  theor.  81,  oor.  9. 

The  ssme  U  cMherw-.e  |irr>v*'d  ihim :  Let  I^k  forpgiiiiiK  ivctengle  he 
the  figure  prO|iOM*d ;  end  Ut  ihr.  Iciig*hefid  lireadih  tie  d.vidrd  intt»  seve- 
ml  fmrfs,  t-ei-h  ffHinel  tn  ihe  liiieRr  roee«nriiig  nnit,  l>eing  here  4  fur  the 
1<fn|tth,  nnd  8  for  th«*  lirendlti ;  end  let  the  ofifiitile  |M»iiits  of  dfvisimi  be 
connected  tiy  rigtit  ltneii.^Tii«*ii  it  isevidtful  ihMt  Ihree  lines  dU  Idc  the 
rpciMngle  inirt  e  numlier  t^t  litilt*  !iqiiRn*8,  each  eunal  t«>  the  sqiiere 
fnessuriiijK  unit  i ;  end  fnrtber.  Ihet  tlie  niinilier  of  thfse  little  8«]n«ret, 
o#  the  eree  of  the  fixure,  is  ecj'inl  to  lh«  miin^i«*r  of  lineer  meesnriha  nn^is 
in  the  length,  reiieateit  as  often  ms  there  ere  lineer  roeiuuring  nnits  in  tlie 
tiree<lth,  or  heixht;  that  l<t.e(|nal  t«i  the  length  drawn  into  the  h«^t; 
which  here  is  4  X  3  or  1'^. 


And  it  is  |inived  (GtK>m  theor.  35,  eor.  3),  thai  any  oliliqiui  parmlfelo- 
mm  is  e4|ual  to  a  rectangle,  of  equal  length  and  peqiendii-ulai ' 
Thsrsfors  the  rule  is  general  for  all  parallelogrmins  wliatever. 


rular  iMvsdih. 
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FKOBI  SM  II. 

To  find  the  Area  iff  a  Triangle. 

RvLB  I.  HvLTiPLY  the  base  by  the  perpendicular  height, 
and  take  half  the  product  for  the  area*.  Or,  multiply  the 
one  of  these  dimeniiions  by  half  the  other. 

XXAXPLE8. 

Ex.  1.  To  find  the  ar^a  of  a  triangle,  whoae^base  b  625, 
and  perpendicular  height  520  links  ? 

Here6i5  X  260  =  162500  nquare  links, 

or  equal  1  acre,  2  roods,  20  perches,  the  answer. 
Ex.  2.  How  many  square  yards  contains  the  triangle, 
whose  base  is  40,  and  perpendicular  30  feet  ? 

Ans.  66{  square  yai^ 
Ex.  3.  To  fii!d  the  number  of  square  yards  in  a  triangle, 
whose  base  is  40  feet,  and  height  25\  feet. 

Ans.  684i,  or  68*7361. 
Ex.  4.  To  find  the  area  of  a  triangle,  whose  base  is  18 
feet  4  inches,  and  height  11  feet  10  inches  T 

Ans.  108  feet,  5}  inches. 

Rule  n.  When  two  sides  and  their  contained  angle  are 

given :  Muhiply  the  two  given  sides  together,  and  take  half 

their  product :  Then  say,  as  radius  is  to  the  sine  of  the  given 

angle,  so  is  that  half  product,  to  the  area  of  the  triangle. 

Or,  multiply  that  half  product  by  the  natural  sine  of  the 
said  angle,  for  the  areaf. 


*  The  troth  of  this  rule  is  evident,  because  any  triangle  is  the  half  of 
a  parallelogram  of  equal  base  and  altitude,  by  Geom.  tbeor.  JM. 

t  For,  let  AB,  AC,  be  the  two  given  sides,  in- 
cluding the  given  angle  a.  Now  J  ab  X  cp  is  the 
area,  by  the  firsf  role,  cp  being  the  perpendicular. 
But  by  trigonometry,  as  tin.  ^  p.  or  radios : 
AC  : :  sin.  ^  a  :  op,  which  is  therefore  =  ac  X 
sin.  /.  A,  tailing  radius  =  1.  Therefore  the  area 
iAB  X  CP  is  =  |ab  K  AC  X  sin.  /i  a,  lo  radius  1 ; 
or,  as  radios :  sfo.  ^  a  : :  iJab  X  ac  :  the  area. 


^ 
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Ex.  1.  What  is  the  area  of  a  triangle*  whose  two  tides  aro 
SO  and  40^  and  their  contained  angle  :^8°  57'  ? 

Bp  Naiural  JVtimfers.  By  Ltgariihms. 
Fint,  I  X  40  X  30  3=  600, 

then,  1  :  600  : :  '484049  sin.  28<>  57'  log.  0-6848S7 

60tf  2-778151 


Answer    200*4376  the  area  answ.  to     2  468088 

Ex.  2.  How  many  square  yards  contains  the  triangle  of 
which  one  angle  is  45"*,  and  its  containing  sides  25  and  2H 
feet  7  Ans.  20  86047. 

^ULB  III.  When  the  three  sides  are  given  :  Add  all  the 
three  sides  together,  and  take  half  that  sum.  Next,  sabtract 
each  side  severally  from  the  said  half  sum,  ohtaining  three 
remainders.  Then  multiply  the  said  half  sum  and  those  three 
remainders  all  together,  and  extract  the  square  root  of  the 
last  product,  for  &e  area  of  the  triangle  f. 


t  For,  let  h  denote  the  beie  as  of  tho  triangle  abc  (tee  the  lait  ftg.), 
niao  « the  side  ac,  and  c  the  side  sc.    Then,  by  theor.  3, 

Trigon.  •86:«  +  c::«  —  c:  — r —  =  ap  —  pb  the  diff.  of  the  leg- 
meats  t 

theref.  Jl  H — gj—  =  — '-j^^ =  the  fegment  ap  ; 

hence  V(ac'  —  ap")  =  the  perp.  cp,  that  is, 
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V ^-M-^ =  •"• 

Bat  iAB  X  cp  U  the  area,  thai  is, 
J6Xcp  =  i/= -T — j^ i 

.v(^*^:^?5fx^±4±^+H5?)  (A) 

— vv-     2  2  2 ^        2 

=:  V  J#X  (•  —  «)  X  (#  --  *)  X  (*  —  <)},  which  U  ifce  rale,  whew  * 
denotes  half  the  sani  of  the  three  sides. 

The  eipression  marked  (A),  if  %ve  put  s  =  6  -f-  c,  and  d  for  6  —  r,  as 
equivalent  to  J  t/  |  (•<  —  d  )(^—  dO  | ;  which,  in  most  cases,  fsnrishei 
a  more  commodious  rule  for  practice  than  role  in.  here  girsn ;  nspe« 
eialljr  if  the  computer  have  a  table  of  squares  at  band, 
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If  the  sides  of  the  triangle  be  large,  then  acid  the  logs,  of 
the  half  sum,  and  of  the  three  remainders  together,  and  half 
their  sum  will  be  the  log.  of  the  area. 

Ex.  I.  To  find  the  area  of  the  triangle  whose  three  sides 
are  20,  30, 40. 

20  45  45  45 

30  20  30  40 

40  —  —  — 

— -  25  Ist  rem.  15  2d  rem.        5  3d  rem. 

2)  00  —  —  — 

45  half  sum 

Then  45  X  25  X  15  X  5  »  84375, 
The  root  of  which  is  290*4737,  the  area. 

Ex.  2.  Ifow  many  square  yards  of  plastering  are  in  a 
triangle,  whose  sides  are  30, 40,  50  feet  ?  Ans.  06}. 

Ex.  3.  How  many  acres,  &c.  contains  the  triangle,  whose 
ndes  are  2569, 4900,  5025  links  ?      . 

Ans.  61  acres,  1  rood,  39  perches. 

PROBLEM  in. 

To  find  the  Area  of  a  Trapezoid. 

Ado  together  the  two  parallel  sides  ;  then  multiply  their 
sum  by  the  perpendicular  breadth,  or  the  distance  between 
them  ;  and  take  half  the  product  for  the  area.  By  Geom* 
theor.  29. 

Ex.  1.  In  a  trapezoid,  the  parallel  sides  are  750  and  1225, 
and  the  perpen<iicular  distance  between  them  1540  links ;  to 
find  the  area. 
1225 
750 

1975  X  770  =s  152075  square  links  =  15  arc.  83  perc. 

Ex.  2.  How  many  square  feet  are  contained  in  the  plank, 
whose  length  is  12  feet  6  inches,  the  breadth  at  the  greater 
end  15  inches,  and  at  the  less  end  11  inches  ? 

Ans.  13]}  feet. 

Ex.  3.  In  measuring  along  one  side  ab  of  a  quadrangular 
field,  that  side,  and  the  two  perpendiculars  let  fall  on  it  from 
the  two  opposite  comers,  measured  as  follow  :  required  the 
content.  • 

Vol.  I.  63 
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i^ss    110  links 
.iiaas   745 

AB=:11]0 

cp  =    352 
wi=   595 
Am.  4  ftcresy  1  rood,  5^792  perehes.  J^ 

PROBUBX  IT. 

Tojind  the  Area  of  any  TVapmuau 

Divide  the  trapezium  into  two  trianclee  by  a  Agonal ; 
then  find  the  arettn  of  iheae  triangles,  and  add  iiM«n  tngethar. 

Or  thus,  let  fall  two  perpendiculars  on  the  dtagooal  from 
the  other  two  opposite  angles  ;  then  add  these  two.perpen* 
«  diculars  together,  and  multiply  that  sum  by  the  diagonal, 
takinghalf  the  prodciet  for  the  area  of  the  trapeaiunu 

)E!x.  1..  To  find  the  area  of  the  trapezium,  whose  diagonal 
is  4*2,  and  the  two  perpendiculars  on  it  16  and  18. 

Here  16  +  18  =   34,  its  half  is  17. 
Then  42  X  17  =714  the  area. 

Ex.  2.  How  inany  square  yards  of  paving  are  in  the  tra« 

C»zium,  whose  diagonal  is  65  feet,  and  the  two  perpendicu- 
rs  let  fall  on  it  28  and  33^  feet  ?  Ans.  222^1  yards. 

fix.  3.  In  the  quadrangular  field  i^non,  on  account  of  ob- 
structions ihene  could  only  be  taken  the  following  measumss 
viz.  the  two  sides  bc  265  and  ad  220  yards,  the  diageoal 
AC  378,  and  the  twu  distances  of  the  perpendiculars  from  the 
ends  of  the  diagonal,  namely,  ae  100,  and  cf  70  yards.  Re- 
quired  the  construction  of  the  figure,  and  the  area  in  acres, 
when  4840  square  yards  make  an  acre  1 

Ans.  17  acres,  2  roodsi  21  parches. 


moSLEX  V. 

Tajbui^  Arm  of  mi  Irregyiar  Pdygmu 

DHAv  diagonals  dividing  the  proposed  polygon  into  tra« 
peziums  and  triangles.  Then  find  the  ai^eas  of  all  these  se- 
,parately,  add  add  them  together  for  the  content  of  the  whole 
polygon. 

ExAJCPU.    To  find  the  content  of  the  imgoiat  tgan 
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AncnttQAf  in  which  ar^  given  the  ibllowing  diagonala  and 
perpenfliculan :  namely* 

AC  65 
n  W 
oo4i 
ONI  IS 

Bn  18 
00  13 

1878^ 


FBOBLJGX  VI. 


ToJM  the  Area  qf  a  Regular  Polygon. 

Rv&B  I.  Muff  TiPLY  the  perimeter  of  the  polygon^  or  sum 
of  its  sides,  by  the  perpendroulsr  drawn  from  its  centre  on 
of  ita  sides,  and  take  half  the  product  for  the  area*. 


Ex.  1*  To  find  the  area  of  a  re^lar  pentag««n,  each  side 
being  25  feet,  and  the  perpendicular  from  the  centre  on  each 
•i4e  17-3M7787. 

Here  35  X  5  =s  125  is  the  perimeter. 
And  17-2047797  X  125  =  2150  5067125. 
Us  half  1075-298356  is  the  area  sought. 

RvLK  n.  Square  the  side  of  the  polygon ;  then  multiply 
that  square  by  the  tabular  ai^ea^  or  multiplier  set  agaiusi  its 
name  in  the  following  table,  aed  t^e  product  will  be  the 
areaf. 


*  Tliit  to  only  in  eflTect  resolvinic  tlie  imlyjson  into  as  miHiy  pqunl  tri* 
mikIim  a^  it  hat  sirfrt,  liy  drH«<rln|c  liiiAS  fiom  ili«  eentre  to  all  Hits  angles; 
then  finding  ti|t*ir  aivas,  and  adiling  them  hII  fojp'ih^r. 

t  This  role  b  founileflon  the  prfipi^rty.  thai  lllcf*  |ioly)rnn«,  li«*inft simi- 
lar fi^nrpii,  an?  fo  one  atiotber  as  thi*  «qiiAr«iff  of  iheir  like  •id»'S ;  w*>i«;h 
is^proved  in  the  Geoni.  theor.  8i>.  Now,  the  roiiliiplifrs  in  (he  tnbV, 
•re  the  araas  of  the  re«|>eGtive  polysuna  to  the  side  1.  Whenoe  tl^ 
nite  is  maaifett. 
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No.  of 

Names. 

Areas,  or 

Radius  ui  cir* 

Siden. 

Multipliers. 

cum.  cirr!e. 

S 

Trigon  or  triangle 

0-4330127 

0  5773508 

4 

Tetragon  or  square 

1-0000000 

0-70710<)8 

5 

Pentagon 

1-7204774 

0-aMH>508 

6 

Hexagon 

2-6980762 

1-0000000 

7 

Heptagon 

» -63:^124 

1  1523824 

8 

Octagon 

4-8284271 

1-3065628 

9 

Nonagon 

6-J818242 

1-4619022 

10 

Decagon 

7-6942088 

1-6180340 

11 

Undecagon 

9-3656399 

1-7747824 

12 

D'Kiocafir^n 

111961524 

1-9318517 

Exam.  Taking  here  the  aame  example  as  before,  namely, 
a  pentagon,  whose  side  is  25  feet. 
Then  25*  heing  =  625, 
And  the  tabular  area  1  7204774  ; 
Theref.  1-7204774  X  625  =  1075-298875,  as  before. 
Ex.  2.  'To  find  the  area  of  the  trigon  or  equilateral  tri- 
angle, whose  aide  is  20.  Ana.  173*20508. 
Ex.  3.  To  find  the  area  of  the  hexagon  whose  side  is  20. 

Ans.  1039-23048* 
Ex.  4.  To  find  the  area  of  an  octagon  whose  side  is  20. 

Ans.  1931-37084. 
Ex.  5.  To  find  the  area  of  a  decagon  whose  side  is  20. 

Ans.  3077-66352. 
Note.  If  AB  =  1,  and  n  the  number  of  sides  of  the  poly- 
gon, then  area  of  polygon  ^  n  times  area  of  the  triangle 
ABC  =  n  AD  .  DC  ==  n  AD  tan.  cad  (to  rad.  ad)  =  In  tan.  cad 
'  180" 

=  \n  cot.  ac!D  =  \n  cot.  .     The  ra- 

n 

dtus  of  the  circumscribing  circle,  to  side  1, 
is  evidently  equal  to  \  fl«»c.  cad.  Multi- 
plying, therefore,  the  radius  of  the  tiible  by 
the  numeral  value  of  any  proposed  side,  the 
product  is  the  radius  of  a  circle  in  which 
that  polygon  may  be  inscribed ;  and  from 
readily  be  constructed. 
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PROBLEM  VII. 

Th  fi:td  the  Diametq'  and  Circumference  of  any  Circle^  the 
one  from  the  other. 

This  may  be  done  nearly,  by  either  of  the  four  following 
proportions, 

viz.  As  7  is  to  22,  so  is  the  diameter  to  the  circumference. 
Or,  As  1  is  to  3*1410,  so  is  the  diam.  to  the  circumf. 
Or,  As  1 13  lo  355,  so  is  the  diam.  to  the  circumf.*     x 
And,  as  1  :  *318309  : :  the  circumf.  :  the  diameter. 


*  For  let  ABcD  be  any  circle,  u-hnte  centre  is 
B,  and  let  AB,  BC,  be  any  two  «>qunl  arcs.    Draw 
Uie  »evenil  chords  as  in  the  figure,  and  join  bb  ;  - 
also  draw  the  diameter  da.  which  produce  to  r, 
till  BP  be  equal  lo  the  chord  bd. 

Then  the  two  is.)sceles  triangles  dkb,  dbp,  are 
eqtiiangalNr,  bf  cause  they  have  the  angle  at  d 
eommon ;  confequently  db  :  db  : :  db  :  dp.  But 
the  two  triangles  afb,  dcb,  are  idenn<:al,  or  equal 
ill  all  renpecis,  because  they  havp  the  angle  f  = 
the  ancle  boc,  being  each  eq^al  to  the  angle 
ADB«  thesK  bein^  8ublend«*d  by  the  f»qunl  arcs  ab, 
bc;  altto  iheteitertor  HUwle  fab  of  tlie  quadran- 
gle ABcn,  is  e4|iiat  to  the  oppositu  interior  angle 
at  c  ;  and  the  two  triangles  have  also  the  sidn  bp  =  the  side  bd  ;  there- 
fore the  side  ap  is  also  equal  tu  the  side  dc.  Hence  the  proportion  aliove, 
vix.  db  :  db  : :  db  :  dp  =  da  -|-  ^^t  becomes  db  :  db  : :  db  :  2db  -|-  dc. 
Then,  by  taking  the  rectangles  uf  the  extremes  and  means,  it  is  db-<  =s 

3dB= -|-DK  .  DC. 

Now,  if  the  radius  de  be  taken  =:  1,  this  expression  becomes  db'  = 
2  -j-  DC.  and  hence  the  root  db  =  \/(2  -f  dc).  That  is,  if  the  measure 
of  the  supplemental  chord  of  any  arc  lie  increased  by  the  noml»er  2,  the 
yqiare  root  of  the  sum  will  l»e  the  supplemental  chord  of  half  that  arc. 

N'lW,  to  apply  thid  to  the  calculation  of  the  circumference  of  the  cir- 
cle, let  the  arc  ac  be  taken  equal  to  -}■  of  the  circumference,  and  bo  soc- 
cessively  bisected  by  the  above  theorem :  thus  (he  chord  ac  of  ■}-  of  the 
circumference,  is  the  side  6f  the  inscribed  regular  hexagon,  and  is  there- 
fore  oqnil  to  the  radius  ax  or  I  :  hence,  in  the  ri^ht-angled  triangle  acd, 
it  will  be  DC  =  V(ad'  — AC  )  =:' VO^—  I  )  =  v3  =  1-7320508076,  the 
Mpplemeiital  chord  of  -^  of  the  fieriphery. 

Then,  by  the  foregoing  theorem,  by  always  bisecting  (he  arcs,  and 
adding  2  to  the  last  square  root,  there  will  be  found  the  supplemental 
chords  of  the  l2th,  the  24th,  the  48tb,  the  96th,  &c.,  parts  of  the  peri- 
phery; thus, 

-/3-7320r,0«076  =  1-9318516525^   h 
V3-93I85I6525  =  1-9828897227      |u- 
v^3  9828897227  =  I -9957 1 78465  |  i>  ® 


>/3'9957l78465  =  1-9989291743  J  S  § 
V'3-998929I74.J=  1-9997322767  (  K  "g 
V^3-9997322757  =  1-9999330678  2-3 
^^3-9999330678  =  1-9999832669  |  ^  ^ 
V3-9999832669  = J  ^ 


f  iV 


LtAt 
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Ex.  1.  To  find  tbe  circumference  of  the  circle  whose  dm- 
meter  is  t^O. 
By  the  first  rale,  as  7  :  22  :  :  20  :  62^,  the  answer. 

Ex.  2.  Ifthecircumfereaceofthe  earth  he  24877 "4  nulesp 
what  is  its  diasicter? 

By  the  2d  rule,  as  3*1416  :  1  : :  24877*4  :  7918*7  nearly 
the  diameter. 

By  the  Sd  rule,  as  355  :  113  :  :  24877-4  :  7918*7  nearly. 

i.^   i.c4th  rule,  as  1  :  •318309  :  :  24877  4  :  7918-7  nearly. 

PROBLEM    VIII. 

To  find  ike  Length  of  any  Arc  of  a  Cirde*  * 

Multiply  the  decimal  *017453  by  the  degrees  in  the 
given  arc,  and  that  product  by  the  radius  of  the  circle,  for  the 
length  of  the  arc*. 


Since  then  it  is  found  ilmt  3'909f^3-^«ias*  is  ibe  squaiy^  of  th«  i 
meninl  chord  of  ihtt  IStU^tli  pHii  of  the  p«*ripii«»ry,  Ift  this  imiiilNfr  I 
tnkeii  fmin  4,  .wliicli  is  the  si|iiHr«*  of  ihe  Uiiinietfr.  mid  tbe  mitatndpr 
0-<)t)tM)l673:U  uill  he  ihi;  jiqunre  of  the  chord  of  ih-said  iSillib  |«irt  of 
\\)rt  periphery,  nnd  coni«e«|iie!it  ly  ihe  root  VO-OINIOI67HSI  .  (HHHQOMl  \% 
^\%  thf  leiifc<h  of  that  i-hord;  this  nnmbpr  thrit  Im»)ii^  niiltiplii'd  liy  IIM 
gives  rt*!2SHI78S  fir  tlie  pHrimeler  of  n  reisiilar  \yo\yfin\\  of  153A  »!«)«§  in* 
scril>ed  in  ihe  circ'o:  which,  as  the  ridns  of  the  |iol\gon  n^nriy  «M»in» 
ciile  with  tue  cireumfiTence  oi  the  circle,  must  also  esprew  tbe  leagth 
of  the  ciiNmrnferrnne  itst*lf,  very  nctiriy. 

Biit  now.  to  show  h(»w  near  ihi<«  di'termination  it  to 
tbe  tnith.  lei  A'tP  =z  0KMM(»tf(N)ll*2  repieoeni  one  side 
of  sui'h  a  regiiter  polygon  of  1536  side«,  and  f rt  a  itida 
of  anolhf^r  siiniinr  tKilygort  devcrihed  eboiii  ilie  circle; 
and  from  the  rent  re  it  let  the  perpendiciilHr  k^r  tie 
dra^vn,  bispcting  ap  eml  st  in  q  ami  r.  Iheii  »iaea 
Ai  is  =  ^  AP  ^  Oim  4V«I5«<.  and  ka  -  I.  IbTefiMre 
Bqt^KA'—Aqi  = -iK^^ydoSlfir. and  conseqiienily  Mi 
root  gives  B I  -  •SK)i)M»i9  i8J :  thnn  lift-aiise  of  the  pa- 
rallels Ai*.  ST.  it  is  Rii :  BR : :  AP  :  ST  s :  a«  the  whnle  in* 
scrihi'd  p-'rinieter:  to  ti*e  rirciimsecrilifd  fine,  that  ist 
as  4»99$m7$HlB4  :  I  : :  6  2831 788  :  i>  28:il9*<Ml  the  perimo- 
ti*r  of  the  circuin«crihed  puiyjcon.  Now,  the  circHiQ* 
ferance  of  the  circle  hemg  ^rea«*r  than  the  perimeter  ef  tbe  imier  pnljp- 
gon,  but  less  than  that  of  the  uaier,  it  must  G«Mitfe(|Heiilly  he  greeter 
than  e-28Hl7d8. 

bat  less  than  eWIIIMH, 
and  mnst  therefore  he  nearly  equal  to  \  their  sum,  or  «>*2H3ld64,  wbick 
in  fact  is  tnie  to  the  Inst  Agiire,  which  should  he  a  3,  in»tead  of  tbe  4. 

t-lence  the  rircuniference  hfirie  6*^31854  «%hen  tbe  diameter  b  9;  it 
will  he  tbe  half  f>f  that,  or  3  I4I5(»;^,  when  the  diameter  is  I,  to  Mbich 
the  ratio  in  the  lule,  viz.  I  to  3-1416.  is  very  near.  Also  tbe  first  ratio 
in  the  rule,  7  to  2-2  or  1  to  3f  ^  3- 14*28  &c.  is  another  near  appruxiana- 
tion.     Dui  the  third  ratio,  1 13  to  355,  =  J  to  3t4ll>9eE9,  is  the  nearest. 

*  It  having  been  found,  in  the  demonstration  of  the  furejroing  fifobleiD, 
that  wbea  Ue  radios  of  a  circle  is  I,  tbe  length  of  thu  whole  oin;aafe> 
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Ex.  1.  To  find  the  length  of  an  arc  of  30  degrees,  the 
radius  being  0  feet.  ^  Ana.  4*71'^3L 

£x.  2.  To  find  the  length  of  an  arc  of  12*  10',  or  12^,  the 
radius  being  10  feet.  Ans.  2*1234* 

PROBLEM  IX. 

To  find  the  Area  of  a  Circle'^. 

RvLC  I.  Mttltiply  half  the  circumference  hy  half  the 
diameter.  Or  muhiply  the  whole  circumference  by  the  whole 
diameter,  and  take  ^  of  the  product. ' 

Rule  ii.  Square  the  diameter,  and  multiply  that  square 
by  the  decimal  *7854,  for  the  area. 

RvLB  Iff.  Square  the  circumference,  and  multiply  that 
square  by  the  decimal  '07958. 

Ex.  1.  To  find  the  area  of  a  circle  whose  diameter  is  10, 
and  its  crrcumferenee  31  -416.  ^ 


By  Rule  1. 

Hy  Rule  2. 

Bv  Rule  3 

31-416 

•7^«64 

31 -UO 

10 

10^=    100 

31416 

4)314 10  ^f.  ^  986-965 

7«*64  '^  ^  -07968 


78-64 


So  that  the  area  is  78*54  by  all  the  three  rules. 


ffvnce  »  6-9831854.  which  omisiffs  of  3A0  degr^ts ;  ihrrefore  w  3<I0'^ : 
a-SHdl654 : :  1  :  -OITaSri,  \'c.  the  length  nf  ihe  nic  of  I  dep^pf .  Henciilbe 
decimal  -01745:)  fnHlti|>lied  by  niiy  niimlMfr  of  de|;r««e9,  u  ill  give  the  length 
of  the  arc  of  tho<«e.  dRgrei*s.  And  ImcHiise  ihf  cirrumferences  and  arcs  are 
in  pro(H>rtion  as  the  diaraelers,  or  as  the  rndii  of  f  he  circles,  therefore  as 
the  radius  1  is  to  any  other  radius  r,  so  is  the  length  of  the  arc  a  hove 
mentioned,  to  '0 17453  X  degrees  iu  the  arc  X  r/ which  is  the  length  of 
that  arc,  as  in  the  rule. 

*  The  first  rule  is  proved  in  the  Geon).  theor.  94. 

And  (he  ^id  and  3 1  rules  are  deduced  from  the  first  rule,  in  this  man- 
ner.—By  that  rule,  dc  ^  4  U  tiie  area,  when  d  d^nottt^  the  diameter,  nnd 
€  tbe  eiroomfett^nee.  Bnt,  by  prob.  7,  c  is  =:  3- 14  lAfi ;  thi^refore  the  said 
area  lie  -^  A,  beenmes  a  X  :i  14  l<V(  -?-  4  t=r  -ISSAd  ,  which  gives  the  'id 
mie.^-Also,  hy  the  same  priih.  7,  <^  is  t=  e  -r-  'M4lt};  llivrffore  again 
the  same  first  area  dr.  -f-  4,  l»ecoines  (e  -r-  3- 14 16)  y  (c  -r  4)  -  c-  -♦- 
1-2*5664,  %vhich  is  =  c»  X  'CWdS.  hy  taking  the  reriprocal  of  W-66H4,  or 
changing  that  divisor  info  the  innlti|»l**r  •07958 :  which  gives  the  3iJ  rule. 

CuroL  Hfpce  Ihe  an>as  of  different  ciirJi-s  are  in  pr«<ponion  to  one 
another,  as  the  Ajuare  of  i  heir  diHmfters  or  as  the  Mjuare  of  their  circum- 
fereacet;  as  before  proved  in  the  Geom.  tbeor.  93. 
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Ex.  2.  To  find  the  area  of  a  circle,  nvhose  diameter  is  7, 
and  circumference  22.  Ans.  38|. 

Ex.  3.  How  many  square  yards  are  in  a  circle,  whose 
diameter  is  3}  feet  ?  Ans.  1  'Oe9. 

Ex.  4.  To  find  the  area  of  a  circle,  whose  circumference 
is  12  feet.  Ans.  11-4595. 


PROBLEM  X. 

J\>.find  the  Area  of  a  Ciradar  Ring,  or  of  the  Space  included 
hetweeti  the  Circumferences  of  two  Circles ;  the  one  being 
contained  within  the  other. 

Task  the  difference  between  the  areas  of  the  two  circles, 
as  found  by  the  last  problem,  for  the  area  of  the  ring. — Or, 
which  is  the  same  thing,  subtract  the  square  of  the  less  dia- 
meter from  the  square  of  the  greater,  and  multiply  their  dii^ 
ference  by  *7854. — ^Or,  lastly,  multiply  the  sum  of  the  dia- 
meters  by  the  difference  of  the  same,  and  that  product  by 
•7654  ;  which  is  still  the  same  thing,  because  the  product  of 
the  sum  and  difference  of  any  two  quantities,  is  equal  to  the 
difference  of  their  squares. 

Ex.  1.  The  diameters  of  two  concentric  circles  being  10 
and  6,  required  the  area  of  the  ring  contained  between  their 
circumferences. 

Here  10  +  6  =s  16  the  sum,  and  10  —  6  «  4  the  diffl 
Therefore  -7854  X  16  X  4  =  -7854  X  04  «  60  2656, 
the  area. 

Ex.  2.  What  is  the  area  of  the  ring,  the  diameters  of  whose 
bounding  circles  are  10  and  20  ?  Ans.  235  62. 


fROBLEX  XI. 

To  find  the  Area  of  the  Sector  of  a  Ctrele^ 

Rule  i.  Multiply  the  radius,  or  half  the  diameter,  by  half 
the  arc  of  the  sector,  for  the  area.  Or,  multiply  the  whole 
diameter  by  the  whole  arc  of  the  sector,  and  take  \  of  the 
product.  The  reason  of  which  is  the  same  as  for  the  first 
rule  to  problem  9,  for  the  whole  circle. 

Rule  ii.  Compute  the  area  of  the  whole  circle  :  then  say, 
as  360  is  to  the  degrees  in  the  arc  of  the  sector,  so  is  the  area 
of  the  whole  circle,  to  the  area  of  the  sector. 
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This  is  evideaty  because  the  sector  is  proportional  to  tho^ 
length  of  the  arc,  or  to  the  degrees  contained  in  it. 

Ex.  1*  To  find  the  area  of  a  circular  sector,  whose  are 
contains  18  degrees ;  the  diameter  being  3  feet. 
1.  By  the  first  Rule. 

First,  3*1416  X  3  =  9*4248,  the  circumferenee. 

And  360  :  18  : :  9*4248  :  -47124,  the  length  of  the  arc. 

Then  -47124  X  3  .^  4=  1-41372  ^  4  »=  -35343,  thearea. 
2.  By  the  2d  Rule. 

First,  '7854  X  3"  =  7-0686,  the  area  of  the  whole  circle. 

Then,  as  360  :  18  :  :  7*0686  :  -35343,  the  area  of  the 
sector. 

jEx.  2.  To  find  the  area  of  a  sector,  whose  radius  is  10, 
and  arc  20.  Ans.  100. 

Ex.  3.  Required  the  area  of  a  sector,  whose  radius  is  25, 
and  its  arc  containing  147°  29'.  Ans.  804-3986. 

PROBLEM  XIJ. 

To  find  the  Area  of  a  Segment  of  a  Circle, 

RvLB  I.  Fizn>  the  area  of  the  sector  having  the  same  arc 
with  the  segment,  by  the  last  problem. 

Find  also  the  area  of  the  triangle,  formed  by  the  chord  of 
the  segment  and  the  two  radii  o^the  sector. 

Then  add  these  two  together  for  the  answer,  when  the 
se^ent  is  greater  than  a  semicircle  :  or  subtract  them  when 
it  is  less  than  a  semicircle. — As  is  evident  by  inspection. 

Ex.  1.  To  find  the  area  of  the  segment  acbda,  its  chord 
AB  being  12,  and  the  radius  ae  or  ce  10. 

First,  As  ae  :  sin.  Z.  d  90" :  :  ad  :  sin.  v^'-r^v  i* 

36«  52' J  =i  36-87  decrees,  the  degrees  in  the    '      "/X  I^T 

JL  ARC  or  arc  ac.    T  heir  double,  73-74,  are  I        fr     j 

the  degrees  in  the  whole  arc  acb.  \       ^  y 

Now  -7854  X  400  =  314-16,  the  area  of  ^-^J-^ 

the  whole  circle.  «  ^ 

Therefore  360' :  73-74  : :  31416  :  64-3504,  area  of  the 

sector  acbe. 
Affain,  ^/(ak"  —  ad«)  «  -v/(  100  —  36)  =  ^64  =  8  =  ra. 
Tberef.  ad  X  de  =<  6  X  8  =3  48,  the  area  of  the  triangle 

abb. 
Hence  sector  acbe  —  triangle  aeb  =  16*3504^  area  of 
seg.  acbda. 

Rule  u.  Multiply  the  square  of  the  radius  of  the  circle 
by  either  half  the  difiereoce  of  the  arc  acb  and  its  sine  (both 
Vol.  I.  54 
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• 

to  the  radioA  I)«  or  half  the  sunixof  the  are  and  ttt  awe,  ae*^ 
cording  as  the  segment  is  less  or  greater  than  a  semicircle  ? 
the  product  will  be  the  area. 

The  reason  of  this  rule,  also^  is  evident  from  an  inspection 
of  the  diagram. 

ExAX.  the  same  as  before,  tn  which  ab  =  12,  ae  ss  10  ; 
«nd  from  the  former  c<mipatation  arc  acb  :=  73*  44'|. 

Then,  by  Button's  Mathematical  Tables,  pp.  340,  dee. 
arc  73*  44'f,  to  radius  1  =»  1  -2870059 
sin.  73"  44'|,  to  radius  1  »?    -OeOOOlO 

2)  -3270009 


•1685034 


whence,  ^1635034  X  10*  =  16*35034,  the  area  of  the  seg- 
ment ;  very  nearly  as  before. 

Ex.  2.  What  is  the  area  of  the  segment,  whoee  height  m 
18»  and  diameter  of  the  circle  50  ?  Ans.  630-375. 

Ex.  3.  Required  the  area  of  the  segment  whose  chord  is 
,  16,  the  diameter  being  20  ?  Ans.  44*726,  or  269*488. 

rsoBLBK  xni. 

To  measure  hng  Irregular  F%vr€s. 

Take  or  measure  the  breadth  at  both  ends,  and  at  several 
places,  at  equal  distances.  Then  add  together  all  these  in.- 
termediate  breadths  and  half  the  two  extremes,  which  sum 
multiply  by  the  length,  and  divide  by  the  number  of  parts, 
for  the  area*. 


te±j 


*  This  rale  is  made  out  as  follows : 
-«Let  ABCD  be  the  irregular  piece; 
haying  the  several  breadths  ao^  %f,  on, 
iK,  Bc,  at  the  equal  distances  ak,  so, 
oi,  n.    Let  the  sei^ral  breadths  In  or-  . 

der  be  demtted  by  the  corresponding  A     E      G     I     B 

letters  II,  6,  c,tf,e,  and  the  whole  length  -«.    *■      ^ 

AB  bv  {;  Ihen  compute  the  areas  of  the  partt  into  which  the  fignie  is 
divided  by  the  perpendiculars,  as  so  many  trapesoids,  by  prob.  i,  tad 
add  them  all  together.    Thus,  the  sum  of  the  pads  is, 

i-t*x..+»±fx«.+£±-x«.+  i±.'x» 
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Note.  If  the  perpeadiculara  or  breadths  be  not  at  equal 
^istancee,  oompute  all  the  parts  separately,  as  so  many  trape« 
xoids,  and  add  them  all  together  for  the  whole  area. 

Or  else,  add  all  the  peipendicular  breadths  together,  and 
divide  their  sum  by  the  number  of  them  for  the  mean 
breadth,  to  multiply  by  the  length ;  which  will  give  the  whole 
area,  not  far  from  the  truth. 

Ex.  1.  The  breadths  of  an  irregular  figure,  at  five  equi- 
distant places,  beinj^  8-2,  7-4,  9-2, 10*2,  8*6 ;  and  the  whole 
length  39 ;  required  the  area. 

8*2  35-2  sum. 

8-6  89 

2  )  16*8  sum  of  the  extremes.  3168 

8*4  mean  of  the  extremes.         1066 


7-4  4  )  1872-8 

9*2                                             848-2 
10-2  

85*2  sum. 
Ex.  2.  The  length  of  an  irre^lar  figure  being  84,  and  the 
breadths  at  six  equidistant  plaees  17-4, 20*6, 14*2, 16-5, 20*1, 
24-4 ;  what  is  the  area  ?  Ans.  1650-64. 


nOBLBXXtV« 

ToJmdAeArea  (f  an  Ellipsis  or  (hoL 

MvLTiPLT  the  longest  diameter,  x)r  axis,  by  the  shortest  i 
then  multiply  the  product  by  the  decimal  -7854,  for  the  area. 
As  appears  from  cor.  2,  theor.  8,  of  the  Ellipse,  in  the  Conic 
Sections: 

Ex«  1.  Required  the  area  of  an  ellipse  whose  two  axes  are 
70  and  50.  Ans.  2748  9. 

Ex.  2.  To  find  the  area  of  the  oval  whose  two  axes  are  24 
and  18.  Ans.  389-2928. 


whieh  It  the  whole  area,  agrMlng  with  the  rale :  m  being  the  eritiiineti- 
cal  memo  between  the  eitremes.  or  half  the  som  of  them  both,  and  4 
the  aamber  9f  the  paita.  And  the  same  lor  toy  other  namber  of  part» 
whatever. 
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To  find  the  Area  of  an  EllipUe  Segment. 

Fnn>  the  area  of  a  corresponding  circular  segment,  haviag 
the  same  height  and  the  same  vertical  axis  or  diameter.  Then 
say,  as  the  said  vertical  axis  is  to  the  other  axis,  parallel  to 
the  segment's  base,  so  is  the  area  of  the  circular  segment 
before  found,  to  the  area  of  the  elliptic  segment  sought. 
This  rule  also  comes  from  cor.  2,  theor.  3,  of  the  Ellipse. 

Ex.  1.  To  find  the  area  of  the  ellipfic  segment,  whose 
height  is  20,  the  vertical  axis  being  70,  and  the  parallel  axis 
60.  Ans.  64813. 

Ex.  2.  Required  tlie  arear  of  an  elliptic  segment,  cut  off 
parallel  to  the  shorter  axi/si ;  the  height  being  10,  and  the  two 
axes  25  and  35.  Ans.  102-03. 

Ex.  3.  To  find  the  area  of  the  elliptic  segment,  cut  off  pa- 
rallel to  the  longer  axis  ;  the  height  being  5,  and  the  axes  25 
and  35.  Ans.  97-8425. 

PBOBLEX  XVI. 

Tofis^  ike  Area  of  a  ParabdOf  or  iU  Segment.. 

Multiply  the  base  by  the  perpendicular  height ;  then 
take  two-thirds  of  the  product  for  the  area.  As  is  proved  in 
theorem  17  of  the  Parabola,  in  the  Conic  Sections. 

Ex.  1.  To  find  the  area  of  a  parabola ;  the  height  being  2, 
and  the  base  12. 

Here  2  X  12  =  24.     Then  f  of  24  =  16,  is  the  area. 

Ex.  2.  Required  the  area  of  the  parabola,  whose  height  is 
10,  and  its  base  10.  Ans.  lOBf . 


MENSURATION  OF  SOLIDS. 

Bt  the  Mensuration  of  Solids  are  determined  the  spaces 
included  by  contiguous  surfaces ;  and  the  sum  of  the  mea- 
sures of  these  including  surfaces  is  the  whole  surface  or  su« 
perficies  of  the  body. 

The  measure  of  a  solid,  is  called  its  solidity,  capacity,  or 
content. 
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Solids  are  measured  by  cubes,  whose  sides  are  inches,  or 
feet,  or  yards,  dec.  And  hence  the  solidity  of  a  body  is  said 
to  be  so  many  cubic  inches,  feet,  yards,  dec.  as  will  fill  its 
capacity  or  space,  or  another  of  an  equal  magnitude. 

The  least  solid  measure  is  the  cubic  inch,  other  cubes 
being  taken  from  it  according  to  the  proportioa  in  the  fol- 
lowing table,  which  is  formed  by  cubing  the  linear  pro* 
portions. 

Tahlt  of  Cubic  or  Solid  Measures. 

1728    cubic  inches  make  1  cubic  foot 

27    cubic  feet  .  1  cubic  yard 

166f  cubic  yards       .  1  cubic  pole 

64000    cubic  poles        .  1  cubic  furlong     . 

512    cubic  furlongs  1  cubic  mile. 

FROBLEK  1. 

To  find  the  Superficies  of  a  Prism  or  Cylinder. 

Multiply  the  perimeter  of  one  end  of  the  prism  by  the 
length  or  height  of  the  solid,  and  the  product  will  be  the  sur- 
face  of  all  its  sides.  To  which  add  also  the  area  of  the  two 
ends  of  the  prism,  when  required*. 

Or,  compute  the  areas  of  all  the  sides  and  ends  separately, 
and  add  them  all  together. 

Ex.  1.  To  find  the  surface  of  a  cube,  the  length  of  each 
aide  be  ng  20  feet.  Ans.  2400  feet. 

Ex.  2.  To  find  the  whole  surface  of  a  triangular  prism, 
whose  length  is  20  feetf  and  each  side  of  its  end  or  base  IS 
inches.  Ans.  91-048  feet. 

Ex.  3.  To  find  the  convex  surface  of  a  round  prism,  or 
eytinder,  whose  length  is  20  feet,  and  the  diamete^r  of  its  base 
is  2  feet.  Ans.  125-664. 

Ex.  4.  What  must  be  paid  for  lining  a  rectangular  cistern 
with  lead,  at  3d.  a  pound  weight,  the  thickness  of  the  lead 
bein^  such  as  to  weigh  71b.  for  each  square  foot  of  surface ; 
the  mside  dimensions  of  the  cistern  being  as  follow,  viz.  the 
length  3  feet  2  inches,  the  breadth  2  feet  8  inches,  and  depth 
2  feet  6  inches?  Ans.  31.  5s.  Ojd. 


*  The  truth  of  this  will  easily  appear,  by  considering  that  the  sides  of 
any  prism  are  paraiUilogranis,  wIiomi  common  length  Is  the  same  as  the 
length  of  the  solid,  and  their  breadths  taken  all  together  makeup  the 
feraeter  of  the  ends  of  the  same.  * 

▲ad  the  rale  is  evidently  the  same  for  the  satface  of  a  cylinder. 
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FROBLEK  II. 

To  find  the  Surface  of  a  Pyramid  or  Cone* 

Multiply  the  perimeter  of  the  base  by  the  slant  height, 
or  length  of  the  8i<)e,  and  half  the  product  will  evidently  be 
the  surface  of  the  sides,  or  the  sum  of  the  areas  of  all  the  tn« 
angles  which  form  it.  To  which  add  the  area  of  the  end  or 
base,  jf  requisite. 

Ex.  1.  What  is  the  upright  surface  of  a  triangular  pyra. 
mid,  the  slant  height  being  20  feet^  and  each  side  of  the  base 
3  feet?  '  Ans.90feet. 

Ex.  2,  Required  the  convex  surface  of  a  cone,  or  circular 
pyramid,  the  slant  height  being  50  feet»  and  the  diameter  of 
Its  base  8^  feeU  Ans*  667*59. 

PROBLEM  nu 

To  find  the  Surface  of  the  Frustum  of  a  Pyramid  or  Cone^ 
beiitg  the  lower  fart^  when  the  tap  is  cuttfbya  plane  pa^ 
rallel  to  the  base. 

A^D  together  the  perimeters  of  the  two  ends,  and  multiply 
their  sum  by  the  slant  height,  taking  half  the  product  for  the 
answer. — As  is  evident,  because  the  sides  of  the  solid  are 
trapezoids,  having  the  opposite  sides  parallel. 

Ex.  1.  How  many  square  feet  are  in  the  surface  of  the 
frustum  of  a  square  pyramid,  whose  slant  height  is  10  feet ; 
also  each  side  of  the  base  or  greater  end  being  8  feet  4  inches, 
and  each  side  of  the  less  end  2  feet  2  inches  ?    Ans.  1 10  feei. 

Ex.  2.  To  find  tlie  convex  surface  of  the  fnistiim  of  a 
cone,  the  slant  height  of  the  frustum  being  12^  feet,  and 
the  circumferences  of  the  two  ends  6  and  8*4  feet. 

Ans.  90  feet. 

PBOBLXK  IV. 

To  find  the  Solid  Content  ofanfj  Prism  or  Cylinder* 

Find  the  area  of  the  base,  or  end,  whatever  the  figure  of 
it  may  be  ;  and  multiply  it  by  the  length  of  the  prism  or  cylin- 
der, for  the  solid  content*. 


This  rale  appears  from  the  Geoni.  tbeor.  1  \0,  cor.  2.    The  teSM  Is . 
re  particularly  ihowo  ••  followi :  Let  the  anasiad  rectangiiisr pacal- 
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JVbto*  For  a  cube,  take  the  cube  of  its  side  by  multiplying 
this  twice  by  itself;  and  for  a  parallelopipedon,  multiply  the 
leogthi  breadth,  and  depth  all  together,  for  the  content. 

Es.  1.  To  find  the  solid  content  of  a  cube,  whose  side  is 
24  inches.  •  Ans.  13624. 

Ex.  2.  How  many  cubic  feet  are  in  a  block  of  marble,  its 
length  beinff  8  feet  2  inches,  breadth  2  feet  8  inches,  and 
thickness  2  feet  6  inches  ?  .  Ans.  21^. 

Ex.  8.  How  many  gallons  of  water  will  /the  cistern  con- 
tain, whose  dimensions  are  the  same  as  in  the  last  example, 
when  277 j^  cubic  inches  are  contained  in  one  gallon  ? 

Ans.  131-53. 

Ex*  4.  Required  the  solidity  of  a  triangular  prism,  whose 
length  is  10  feet,  and  the  three  sides  of  its  triangular  end  or 
base  are  3, 4,  5  feet.  Ans.  60. 

Ex.  5.  Required  the  content  of  a  round  pillar,  or  cylinder, 
whose  length  is  20  feet,  and  circumference  5  feet  6  inches. 

Ans.  48*1459  feet. 


PROBLEJC  V. 

To  find  (he  ConUnt  of  any  Pyramid  or  Cane. 

Find  the  area  of  the  base,  and  multiply  that  area  by  the 
perpendicular  height ;  then  take  ^  of  the  product  for  the 
content*. 


Mopipedoo  be  the  solid  to  be  meatored, 

and  the  cube  p  the  solid  measuring  unit,  its 

side  beinc  1  inch,  or  1  foot,  be. ;  also,  let 

the  length  and  breadth  of  the  liase  abcd, 

and  also  the  height  ab,  he  each  divided    'S.I- 

into  spnees  equal  to  the  leoslh  of  the  base 

of  the  cube  p,  namely,  here  o  in  the  length 

and  2  in  the  breadth » makinc  3  times  2  or  6 

squares  in  the  base  ao,  eaco  equal  to  the 

base  of  the  cube  p.    Hence  it  is  manifest 

that  the  parallelopipedon  will  contain  the 

eube  p,  as  many  times  as  the  base  ac  con-      ^^  ^ 

tains  the  base  orthe  cube,  repeated  as  often       '^'^  "^ 

as  the  height  ah  contains  the  height  of  the  cube.    That  is,  the  content 

of  any  parallelopipedon  is  found,  by  multiplyiug  the  area  of  the  base  by 

the  altitade  of  that  solid. 

And  became  all  prbms  and  cylinders  are  equal  to  paralleloplpedont 
of  equal  bases  and  altitudes,  by  Germ,  theor.  108,  It  follows  that  Uie  rule 
b  general  for  all  such  solids,  whatever  the  figure  of  the  base  may  be. 

*  This  nde  follows  from  that  of  the  prism,  because  any  pyrmmla  is  ^ 
of  a  piten  of  equal  base  and  altitude ;  by  Geom.  theor.  116,  cor.  1  and|{. 


mn 
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Ex.  1.  Required  the  eolidUy  of  a  square  pyramid^  each 
side  of  its  base  being  30,  and  its  perpendicular  height  25. 

Ans.  7500. 

Ex.  2.  To  find  the  content  of  a  triangular  pyramid,  whose 
perpendicular  height  is  30,  and  each  side  of  the  base  3. 

Anb.  38-971143. 

Ex.  3.  To  find  the  content  of  a  triangular  pyramid,  its 
height  being  14  feet  6  inches,  and  the  three  sides  of  its  base 
5,  6, 7  feet.  Ans.  71-0352. 

Ex»  4.  What  is  the  content  of  a  pentagonal  pyramid,  iUi 
height  being  12  feet,  and  each  side  of  its  base  2  feet  ? 

Ans.  27-5276. 

Ex.  5.  What  is  th^  content  of  the  hexagonal  pyramid, 
whose  height  is  6-4  feet,  and  each  side  of  its  base  6  inches  ? 

Ans.  1-38564  feet« 

Ex.  6.  Required  the  content  of  a  cone,  its  height  being 
10^  feet,  and  the  circumference  of  its  base  9  feet, 

Ans.  22-56093. 


PROBLEM  TI. 

To  find  the  SolidUy  of  a  Frustum  of  a  Cone  or  Pyramid* 

Add  into  one  sum,  the  areas  of  the  two  ends,  and  the 
mean  proportional  between  them  :  and  take  \  of  that  sum 
for  a  mean  area ;  which  being  multiplied  by  the  perpen- 
dicular height,  or  length  of  the  frustum,  will  give  its  con- 
tent*. 


i 


*  Let  ABCD  be  any  pyramid,  of  which  bcdgfb  it 
a  fnistam.  And  pat  a'  for  the  erea  of  the  bate  bcd, 
&>  the  area  of  the  top,  aro,  h  the  height  m  of  the 
frttstum,  and  c  the  height  ai  of  the  top  part  above 
it.  Then  c  -)-  A  =:  ab  is  the  height  of  the  whole 
pyramid. 

Hence,  by  the  last  prob.  \tC{c-\'h)  \%  the  content 
of  the  whole  pyramid  abcd,  end  }6-e  the  content 
of  the  top  part  aefo  ;  therefore  the  diflTerencc  -  >  - 
\tfl{p  +  A)  —  V^c  is  the  content  of  the  frustom 
BCD«FX.  But  the  quantity  t  lieing  no  dimension  of 
the  frustum,  it  must  be  eipelled  from  this  formula,  by  snbstitutinjr  Its 
Talna,  found  in  the  following  manner.  By  Geom.  theor.  1 12,  «< :  i* : ; 
(e^-  A)* :  c!^,  or  • :  6  : :  c  -f  A :  e,  hence  (Geom.  th.  69)  o  —  ft  r  6  : :  A  :  €^ 

qkicl «— <^ : « ::  A  :  c+ A;  heaca  therefore  c ss  —g  and c  -^hzs  —zi 
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Note,  This  general  rule  mny  be  otherwise  expressed,  ns 
follows,  when  the  ends  of  the  frustum  arc  circles  or  regular 
polygons.  In  this  latter  case,  square  one  side  of  each  poly. 
gon,  and  also  multiply  the  one  side  by  the  other ;  add  all 
these  three  products  together ;  then  multiply  their  sum  by 
the  tabular  area  proper  to  the  polygon,  and  take  one-third  of 
(he  product  for  the  mean  area,  to  be  multiplied  by  the  length, 
to  give  the  solid  content.  And  in  the  case  of  the  frustum 
of  a  cone,  the  ends  being  circles,  square  the  diameter  or  the 
circumference  of  each  end,  and  also  multiply  the  same  two 
dimensions  together;  then  take  the  sum  of  the  three  pro- 
ducts, and  multiply  it  by  the  proper  tabular  numt)er,  viz.  by 
*7854  when  the  diameters  are  used,  or  by  *07958  in  using 
the  circumferences  ;  then  taking  one-third  of  the  product,  to 
multiply  by  the  length,  for  the  content. 

£x.  1.  To  find  the  number  of  solid  feet  in  a  piece  of  tim- 
ber, whose  bases  are  squares,  each  side  of  the  greater  end 
being  15  inches,  and  each  side  of  the  less  end  6  inches  ;  also, 
the  length  or  the  perpendicular  altitude  24  feet.      Ans.  19^. 

Ex.  2.  Required  the  content  of  a  pentagonal  fnistum, 
whose  height  is  5  feet,  each  side  of  the  base  18  inches  ;  and 
each  side  of  the  top  or  less  end  6  inches.     Ans.  9-31925  feet. 

Ex.  3.  To  6nd  the  content  of  a  conic  frustum,  the  altitude 
being  18,  the  greatest  diameter  6,  and  the  least  diameter  4. 

Ans.  527-788e. 

Ex.  4.  What  is  the  solidity  of  the  frustum  of  a  cone,  the 
altitude  being  25,  also  the  circumference  at  the  greater  end 
being  20,  and  ut  the  less  end  10  ?  Ans.  464-216. 

Ex.  5.  If  a  cask,  which  is  two  equal  conic  frustums  joined 
together  at  the  bases,  have  its  bung  diameter  28  inches,  the 
head  diameter  20  inches,  and  length  40  inches  ;  how  many 
gallons  of  wine  will  it  hold  ?  Ans.  79*0013. 


than  these  values  of  eand  c-|-/i  being  sutratitiited  fur  them  in  tlie  ei- 
pres«ion  for  the  content  of  llie  frustum  gives  thai  content 

b  the  rule  above  given ;  ab  being  the  mean  hetween  a'  and  6'. 

>  Note.  If  D«  rf  be  the  correstionding  lincnr  dimensions  of  lim  ends,  S 
their  difference,  m  the  eppropriaie  maltiptter,  /t  tlie  ht^ight  of  the  frifs- 
tum,  then  is  the  content  s  |m/i  (3i>(l  +  i)  ;  which  is  a  convenient  prac- 
tioal  expression. 

Vol.  I.  55 
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FROBI.EX  VII. 

To  find  the  Surface  of  a  Spheret  or  any  Segment* 

Rule  i.  Mvltiplv  the  circumference  of  the  sphere  bj 
ks  diameter,  and  the  product  will  be  the  whole  surface  o( 
it*. 

RuLR  II.  Square  the  diameter  and  muhiply  that  aqoare  by 
3<1416,  for  the  surface. 

RuLK  iif.  Square  the  circumference  ;  then  either  violtt- 
ply  that  square  by  the  decimal  '3183,  or  diviito  it  by  3*1416, 
for  the  surface. 

Note,     For  the  surface  of  a  segment  or  frustum,  multiply 


^  These  niles  come  fmm  the  foltmving  theorems  for  fbe  caHiice  of  a 
8phei*e,  vis.  That  the  snid  surface  is  equdi  to  the  curve  sarfaee  of  ilrcir- 
cuiiiM;rihtiig  cylinder ;  or  thM  it  is  equal  to  4  great  circles  of  tkesaae 
sphere,  or  «>f  the  Mime  diameter;  which  are  thus  pr«ved. 

\jei\  ABCDbea  cylinder,  t:irctimscribing  the 
sphera  BFGH ;  the  former  generated  by  the 
rtilRiion  fif  the  rectangie  fbch  &t»out  tlie  aiis 
or  diameter  Fii;  and  t lie  l«tler  l»y  the  rota- 
lidit  of  the  semicircle  fgu  ahoftt  the  same  di- 
ameter FH.  Drnw  two  lines  kl.  na,  fierpen- 
diciilar  to  the  axis,  intercpplingthe  parts  rit, 
OP,  of  the  cytiuder  and  sphere  ;  then  will  the 
ring  or  cyiindric  surface  yenenited  hy  the  n>* 
tation  of  i.N,  be  eijuHl  to  the  ring  or  !>pl]erical 
surface  gntieitiled  by  the  arc  op.  For.  first, 
»up|)08e  the  parallels  ki.  and  las  to  be  indefi- 
nitely ne»r  together;  diawing  lo,  and  also  oq  parallel  lo xjr.  Then  the 
two  triangles  ixo,  oqp,  being  equianxolar,  it  is,  as  op  :  04  or  lit  : :  to  or 
XL  :  KO  ::  circumference  descritied  by  kl  :  ctrconnf.  described  by  so; 
therefore  the  rectangle  opxcircnmf.  of  ko  is  equal  to  the  rectangle  i.aX 
circumf.  of  ki.;  that  is,  the  ring  described  by  op  on  the  sfibere,  is  eqaaf 
10  the  ring  described  by  ln  on  the  cylinder. 

And  as  this  ii  every  where  the  case,  therefore  the  sattisof  any  eorrss- 
ponding  number  of  these  are  also  e(|ual ;  that  is.  Hie  whole  surface  of 
ttift  sphere,  described  by  the  whole  semicircle  roM,  is  equal  to  the  whole 
curve  surfiice  of  the  cylinder,  described  by  the  height  bg  ;  as  well  as  the 
surface  of  any  segment  described  by  fo,  equal  to  the  surface  of  the  oo^ 
responding  segment  described  by  bl. 

Corol.  I.  Hence  the  suiface  of  the  sphere  is  equal  to  4  of  its g;reat  cir- 
c1e«,  or  e(|ual  to  the  circumference  efgh,  or  of  dc,  mottiplied  by  tbs 
height  BC.  or  by  the  diameter  fh* 

CofiU.  2.  Hence  also,  the  surface  of  any  such  pert,  e^  a  Htgmtni  of 
frustum,  or  zone,  is  equal  to  the  same  circumference  of  the  sphere,  omI- 
tiplied  by  the  height  of  the  said  part.  And  consequently  aii^  spheri- 
cal curve  surfaces  are  to  one  auotber  in  the  seme  proportloa  as  their 
altitudes. 
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the  whole  circumference  of  the  sphere  H>y  the  height  of  tlie 
part  required. 

Ex.  1.  Required  the  convex  superficies  of  a  sphere,  whose  . 
diameter  is  7,  and  circumference  22.  Ans.  154. 

Ex.  2.  Required  the  superficies  of  a  globe^  whose  diameter 
is  24  inches.  Ans.  1809-5616. 

Ex.  3.  Required  the  area  of  the  whole  surface  of  the 
earthy  its  diameter  being  7U57;  miles,  and  its  circumference 
25000  miles.  *  Ans.  198943750  sq.  miles. 

Ex.  4.  The  axis  of  a  sphere  being  42  inches,  what  is  the 
convex  superficies  of  the  segment  whose  height  is  9  inches  ? 

Ans.  11 87-5-^4 8  inches. 

Ex.  5.  Eequitod  the  convex  surface  of  a  spherical  zone, 
whose  breadth  or  height  is  2  feet,  and  cut  from  a  sphere  of 
12'  feet  diameter.  Ans.  78-54  feet. 


PKOBLXX  vin. 
nfind  the  Solidity  of  a  Sphere  or  Globe. 

RiTLB  I.  Multiply  the  surface  by  the  diamcher,  and  take 
}  of  the  product  for  the  content  "*.  Or,  which  is  the  same 
thing,  multiply  the .  square  of  the  diameter  by  the  circum* 
ference,  and  take  }  of  the  product. 

RvLR  II.  Take  the  cube  of  the  diiameter,  and  multiply  it 
by  the  decimal  *5236,  for  the  content. 

RuLK  in.  Cube  the  circumference,  and  muhiply  by 
•01688. 

Ex.  1.  To  find  the  solid  content  of  the  globe  of  the  earth, . 
supposing  its  circumference  to  be  25000  miles. 

Ans.  t263750000000  miles. 

Ex.  2»  Supposing  that  a  cubic  inch  of  cast  iron  weighs 
*269  of  a  lb.  avoird.  what  is  the  weight  of  an  iron  bull  of 
5-04  inches  diameter  ? 


_---r,pttt -  , ,._ 

torface  of  the  sphere,  or  of  its  circumscribiiig^cylinder ;  also,  a  =  the 
namber  31416. 

Tlien,  ^  it  =;  the  Itaie  of  the  cylinder,  or,  one  great  circle  of  the 
tphere ;  and  4  is  the  height  of  the  cylinder :  ilien-torc  ^ds  is  the  contfut 
oT  the  cylinder.  But  {  of  the  cylinder  is  the  8|»lieii%  tiy  tli.  1 17»  Gtnm. 
that  is,  I  of  ids^  or-}^«  is  the  sphere ;  which  is  the  first  nile. 

Again,  because  the  surface  »w=^ud';  therefore  -^s  =  iad >  k  -5936^ ', 
is  the  content,  a«  in  the  2d  rule.  Also,  d  being  =  c  -t<  «j  therefure 
•i«d'  s  •)«)  ^  «>  ^  'aieea,  the  ^  rule  for  the  content. 
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PBOBLSM  IX. 

To  find  the  Solid  Content  of  a  Spherical  Segment. 

*  Rule  I.  From  3  times  (he  diameter  of  the  sphere 
t&ke  double  the  height  of  the  segment;  then  multiply  the  re* 
mainder  by  the  square  of  the  height,  and  the  product  by  the 
decimal  •523t>,  for  the  content. 

RuLis  II.  To  3  times  the  square  of  the  radius  of  the 
segment's  base,  add  the  square  of  its  height ;  then  multiply 
the  sum  by  the  height,  ahd  the  product  by  '5236,  for  the 
content. 

Ex.  1 .  To  find  the  content  of  a  spherical  segment,  of  2 
feet  in  height,  cut  from  a  sphere  of  8  feet  diameter. 

«  Ans.  41-888. 


*  By  enrol.  3,  of  iheor.  117,  G«om.  i(  iip- 
peiirs  tlint  iho  spheiic  sfffment  ppn,  is  ftqiial 
t«>  llie  difference  between  llic  cylinder  ablo, 
and  tile  conic  frost iim  ABMq. 

But,  putting!!/  =:  AB  or  PH  the  dinmeterof 
the  sphere  or  cylindpr,/i  =  fk  the  heiglit  of 
tlie  segment,  r  =r  PKt lie  radius  of  its  tin^Cr 
and  a  =  3-1416;  t1i(*n  tlie  content  of  the 
cone  ABi  is  —  ^ad^  x  Jr*  ~  A^<^'  •  «"*^  by 
tlie  similar  cones  abi,    qmi,   as  rt* :  Ki*  :: 

LJ  fg 

^ad^ :  ^ad^  X  {^-ri—  V  =  l*^©  cone  qni ;  therefore  ibe  cone  abi  — 

a** 

the  cone  qmi  =  A«^*~  A'^^  X  d*!^""- )^  :=  l«</i5i  —  Jfl***'  +  J«*' 

a* 
it  =  the  conic  fnist  am  of  Anifq. 

And  4^'/ Ais  r=:  the  cylinder  art.o. 

Then  the  difference  of  these  two  is  J«wfAi—  iflJk'  =  ^dk'  X  (W  — »), 
for  the  spheric  segment  pkk  ;  whii:h  is  tht*  firs^t  rule. 

Again,  because  pk*  =  fk  X  kii  (cor.  to  theor.  87,  Geom.)  or  r'  =  * 

(rf-A).tbercforerf  =  ll+  /,,  and  3rf  -  £A  =  ^+h=  —t—', 

which  being  substituted  in  the  former  rule,  it  becomes  |afe«  X  — T — 

=  -H*  X  (^r3  +  /,'),  which  is  the  2d  rule. 

JVIote.    By  snbti  acting  a  segn^pnt  from  a  half  sphere,  or  from  another 
•egmeitt,  the  content  of  any  frustum  or  xone  may  be  found. 
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Ex.  2.  What  18  the  solidity  of  the  segment  of  a  spheri,  its 
height  being  0,  and  the  diameter  of  its  base  207 

Ads.  1795-4244. 


Nile.  The  general  roles  for  measuring  the  most  useful 
figues  having  been  novv  delivered,  we  may  proceed  to  apply 
the  m  to  the  several  practical  uses  in  life,  as  follows. 
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LAND  SURVEYING. 


SECTION  I. 
DESCRIPTION  AND  U9E  OF  THE  INSTRUMENTS. 

1.   OF  THE   CHAIN. 

Land  18  measured  with  a  chain,  called  Gunter's  Chain, 
ffom  its  inventor,  the  length  of  which  is  4  poles,  or  22  yards, 
or  66  feet.  It  consists  of  100  equal  links ;  and  the  length 
of  each  link  is  therefore  y\^  of  a  yard,  or  j%%  of  a  foot,  or 
7*92  inches. 

Land  is  estimated  in  acres,  roods,  and  perches.  An  acre 
it  equa(  to  10  square  chains,  or  as  much  us  10  chains  in  length 
and  1  chain  in  breadth.  Or,  in  yards,  it  is  220  X  22  =  4840 
square  yards.  Or,  in  polos,  it  is  40  X  4  =  KU)  square  poles. 
Or,  in 'links,  it  is  1000  X  100  »  100000  ;^quare  links: 
tkese  being  all  the  same  quantity. 

Also,  an  acre  is  divided  into  4  parts  .called  roods,  and  a 
rood  into  40  parts  called  perches,  which  are  square  poles,  or 
tbe  square  of  a  pole  of  5^  yards  long,  or  the  square  of  ^  of  a 
chain,  or  of  25  links,  which  is  625  square  links.  So  that  the 
divisions  of  land  measure  will  be  thus  : 

625  sq.  links  =-  1  pole  or  perch 
40  perches  =  1  rood 
4  roods       =  1  acre. 

The  lengths  of  lines  measured  with  a  chain,  are  best  set 
down  in  links  as  integers,  every  chain  in  length  being  100 
links  ;  and  not  in  chains  and  decimals.  Therefore,  after  the 
content  is  found,  it  will  be  in  square  links  ;  then  cut  off  five 
of  the  figures  on  tho  right  hand  lor  decin^als,  and  the  rest  will 
be  acres.  These  decimals  are  then  multiplied  by  4  for  roods, 
4od  the  decimals  of  these  again  by  40  for  perches. 
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'  &XAX.  Suppose  tho  length  of  a  rectangular  piece  of  ground 
be  7£2  l.nks,  and  i.s  breadth  385  ;  to  fi^id  the  area  in  acrei^ 
roods f  aad  perches. 

79  i  304920 

385  4 


3960  -icego 

6336                                        40 
2376.  


3  ( 49:o 


7-8.200 


Ans.  3  acres,  0  roods,  7  perches. 

2.    OF  THE  PLAIN  TABLE. 

This  instrument  consists  of  a  plain  rectangular  board,  of 
any  conveYiient  size  :  the  centre  of  which,  when  used,  is  fixed 
by  means  of  screws  to  a  three-legged  stand,  having  a  bail 
and  socket,  or  other  joint,  at  the  top,  by  means  of  which, 
when  the  legs  are  fixed  on  the  ground,  the  table  is  inclined 
in  any  direction. 

To  the  table  belong  rarious  pnrts,  as  follow. 

1.  A  frame  of  wood,  made  to  fit  round  its  edges,  and  to 
be  taken  oflT,  for  the  convenience  of  putting  a  sheet  of  paper 
on  the  table.  One  side  of  this  frame  is  usually  divided  into 
equal  parts,  for  drawing  lines  across  the  table,  parallel  or 
perpendicular  to  the  sides  ;  and  the  other  side  of^  the  frame 
is  divided  into  360  decrees,  to  a  centre  in  the  middle  of  the 
table  ;  by  means  of  which  the  table  may  l^e  used  as  a  theo- 
dolite, dz^c. 

2.  A  magnetic  needle  and  compass,  either  screwed  into  the 
side  of  the  table,  or  fixed  beneath  its  centre,  to  point  out  the 
directions,  and  to  be  a  check  on  the  sights. 

3.  An  index,  which  is  a  brass  two-foot  scale,  with  either 
a  small  telescope,  or  open  sights  set  perpendicularly  on  the 
ends.  These  sights  and  one  edge  of  the  index  are  in  the  same 
plane,  and  that  is  called  the  fiducial  edge  of  the  index. 

To  use  this  instrument,  take  a  sheet  of  paper  which  will 
cover  it,  and  Wet  it  to  make  it  expand  ;  then  spread  it  flat  on 
the  table,  pressing  down  the  frame  on  the  edges,  to  stretch 
V  it  and  keep  it  fixed  there  ;  and  when  the  paper  is  become 
dry,  it  will,  by  contracting  again,  %tr«3tch  itself  smooth  and 
Hat  from  any  cramps  and  unevenness.  On  this  paper  is  to 
be  drawn  the  plan  or  form  of  the  thing  measured. 

Thus,  begin  at  any  proper  part  of  the  ground,  and  make 
a  point  on  a  convenient  part  of  the  paper  or  table,  to  repre. 
sent  that  place  on  the  ground  ;  then  fix  in  tliat  point  one 
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leg  of  the  compares,  or  a  fine  ateel  pin,  and  apply  to  it  (he 
fiducial  ed|(e  of  the  index,  moving  it  round  till  through  the 
aighta  you  perceive  some  remarkable  object,  as  the  corner  of 
a  field,  dtc.  ;  and  from  the  station-point  draw  a  line  with  the 
point  of  the  compasses  along  the  fiducial  edge  of  the  index, 
which  is  called  setting  or  taking  the  object :  than  set  another 
object  or  corner,  and  draw  its  line  ;  do  the  same  by  another ; 
and  so  on,  till  as  many  objects  are  taken  as  may  be  thought 
fit.  Then  measure  from  the  station  towards  as  many  of  the 
objects  as  may  be  necessary,  but  not  more,  taking  the  requi- 
site ofisets  to  comers  or  crooks  in  the  hedges,  laying  the 
measures  down  on  their  respective  lines  on  the  table.  Then 
at  any  convenient  place  measured  to,  fix  the  table  in  the 
same  position,  and  set  the  objects  which  appear  from  that 
place  ;  and  so  on,  as  before.  And  thus  continue  till  the 
work  is  finished,  measuring  such  lines  only  as  are  necessary, 
and  determining  as  many  as  may  be  by  intersecting  lines  of 
direction  drawn  from  difierent  stations. 

Of  shifliiig  the  Paper  on  (he  Plain  Table. 

When  one  paper  is  full,  and  there  is  occasion  for  more, 
draw  a  line  in  any  manner  through  the  farthest  point  of  the 
last  station  line,  to  which  the  work  can  be  conveniently  laid 
down  ;  then  take  the  sheet  ofiT  the  table,  and  fix  another 
on,  drawing  a  line  over  it,  in  a  part  the  most  convenient  for 
the  rest  of  the  work  ;  then  fold  or  cut  the  old  sheet  by  the 
line  drawn  on  it,  applying  the  edge  to  the  line  on  the  new 
sheet,  and,  as  they  lie  in  that  position,  continue  the  last  sta- 
tion line  on  the  new  paper,  placing  on  it  the  rest  of  the 
measure,  beginning  at  where  the  old  sheet  left  off.  And  so 
on  from  sheet  to  sheet. 

When  the  work  is  done,  and  you  would  fasten  all  the 
sheets  together  into  one  piece,  or  rough  plan,  the  aforesaid 
lines  are  to  be  accurately  joined  together,  in  the  same  roan, 
ncr  as  when  the  lines  were  transferred  from  the  old  sheets 
to  the  new  ones.  But  it  is  to  be  noted,  that  if  the  said  join- 
ing lines,  on  the  old  and  new  sheets,  have  not  the  same  in- 
clination to  the  side  of  the  table,  the  needle  will  not  point  to 
the  original  degree  when  the  table  is  rectified  ;  and  if  the 
needle  be  required  to  respect  still  the  same  degree  of  the 
compiss,  the  easiest  way  of  drawing  the  line  in  the  same 
position,  is  to  draw  them  both  parallel  to  the  same  sides  of 
the  table,  by  means  of  the  equal  divisions  marked  on  the 
other  two  sides. 
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3«   OF  THE  TBK030LITB* 

Trk  theodolite  is  a  brazen  circular  ring,  divided  into  360 
degrees,  &c.  and  having  an  index  with  sights,  oV  a  telescope, 
placed  on  the  centre,  about  which  the  index  is  moveable  ; 
also  a  compass  fixed  to  the  centre,  to  point  out  courses  and  ^ 
check  the  sights  ;  the  whole  being  fixed  by  the  centre  on  a 
stand  of  a  convenient  height  for  use. 

In  using  this  instrument,  an  exact  account,  or  field-book^ 
of  all  measures  and  things  necessary  to  be  remarked  in  the 
plan,  nmst  be  kept,  from  which  to  make  out  the  plan  on  re- 
torning  borne  from  the  ground. 

Ilegin  at  such  part  of  the  ground,  and  measuro  in  such 
directions  as  are  judged  most  convenient ;  taking  angles  or 
directions  to  objects,  and  measuring  such  distances  as  appear 
necessary,  under  the  same  restrictions  as  in  the  use  of  the 
plain  table.  And  it  is  safest  to  fix  the  theodolite  in  the 
original  position  at  every  station,  by  means  of  fore  and  back 
objects,  and  the  compass,  exactly  as  in  using  the  plain  table ; 
registering  the  number  of  degrees  cut  off  by  the  index  when 
directed  to  each  object ;  and,  at  any  station,  placing  the 
index  at  the  same  degree  as  when  the  direction  towards  that 
station  was  taken  from  the  last  preceding  one,  to  fix  the 
theodolite  there  in  the  original  position.  • 

The  best  method  of  laying  down  the  aforesaid  lines  of 
direction,  is  to  describe  a  pretty  large  circle  ;  then  quarter  it, 
and  lay  on  it  the  several  numbers  of  degrees  cut  ofiT  by  the 
index  in  each  direction,  and  drawing  lines  from  the  centre  to 
all  these  marked  points  in  the  circle.  Then,  by  means  of  a 
parallel  ruler^  draw  from  station  to  station,  lines  parallel  to 
the  aforesaid  lines  drawn  from  the  centre  to  the  respective 
points  in  the  circumference. 

4.    OP   THE   CROSS. 

The  cross  consists  of  two  pair  of  sights  set  at  right  angles 
to  each  other,  on  a  staff  having  a  sharp  point  at  the  bottom, 
to  fix  in  the  ground. 

Tho  cross  is  very  useful  to  measure  small' and  crooked 
pieces  of  ground.  The  method  is,  to  measure  a  base  or  chief 
line,  usually  in  the  longest  direction  of  the  piece,  from  comer 
to  comer  ;  and  while  measuring  it,  finding  the  places  where 
perpendiculars  would  fall  on  this  line,  from  the  several  cor- 
ners  and  bends  in  the  boundary  of  the  piece,  with  tho  cross, 
by  fixing  it,  by  trials,  on  such  parts  of  the  hne,  as  that 
through  one  pair  of  the  sights  both  ends  of  the  line  may 
appear,  and  through  the  other  pair  the  corresponding  bends 
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or  coroers  :  and  then  meamiring  the  lengths  of  (he  sai  fprr- 
pendiculars. 

BSHABKSr 

Besides  the  fore-mentioned  instruments,  which  are  meat 
commonly  used,  there  arc  some  others ;  as, 

The  perambulator,  used  for  measuring  roads,  and  other 
great  distances,  level  ground,  and  by  the  sides  of  rivers.  It 
has  a  wheel  of  8}  feet,  or  half  a  pole,  in  circumference,  by 
the  turning  of  which  the  machine  goes  forward  ;  and  ihe 
distance  measured  is  pointed  out  by  an  index,  which  is  moved 
round  by  clock-work. 

Levels,  with  telescopic  or  other  sights,  are  used  to  find 
the  level  between  place  and  plac&,'or  bow  much  one  place 
is  higher  or  lower  than  another.  And  in  measuring  any 
sloping  or  obhque  line,  either  ascending  or  descending,  a  small 
pocket  level  is  useful  for  showing  how  many  links  for  each 
chain  are  to  be  deducted,  to  redace  the  line  to  the  hori* 
zoatal  length. 

An  offset-stafl*  is  a  very  useful  instrument,  for  measoring 
the  offsets  and  other  short  distances.  It  is  10  links  in  lengthy 
being  divided  and  marked  at  each  of  the  10  links. 

21  en  small  arrows,  or  rods  of  iron  or  wood,  are  used  t» 
mark  the  end  of  every  chain  length,  in  measuring  lines. 
And  sometimes  pickets,  or  staves  with  flags,  are  set  up  aa 
marks  or  objects  of  direction. 

Various  scales  are  also  used  in  protracting  and  measuring 
on  the  plan  or  paper  ;  such  as  plane  scales,  line  of  chords, 
protractor,  compasses,  reducing  scale,  parallel  and  pcrpen. 
dicular  rules,  d^c.  Of  plane  scales,  there  should  be  several 
sizes,  as  a  chain  in  1  inch,  a  chain  in  }  of  an  inch,  a  chaia 
in  \  an  inch,  dec.  And  of  these,  t)ie  best  for  use  are  those 
that  are  laid  on  the  very  edges  of  the  ivory  scale,  to  mark  off 
distances,  without  compasses. 


SECTION  II. 

THE  PRACTICE  OF  SURVEYIN.l. 

This  part  contains  the  several  works  proper  to  be  drn'>  in 
the  field.  Or  the  ways  of  measuring  by  all  the  instrun  ests^ 
and  in  all  situations. 
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7b  measure  a  Line  or  Distance* 

To  ineasare  a  line  on  the  ground  with  the  chain  :  Having 
provided  a  chain,  with  10  small  arrows,  or  rods,  to  6x  one 
into  the  ground,  as  a  mark,  at  the  end  of  every  chnin  ;  two 
persons  take  hold  of  the  chain,  one  at  each  end  of  it ;  and 
all  the  10  arrows  are  taken  by  one  of  them,  who  goes  fore- 
most, and  is  called  the  leader ;  the  other  being  called  the 
follower,  for  distinction's  sake. 

A  picket,  or  starion-staflT,  being  set  up  in  the  direction  of 
the  line  to  be  measured,  if  there  do  not  appear  some  marks 
naturally  in  that  direction,  they  measure  8trai>sht  towards  if, 
the  leader  fixing  down  an  arrow  at  the  end  of  every  chain, 
which  the  follower  always  takes  up,  as  he  comes  at  ir,  llll 
all  the  ten  arrows  are  used.  They  are  then  alt  returned  lo 
the  leader,  to  use  over  again.  And  thus  the  am»w8  are 
changed  from  the  one  to  the  other  at  every  It)  chains  length, 
till  the  whole  line  is  finished  ;  then  the  number  of  chnngea 
of  the  arrows  shows  the  number  of  tens,  to  which  the  fcil. 
lower  adds  the  arrows  he  holds  in  his  hand,  and  the  number 
of  links  of  another  chain  over  to  the  mark  or  end  of  the 
line.  So,  if  there  have  been  3  changes  of  the  arrows,  and 
the  fuUower  hold  6  arrows,  and  the  end  of  the  line  cut  off 
45  links  more,  the  whole  length  of  the  line  is  set  down  in 
links  thus,  3645. 

When  the  ground  is  not  level,  but  either  ascending  or  de- 
scending; at  every  chain  length,  lay  the  ofiI»et-8ta(r,  or  link- 
ataff,  down  in  the  slope  of  the  chain,  on  which  lay  the  small 
pocket  level,  to  show  now  many  links  or  parU  the  slope  line 
IS  longer  than  the  true  level  one  ;  then  draw  the  chain  for- 
ward so  many  links  or  parts,  which  reduces  the  line  to  the 
horizontal  direction. 

raoBLEX  u. 

To  iake  Angles  and  Bearings. 

• 
Let  B  and  c  be  two  objects,  or  two 
pickets  set  up  perpendicular ;  and  let 
it  be  required  to  take  their  bearings, 
or  the  angles  formed  between  them 
at  any  ftatioo  A. 
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1.  With  the  Plain  Tdtk. 

The  table  being  covered  with  a  paper,  and  fixed  on  -ft 
stand  ;  plant  it  at  the  station  a,  and  fix  a  fine  pin,  or  a  foot 
of  the  compasses,  in  a  pniper  point  of  the  paper,  to  repre- 
sent  the  place  a  :  Close  by  the'side  of  this  pin  lay  the  fiducial 
edge  of  the  index,  and  turn  it  about,  still  touching  the  pin, 
till  one  object  b  can  be  seen  through  the  sights :  then  by  the  , 
fiducial  edge  of  the  index  draw  a  line.  In  the  same  manner 
draw  another  line  in  the  direction  of  the  other  object  €• 
And  it  is  done. 

2.  With  the  Theodditey  4«. 

Direct  the  fixed  sights  along  one  of  tho  lines,  as  ab,  hf 
turning  the  instrument  about  till  the  mark  b  is  seen  through 
these  sights ;  and  there  screw  the  instrument  fiist.  Theo 
turn  the  moveable  index  round,  till  through  its  s^hts  the 
other  mark  c  is  seen.  'J'hen  the  degrees  cut  by  the  index, 
on  the  graduated  limb  or  ring  of  the  instrument,  show  the 
quantity  of  the  angle. 

3.  With  the  Hhgnetie  Needle  and  Ccmpase. 

Turn  the  instrument  or  compass  so,  that  the  north  end 
of  the  needle  point  to  the  flower-de-luce.  Then  direct  the 
sights  to  one  mark  as  *b.  and  note  the  degrees  cut  by  the 
needle.  Next  direct  the  sights  to  the  other  mark  c,  and 
note  again  the  degrees  cut  by  the  needle.  Then  their  sum 
or  difference,  as  the  case  may  be,  will  gire  the  quantity  of 
the  angle  bac. 

4.  By  MeasuremefU  toith  the  Chains  d^. 

Measure  one  chain  length,  or  any  other  length,  along 
both  directions,  as  to  h  and  c.  Then  roea&ure  the  distance 
hc^  and  it  is  done. — This  is  easily  transferred  to  paper,  by 
making  a  triangle  a6c  with  these  three  lengths,  and  then 
measuring  tie  angle  a. 
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3b  survey  a  Tnanguktr  Fidd  abc. 
1.  By  the  Cham. 


AP    7M 
AB  1821 

PC 


P    B 


Having  aet  up  marks  at  the  corae  -  "J  which  is  to  be  dohe 
in  all  cases  where'  there  are  not  marks  naturally  ;  measure 
with  the  chain  from  a  to  p,  where  a  perpendicular  would 
fall  from  the  angle  c,  and  set  up  a  mark  at  p,  noting  down 
the  distance  ap.  Then  complete  the  distance  ab,  by  mea- 
suring from  p  to  B.  Having  set  down  this  measure,  return 
to  p,  and  measure  the  perpendicular  po.  And  thus,  having 
the  base  and  perpendicular,  the  area  from  them  is  easily 
found.  Or  having  the  place  p  of  the  perpendicular,  the 
triangle  is  easily  constructed. 

Or,  measure  all  the  three  sides  with  the  chain,  and  note 
them  down.  From  which  the  content  is  easily  found,  or  the 
figure  is  constructed. 

2.  By  taking  same  of  ike  Anglea. 

Measure  two  sides  ab,  ac,  and  the  anffle  a  between  thenu 
Or  measune  one  side  ab,  and  the  two  adjacent  angles  a  and 
B.  From  either  of  these  ways  the  figure  is  easily  planned  ; 
then  by  measuring  the  perpendicular  cp  on  the  plan,  and 
multiplying  it  by  half  ab,  the  content  is  found. 


PROBLEM*  zv. 


To  Meatwre  a  Four^Med  Fidd. 
1.  By  the  Chain. 


AB214 

AF962 
AC  592 


210  DE 

306  BF 


Measure 
the  two 


ure  alonff  one  of  the  diagonals,  as  ac  ;  and  ei^ 
perpendiculars DB>  bf,  as  in  the  last  problem; 
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e*8e  the  sides  ab,  bo,  cd,  da*    From  either  of  which  the 
figure  may  be  planned  and  computed  as  before  directed. 


Oihenoiset  by  the  Chain. 

352  PC 
595  on 


AF  110 
Aa  745 
AB  1110 


Measure,  on  the  longest  side,  the  distances  af,  aq,  ab  ;  and 
the  perpendiculars  pc,  an. 

3.  By  taking  iome  of  the  Angles. 

y 

Measure  the  diagonal  ac  (see  the  last  fig.  but  one),  and 
the  angles  cab,  cad,  acb,  acd. — Or  measure  the  four  sides, 
and  any  one  of  the  angles,  as  bad. 


Thus. 

Or  thua. 

AC     &91 

AB    486    . 

CAB  87*  ac 

BC    304 

CAD  41   15 

CD    410 

AtB  72  25 

DA      46j 

ACD  54  40 

BAD  78<»  36'. 

raoBi 

KM.  ▼. 

To  survey  any  FieM  by  the  Chain  only. 

Having  set  up  marks  at  the  vomers,  where  necessary,  of 
the  proposed  field  abcdepo,  walk  over  the  ground,  and  con- 
sider how  it  can  best  be  divided  into  triangles  and  trapeziums ; 
and  measure  them  separately,  as  in  the  last  two  problems. 
Thus,  the  following  figure  is  divided  into  the  two  trapeziums 
ABCo,  oDBF,  and  the  triangle  ocn.  Then,  in  the  first  tra- 
pezium, beginning  at  a,  measure  the  diagonal  ac,  and  the 
ttfo  perpendiculars  Gtn,  sn.  Then  the  liase  oo.  and  the 
perpendicular  d^.  Lastly,  the  diagonal  dp,  and  the  two 
perpendiculars  pEj  oo.  All  which  measures  write  against 
the  corresponding  parts  of  a  rough  figure  drawn  to  resemble 
the  figure  surveyedi  or  set  them  down  in  any  other  form  yon 
t:booae. 
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Thus. 


cq      152. 
Cti      440 


130    me 
180    hb 


230    qu 


rp     288 
FD      520 


Or  thns. 
Measure  all  the  sides  ab,  bc,  cd,  db,  ef,  fo,  oa  ;  and  the 
diagonals  ac,  co,  od,  df. 

Otherwise. 
Many  pieces  of  land  may  be  very  well  surveyed,  by  mea- 
suring  any  base  line,  either  within  or  without  them,  with  the 
perpendiculars  let  fall  on  it  from  every  comer.  For  they 
are  by  those  means  divided  into  severul  triangles  and  trape* 
zoids,  all  whose  parallel  sides  are  perpendicular  to  the  base 
lino ;  and  the  sum  of  these  triangles  and  trapeziums  will  be 
equal  to  the  figure  proposed  if  the  base  line  fall  within  it ;  if 
not,  the  sum  of  the  parts  which  are  without  being  taken  from 
the  sum  of  the  whole  which  are  both  within  and  without,  will 
leave  the  area  of  the  figure  proposed. 

In  pieces  that  are  not  very  large,  it  will  be  sufficiently 
exact  to  find  the  points,  in  the  base  line,  where  the  several 
perpendiculars  will  fall,  by  nieauM  of  the  cross^  or  even  by 
judging  by  the  eye  only,  and  from  thence  measuring  to  the 
comers  for  the  lengths  of  the  perpendiculars. — And  it  will  be 
most  convenient  to  draw  the  line  so  as  that  all  the  perpen- 
diculars may  fall  within  the  figure. 

Thus,  in  the  following  figure,  beginning  at  a,  and  mea- 
suring along  the  line  ao,  the  distances  and  perpendiculars  on 
the  right  and  left  are  as  below. 
"     '""     350  6b 
70  CO 
320  Jd 
50  es 
470yF 


Aft 

315 

AC 

440 

Ad 

585 

jue 

610 

4 

990 

AO 

loeo 
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PROBLEX  YI. 

*  To  meaiure  the  Offsets. 

jJMmn  being  a  crooked  hedge,  or  brook,  &c.  From 
A  measure  in  a  straight  direction  along  the  side  of  it  to  b. 
And  in  measuring  along  this  line  ab,  observe  when  you  are 
directly  opposite  any  bends  or  corners  of  the  boundaiy,  as  at 
tfy  d,  ^,  &c. ;  and  from  these  measure  the  perpendicular 
offsets  cky  dif  ftc.  with  the  offset-stafT,  if  they  are  not  very 
large,  otherwise  with  the  chain  itself;  and  the  work  is  done* 
The  register,  or  field-book,  may  be  as  follows : 


UH'8.  lelL 

BaM  line  ab 

0 

O         A 

eh    63 

46       AC 

di     84 

220      Ad 

ek     70 

340      Ae 

/I     98 

510      a/ 

gm   57 

«84      Ag 

m    91 

785      AB 

nrtrf 

Jlo    d    e     7     g     5 


«     /     jr     B 


*   PROBLEX  Vn. 

To  survey  any  Fkld  wUh  the  Plain  Table. 
1.  From  one  Station. 


Plakt  the  lable  at  any  angle  as 
c,  from  which  all  the  other  angles, 
or  marks  set  up,  can  be  seen  ;  turn 
the  table  about  till  the  needle  point 
to  the  flower-de-luce  ;  and  there 
screw  it  fast.  Make  a  point  for  c 
on  the  paper  on  the  table,  and  lay 

the  edge  of  the  index  to  c,  turning 

it  about  c  till  through  the  sights  A  B 

you  see  the  mark  d  :  and  by.  the  edge  of  the  index  draw  a 
dry  or  obscure  line :  then  measure  the  distance  cd,  and  lay 
that  distance  down  on  the  line  cd.  Then  turn  the  index 
about  the  point  c,  till  the  mark  s  be  seen  through  the  sights, 
by  which  draw  a  line  and  measure  the  distance  to  s,  laying 
it  on  the  line  from  c  to  b.  In  like  manner  determine  the 
poaitioos  of  ca  and  cb,  by  turning  the  sights  succeasifely  to 
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A  and  B ;  and  lay  the  length  of  those  lines  down.  Then 
connect  the  points,  by  drawing  the  black  lines  cd,  de,  ka, 
ABy  Bc,  for  the  boundaries  of  the  field. 

From  a  Station  within  ike  Field. 

When  all  the  other  parts  cannot 
be  seen  from  one  angle,  choose  some 
place  O  within,  or  even  without,  if 
moreconveoient,  from  which  the  other 
parts  can  be  seen.  Plant  the  table 
at  O,  then  fix  it  with  the  needle 
north,  and  mark  the  point  O  on  it. 
Apply  the  index  successively  to  Q, 
turning  it  round  with  the  sights  to 
each  angle,  a,  b,  c,  d,  k,  drawing  dry  Ikies  to  them  by  the 
edge  of  the  index  ;  then  measuring  the  distances  oa,  or,  ^r. 
and  laying  them  down  on  those  linos.  Lastly^  draw  the 
boundaries  ab,  bc,  cd,  de,  ea. 

3.  By  going  round  the  Figure. 

When  the  figure  is  a  wood^  or  water,  or  when  from  some 
other  obstruction  you  cannot  measure  lines  across  it ;  login 
at  any  point  a,  and  measure  h round  Tr,  either  within  or 
without  the  figure,  and  draw  the  directions  of  ull  the  sides, 
thus :  Plant  the  table  at  a  ;  turn  it  with  the  needle  to  the 
north  or  flower-de-luce  ;  fix  it,  and  mark  the  point  a.  Apply 
the  index  to  a,  turning  it  till  you  can  see  the  point  b,  and 
there  draw  a  line  :  then  the  point  b,  and  there  draw  a  line  : 
then  measure  these  lines,  and  lay  them  down  from  a  to  Kand 
b«  Next  move  the  table  to  b,  lay  the  index  along  the  line 
AB,  and  turn  the  table  about  till  you  can  see  the  mark  a,  and 
screw  fast  the  table ;  in  which  position  also  the  needle  will 
again  point  to  the  flower.  de-Uice,  :is  it  will  do  iudeed  at  every 
station  when  the  table  is  in  the  right  position.  Here  turn 
the  index  about  b  till  through  the  sights  you  seek  the  mark  c ; 
there  draw  a  fine,  measure  bc,  and  lay  the  diMance  on  that 
line  after  ^ou  have  set  down  the  table  ot  c.  Turn  it  then 
again  into  its  proper  position,  and  in  like  manner  find  the 
next  tine  en.  And  so  on  quite  around  by  e,  to  a  again. 
Then  the  proof  of  the  work  will  be  the  joining  at  a  :  for  if 
the  work  be  all  right,  the  last  direction  ka  on  the  ground, 
will  pass  exactly  through  the  point  a  on  the  paper ;  and  the 
measured  distance  will  also  reach  exactly  to  a.  If  these  do 
not  coincide,  or  nearly  so,  some  error  has  been  committed, 
and  the  work  must  be  exammed  over  again. 

Vol.  I.  57 
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PKOBLBX  VIll, 

To  surrey  a  Field  wifh  the  TheodoiUe,  ifc. 

1.  From  One  Point  or  Siaium. 

When,  all  the  angles  can  be  seen  from  one  point,  as  the 
angle  c  first  fig.  to  last  pmb.),  place  the  instrument  at  c,  and 
turn  it  about,  till  through  the  fixed  sights  you  see  the  mark 
B,  and  there  fix  it.  Then  turn  the  moveable  index  about 
till  the  mark  a  be  seen  through  the  sights,  and  note  the  do* 
grees  cut  on  the  instrument.  Next  turn  the  index  sue* 
oessi  vely  to  r  and  d,  noting  the  degrees  cut  off  at  each ;  which 
g^ives  ail  the  angles  w:k,  bck,  bcd.  lastly,  measure  the 
hues  CB«  CA,  CE,  CD  ;  and  enter  the  measures  tn  a  field-book, 
or  rather,  against  the  corresponding  partf  of  a  rough  fi^re 
drawn  by  guess  to  resemble  the  field. 

2.  Front  a  Point  within  or  withouL 

Plant  the  instrunient  at  o  (last  fig.)*  ^^  turn  it  about  tilt 
the  fixed  sights  point  to  any  object,  as  a  ;  and  thefe  screw  it 
fast.  Then  turn  the  moveable  index  round  till  the  sights 
point  successively  to  the  other  points  k,  d,  c,  b,  noting  the 
degrees  cut  off  at  each  of  them  ;  which  gives  all  the  angles 
round  the  point  o.  Lastly,  measure  the  distances  oa,  ob,  oc, 
OD,  OE,  noting  them  down  as  before,  and  the  work  ts  done* 

3.  By  going  round  the  Field. 

By  measuring  round,  either 
within  or  without  the  field,  pro- 
ceed  thus.  Having  set  up  marks 
at  B,  c,  ^c.  near  the  corners  as 
usual,  plant  the  instrument  at 
any  point  a,  and  turn  it  till  the 
fixed  index  be  in  the  direction 
AB,  and  there  screw  it  fast :  then 
turn  the  moveable  index  to  the 
direction  ac  ;  and  the  degrees  cut  oflf  will  be  the  angle  a* 
Measure  the  line  ab,  and  plant  the  instrument  at  b,  and 
there  in  the  same  manner  observe  the  angle  a.  'if  hen  mea- 
sure Bc,  and  observe  the  angle  c.  Then  measure  the  dis* 
tance  cd,  and  take  tbe  angle  d.  Then  measure  dk,  ^jai 
take  the  angle  £•  Then  measure  bf,  and  take  the  apigle  «• 
And  lastly,  measure  the  distance  fa. 

To  prove  the  work  ;  add  all  the  inward  angles,  a,  b,  c, 
^c.  together ;  for  when  the  work  is  right,  their  sum  wHi  be 
equal  to  twice  as  many  right  angles  as  the  figiue  has  sidMf 
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wmiilittg  4  rigkt  tnglet.  Btot  when  there  is  an  angle,  as  r, 
that  bends  inwards,  and  you  measore  the  eitternat  angle, 
which  is  less  than  two  right  angles,  subtract  it  fr«>m  4  right 
angles,  or  860  degrees,  to  give  the  internal  angle  greater  than 
a  seniicfircle  or  180  degrees. 

Oihentf9e» 

Insiead  of  observing  the  internal  angles,  we  may  take  the 
eternal  angles,  formed  without  the  figure  by  producing  the 
sides  farther  out.  And  in'  thb  case,  when  the  work  is  right, 
their  sum  altogether  wiH  be  eqiinl  to  '160  degrees.  But  ivhen 
one  of  them,  as  p,  runs  inwards,  subtract  it  from  the  sum  of 
the  restt  to  leave  860  degrees. 

PROBUBK  IX. 

To  gurvey  a  Fidd  wkh  crooked  HeJges,  4^. 

With  any  of  the  instruments,  measure  the  lengths  and 
positions  of  imaginary  lines  running  as  near  the  sides  of  the 
field  as  yoa  can  ;  and,  in  going  along  them,  measure  the 
ofisets  ia  the  manner  before  taught ;  then  you  will  have  the 
plan  cm  the  paper  in  using  the  plain  table,  drawing  this 
crooked  hedges  through  the  ends  of  the  offsets  ;  but  in  sur- 
veying with  the  theodolite,  or  other  instrument,  set  down 
the  measures  properly  in  a  field-book,  or  memorandum- 
book)  and  plan  them  afier  returning  from  the  field,  by  lay* 
iag  down  all  the  Unes  and  angles. 


So  in  snrveying  the  piece  abode,  set  up  marks,  /f ,  6,  r,  #1, 
dividing  it  so  as  to  have  as  few  sides  as  may  be.  Then  begin 
at  any  station,  a,  and  measure  the  lines  ahy  be,  cd,  dn^  taking 
their  positions,  or  the  angles,  a,  6,  c,  i2  ;  and,  in  going  along 
the  lines,  measure  all  the  ofisets,  as  at  m,  n,  o,  p,  die.  along 
every  station-line. 

And  this  is  done  either  within  the  field,  or  without,  as 
auiy  be  most  convenieaU    When   there  are  obstructions 
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Within,  aa  wood»  water,  bins,  dec.  then  measure  withou',  9M 
in  the  next  following  figure. 


PBOBLEX  X. 

7b  Survey  a  Field,  or  any  other  Thing,  hy  iteo  Stations. 

Tmn  it  performed  by  choosing  two  stations  from  which 
all  the  marks  and  objects  can  be  seen  ;  then  measuring  the 
distance  between  'the  stations,  and  at  each  station,  taking 
the  angles  formed  by  every  object  fit  ro  the  station  line  or 
distance. 

Tbe  two  stations  may  be  taken  either  within  the  bounds» 
or  in  one  of  the  sides,  or  in  the  direction  of  two  of  the  ob- 
jects, or  quite  at  a  distance  and  without  the  bounds  of  the 
objects  or  part  to  be  surveyed. 

In  this  manner,  not  only  grounds  may  be  surveyed;  with- 
out even  entering  them,  but  n  map  may  be  taken  of  t  le 
principal  parts  of  a  county,  or  the  chief  places  of  a  towUt 
or  any  part  of  a  river  or  coast  surveyed,  or  any  other  inac- 
cessible objects ;  by  taking  two  stations,  on  two  towers,  or 
two  hills,  or  such-like. 

B 


"^4^- SS-:^^ 
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PHOBLBX  ZI. 

To  survey  a  large  EsUile, 

If  the  estate  be  very  large,  and  contain  a  great  namberof 
fields,  it  cannot  well  be  done  by  surveying  all  the  fields 
•ingly,  and  then  putting  them  together ;  nor  can  it  be  done 
by  taking  all  the  angles  and  boundaries  that  enclose  it.  For 
in  these  canes,  any  small  errors  will  be  so  much  incrtfased,  as 
to  render  it  very  much  distorted.     But  proceed  a^  below. 

L  W.ilk  over  the  estate  two  or  three  times,  in  order  to 
get  a  perfect  idea,  of  it,  or  till  you  can  keep  the  figure  of  it 
pretty  we'l  in  mind.  '  And  to  help  your  memory,  draw  an 
eye-drnught  of  it  on  paper,  at  least  of  the  principal  parts 
of  it,  to  guide  you ;  setting  the  names  within  the  fields  in 
that  draught. 

2.  ChfKise  two  or  more  eminent  places  in  the  estate,  for 
station?*,  from  which  hII  the  principul  paVts  of  it  can  be  seen  : 
selecting  ihf.se  still  ions  us  fur  distnnt  from  one  atuHher  as 
csonveuK'iii. 

S.  Take  such  angles,  between  the  stations,  as  you  think 
necessary,  and  me4tfure  the  diMtunres  from  station  t4i  station, 
always  in  u  riuht  line  :  the^e  things  must  be  done,  till  you 
get  an  many  unfiles  and  lines  as  are  sufficient  for  determining 
all  the  pfiiiifs  of  station.  And  in  measuring  any  of  these 
Stat  ion -distancvK,  mark  accurately  where  these  lines  meet 
with  any  hedges,  ditches,  roads,  lanes,  paths,  rivulets,  &c.  ; 
and  where  any  remarkable  object  is  placed,  by  measuring 
its  distance  from  the  siation-line  ;  and  where  a  perpendicular 
from  it  cuts  that  line.  And  thus  as  you  go  along  uny  rontn 
station. line,  take  offsets  to  the  endti  of  nil  hedges,  and  to  any 
pond,  house,  mill,  bridge,  &c.  noting  every  thing  down  that 
is  remarkable. 

4  As  to  the  inner  parts  of  the  estate,  they  must  be  deter* 
mined,  in  like  manner,  by  new  station. lines  ;  for,  after  th^ 
main  stations  are  determined,  and  every  thing  adjoining  to 
them,  then  the  estate  must  be  subdivided  into  two  or  three 
parts  by  new  station. lines  ;  taking  inner  stations  at  proper 
places,  where  you  can  hare  the  best  view.*  Measure  these 
station-lines  as  you  d  d  tl  e  first,  and  all  their  intersections 
with  hedges,  and  ofTsets  to  such  objects  as  appear.  Then 
proceed  to  survey  the  adjoining  fields,  by  taking  the  angles 
that  the  sides  makn  with  the  slation-line,  at  th6  iiitersections, 
and  measuring  the  distances  to  each  corner,  from  the  inter- 
sections. For  the  station. hues  will  be  the  bases  to  all  the 
fiiture  operations  ;  the  situation  of  all  parts  being  entirely 
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dependent  on  them  ;  nnd  therefore  they  shonld  be  taken  of 
as  great  length  as  possible  ;  and  it  is  best  for  them  to  ruo 
along  Home  of  the  hedges  or  boundaries  of  one  or  more  fields, 
or  10  pass  through  some  of  their  angles.  All  things  being 
determined  fur  these  stations,  you  roust  take  more  inner 
ittirtioha,  and  continue  to  divide  and  subdiviilo  till  at  last  yoa 
come  to  sin|^  fields  :  repeating  the  same  work  (or  the  inner 
sNUions  «is  for  the  outer  ones,  ttit  all  is  done  ;  and  close  tke 
work  as  oHen  as  you  can,  and  in  as  few  lines  as  p^issibhe. 

5.  An  estate  may  be  so  situated  i\m  the  wbtiJe  cannfit  be 
surveyed  togetber  ;  because  one  part  (ff  the  estate  cannot  be 
seen  from  auotfaer.  In  this' case,  yon  may  divide  it  mto 
tbree  or  lour  parts,  and  survey  the  parts  separately,  as  if 
tliey  were  lands  belonging  to  different  persons  ;  and  at  last 
jotn  them  together. 

6w  As  it  is  necessary  to  protract  or  lay  down  the  work  at 
you  proceed  in  it,  you  must  have  a  scale  of  a  dUe  length  to 
do  it  by*  *i'o  get  such  a  scale,  measure  the  whole  length  of 
the  estate  in  chains  ;  then  consider  how  many  inches  long 
the  map  is  to  be  ;  and  fn>m  these  will  lie  fcmiwn  how  many 
chains  you  must  hiive  in  an  inch  ;  then  make  the  ecaie  ac 
eucdtngly,  or  choose  one  already  made. 


PUOBLBM  XIIw 

To  surtey  a  Caunfy^  or  large  Traei  of  Land* 

1.  Choosk  two,  three,  or  four  eminent  places,  for  stations; 
such  as  the  tops  of  high  hills  or  mfiontaina,  towers,  or  chureh 
steeples,  which  may  be  seen  flnom  one  another  ;  fnm  which 
most  of  the  towns  and  other  places  of  note  may  also  be  seen  ; 
aitd  so  as  to  be  as  far  <1ik  ant  fn>m  one  another  as  possible. 
On  these  places  raise  beacons,  or  long  poles,  with  flags  of 
different  colours  flying  at  them,  so  as  to  be  visible  Irum  all 
I  be  other  stations. 

2.  At  all  the  places  which  you  mould  set  down  in  the  map, 
pltint  long  poles,  with  flags  at  them  of  sf$veral  colours,  to 
diaiingiiish  the  places  from  one  another  ;  fixing  them  on  tbo 
tops  of  church,  steeples,  or  the  tops  of  houses ;  or  in  the 
centres  of  smaller  towns  and  villnges. 

These  marks  then  being  set  up  at  H  convenient  number  of 
places,  and  such  as  may  be  seen  frr>m  both  stations  ;  go  to 
one  of  these  stations,  and,  with  an  instrument  to  take  angles, 
standing  at  that  station,  take  all  tho  angles  between  the  other 
station  and  each  of  these  marks.  Then  go  to  the  other 
8tatioa»  and  take  all  the  angles  between  the  first  stattoft  and 
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each  of  the  former  marks,  settin^^  them  down  with  tha 
others,  each  against  its  fellow  with  the  name  colour.  You 
may,  if  con venienf ,  alno  take  the  angles  at  some  third  station, 
which  may  serve  to  prove  the  work,  if  the  three  lines  inter* 
aect  in  that  point  where  any  mark  stands.  The  marks  must 
aland  till  the  observations  are  finished  at  both  stations ;  and 
then  they  may  be  taken  down,  and  set  up  at  new  places* 
The  same  operations  must  be  performed  at  both  stations,  for 
these  new  places  ;  and  the  like  for  others.  I'he  instrument 
for  taking  angles  must  be  an  exceedinir  good  one,  made  on 
purpose  with  telescopic  sights,  and  of  a  good  length  of  ra- 
dius. 

8.  And  though  it  be  not  absolutely  necessary  to  measure 
any  distance,  because,  a  stationary  Hue  being  laid  down  from 
any  scale,  all  the  other  lines  will  be  proportional  to  it;  yet 
it  is  better  to  measure  some  of  the  lines,  to  ascertain  the 
distances  of  places  in  miles,  and  to  know  how  many  geome- 
trical  miles  there  are  in  any  length  ;  us  also  from  thence  to 
make  a  scale  to  measure  any  distance  in  miles.  In  measuring 
f  any  distance,  it^will  not  be  exact  enough  to  go  along  the 

high  roads  ;  which,  by  reason  of  their  turnings  and  windings, 
hardly  ever  lie  in  a  right  line  between  the  stations  ;  which 
roust  cause  endless  reductions,  and  require  great  tmuble  to 
make  it  a  right  line ;  for  which  reason  it  can  never  be  exact. 
But  a  bettor  way  is  to  measure  in  a  stniight  line  with  a  chain, 
between  station  and  station,  over  hills  and  dales,  or  level 
fields  and  all  obstacles.  Only  in  case  of  water,  woods, 
towns,  rocks,  banks,  ^c.  where  we  cannot  pass,  such  parts 
of  the  line  must  he  measured  by  the  methods  of  inaccessible 
distances  ;  and  besides,  allowing  for  ascents  and  descents, 
when  they  are  met  with.  A  good  compass,  that  shows  the 
bearing  of  the  two  stations,  will  always  direct  us  to  go 
straight,  when  the  two  stations  cannot  be  seen  ;  and  in  the 
progress,  if  we  can  go  straight,  offsets  may  be  taken  to  any 
remarkaMe  places,  likewise  noting  the  intersection  of  the 
station-line  with  all  roads,  rivers,  &c. 
.*  4.  From  all  the  stations,  and   in  the  whole  progress,  we 

1    '*    *      must  be  very  panicuUvr  in  observing  sea-coasts,  river.mouths^ 
j  towns,  castles,  houses,  churches,  mills,  trees,  rocks,  sands, 

I  roads,  bridges,  fords,  ferries,  woods,  hills,  mountains,  rills, 

bro<iks,  parks,  beacons,  sluices,  floodgates,  locks,  d&c,  and  in 
general  every  thing  that  is  remarkable. 

5.  After  we  have  done  with  the  first  and  main  station- 
lines,  wViich  command  the  whole  county  :   we  must  then 
>  take  inner  stations,  at  some  places  already  determined  ;  which 

wilt  divide  the  whole  into  several  partitions  :  and  from  these 
stations  we  must  dctennine  the  places  of  as  many  of  the 
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romaining  towns  as  we  can.  And  if  any  remain  In  that 
part,  we  must  take  more  stations,  at  some  places  already- 
determined  ;  from  which  we  may  determine  the  rest.  And 
thus  go  through  all  the  parts  of*  the  county,  taking  station 
afler  station^  till  we  have  determined  the  whole.  Atid  \n 
genera]  the  station  distances  must  always  pass  through  such 
remarkable  points  as  have  been  determined  before,  by  the 
former  stations. 


PROBLEM  xin. 

To  survey  a  Town  or  City, 

This  may  be  done  with  an}'  of  ihc  instruments  for  taking 
angles,  but  best  of  all  with  the  plain  table,  where  every 
minute  part  is  drawn  while  in  sight.  Instead  of  the  common 
surveying  or  Gunter's  chain,  it  will  be  best,  for  this  purpose, 
to  have  a  chain  50  feet  long,  divided  into  50  links  of  one 
foot  each,  and  an  offset- stafftif  10  feet  long. 

Begin  at  the  meeting  of  two  or  more  of  the  principal 
streets,  through  which  you  can  have  the  longest  prospects, 
to  get  the  longest  station -lines:  there  having  6xed  the  in. 
strument,  draw  lines  of  direction  along  those  streets,  using 
two  men  as  marks,  or  poles  set  in  wooden  pedestals,  or  per* 
haps  some  remarkable  places  in  the  houses  at  the  farther 
ends,  as  windows,  doors,  corners,  dec.  Measure  those  lines 
with  the  chain,  taking  oflTitets  with  the  staff,  at  all  corners  of 
streets,  bendings,  or  windings,  and  to  all  remarkable  things, 
as  churches,  markets,  Kails,  colleges,  eminent  houses,  &c. 
Then  remove  the  instrument  to  another  station,  along  one  of 
these  lines ;  and  there  repeat  the  same  process  as  before* 
And  so  ou  till  the  whole  is  finished. 
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Thosy  6x  the  iastranient  at  a,  and  draw  lines  in  the 
direction  of  all  the  streets  meeting  .there  ;  then  measure  ab, 
noting  the  street  on  the  left  at  m.  At  the  second  station  b, 
ciraw  the  directions  of  the  streets  meeting  there  ;  and  mea- 
sure  from  b  to  c,  noting  the  places  of  the  streets  at  n  and  o 
as  you  pass  by  them.  At  the  third  station  c,  take  the  di. 
rection  of  all  the  streets  meeting  there,  and  measure  cd.  At 
D  do  the  same,  and  measure  de,  noting  the  place  of  the 
cross  streets  at  p.  And  in  this  manner  go  through  all  the 
principal  streets.  This  done,  proceed  to  the  smaller  and 
intermediate  streets ;  and  lastly  to  the  lanes,  alleys,  courts^ 
yards,  and  every  part  that  it  may  be  thought  proper  to  re. 
present  in  the  plan. 


THEOREM  XIV. 

lb  lay  down  the  Plan  of  any  Survey* 

Ir  the  survey  was  taken  with  the  plain  table,  we  have  a 
rough  plan  of  it  already  on  tile  paper  which  covered  the 
table.  But  if  the  survey  was  whh  any  other  instrument,  a 
plan  of  it  is  to  be  drawn  from  the  measures  that  were  taken 
in  the  survey  ;  and  first  of  all  a  rough  plan  on  paper. 

To  do  this,  you  must  have  a  set  of  proper  instruments, 
fi)r  laying  down  both  lines  and  angles,  &c. ;  as  scales  of  va- 
rious sizes,  the  more  of  them,  and  the  more  accurate,  the 
better,  scales  of  chords,  protractors,  perpendicular  and  pa- 
rallel rulers,  d^c.  Diagonal  scales  are  best  for  the  lines, 
because  they  extend  to  three  figures,  or  chains,  and  links, 
which  are  100.  parts  of  chains.  But  in  using  the  diagonal 
scale,  a  pair  of  conipasses  must  be  employed,  to  take  on  the 
lengths  of  the  principal  lines  very  accurately.  But  a  scale 
with  a  thin  edge  divided,  is  much  readier  for  laying  down 
the  peipsilidicular  ofisets  to  rrooked  hedges,  and  for  marking 
the  places  of  those  offsets  on  the  station- line ;  which  is  done 
at  only  one  application  of  the  edge  of  the  scale  to  that  line, 
and  then  pricking  ofi"  all  at  once  the  distances  along  it. 
Angles  are  to  be  laid  down,  either  with  a  good  scale  of 
chords,  which  is  perhaps  the  most  accurate  wny,  or  with  a 
large  protractor,  which  is  much  readier  when  many  angles 
are  to  be  laid  down  at  one  point,  as  they  are  pricked  ofi*  all 
at  once  round  the  edge  of  the  protractor. 

In  general,  all  lines  and  angles  must  be  laid  down  on  the 
plan  in  the  same  order  in  which  they  were  measured  in  the 
field,  and  in  which  they  are  written  in  the  field-book  ;  ky- 
ins  down  first  the  angles  for  the  position  of  liaes^  next  the 
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lengths  of  the  lines,  with  the  plaees  of  the  ofiscts,  and  then 
the  lengths  of  the  oflsets  themselves,  all  with  dry  or  obscore 
lines ;  then  a  black  line  drawn  through  the  extremities  of 
all  the  offsets,  will  be  the  edge  or  bounding  line  of  the  field, 
dec.  AAer  the  principal  br»unds  and  lines  are  laid  down, 
and  made  to  fit  or  close  properly,  proceed  next  to  the  smaller 
objects,  till  you  have  entered  every  thing  that  ought  to  ap. 
pear  in  the  plan,  as  houses,  brooks,  trees,  hills,  gates,  stiles, 
roads,  lanes,  mills,  bridges,  woodlands,  6cc.  Sic. 

The  north  side  of  a  map  or  plan  is  commonly  placed 
uppermost,  and  a  meridian  is  somewhere  drawn,  with  the 
compass  or  flower-de-luce  pointing  north.  Also,  in  a  vacant 
part,  a  scale  of  equal  parts  or  chains  is  drawn,  with  the  title 
of  the  map  in  conspicuous  characters,  and  embellished  with 
a  compartntent.  Hills  are  shadowed,  to  distinguish  them  ia 
the  map.  Colour  the  hedges  with  different  colours  ;  repre- 
sent hilly  grotmds  by  broken  hills  and  valleys  ;  draw  single 
dotted  lines  for  foot-paths,  and  double  ones  for  horse  or  car* 
riage  roads.  Write  the  name  of  each  field  and  remarkable 
place  within  it,  and,  if  you  choose,  its  contents  in  acres, 
roods,  and  perches. 

In  a  very  large  estate,  or  a  county,  draw  vertical  and  ho- 
rizontal lin^s  through  the  map,  denoting  the  spaces  between 
them  by  letters  placed  at  the  top,  and  bottom,  and  sides,  for 
readily  finding  any  field  or  other  object  mentioned  in  a 
table. 

In  mapping  counties,  and  estates  that  have  uneven  grounds 
of  hills  and  valleys,  reduce  all  oblique  lines,  measured  up* 
hill  and  down-hill,  to  horizontal  straight  lines,  if  that  was 
not  done  during  the  survey,  before  they  were  entered  in  the 
field-book,  by  making  a  proper  allowance  to  shorten  them* 
For  which  purpose  there  is  commonly  a  small  table  engraven 
on  some  of  the  instruments  for  surveying. 

THE  NEW  METHOD  OF  SURVEYING. 


PKOBLEH  XV. 

To  surtey  and  plan  by  the  new  Method* 

In  the  former  method  of  measuring  a  large  estate,  the  aew 
curacy  of  it  depends  both  on  the  correctness  of  the  instru* 
ments,  and  on  the  care  in  taking  the  angles.  To  avoid  the 
errors  incident  to  such  a  multitude  of  angles,  other  metbodi 
have  of  late  years  been  used  by  some  few  skilAil  surveyors  : 
the  most  practical,  expeditious,  and  correct^  seems  to  be  tlie 
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Ibllowingy  which  is  performed,  without  tuking  EBgleH,  by 
measuriog  with  the  chain  only. 

Choose  two  or  more  enDinences,  as  grand  stations,  and 
measure  a  principal  base  line  from  one  station  to  another  ; 
Dottog  every  hedge,  brcM>k,  or  other  remarkable  object,  as  you 
fiasa  by  it ;  measuring  aliio  such  short  perpendicular  lines  to 
the  bends  f>f  hedges  as  may  be  near  at  hand.  From  ibe  ex- 
treoiities  of  this  base  line,  or  from  any  convenient  par^s  of 
the  same,  go  off  with  other  lines  lo  some  remarkable  object 
eiluated  towards  the  t^ides  of  the  estate,  without  regarding 
the  angles  they  make  with  the  base  line  or  with  one  another  ; 
still  remembering  to  note  every  hedge,  brook,  or  other  ob- 
ject, that  you  pass  by.  These  lines,  when  laid  down  by  ia^ 
tersections,  will,  with  the  base  line,  form  a  grand  triangle  on 
the  estate ;  several  of  which,  if  need  l>e,  being  thus  mea- 
sured and  laid  down,  yoq  may  proceed  to  form  other  smaller 
triangles  and  trapezoids  on  the  sides  of  the  former  :  and  so 
on  till  yoii  finish  with  the  enclosures  individually.  By  which 
means  a  kind  of  skeleton  of  the  estate  may  first  be  obtained, 
and  the  chief  lines  serve  as  the  bases  of  such  triangles  and 
tnipezoida  as  are  necessary  to  fill  up  all  the  interior  pans. 

The  field-book  is  ruled  into  three  columns,  ns  usual.  In 
the  middle  one  are  set  down  the  distances  on  the  chain-line, 
at  which  any  mark,  offset,  or  other  observation,  is  made  ; 
and  in  the  right  and  left  hatid  columns  are  entered  the  off- 
eets  and  ol>servations  made  on  the  right  and  left  hi|nd  re^ 
speciively  of  the  chain- line  ;  sketching  on  the  sides  the  shape 
0f  resemblance  of  the  fences  or  boundaries. 

It  is  of  great  advantage,  both  for  brevity  and  perspicuity, 
to  begin  at  the  bottom  of  the  leaf,  and  write  upwards  ;  de- 
noting the  crossing  of  fences,  by  Imes  drawn  across  the  mid- 
dle column,  or  only  a  part  of  such  a  line  on  the  right  and 
left  opposite  the  figures,  to  avoid  confusion  ;  and  the  corners 
^  fields,  and  other  remarkable  turns  in  the  fences  where  off- 
ieta  are  taken  to,  by  lines  joining  in  the  manner  the  fences 
do  ;  OS  will  be  best  seen  by  comparing  the  book  with  the 
plaa  annexed  to  the  field-book  following,  p.  454. 

The  letter  in  the  left-hand  corner  at  the  beginning  of  every 
line,  is  the  mark  or  place  measured  from;  and  that  at  the 
fight- hand  corner  at  the  end,  is  the  mark  measured  to  :  but 
when  it  is  not  convenient  to  go  exactly  from  a  mark,  tlie 
|4ace  measured  from  is  described  such  a  distance  from  one 
mark  towards  another ;  and  where  a  former  mark  is  not  mea- 
sured t<»,  the  exact  place  is  ascertained  by  saying,  turn  to  the 
fight  or  left  hand,  such  a  distance  (o  such  a  mark^  it  being 
always  understood  that  those  distances  are  taken  in  the  . 
fhaio'line. 
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The  clmractera  used  are,  f  for  turn  to  the  righi  haidf 
*^  for  turn  to  the  left  hand,  and  -^  placed  over  an  offaef, 
to, show  that  It  is  not  taken  at  right  angles  with  the  chaio* 
line,  but  in  the  direction  of  some  straight  fence ;  being 
chiefly  used  when  crossing  their  directions ;  which  is  a  better 
way  of  obtaining  their  true  places  than  by  offsets  at  right 
ansles. 

When  a  line  is  measured  whoso  position  is  determined, 
either  by  former  work  (as  in  the  case  of  producing  a  given 
line,  or  measuring  from  one  known  place  or  mark  to  another) 
or  by  itself  (as  in  the  third  side  of  the  triangle),  it  is  called 
zfast  line,  and  a  double  line  across  the  book  is  drawn  at  the 
conclusion  of  it ;  but  if  its  position  is  not  determined  (as  in 
the  second  side  of  the  triangle),  it  is  called  a  1oo8tt  /tiie,  and  a 
single  line  is  drawn  across  the  book.  When  a  line  becomes 
determined  an  position,  and  is  afterwards  continued  farthery 
ia  double  line  half  through  the  book  is  drawn. 

When  a  loose  line  is  measured,  it  becomes  absolutely  ne« 
cessary  to  measure  some  other  line  that  will  determine  its 
position.  Thus,  the  first  line  ah  or  frA,  being  the  baae  of  a 
triangle,  is  always  determined  ;  but  the  position  of  the  second 
eide  i^  does  not  become  determined,  till  the  third  side  jb  is 
measured  ;  then  the  position  of  both  is  determined,  and  the 
triangle  may  be  constructed. 

At  the  beginning  of  a  line,  to  fix  a  loose  line  to  the  mark 
or  place  measured  from,  the  sign  of  turning  to  the  right  or 
lefc  hand  must  be  added,  as  at  A  in  the  second,  and  j  in  the 
third  line;  otherwise  a  stranger,  when  laying  down  the 
work,  may  as  easily  construct  the  triangle  hjh  on  the  wrong 
side  of  the  line  uA,  as  on  the  right  one  :  but  this  error  can* 
not  be  fallen  into,  if  the  sign  above  namsd  be  carefully  ob* 
served. 

In  choosing  a  line  to  fix  a  loose  one,  care  must  be  taken 
that  it  does  not  make  a  very  acute  or  obtuse  angle  ;  as  in  the 
triangle  p^r,  by  the  angle  at  b  being  very  obtuse,  a  small 
deviation  from  truth,  even  the  breadth  of  a  point  st  p  or  r, 
would  make  the  ern>r  at  b,  when  constructed,  very  consi« 
derable  ;  but  by  constructing  the  triangle  ps^,  such  a  deria* 
tion  is  of  no  consequence. 

Where  the  words  /etioe  of  are  written  in  the  field-book,  it 
signifies  that  the  taking  of  oflTsets  is  from  thence  disconttnu* 
ed ;  and  of  course  something  is  wanting  between  that  and 
the  next  oflTset,  to  be  afterwards  determined  by  measuring 
flome  other  line. 

The  field-book  for  this  method,  and  the  plan  drawn  from 
it,  are  contained  in  the  four  following  pages,  engraven  on 
copper  plates ;  answerable  to  which  the  pupil  is  to  drew  a 
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plan  from  the  measures  io  t|ie  fietd.I>ook,  of  a  larger  sizey 
vis.  to  a  scale  ot*  a  double  size  will  be  convenieut,  such  a 
ecale  being  also  found  on  moiit  instruments*  In  doing  this» 
begin  at  the  commencement  of  the  field-book,  or  bottom  of 
'  the  first  pnge,  and  draw  the  first  line  ah  in  any  direction  at 
pleasure,  and  then  the  next  two  sides  of  the  first  triangle  Mjf 
by  sweeping  intersected  arcs ;  and  so  all  the  triangles  in 
the  same  manner,  after  each  other  in  their  order ;  and  after- 
wards setting  the  perpendicular  and  other  ofisets  at  their 
proper  places,  and  through  the  ends  of  them  drawing  the 
bounding  fences. 

Note.  T^at  the  field-book  begins  at  the  bottom  of  the  first 
page,  and  reads  up  to  the  top ;  hence  it  goes  to  the  bottom 
of  the  next  page,  and  to  the  top  ;  and  thence  it  passes  from 
the  bottom  of  the  third  page  to  the  top,  which  is  the  end  of 
the  field-book.  The  several  marks  measured  to  or  from, 
are  here  denoted  by  the  letters  of  the  alphabet,  first  the  small 
ones,  a,  &,  c,  dj  dtc,  end  after  them  the  capitals  A^  B,  C,  />, 
dtc.  But  instead  of  these  letters,  some  surveyors  use  the 
ntmibcrs  in  order,  1, 2,  3,  4,  dtc. 

OP  THE  OLD  KIND  OF  nRLD-BOOX. 

Ik  surveying  with  the  plain  table,  a  field-book  is  not  used, 
as  every  thins  is  drawn  on  the  table  immediately  when  it  is 
measured.  But  in  surveying  with  the  theodolite,  or  any 
other  instrument,  some  kind  of  a  field  book '  must  be  used  to 
write  down  in  it  a  register  or  account  of  al|  that  is  done  and 
occurs  relative  to  the  survey  in  h»nd. 

This  book  every  one  contrives  and  rules  as  he  thinks  fittest 
for  himself.  The  following  is  a  specimen  of  a  form  which 
has  been  formerly  used.  It  is  ruled  in  three  columns,  as  in 
the  next  pa^^e. 

Hece  O  1  is  the  first  station,  where  the  angle  or  bearing 
is  105"  25'.  On  the  left,  at  73  links  in  the  distance  or  prin* 
cipal  line,  is  an  offset  of  92  ;  and  at  t)10  an  ofiTset  of  24  to  a 
cross  hedge.  On  the  right,  at  0,  or  the  beginning,  an  ofllset 
25  to  the  comer  of  the  field  ;  at  248  Brown's  boundary 
hedge  commences ;  at  610  an  oflTset  35 ;  and  at  954,  the  end 
of  the  first  line,  the  0'  denotes  its  terminating  in  the  hedge. 
And  so  on  for  the  other  stations. 

A  line  is  drawn  under  the  work,  at  the  end  of  every  8ta« 
lion  line,  to  prevent  confusion. 
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Stations, 

O&etM  and  Remarks 

Bearings, 

Offsets  and  Remarks 

OD  the  left. 

and 
Distances. 

on  the  right. 

0   1 

105'  25' 

8(1 

00 

25  corner 

92 

7a 

248 

Brown's  hedge 

a  cross  hedge  24 

010 

35 

S)54 

00 

0  2 

53^^  10' 

house  comer  51 

25 

21 

120 

2SI  a  tree 

34 

764 

40.  a  stile 

0   3 

67'  20' 

61 

35 

a  brook         30 

248 

639 

16  a  spring 

foot-path       16 

810 

cruss  hedge  18 

973 

20  a  pond 

Then  the  phin,  on  a  small  scale  drawn  from  the  above 
field.bfiok,  wili  be  an  in  tho  following  figure.  But  the  pupil 
may  draw  a  plan  of  3  or  4  times  the  size  on  his  paper  book. 
Ttie  dotted  lines  denote  the  3  chain  or  measured  lines,  and 
the  black  lines  the  boundaries  on  the  right  and  left. 


But  some  skilful  surveyors  now  make  use  of  a  different 
method  lor  the  field-book,  namely,  beginniog  at  the  bottom 
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of  the  pftge  and  writing  upwards;  dcetching  also  a  neat 
boundary  on  either  hand,  resemlHtng  the  parts  near  the 
measured  lines  as  they  pass  along ;  an  example  of  which  was 
given  in  the  new  method  of  surveying,  in  the  preceding 
pases. 

In  smaller  surveys  and  measurements,  a  good  way  of  set- 
ting down  the  ivork,  is  to  draw  by  the  eye,  on  a  piece  of 
paper,  a  figure  resembling  that  which  is  to  be  measured  ; 
and  so  writing  the  dimensions,  as  they  are  found,  against 
the  corresponding  parts  of  the  figure.  And  this  method 
may  be  practised  to  a  considerable  extent,  even  in  the  larger 
surveys*  ' 


SECTION  III. 
OF  COMPUTING  AND  DIVIDING. 

PBOBLEM  XVI. 

To  compute  the  Contents  of  Fields^ 

1.  Compute  the  contents  of  the  figures  as  divided  into 
triangles,  or  trapeziums,  by  the  proper  rules  for  these  figures 
laid  down  in  measuring ;  multiplying  the  perpendiculars  by 
the  diagonals  or  bases,  both  in  links,  and  divide  by  2  \  the 
quotient  is  acres,  af\er  having  cut  off  five  figures  on  the  right 
for  decimals.  'I^hen  bring  these  decimals  to  roods  and 
perches,  by  ihultiplying  first  by  4,  and  then  by  40.  An 
example  of  which  is  gi\e:i  in  the  descnption  of  the  chain, 
pag.  430. 

2.  In  small  and  separate  pieces,  it  is  usual  to  compute  their 
contents  from  the  meusures  of  the  lines  taken  in  surveying 
them,  witltout  making  a  correct  plan  of  them. 

8.  In  pieces  bounded  by  very  crooked  and  winding  hedges, 
measured  by  offsets,  all  the  parts  between  the  offsets  are  most 
accurately  measured  separately  as  small  trapezoids. 

4.  Sometimes  such  pieces  as  that  last  mentioned  are  com. 
puled  by  finding  a  mean  breadth,  by  adding  all  the  offsets 
together,  and  dividing  the  sum  by  the  number  of  them,  ac- 
counting that  for  one  of  them  where  the  boundary  meets 
the  station-line  (whicB  increases  the  number  of  them  by  I, 
for  the  divisor,  though  it  does  not  increase  the  sum  or  quan- 
tity 1 1  be  divided) ;  then  muhipiy  the  length  by  that  meati 
breadth. 

5.  But  in  larger  pieces  and  whole  estates^  consisting  of 
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many  fields,  it  is  the  common  practice  to  make  a  rough  plait 
of  the  whole,  and  from  it  compute  the  contentH,  quite  inde* 
pendent  uf  the  measureii  of  the  lines  and  angles  that  were 
taken  in  surveying.  For  then  new  lines  are  drawn  in  the 
fields  on  the  plans,  so  as  to  divjde  them  into  trapeziums  and 
triangles,  the  bases  and  perpendiculars  <if  which  are  measured 
on  the  plan  by  means  of  the  scale  fn>m  which  it  was  drawo» 
and  so  muhiplied  together  for  the  contents,  in  this  way, 
the  work  is  very  expeditiously  done,  and  sufficiently  correct ; 
for  such  dimensions  are  taken  as  afford  the  most  easy  method 
of  calculation ;  and  among  a  number  of  parts,  thus  taken 
and  applied  to  a  scale",  though  it  be  likely  that  some  of  the 
parts  will  be  taken  a  small  matter  too  little,  and  others  too 
great,  yet  they  will,  on  the  whole,  in  all  probability,  very 
nearly  balance  one  another,  and  give  a  sufficiently  accurate 
result.  After  all  the  fields  and  particular  parts  are  thus 
computed  separately,  and  added  all  together  into  one  sum; 
cahsulate  the  whole  estate  independent  of  the  fields,  by  di. 
viding  it  into  large  and  arbitrary  triangles  and  tmpeziumSy 
and  add  these  also  together.  Then  if  this  sum  be  equal  to 
the  former,  or  nearly  so,  the  work  is  right ;  but  if  the  sums 
have  any  considerable  difierence,  it  is  wrong,  and  they  must 
be  examined,  and  re«computed,  tilt  they  nearly  agree. 

6.  But  the  chief  art  in  computing,  consists  in  finding  the 
contents  of  pieces  bounded  by  cur\'ed  or  very  irregular  lines, 
or  in  reducing  such  crooked  sides  of  fields  or  boundaries  to 
straight  lines,  that  shall  enclose  the  same  or  equal  area  with 
those  crooked  sides,  and  so  obtain  the  area  of  the  curved 
figure  by  means  of  the  right-lined  one,  which  will  commonly 
be  a  trapezium*  Now  this  reducing  the  crooked  sides  to 
straight  ones,  is  very  easily  and  accurately  performed  in  this 
manner : — Apply  the  straight  edge  of  a  thin,  clear  piece  uf 
lantem*hom  to  the  crooked  line,  which  is  to  be  reduced* 
in  such  a  manner,  that  the  small  parts  'cut  off*  from  the 
crooked  figure  by  it,  may  be  equal  to  those  which  are  taken 
in  :  which  equality  of  the  parts  included  and  excluded  you 
will  presently  be  able  to  judge  of  very  nicely  by  a  little  prac- 
tice :  then  with  a  pencil,  or  point  of  a  tracer,  draw  a  line  by 
the  straight  edge  of  the  horn*  Do  the  same  by  the  other 
sides  of  the  field  or  figure.  So  shall  you  have  a  straight- 
sided  figure  equal  to  the  curved  one  ;  the  content  of  whtch» 
being  computed  as  before  directed,  will  be  the  content  of  the 
crooked  figure  proposed. 

Or,  instead  of  the  straight  edge  of  the  horn,  a  horse^hair, 
or  fine  thread,*  may  be  applied  across  the  crooked  sides  ia 
the  same  manner;  and  the  easiest  way  of  using  the  thread,  ia 
to  string  a  small  slender  bow  with  it,  either  of  wire,  or  e«ne» 
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or  whale*bone,  ormich-like  slender  elastic  matter;  for  the 
bow  keeping  it  always  stretched,  it  can  be  easily  and  neatly 
applied  witb  one  hand,  while  the  other  is  at  liberty  to  make 
two  marks  by  the  side  of  it,  to  draw  the  straight  line  by. 


EXAMPLE. 


Thusy  let  it  be  required  to  find  the  contents  of  the  same 
figure  as  in  Prob.  ix,  page  443,  to  a  scale  of  4  chains  to  an 
inch. 


Dj^aw  the  4  dotted  straight  lines  ab,  bc»  cd,  da,  cutting 
off  equal  quantities  on  both  sides  of  them,  which  they  do  as 
near  as  the  eye  can  judge  :  so  is  the  crooked  figure  reduced 
to  an  equivalent  right-lined  one^  of  4  sides,  abgo.  Then 
draw  the  diagonal  bd,  which,  by  applying  a  proper,  scale 
to  it,  measures  suppose  1256.  Also  the  perpendicular,  or 
nearest  distance  from  a  to  this  diagonal^  measures  456 ;  and 
the  distance  of  c  from  it,  is  428. 

Then,  half  the  sum  of  456  and  428,  multiplied  by  the 
diagonal  1256,  gives  555152  square  links,  or  5  acres,  2  roods, 
8  perches,  the  content  of  the  trapezium,  or  o(  the  irregular 
crooked  piece. 

As  a  general  example  of  this  practice,  let  the  contents  be 
computed  of  all  the  fields  separately  in  the  foregoing  plan 
facing  page  453,  and,  by  adding  the  contents  altogether,  the 
whole  sum  or  content  of  the  estate  will  be  found  nearly  equal 
to  108|  acres.  Then,  to  prove  the  work,  divide  the  whole 
plan  into  two  parts,  by  a  pencil  line  drawn  across  it  any  way 
near  the  middle,  as  from  the  corner  I  on  the  right,  to  the 
comer  near  s  on  the  left ;  then,  by  computing  these  two 
large  parts  separately,  their  sum  must  be  nearly  equal  to  the 
former  sum,  when  the  work  is  all  right. 

Vol.  I.  69 
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PBOBLBK  XVII* 

To  Ttans^era  Plan  to  Another  Papery  ^. 

Aftrr  the  rough  plan  is  completed,  and  a  fair  one  i» 
wanled  ;  this  may  be  done  by  any  of  the  following  methodtk 

First  Method.-^l 4eLy  ihe  rough  plan  on  the  dean  paper, 
keeping  them  always  pressed  flat  and  close  together,  by 
weights  laid  on  them.  Then  with  the  point  of  a  fine  pin 
or  pricker,  prick  through  all  the  corners  of  the  plan  to  be 
copied.  Take  them  asunder,  and  connect  the  pricked  points 
on  the  clean  paper,  with  lines  ;  and  it  is  done.  This  method 
is  only  to  be  practised  in  plans  of  such  figures  as  are  small 
and  tolerably  regular,  pr  bounded  by  right  lines. 

Second  Method, — Rub  the  back  of  the  rough  plan  over 
wi.h  black-lead  powder  ;  and  lay  this  blacked  part  on  the 
clean  paper  on  which  the  plan  is  to  be  copied,  and  in  the 
proper  position.  Then,  with  the  blunt  point  of  some  hard 
substance,  as  brass,  or  such-like,  trace  over  the  lines  of  the 
whole  plan  ;  pressing  the  tracer  so  much,  as  that  the  black 
lead  under  the  lines  may  be  transferred  to  the  clean  paper : 
after  which,  take  off  the  rough  plan,  and  trace  over  the  leaden 
marks  with  Cf>mmon  ink,  or  with  Indian  ink. — ^()r,  instead  of 
blacking  the  rough  plan,  we  may  keep  constantly  a  blacked 
paper  to  lay  between  the  plans. 

TAffd  ilfe/Aod.— Another  method  of  copying  plans,  is  by 
means  of  squares.  This  is  performed  by  dividing  both  ends 
and  sides  of  the  plan  which  is  to  be  copied  into  any  conve- 
nient  number  of  equal  parts,  and  connecting^  the  correspond, 
ing  points  of  division  with  lines  ;  which  will  divide  the  plan 
into  a  number  of  small  squares.  Then  divide  the  paper,  on 
which  the  plan  is  to  be  copied,  into  the  same  number  of 
squares,  each  equal  to  the  former  when  the  plan  is  to  be 
copied  of  the  same  size,  but  greater  or  less  than  the  others, 
in  the  proportion  in  which  the  plan  is  to  be  increased  or 
diminished,  when  of  a  different  size.  Lastly,  copy  into  the 
clean  squares  the  parts  contained  in  the  corresponding  squares 
of  the  old  plan  ;  and  you  will  have  the  copy,  either  of  the 
same  size,  or  greater  or  less  in  any  proportion. 

Fourth  Method, — ^A  fourth  method  is  by  the  instrument  ' 
called  a  pentagraph,  which  also  copies  the  plan  in  any  size 
required  :  for  this  purpose,  also.  Professor  Wallace's  eido- 
graph  may  be  advantageously  employed. 

Fifth  method. — A  very  neat  method,  at  least  in  copying 
from  a  fair  plan,  is  this.  Procure  a  copying  frame  or  glass^ 
made  in  this  manner  ;  namely,  a  large  square  of  the  best 
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imdow  glass,  set  in  a  broad  frame  of  wood,  which  can  be 
raised  up  to  any  angle,  when  the  lower  side  of  it  rests  on  a 
table.  9et  this  frame  up  to  any  angle  before  you,  facing  a 
strong  light ;  fix  the  old  plan  and  clean  paper  together,  with 
several  pins  quite  around,  to  keep  them  together,  the  clean 
paper  being  laid  uppermost,  and  over  the  face  of  the  plan  to 
be  copied.  Lay  them,  with  the  back  of  the  old  plim,  on  the 
glass;  namely,  that  par^  which  you  intend  to  begin  at  to 
copy  first ;  and  by  means  of  tlie  light  shining  thrriugh  the 
papers,  you  will  very  distinctly  perceive  every-line  of  the  plan 
through  the  clean  paper.  In  this  state  then  trace  all  the 
lines  on  the  paper  with  a  pencil.  Having  drawn  that  part 
which  covers  the  glass,  slide  another  part  over  the  glass,  and 
copy  it  in  the  same  manner.  Then  another  part :  and  so 
on,  till  the  whole  is  copied.  Then  take  them  asunder,  and 
trace  all  the  pencil  lines  over  with  a  fine  pen  and  Indian  ink« 
or  with  common  ink.  And  thus  you  may  copy  the  finest 
plan,  without  injuring  it  in  the  least. 


OF  ARTIFICERS*  WORKS, 

AUD 

TIMBER  MEASURING. 


1.  OF  THE  CARPENTER'S  OR  SLIDING  RULE. 

The  Carpenter's  or  Sliding  Rule,  is  an  instrument  much 
4ised  in  measuring  of  timber  and  artificers'  works,  both  for 
taking  the  dimensions,  and  computing  the  contents. 

The  instrument  consists  of  two  equal  pieces,  each  a  foot 
in  length,  which  are  conuected  together  by  a  folding  joint. 

One  side  or  face  of  the  rule  is  divided  into  inches,  and 
eighths,  or  half-quarters.  On  the  same  face  also  are  several 
plane  scales  divided  into  twelAh  parts  by  diagonal  lines ; 
which  are  used  in  planning  dimensions  that  are  tnken  in  feet 
and  inches.  The  edge  of  the  rule  is  commonly  divided 
dectmully,  or  into  tenths  ;  namely,  each  foot  into  ten  equal 
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partB,  and  each  of  these  into  ten  parts  again  ;  so  that  by 
means  of  diis  last  scale,  dimensions  are  taken  in  feet,  tendis, 
and  hundredths,  and  multiplied  as  common  decimal  tiumbemy 
which  is  the  best  way. 

On  the  one  part  of  the  other  face  are  ifour  lines,  marked 
A,  B,  c,  D ;  the  two  middle  ones  b  and  c  being  on  a  slider, 
which  runs  in  a  groove  made  in  the  stock.  The  same  num- 
bers serve  for  both  these'  two  mic^^le  lines,  the  one  being 
above  the  numbers,  and  the  other  below. 

These  four  lines  are  logarithmic  ones,  and  the  three  a,  b, 
G,  which  are  all  equal  to  one  another,  are  double  lines,  aa 
they  proceed  twice  over  from  1  to  10.  The  other  or  lowest 
line,  D,  is  a  single  one,  proceeding  from  4  to  40.  It  is  also 
ealled  the  girt  line,  from  its  use  in  computing  the  contents 
of  trees  and  timber ;  and  on  it  are  marked  wo  at  17*15,  and 
AO  at  18*95,  the  wine  and  ale  gage  points,  to  make  tl^  in- 
strument serve  the  purpose  of  a  gaging  rule. 

On  the  other  part  of  this  face,  there  is  a  table  of  the  valne 
of  a  load,  or  50  cubic  feet  of  timber,  at  all  prices,  from  6 
pence  to  2  shillings  a  foot. 

When  1  at  the  beginning  of  any  line  is  accounted  1,  then 
the  1  in  the  middle  will  be  10,  and  the  10  at  the  end  100  j 
but  when  1  at  the  beginning  is  counted  10,  then  the  1  in  the 
middle  is  100,  and  the  10  at  the  end  1000 ;  and  so  on.  And 
all  the  smaller  divisions  are  altered  proportionally. 


n.  ARTIFICERS'  WORK. 

Artificbbs  compute  the  contents  of  their  works  by  several 
different  measures.     As, 

Glazii^  and  masonry,  by  the  foot ;  Painting,  plastering, 
paving,  dec.  by  the  yard,  of  9  square  feet :  Flooring, 
partitioning,  roofing,  tiling,  dec.  by  the  square  of  100" 
square  feet : 
And  brickwork,  either  by  the  3rard  of  9  square  feet,  or  by 
the  perch,  or  square  rod  or  pole,  containing  272J^  square 
feet,  or  30  j  square  yards,  being  the  square  of  the  rod  or 
pole  of  16^  feet  or  5}  yards  long. 
As  this  number  5272^  is  troublesome  to  divide  by,  the  I  is 
often  omitted  in  practice,  and  the  content  in  feet  divided  only 
by  the  272. 

All  works,  whether  superficial  or  solid,  are  computed  by 
the  rules  proper  to  the  figure  of  them,  whether  it  be  a  tri- 
angle,  or  rectangle,  a  parallelepiped,  or  any  other  figure. 
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m.  BRICKLATES8'  WORK. 

BucKwosK  is  estimated  at  the  rate  of  a  briek  aad  a  %air 
thick.  So  that  if  a  wall  be  more  or  less  thaa  this  standard 
thickness,  it  inust  be  reduced  to  it,  as  follows : 

Mtthiply  the  superficial  content  of  the  wall  by  the  ttun^Mr 
of  half  bricks  in  the  thickness,  and  divide  the  product  1^  S. 

The  dimensions  of  a  building  may  be  tftken  by  measitring 
half  round  on  the  outside  and  half  lottnd  on  the  inside ;  the 
mm  of  these  two  gives  the  compass  of  the  wall,  to  bo  mdlti. 
plied  by  the  height,  for  the  cooteot  of  the  materials. 

Chimneys  are  commonly  measured  as  if  they  were  aottd^ 
deilttctkig  only  the  vacuity  from  the  hearth  to  the  mant)e,oii 
account  of  the  trouble  of  them.  All  windows,  doors,  dec  are 
to  be  deducted  out  of  the  contents  of  the  walls  in  which  they 
are  placed. 

The  dimensions  of  a  common  bare  brick  are,  S^  inches 
longv  4  inches  broad,  and  2|  thiok ;  but  inchiding  the  half 
inch  joint  of  mortar,  when  laid  in  brickwork,  'every  dimen*  « 
sion  is  to  be  counted  half  an  inch  more,  making  its  length 
Q  inches,  its  breadth  4),  and  thickness  3  inchesf  So  that 
every  4  courses  of  proper  brickwork  measures  just  1  foot  or 
12  inches  in  height. 

Exam.  1.  How  many  yards  and  rods  of  standard  brick- 
work  are  in  a  wall  whose  length  or  compass  is  57  feet  8 
inches,  and  height  24  feet  Scinches ;  the  wall  being  2^  bricks 
or  5  half  bricks  thick  ?  Ans.  8  rods,  17}  yards. 

Exam.  2.  Required  the  content  of  a  wall  62  feet  61ndies 
long,  and  14  feet  8  inches  high,  and  2^  bricks  thick  ? 

Ans.  169-758  yards. 

ExAV.  3.  A  triangular  gable  is  raised  17|  feet  high,  on 
an  end  wall  whose  length  is  24  feet  9  inches,  the  thickness 
being  2  bricks  :  required  the  reduced  content  ? 

Ans. '82*08^  yards. 

ExAK.  4.  The  end  wall  of  a  house  is  28  feet  10  inches 
long,  and  55  feet  8  inches  high,  to  the  eaves ;  20  feet  high 
is  ^  bricks  thick,  other  20  feet  high  is  2  bricks  thick,  and 
the  remaining  15 feet. 8  inches  is  1^  brick  thick ;  above  which 
is  a  triangular  gable,  of  1  brick  thick,  which  rises  42  courses 
of  bricks,  of  which  every  4  courses  make  a  foot.  What  is  the 
whole  content  in  standard  measure  ? 

Aiis.858<e26y«tds. 
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IV.  MASONS'  WORK. 

To  Maaonry  belong  all  sorts  of  stone  work  ;  and  the  mea- 
sure made  use  of  is  a  foot,  either  su|)Grfi<;ia]  or  solid. 

Walls,  columns,  blocks  of  stono  or  marble,  6ic.  are  mea- 
sured by  the  cubic  foot  ;  and  pavements,  slabs,  chimney* 
pieces,  &c.  by  the  superficial  or  square  foot. 

Cubic  or  solid  measure  is  used  for  tho  materials,  and  square 
measure  for  the  workmanship. 

In  the  solid  measure,  the  true  length,  breadth,  and  thick- 
ness arc  taken  and  multiplied  continually  together.  In  the 
superficial,  there  must  be  taken  the  length  and  breadth  of 
every  part  of  the  projection  which  is  seen  without  the  general 
upright  face  of  the  building. 

EXAMPLES. 

Exam.  1.  RKarinEo  the  solid  content  of  a  wall,  53  feel 
6  inches  long,  12  feet  3  inches  high,  and  2  feet  thick  1 

Ans.  1310;  feet: 

Exam.  2.  What  is  the  solid  content  of  a  wall,  Xkfi  length 
being  24  feet  3  inches,  height  10  feet  9  inches,  and  2  ieot 
thick  ?  Ans.  521-375  feet* 

Exam.  3.  Required  the  value  of  a  marble  alab,  at  8s,  per 
foot ;  the  length  being  5  feet  7  inches,  and  breadth  1  foot 
10  inches  ?  Ans.  41.  Is.  I0{d. 

Exam.  4.  In  a  chimney-piece,  suppose  the 
length  of  tho  mantle  and  slab,  each  4  feet  6  inches 
breadth  of  both  together  -         3         2 

length  bf  each  jamb         -.44 
bieadth  of  both  together.  -19 

Required  the  superficial  content  ?      Ans.  21  feet  10  inches. 


V,  CARPENTERS'  AND  JOINERS'  WORK. 

To  this  branch  belongs  all  the  wood-work  of  a  house, 
such  as  flooring,  part ii toning,  roofing,  &c. 

Large  and  plain  articles  are  usually  measured  by  the 
square  foot  or  yard.  6ilc,  ;  but  enriched  mouldings,  and  some 
other  articles,  are  ofien  estimated  by  running  or  lineal  mea- 
sure ;  and  some  things  are  rated  by  the  piece. 

In  measuriag  of  Joists,  take  the  dimensions  of  one  joist. 


Digitized  by  VjOOQ IC 


OASPBXTBRS*  AHD  JOmClia'  WOHK.  468 

mad  nraltiply  its  content  by  Ihe  number  of  them  ;  consider- 
ing  that  each  end  is  let  into  the  wall  about  |  of  the  thick- 
boss,  as  it  ought  to  be. 

PartUuma  are  measured  from  wall  to  wall  for  one  dimen« 
don,  and  from  floor  to  floor,  as  far  as  they  extend,  for  the 
other. 

The  measure  of  Centering  for  Cellars  is  found  by  making 
a  string  pass  over  the  surface  of  the  arch  for  the  breadth, 
and  taking  the  length  of  the  cellar  for  the  length  :  but  in 
groin  centering,  it  is  usual  to  allow  double  measure,  on  ac- 
count of  their  extraordinary  trouble. 

In  Roa/ingy  the  dimensions,  as  to  length,  breadth,  and 
depth,  are  taken  as  in  flooring  joists,  and  the  contents  com- 
puted the  same  way. 

Jit  Floor»boarding^  take  the  length  of  the  room  for  one  di- 
mension, and  the  breadth  for  the  othef,  to  multiply  together 
for  the  content. 

For  Stait'Casesy  take  the  breadth  of  all  the  steps,  by  mak- 
ing a  line  ply  close  over  them,  from  the  top  to  the  bottom,  and 
multiply  the  length  of  this  line  by  the  length  of  a  step,  for 
the  whole  area. — By  the  length  of  a  step  is  meant  the  length 
of  the  front  and  the  returns  at  the  two  ends  ;  and  by  the 
breadth  is  to  be  understood  the  girts  of  its  two  outer  sur- 
faces, or  the  tread  and  riser. 

For  the  Balustrade^  take  the  whole  length  of  the  upper 
part  of  the  hand-rail,  and  girt  over  its  end  till  it  meet  the 
top  of  the  newel-post,  for  the  one  dimension  ;  and  twice  the 
length  of  the  baluster  on  the  landing,  with  the  girt  of  the 
hand-rail,  for  the  other  dimension. 

For  Wainscoting 9  take  the  compass  of  the  room  for  the 
one  dimension  ;  and  the  height  Irom  the  floor  to  tho  ceiling, 
making  the  string  ply  close  into  all  the  mouldings,  for  tho 
other. 

For  Doorst  take  the  height  and  the  breadth,  to  multiply 
them  together  fur  the  area. — If  the  door  be  panneled  on 
both  sides,  take  double  its  measure  for  the  workmanship  ; 
but  if  one  side  only  be  panneled,  take  the  area  and  its  half 
for  the  workmanship.  For  the  Surrounding  Architrave^  girt 
it  about  the  uppermost  part  for  its  length  ;  and  measure  over 
it,  as  far  as  it  can  be  seen  when  the  door  is  open,  for  the 
breadth. 

WindoW'ShutterSf  BaseSf  &c.  are  measured  in  like  manner. 
*  In  measuring  of  Joiners'  work,  the  string  is  made  to  ply 
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dote  into  all  moulcliiigfy  and  to  every  part  of  die  work  over 
which  it  paaaes. 


■XAVPJLBl. 

Exam.  1.  REairiRED  the  content  of  a  floor,  48  feet  6  inches 
long,  and  24  feet  3  inches  broad?  Ans.  11  sq.  76|  feet. 

Exam.  2.  A  floor  being  36  feet  3  inches  long,  and  16  feet  . 
6  inches  broad,  how  many  squares  are  in  it  ? 

Ans.  5  sq.  9Si  feet. 

Exam.  3.  How  many  squares  are  tl\ere  in  173  feet  10 
inches  in  length,  and  10  feet  7  inches  height,  of  partitioning  ? 

Ans.  18*3973  squares. 

Exam.  4.  What  cost  the  roofing  of  a  house  at  \0s.  6cL 
a  square  ;  the  length  within  the  walls  being  52  feet  8  inches, 
and  the  breadth  30  feet  6  inches  ;  reckoning  the  roof  |  of 
the  flat?  Ans.  12^  V2s.  ll^d. 

ExAX.  5.  To  how  much,  at  6s.  per  square  yard,  amounts 
the  wainscoting  of  a  room  ;  the  height,  taking  in  the  cornice 
and  mouldings,  being  12  feet  6  inches,  and  the  whole  com- 
pass  83  feet  8  inches ;  also  the  three  window- shutters  are 
•each  7  feet  by  8  inches  by  3  feet  6  inches,  and  the  door  7  feet 
by  3  feet  6  inches ;  the  door  and  shutters,  being  worked  on 
both  sides,  are  reckoned  work  and  half  work  ? 

Ans.  36Z.  12<.  Z^d. 


VI.  SLATERS'  AND  TILERS'  WORK. 

In  these  articles,  the  content  of  a  roof  is  found  by  mul« 
tiplying  the  len^  of  the,  ridge  by  the  ^rt  over  from  eavee 
to  eaves ;  makmg  allowance  in  this  girt  for  the  double  row 
of  slates  at  the  bottom,  or  for  how  much  one  row  of  slates  or 
tiles  is  laid  over  another. 

When  the  roof  is  of  a  true  pitch,  that  is,  forming  a  ngrbt 
angle  at  top;  then  the  breadth  of  the  building,  with  its  half 
added,  is  the  girt  added  over  both  sides  nearly. 

In  angles  formed  in  a  roof,  running  from  the  ridge  to  the 
eaves,  when  the  angle  bends  inwards,  it  is  called  a  valley ; 
but  when  outwards,  it  is  called  a  hip. 

DeductioDs  are  made  for  chimney  ahails  or  window  hides. 
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EXAMPLES. 


ExAX.  1.  Rsauiup  the  content  or  a  siated  rooi^  the 
length  being  45  feet  9  inches,  and  the  whole  girt  34  feet  2 
inches?  Ana,  174^  yaids. 

ExAX.  2.  To  how  much  amounts  the  tiling  of  a  house, 
at  25«.  6d.  per  square ;  the  length  being  43  feet  10  inches, 
and  the  breadth  on  the  flat  27  feet  5  inches ;  also  the  caves 
projecting  16  inches  on  each  side,  and  the  roof  of  a  true 
pitch  ?  Ans.  24/.  ^.  S^tL 


Vn.  PLASTERERS'  WORK. 

Plasisbbbs'  work  is  of  two  kinds ;  namely,  ceiling,  which 
-is  plastering  on  laths ;  and  rendering,  which  is  plastering  on 
walls :  which  are  measured  separately. 

The  contents  are  estimated  either  by  the  foot  or  the  yard, 
or  the  square,  of  100  feet.  Enriched  mouldin^^,  d^c  are 
rated  by  running  or  liiieal  measure. 

Deductions  are  made  for  chimneys,  doors,  windows,  &c. 

EXAMPLES. 

ExAK.  1.  How  many  yards  contains  the  ceiling  which  is 
48  feet  3  inches  long,  and  25  feet  6  indies  broad  ? 

Ans.  192). 
Exam.  2.  To  how  much  amounts  the  ceiling  of  a  room, 
at  lOd.  per  yard:  the  length  being  21  feet  8  inches,  and  the 
breadth  14  feet  10  inches  ?  Ans.  12.  Ot.  8}d. 

ExAK.  3.  The  length  of  a  room  is  18  feet  6  inches,  the 
breadth  12  feet  3  inches,  and  height  10  feet  6  inches ;  to 
how  much  anioonts  the  ceiling  and  rendering,  the  former  at 
Sd,  and  the  latter  at  3d.  per  yard  :  allowing  for  the  door  of 
7  feet  by  3  feet  8,  and  a  fire-place  of  5  feet  square  ? 

Ans.  1/.  IBs.  8}(f. 
Exam.  4.  Required  the  quantity  of  plastering  in  a  tooib, 
the  lengdi  beins  14  feet  5  inches,  breadth  13  feet  2  inchea, 
and  height  9  feet  3  inches  to  the  underside  of  the  cornice, 
which  girts  8)  inches,  and  projects  5  inches  from  the  wall 
on  the  upper  part  next  the  ceiling  ;  deducting  only  for  a  door 
7  feet  by  4? 

Ans.  53  yards  5  feet  3)  inches  of  rendering 
18  5         6  of  ceiling 

30        0^^  of  cornice. 

Vol.  I.  60 
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VIII.  PAINTERS'  WORK. 

Painters'  work  is  computed  in  square  yards.  Every  part 
is  measured  where  the  colour  lies  ;  and  the  measuring  line  ia 
forced  into  all  the  mouldings  and  corners. 

Windows  are  done  at  so  much  a  piece.  And  it  is  usual  to 
allow  double  measure  for  carved  mouldings^  &c. 

EXAMPLES. 

ExAX.  1.  How  many  yards  of  painting  contains  the  room 
which  is  65  feet  6  inches  in  compass,  and  12  feet  4  inchoa 
hi(^  ?  Ans.  89}^  yards* 

Exam.  2.  The  length  of  a  room  being  20  feet,  its  breadth 
14  feet  6  inches,  and  height  10  feet  4  inches  ;  how  many 
yards  of  painting  are  in  it,  deducting  a  fire-place  of  4  feet 
by  4  feet  4  inches,  and  two  windows  each  6  feet  by  3  feet 

2  inches  ?  Ans.  7Sfy  yards. 
ExAX.  3.    What  cost  the  painting  of  a  room,  at  6d.  per 

yard  ;  its  length  being  24  feet  6  inches,  its  breadth  16  feet 

3  inches,  and  height  12  feet  9  inches  ;  also  the  door  is  7  feet 
by  3  feet  6,  and  the  window-shutters  to  two  windows  each 
7  feet  9  by  3  feet  6 ;  but  the  breaks  of  the  windows  them- 
selves  are  8  feet  6  inches  high,  and  1  foot  3  inches  deep  ;  in- 
cluding ^so  the  windofv  cills  or  seats,  and  the  soffits  above, 

,  the  dimensions  of  which  are  known  from  the  other  dimen- 
hot  deducting  the  fire-place  of  5  feet  by  5  feet  6  ? 

Ana.  32.  3s.  10}d. 


IX.  GLAZIERS'  WORK. 

GuLZiERs  take  their  dimensions,  either  in  feet,  inches,  and 
parts,  or  feet,  tenths,  and  hundredths.  And  they  compute 
their  work  in  square  feet. 

Ia  taking  the  length  and  breadth  of  a  window,  the  cross 
bars  between  the  squares  are  included.  Also  windows  of 
round  or  oval  forms  are  measured  as  square,  measuring  them 
to  their  greatest  length  and  breadth,  on  account  of  the  waste 
in  cutting  the  glass. 

EXAKPLES. 

ExAJC.  1.  How  many  square  feet  contains  the  window 
which  is  4*25  feet  long,  and  2-75  feet  broad  ?  Ans.  llf- 
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Exam.  2.     What  will  the  glazing  a  triangular  sky-light 
,  come  to,  at  lOd.  per  foot ;  the  base  being  12  feet  6  inches, 
and  the  perpendicular  height  6  feet  9  inches  ? 

Ans.  17,  lbs.  lid. 
Exam.  3.    There  is  a  house  with  three  tiers  of  windows, 
three  windows  in  each  tier,  their  common  breadth  3  feet  11 
inches  : 

now  the  height  of  the  first  tier,  is  7  feet  10  inches 
of  the  second        6  8 

of  the  third  5  4 

Required  the  expense  of  glazing  at  14^  per  foot  ? 

Ans.  132.  Us.  10^. 
Exam.  4.     Required  the  expense  of  glazing  the  windows 
of  a  house  at  ISd.  a  foot ;  there  being  three  stories,  and  three 
windows  in  each  story  : 

the  height  of  the  lower  tier  is  7  feet  9  inches 
of  the  middle  6        6 

of  the  upper  5        3^ 

and  of  an  oval  window  over  the  door  1       10^ 
the  common  breadth  of  all  the  windows  being  3  feet  9 
inches  1  Ans.  12Z.  5«.  6d. 


X.  PAVERS'  WORK. 


Pavebb'  work  is  done  by  the  square  yard.     And  the  con- 
tent  is  found  by  multiplying  the  length  by  the  breadth. 


EXAMPLES. 


Exam.  1.  What  cost  the  paving  a  foot-path,  at  3#.  4d.  a 
yard  ;  the  length  being  35  feet  4  inches,  and  breadth  8  feet 
8  inches  ?  Ans.  51.  7s.  11^. 

Exam.  2.  What  cost  the  paving  a  court,  at  3s.  2tL  per 
yard  ;  the  length  being  27  feet  10  inches,  and  the  breadth 
14  feet  9  inches  ?  Ans.  71.  4s.  5|d. 

Exam.  3.  What  will  be  the  expense  of  paving  a  rectan. 
sular  court-yard,  whose  length  is  63  feet,  and  breadth  45 
feet ;  in  which  there  is  laid  a  foot-path  of  5  feet  3  inches 
broad,  running  the  whole  length,  with  broad  stones,  at  8^. 
a  yard  ;  the  rest  being  paved  with  pebbles  at  2s.  6d.  a  3rard ; 

Ans.  402.  5s.  idyL 
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XI.  PLUMBERS'  WORK. 

PtincBEM'  work  is  rated  at  so  much  a  pound,  or  else  hj 
the  hundred  weight  of  112  pounds. 

Sheet  lead,  used  in  roofing,  guttering,  dfc.  is  from  6  to 
101b.  to  the  square  foot.  And  a  pipe  of  an  inch  bore  is  coos^ 
monly  13  or  141b.  to  the  yard  in  length. 

EXA1SFLX8. 

Exam.  1.  How  much  weighs  the  lead  which  is  39  feet 
0  inches  long,  and  3  feet  3  inches  broad,  at  8}lb.  to  the 
square  foot?  Ans.  1091f>,lh. 

Exam.  2.  What  cost  the  covering  and  guttering  a  roof 
With  lead,  at  18*.  the  cwt. ;  the  length  of  the  roof  being  43 
feet,  and  breadth  or  girt  over  it  32  feet ;  the  guttering  57 
ieet  long,  and  2  feet  wide  ;  the  former  9*6311b.  and  the  latter 
7*8731b.  to  the  square  foot  ?  Ans.  115/.  fh.  Hd^ 


XII.  TIMBER  MEASURING. 

PROBLEM  I. 

njind  the  Area^  or  SuptrfidaL  CotUetU  of  a  Board  or 
Plank. 

Multiply  the  length  by  the  mean  breadth. 

Nate.  When  the  board  is  tapering,  add  the  breadths  at 
the  two  ends  together,  and  take  half  the  sum  for  the  mean 
breadth.     Or  else  take  the  mean  breadth  in  the  middle. 

By  the  Sliding  Rtde. 

Set  12  on  B  to  the  breadth  in  inches  on  a  ;  then  against  the 
length  in  feet  on  b,  is  the  content  on  a,  in  feet  and  fractional 
parts. 

KXAMPLBS. 

{Uam.  L  What  is  the  value  of  a  plank,  at  l^d.  per  foot, 
whose  length  is  12  feet  6  inches,  and  mean  breadth  11 
incbt9^  Ans.  Is.  M. 
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ExAH*  2. .  Requrad  the  content  of  a  board,  whose  length  is 
1 1  feet  2  inches,  and  breadth  1  foot  10  inches  ?  ^ 

Ans.  20  feet  5  inches  Q\ 

BxAM.  3.  What  is  the  value  of  a  plank,  which  is  12  f^et 
Q  inches  long,  and  1  foot  3  inches  broad,  at  2^d.  a  foot? 

Ans.  S8.  3;d. 

Exam.  4.  Required  the  value  of  5  oaken  planks  at  3d. 
per  foot,  each  of  them  being  17*  feet  long  ;  and  their  several 
breadths  as  follows,  namely,  two  of  13^  inches  in  the  middle, 
one  of  14*  inches  in  the  middle,  and  the  two  remaining 
ones,  each  18  inches  at  the  broader  end,  and  11^  at  the  nar- 
rower? Ans.  IZ.  5s,  9jd. 

PBOBLEU  n. 

To  find  the  Solid  Content  of  Squared  or  Four^sided  Timber. 

MuLTiPLT  the  mean  breadth  by  the  mean  thickness,  am) 
the  product  again  by  the  length,  for  the  content  nearly. 

By  the  Sliding  Rule. 

C  D  D  C 

As  length  :  12  or  10  :  :  quarter  girt :  solidity. 

That  is,  as  the  length  in  feet  on  c,  is  to  12  on  d,  when 
the  quarter  girt  is  in  inches,  or  to  10  on  d,  when  it  is  in 
tenths  of  feet ;  so  is  the  quarter  girt  on  d,  to  the  content 
one* 

Note  I.  If  the  tree  taper  regularly  from  the  one  end  to 
the  other ;  either  take  the  mean  breadth  and  thickness  in 
the  middle,  or  take  the  dimensions  at  the  two  ends,  and  half 
their  sum  will  be  the  mean  dimensions :  which  muhiplied  as 
above,  will  give  the  content  nearly. 

2.  If  the  piece  do  not  taper  regularly,  but  be  unequally 
thick  in  some  parts  and  small  in  others ;  take  several  different 
dimensions,  add  them  all  together,  and  divide  their  sum  by 
the  number  of  them,  for  the  mean  dimensions. 

SXAHFLES. 

Ex  AH.  1.  The  length  of  a  piece  of  timber  is  18  feet 
6  inches,  the  breadths  at  the  greater  and  less  end  1  foot 
6  inches  and  1  foot  3  inches,  and  the  thickness  at  the  greater 
and  less  end  1  foot  3  inches  and  1  foot ;  required  the  solid 
content  t  Ans.  28  feet  7  inches. 
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£iAM.  2.  What  18  the  content  of  the  piece  of  timber, 
whose  length  is  24|  feet,  and  the  mean  breadth  and  thick- 
ness each  1*04  feet  ?  Ads.  26^  feet. 

Exam.  3.  Recpiired  the  content  of  a  piece  of  timber, 
whose  length  is  20*38  feet,  and  its  ends  unequal  squares,  the 
side  of  the  greater  being  19^  inches,  and  the  side  of  the  less 
9}  inches  ?  Ans.  29-7562  feet. 

Exam.  4.  Required  the  content  of  the  piece  of  timber, 
whose  length  is  27*36  feet ;  at  the  greater  end  the  breadth 
is  1*78,  and  thickness  1*23  ;  and  at  the  less  end  the  breadth 
is  1*04,  and  thickness  0*91  feet  ?  Ans.  41*278  feet. 

PROBLEM  in. 

To  find  the  SoUdity  of  Round  or  Unsquared  TVmfrer. 

MoiTiFLT  the  square  of  the  quarter  girt,  or  of  ^  of  the 
mean  circumference,  by  the  length,  for  the  content. 

By  the  Sliding  Rule. 

As  the  length  upon  c  :  12  or  10  upon  d  :: 
quarter  girt,  in  12ths,  or  lOths,  on  d  :  content  on  c. 

Noie  1.  When  the  tree  is  tapering  take  the  mean  dimen- 
sions as  in  the  former  problems,  either  by  girting  it  in  the 
middle,  for  the  mean  girt,  or  at  the  two  ends,  and  taking  half 
the  sum  of  the  two  ;  or  by  girting  it  in  several  places,  then 
adding  all  the  girts  together,  and  dividing  the  sum  by  the 
number  of  them,  for  the  mean  girt.  But  when  the  tree  is 
very  irregular,  divide  it  into  several  lengths,  and  find  the 
content  of  each  part  separately. 

2.  This  rule,  which  is  commonly  used,  gives  the  answer 
about  ^  less  than  the  true  quantity  in  the  tree,  or  nearly 
what  the  quantity  would  be,  after  the  tree  is  hewed  square 
in  the  i^sual  way :  so  that  it  seems  intended  to  make  an 
allowance  for  the  squaring  of  the  tree. 

On  this  subject,  however,  Hutton's  Mensuration,  part  v. 
sect.  4,  may  be  advantageously  consulted. 

EXAMPLES. 

Exam.  1.  A  piece  of  round  timber  being  9  feet  6  inches 
long,  and  its  mean  quarter  girt  42  inches  ;  what  is  the 
content  ?  Ans.  116f  feet 

Exam.  2.  The  length  of  a  tree  is  24  feet,  its  girt  at  the 
thicker  end  14  feet,  and  at  the  smaller  end  2  feet ;  required 
the  content  f  Ans.  96  feet. 
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BxAX.  8.  What  is  the  content  of  a  tree  whose  mean 
girt  is  3*15  feet,  and  length  14  feet  6  inches  1 

Ana.  8*d922  feet. 

Exam.  4«  Required  the  content  of  a  tree,  whose  length 

is  17^  feet,  which  girts  in  five  different  places  as  follows, 

namely,  m  the  first  place  9*43  feet,  in  the  second  7*92,  in 

the  third  6*15,  in  the  fourth  4*74,  and  in  the  fifth  3*16  7 

Ans.  42*519525. 
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CONIC  SECTIONS. 


DEFinmONS. 

1.  Conic  Sections  are  the  figures  made  by  a  plane  cut- 
ting a  cone. 

2.  According  to  the  diflferent  positions  of  the  cutting 
plane  there  arise  five  different  figures  or  sections,  namely,  a 
triangle,  a  circle,  an  ellipsis,  an  hyperbola,  and  a  parabola  : 
the  three  last  of  which  only  are  peculiarly  called  Conic  Sec- 
tions. 


3.  If  the  cutting  plane  pass  through 
the  vertex  of  the  cone,  and  any  part  of 
the  base,  the  section  will  evidently  be  a 
triangle ;  as  vab. 


4.  If  the  plane  cut  the  cone  parallel  to 
the  base,  or  make  no  angle  with  it,  the 
section  will  be  a  circle ;  as  abd. 


5.  The  section  dab  is  an  ellipse 
when  the  cone  is  cut  obliquely  through 
both  sides,  or  when  the  plane  is  inclin- 
ed to  the  base  in  a  less  angle  than  the 
side  of  the  cone  is. 


6.  The  section  is  a  parabola,  when 
the  cone  is  cut  by  a  plane  parallel  to 
the  side,  or  when  the  cutting  plane  and 
the  side  of  the  cone  make  equal  angles 
with  tike  base. 
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7.  The  section  is  an  hyperbola,  when 
the  cutting  plane  makes  a  greater  angle 
with  the  base  than  the  side  of  the  cone 
makes. 


8.  And  if  all  the  sides  of  the  cone  be 
continued  through  the  vertex,  forming 
an  opposite  equal  cone,  and  the  plane 
be  also  continued  to  cut  the  opposite 
cone»  this  latter  section  will  be  the  op- 
posite hypeHbola  to  the  former ;  as  due. 


9.  The  Vertices  of  any  section,  are  the  points  where  the 
cutting  plane  meets  the  sides  of  that  vertical  triangular  sec. 
tion  which  is  perpendicular  to  it ;  as  a  and  b. 

.  Hence  the  ellipse  and  the  opposite  hyperbolas,  have  each 
>two  vertices ;  but  the  parabola  only  one  ;  unless  we  consider 
the  other  as  at  an  infinite  distance. 

10.  The  Axis,  or  Transverse  Diameter,  of  a  conic  section, 
is  the  line  or  distance  ab  between  the  vertices. 

Hence  the  axis  of  a  parabola  is  infinite  in  length,  a&  being 
only  a  part  of  it. 


Ellipse. 


Hyperbolas. 


Parabola* 


11.  The  centre  c  is  the  middle  of  the  axis. 

Hence  the  centre  of  a  parabola  is  infinitely  distant  from 
the  vertex.  And  of  an  ellipse,  the  axis  and  centre  lie  within 
the  curve  ;  but  of  an  hyperbola,  without. 

12.  A  Diameter  is  any  right  line,  as  ab  or  db,  drawn 
through  the  centre,  and  terminated  on  each  side  by  the  curve ; 
and  the  extremities  of  the  diameter,  or  its  intersections  with 
the  i^rve,  are.  its  vertices. 

Hence  all  the  diameters  of  a  parabola  are  parallel  to  the 
a3(is,  and  infinite  in  length.    Hence  also  every  diameter  of 
Vol.  I.  61 
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the  ellipse  and  hyperbola  has  two  vertices;  but  of  the  para*' 
bola,  only  one  ;  unless  we  consider  the  other  as  at  an  infinite 
distance. 

13.  The  Conjugate  to  any  diameter,  is  the  line  dravrn 
through  the  centre,  and  parallel  to  the  tangent  of  the  curve 
at  the  vertex  of  the  diameter.  Sp,  fo,  parallel  to  the  tangent 
at  D,  is  the  conjugate  to  de  ;  and  hi,  parallel  to  the  tangent 
at  Ai  is  the  conjugate  to  ab. 

Hence  the  conjugate  ui,  of  the  axis  ab,  is  perpendicuhur 
to  it. 

14.  An  Ordinate  to  any  diameter,  is  a  line  parallel  to  ita 
conjugate,  or  to  the  tangent  at  ite  vertex,  and  terminated  by 
the  diameter  and  curve.  So  dk,  bl,  are  ordinates  to  the  axis 
AB ;  and  mn,  no,  ordinates  to  the  diameter  de. 

Hence  the  ordinates  of  the  axis  are  perpendicular  to  it. 

15.  An  Absciss  is  a  part  of  any  diameter  contained  between 
either  of  its  vertices  and  an  ordinate  to  it ;  as  ak  or  bk,  or 

.  DN  or  BN.  : 

Hence,  in  the  ellipse  and  hyperbola,-  every  ordinate  has 
two  determinate  abscisses ;  but  in  the  parabola  only  one ;  the 
other  vertex  of  the  diameter  being  infinitely  distant. 

16.  The  Parameter  of  any  diameter,  is  a  third  proportional 
to  that  diameter  and  its  conjugate,  in  the  ellipse  and  hyper* 
bola,  and  to  one  absciss  and  its  ordinate  in  the  parabola. 

17.  The  Focus  is  the  point  in  the  axis  where  the  ordinate 
is  equal  to  half  the  parameter.  As  k  and  l,  where  nx  or  bl 
is  equal  to  the  semi- parameter.  The  name  focus  being  given 
to  this  point  from  the  peculiar  property  of  it  mentioned  in  the 
corol.  to  theor.  9  in  the  Ellipse  and  Hyperbola  following,  and 
to  theor.  6  in  the  Parabola. 

Hence,  the  ellipse  and  hyperbola  have  each  twa  foci ;  but 
the  parabola  only  one. 


13 


TL^pS-^e 


18.  If  DAE,  FBG,  be  two  opposito  hyperbolas,  having  ab 
for  their  first  or  transverse  axis,  and  ah  for  their  second  or 
conjugate  axis.  And  if  doe,  Jhg,  be  two  other  opposite  hj* 
perbolas  having  the  same  axes,  but  in  the  contrary  order, 
namely^  ah  their  first  axis,  and  ab  their  second ;  then  these 
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two  latter  curves  tUie^  fhg^  are  called  the  conjugate  byper^ 
bolas  to  the  two  former  dab,  fko  ;  and  each  pair  of  opposite 
curves  mutually  conjugate  to  the  other ;  being  all  for  con- 
venience of  inventigation  referred  to  one  plane,  though  they 
are  only  pomted  two  and  two  in  one  plane ;  as  will  appear 
more  evidently  from  the  demonstration  of  th.  2.  Hyperbola. 
.  19.  And  if  tangents  be  drawn  to  the  four  vertices  of  the 
curves,  or  extremities  of  the  axes,  forming  the  inscribed 
rectangle  uikl  ;  the  diagonals  hck,  icl,  of  this  rectangle, 
are  called  the  asymptotes  of  the  curves.  And  if  these  nsymp-. 
totes  intersect  at  right  angles,  or  the  inscribed. rectangle  be 
a  square,  or  the  two  axes  ab  and  ah  be  equal,  then  the  hy- 
berbolas  are  said  to  be  right-angled,  or  equilateral. 

SCHOLIUM. 

The  rectangle  inscribed  between  the  four  conjugate  hy- 
{lerbolas,  is  similar  to  a  rectangle  circumscribed  about  an 
ellipse,  by  drawing  tangents  in  like  manner,  to  the  fuur  ex- 
tremities of  the  two  axes  ;  and  the  asymptotes  or  diagonals 
in  the  hyperbola,  aro  analogous  to  those  in  the  ellipse,  cut- 
ting this  curve  in  similar  points,  and  making  that  pair  of 
conjugate  diameters  whieh  are  equal  to  each  other.  Also, 
the  whole  figure  formed  by  the  four  hyperbolas,  is  as  it 
were,  an  ellipse  turned  inside  out,  cut  open  at  the  extre- 
mities, D,  E,  F,  G,  of  the  said  equal  conjugate  diameters,  and 
these  four  points  drawn  out  to  an  infinite  distance  ;  the  cur. 
vature  being  turned  the  contrary  way,  but  the  axes,  and  the 
rectangle  passing  through  their  extremities,  continuing  fixed. 

And  further,  if  there  be  four  cones 
CMN,  COP,  CMP,  CNo,  having  all  the  : 
same  vertex  c,  and  all  their  axes  in  the 
same  plane,  and  their  sides  touching  or 
coinciding  in  the  common  intersecting 
lines  Mco,  nop  ;  then  if  these  four 
cones  be  all  cut  by  one  plane,  parallel 
to  the  common  plane  of  their  axes,  there 
will  be  formed  the  four  hyperbolas,  can, 
TST,  VKL,  Whi,  of  which  each  two  op- 
positesare  equal ;  and  eachpair  resembles 
fhe  conjugates  to  the  other  two,  as  here 
in  the  annexed  figure ;  but  they  are  not 
accurately  the  conjugates,  except  only 
when  the  four  cones  are  all  equal,  and 
then  the  four  hyperbolic  sections  are  all  equal  also. 
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OF  THE  ELLIPSE. 


THEOREM  X. 

The  Sqaares  of  the  Ordinates  of  the  Axis  are  to  each  other 
as  the  Rectangles  of  their  Abscisses. 

Let  ate  be  a  plane  passing  through 
the  axis  of  the  cone  ;  agih  another 
section  of  the.  cone  perpendicular  to 
the  plane  of  the  former  ;  ab  the  axis 
of  this  elliptic  section  ;  and  fo,  hi,  or* 
dinates  perpendicular  to  it.  Then  it 
will  be,  as  po'  :  hi"  : :  af  .  eb  :  ah  •  he. 

For,  through  the  ordinates  fo,  hi» 
draw  the  circular  sections  kgl,  hik, 
parallel  to  the  base  of  the  cone,  having  XL,  XK»  for  their 
diameters,  to  which  fo,  hi,  are  ordinates,  as  well  as  to  the 
axis  of  the  ellipse. 

Now,  by  the  isimilar  trangles  afl,  ahv,  and  bfk,  bbv» 
it  is  af  :  AH  : :  fl  :  hx, 
and  FB  :  HB  : ;  KF  :  MH ; 

hence,  taking  the  rectangles  of  the  corresponding  terms, 
it  is,  the  rect.  af  •  fb  :  ah  •  he  : :  kf  .  fl  :  mh  .  hn. 

But,  by  the  circle,  kf  .  fl  =  f  j*,  and*  xh  .  hn  =  hi*  ; 
Therefore  the  rect.  af  .  fb  :  ah  •  he  : :  fo*  :  hi^    a*  s*  p* 


THEOHEX  II. 

As  the  Square  of  the  Transverse  Axis  : 
Is  to  the  Square  of  the  Conjugate  : : 
So  is  the  RectanjEle  of  the  Abscisses  : 
To  the  Square  of  their  Ordinate. 


Thatis,'AB»: 
Ac' :  ac* ::  AD , 


ah*  or 

DB  :  PS*. 


For,  bjr  thoor.  1,  ao  .  cb  :  ad  •  db 
But,  if  0  be  the  centre,  then  ac.cb 
semi'CODJttgate. 


CO"  :  de'  ; 

'  AC*,  and  oa  is  the 
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Therefore  ac*  :  ad  .  db  : :  ac*  :  pb*; 

or,  by  permatatioiiy  ac*  :  do" : :  ad  •  db  :  db'  ; 
or,  by  doubliogt        ab^  :  a6'  :  :  ad  •  db  :  db'«    a*  s.  d. 

Card.  Or,  by  div.  ab  :  —  ;  :  ad  .  db  or  ca*  •—  cd'  :  pb', 

•^  AB 

that  is,  AB  :  p : :  ad  •  DB  or  ca'  —  cd'  :  db^  ; 

where  p  is  the  parameter — ,  by  the  definition  of  it. 

That  is,  As  the  transverse, 
Is  to  its  parameter. 
So  is  the  rectangle  of  the  abscisses. 
To  the  square  of  their  ordinate. 

THEOREM   III. 

As  the  Square  of  the  Conjugate  Axis 

Is  to  the  Square  of  the  Transverse  Axis, 

80  is  the  Rectahgle  of  the  Abscisses  of  the  Conjugate,  or 
the  diflference  of  the  Squares  of  the  Semi-conjugate  and 
Distance  of  th^  centre  from  any  Ordinate  of  that  Axis, 

To  the  Square  of  the  Ordinate. 


That  is, 
CO*  I  CB*  :  i  ad.  db  or  cci"— cd^ ;  ^e", 


For,  draw  the  ordinate  ed  to  the  transverse  ab; 
Then,  by  theor.  1,  ca'  :  ca"  :  :  de"  :  ad  •  db  or  ca*  —  CD*, 

or ca'  :  ca"  :  :  cd^  :  ca"  —  du*. 

But C€t*  :  ca"  :  :  CO*  :  ca", 

theref.  by  subtr.  ca' :  ca'  : :  ca*  —  cd'oT  ad  .dhi  dsK 

a.  E*  D. 
Cord.  1.  If  two  circles  be  described  on  the  two  axes  as 
diameters,  the  one  inscribed  within  the  ellipse,  and  the  other 
circumscribed  about  it ;  then  an  ordinate  in  the  circle  will 
be  to  the  corresponding  ordinate  in  the  ellipse,  as  the  axis  of 
this  ordinate,  is  to  the  othor  axis. 

•  That  is,  CA  :  ca  :  :  dg  :  de, 

and  ca  :  CA  I  I  dg  :  dE* 
For,  by  the  nature  of  the  circle,  ad  .  db  =  do'  ;  theref. 
by  the  nature  of  the  ellipse,  ca'  :  ca' :  :  ad  •  db  or  do'  :  db*, 
or  CA  :  ca  : :  Dtt  :  DB 
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In  like  manner        .         ca  :  ca  :  :  <^  :  iIe. 
Also,  by  equality      .         vg  :  de  or  cd  ::  dB  or  bc  :  dg* 
Therefore  ego  is  a  continued  straight  line. 

Carol.  2.  Hence  also,  as  the  ellipse  and  circle  are  made  up 
of  the  same  number  of  corresponding  ordinates,  which  are 
all  in  the  same  proportion  of  the  two  axes,  it  follows  thai 
the  areas  of  the  whole  circle  and  ellipse,  as  also  of  any  like 
parts  of  them,  are  in  the  same  proportion  of  the  two  axes, 
or  as  the  square  of  the  diameter  to  the  rectangle  o^the  two 
axes ;  that  is,  the  areas  of  the  two  circles,  and  of  the  ellipse, 
are  as  the  square  of  each  axis  and  the  rectangle  of  the  two  ; 
and  therefore  the  ellipse  is  a  mean  proportional  between  the 
two  circles. 


THEOnEK  IT. 

The  Square  of  the  Distance  of  the  Focus  from  the  'Centre, 
is  equal  to  the  Difference  of  the  Squares  of  the  Semi, 
axes. 

Or,  the  square  of  the  Distance  between  the  Foci,  is  equal  to 
the  Difference  of  the  Squares  of  the  two  Axes. 


That  is,  cp*  =  ca*  -  co" 
or  rf^  -=  ab'  —  oft' 


For,  to  the  focus  f  draw  the  ordinate  fe  ;  which,  by  the 
definition,  will  be  the  semi-parameter.  Then,  by  the  nature 
of  the  curve        *  -        ca'  :  en' : :  ca*  -  cf"  :  fk^  ; 

and  by  the  def.  of  the  para,  ca'  :  co* :  :  co*  :  fe*  ; 
therefore  -        •        c«^  =  ca'  —  cf*  ; 

and  by  addit.  and  subtr.         cr*  ~  ca'  —  ca^ ; 
or,  by  doubling,  -        rf'^AB^  —  a6".    a.  b.  n. 

Cord.  1.  The  two  semi -axes,  and  the  focal  distance  from 
the  centre,  are  the  sides  of  a  right-angled  triangle  cfs  ;  and 
the  distance  ra  from  the  focus  to  the  extremity  of  the  con- 
jugate axis,  is  =  AC  the  semi-transverse. 

Carol.  2.  The  conjugate  semi-axis  ca  is  a  mean  proper, 
tional  between  af,  fb,  or  between  a/,  /b,  the  distances  of 
either  focus  from  the  two  vertices. 

Forca*  =  CA*  —  ci*  =  (ca  +  cf)  .  (ca  —  cf)  =  af  .  p». 
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THEOBEM   V. 


The  Sum  of  two  lines  drawn  from  the  two  Foci  to  meet 
at  any  Point  in  the  Curve,  is  equal  to  the  Transverse 
Axis.  ^ 


That  is, 


For,  draw  xo  parallel  and  equal  to  ca  the  somi-eonjugate ; 
and  join  co  meeting  the  ordinate  de  in  u ;   also  take  ci  a 
4th  proportional  to  ca,  cf,  cd. 
Then  by  theor.  2,  ca*  :  ag'  :  :  ca'  —  cd'  :  de*; 


CA- 


as'  :  :  CA*  —  CD* 


AG'  —  Dir 


and,  by  aim.  tri. 

consequently  db'  ==  ag"  —  dh''  =  ca'  —  dm". 

Also,.FD  =  cp^  CD,  and  rD*=  or*  —  2cf  .  on  +  cd';- 

And,  by  right-angled  triangles,  fb'  =  fd"  +  oe*  ; 

therefore  fb*  =  cf'  +  ca'-r-  2cf  .  cd  +  cd"  —  dh*  ; 

But  by  theor.  4,  cf*  +  co*  =  ca*, 

and  by  supposition,  2cf  •  cd  =  2ca  •  ci ; 

theref.  fb*  =  ca'  —  2ca  .  ci  +  cd*  —  dh*. 

Again,  by  supp.  ca*  :  cd'  :  :  cf*  or  ca*  —  ao*  :  ci* ; 

and,  by sim.  tri.  ca*  :  cd*  :  :  ca*  —  ao*  :  cd*  —  do*; 

therefore     -      ci*  =  cd*  —  dh'  ; 

consequently      fb'  *=  ca* — 2ca  .  ci  +  ci*, . 

And  the  root  or  side  of  this  square  is  fb  s  ca  —  ex  =  ai* 

In  the  same  manner  it  is  found  thatyB  =  ca  +  ci  =  bi. 

Conseq.  by  addit.  fb  +/e  =  ai  +  bi  =  ab.     o.  b.  d. 

Card.  1.  Hence  ci  or  ca  — •  fb  is  a  4th  proportional  to 

CA,  OF,  CD. 

Coral.  2.  And  /e  —  fb  =:  2ci  ;  that  is,  the  difference  be- 
tween two  lines  .drawn  from  the  foci,  to  any  point  in  the 
curve,  is  double  the  4th  proportional  to  ca,  cf,  cd. 

Cord.  3.  Hence  is  derived  the  common  method  of  de- 
scribing this  curve  mechanically  by  points,  or  with  a  thready 
thus: 
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In  the  traMverae  take  the  foci  f,/, 
and  any  point  i*  Th«n  with  the  radii 
Ai,  Bi,  and  centres  F,/,  describe  arcs 
intersecting  in  e,  which  will  be  a 
point  ill  the  curve.  In  like  manner, 
assuming  other  points  i,  as  many 
other  points  will  be  found  in  the 
curve.  Then  with  a  steady  hand, 
the  curve  line  may  be  drawn  through  all  the  points  of  inter- 
section  s. 

Or,  take  a  thread  of  the  length  ab  of  the  transverse  axis, 
and  fix  its  two  ends  in  the  foci  f,  y,  by  two  pins.  Then 
carry  a  pen  or  pencil  round  by  the  thread,  keeping  it  always 
stretched,  and  its  point  will  trace  out  the  curve  line. 


THBOaBX  vi. 


If  from  any  Point  i  in  the  Axis  produced,  a  Line  il  be 
drawn  touching  the  Curve  in  one  Point  l  ;  and  the  Or^ 
dinate  lm  be  drawn ;  and  if  c  be  the  Centre  or  Middle 
of  AB :  Then  shall  ex  be  to  ci  as  the  Square  of  ak  to  the 
Square  of  ai. 


That  is, 


ex  :  CI 


AM"  :  AI" 


For,* from  the  point  i  draw  any  other  line  ibr  to  cut  the 
curve  in  two  points  e  and  h  ;  from  which  let  fall  the  perpen- 
dicutars  so  and  ho  ;  and  bisect  do  in  x. 

Then,  by  theor.  1,  ad  .  db  :  ao  .  ob  : :  db'  :  6^9 
and  by  sim.  triangles,  id'  :  ig'  :  :  db*  :  gh'; 
theref.  by  equality,  ad  .  db  :  ao  •  gb  :  :  id'  :  lo*. 

But  db  =  OB  +  CD  =  AC  +  CD  =•  AG  +  DC  —  Ca  =5  2cX  +  AG» 
and  GB  =  CB  —  CG  =  AC  —  CG  =s  AD  +  DC— CO  =  3cK  +  AP; 

theref.  ad  .  2ck  +  ad  •  ag  :  ag  .  2ck  +  ad  •  ag  : :  id'  t  is*, 
andy  by  div.  dg  .  2ck  :  ig'  —  id'  or  dg  .  2ik  :  :  ad  •  2gk  + 


AD  .  AG  :  ID*, 

or  2cK  :  2ik  :  :  ad 
or  AD  •  3cK  :  ad  •  2ik  : 
theref.  by  div.  ck  :  ik  : 
and,  by  comp.  ex  :  ic  : 
or         -         ex  :  ci  : 


2cx  +  AD  .  AG  :  id', 

!  AD  .  2rK  +  AD  .  AO  :  id"  i 

;  AD  •  AG  :  id" AD  .  2lK, 

:  AD  •  AG  :  id'  —  AD  •  id  +  ^ 

;  AD  •  AO  :  AI** 
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Bott  when  the  liae  ih,  by  revolving  about  the  point  i, 
comes  into  the  position  of  the  tangent  il,  then  the  points  s 
and  H  meet  in  the  point  i.,  and  the  points  n,  k,  o,  coineide 
with  the  point  h  ;    and  then  the  last  proportion  beeomes 


THBORSM  vn. 

If  a  Tangent  and  Ordinate  be  drawn  from  any  Point  in  the 
CurvOf  meeting.the  Transverse  Axis ;  the  Semi-transverse 
will  be  a  Mean  Proportional  between  the  Distances  of  the 
said  two  Intersections  from  the  Centre. 

That  is, 
CA  is  a  mean*  proportional 

between  en  and  ct  ; 
or  CD,  OA,  cr,  are  con* 

ttnued  proportionals. 


For,  by  (beor.  6,  cd  :  cr  : :  ad'  :  at* 
that  is,  CD  :  cr  : :  (ca  —  cd)*  :  (cr  —  ca)*, 
or    .    CD  :  OT  :  :  cd*  +  ca'  :  ca*  +  ot*, 
and  .    CD  :  DT  :  :  cd'  +  ca"  :  ci^  —  cd*, 
or    .     CD  :  DT  :  :  cd^  +  ca"  :  (ct  +  cd)dt, 
or    -    cd";  CD  •  dt  :  :  cd"  +  ca'  :  (cd  •  dt)  +  (or  .  dt), 
henee   cd':  ca"  :  :  cd  .  dt  :  or  .  dt, 
and  -     CD*:  ca'  :  :  cd  :  or. 
therefore  (th.  76,  Geom.}  cd  :  ca  : :  ca  :  ct.     q.  k.  d. 

dmvL  1.  Since  ct  is  always  a  third  proportional  to  cd, 
OA  ;  if  the  points  d,  a,  remain  constant,  then  will  the  point 
T  be  constant  also  ;  and  therefore  all  the  tangents  will  oneet 
in  this  point  t,  which  are  drawn  from  the  point  b,  of  every 
ellipse  described  on  the  same  axis  ab,  where  they  are  cut  by 
the  common  ordinate  dbf  drawn  from  the  point  d. 

Cord,  %  When  the  outer  ellipse,  by  enlarging,  becomes 
a  circle,  as  at  the  upper  figure  at  e,  then  by  drawing  xr 
perp.  to  CE,  and  joining  t  to  the  lower  s,  the  tangent  to  the 
point  E  at  the  ellipse  is  obtained. 

thbobbk  vin. 

If  there  be  any  Tangent  meetinf^  fiwir  Perpendiculars  to  the 
Axis  drawn  from  these  foor  Fbints,  namely,  the  Centre,  the 
two  Bxtiemities  of  the  Axis,  and  the  Point  of  Contact ; 
those  four  Perpendiculars  will  be  Propoftioos. 
Vol.  f .  62 
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OOKIO  SRCTlOHt. 


AG 


That  10, 
DK  :  :  CH  : 


Bl. 


For,  by  theor.  7,  tc  :  ac  : :  ac  :  dc, 
theref.  by  div.         ta  :  ad  :  :  tc  :  ac  or  cb, 
.and  by  comp.  ta  :  td  :  :  tc  :  Tit, 

and  by  sim.  tri.        ao  :  db  :  :  ch  :  hi.     a.  e*  d* 

^    Carol.  1.  Hence  ta,  td,  tc,  tb  )  ^^  ^^^  proportiwial.. 

and      tg,  tb,  th,  ti  J  *^    ^ 

Fur  these  arc  as  ag,  db,  ch,  bi,  by  similar  triangles. 
Carol.  2.  Draw  ai  to  bisect  db  in  p  ;  then  since 
TA  :  tb  :  "i  tc  :  Ti,  the  triangles  tab,  tci  are  similary  as  welt 
as  the  triangles  abd,  cbi,  and  adp,  abi* 
Hence     •     ad  :  db  :  :  r.B  c  bi 
and         -    AD  :  DP  :  :  ab.:  bi 

.%  DB  :  DP  ;  :  AB  :  OB  : :  2  : 1  ;  which  sug- 
gests another  simple  practical  method  of  drawing  a  tangent 
to  an  ellipce* 

THBOBBX  IX. 

If  there  be  any  Tangent,  and  two  Lines  drawn  from  the 
Foci  to  the  Point  of  Contact ;  these  two  lines  will  make 
equal  Angles  with  the  Tangent.  > 


That  is, 
the  iL  FET  =  Z./b«. 


For,  draw  the  ordinate  db  and/0  parallel  to  fb. 
By  cor,  1,  theor.  5,  ca  :  cd  : :  cf  :  ca  —  fb,  .- 
and  by  theor.  7,      ca  :  cd  : :  ct  :  ca  ;        ^ 
therefore  ct  :  cf  : :  ca  :  ca  —  fw  ;  • 

and  by  add.and  sub.TF  :  a/ : :  fb  :  2ca— fb  or/a  by  th.  6. 
But  by  sim.  tri.        mrftiveife; 
therefore       /k  —  ^e,  andconseq.     Ze  «  jCf^e. 
But  because  fb  is  parallel  to^e,  the  Ze  »  /irwr ; 
therefore        z.fbt  =  Z/se.    (^  b.  n. 
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f^DToI.  As  ojHicians  find  that  the  anffTe  of  incidence  ta  equal 
to  the  angle  of  reflection,  it  appears  trooi  this  theorem,  that 
rays  of  light  issuing  from  the  one  focus,  and  meeting  the 
curve  in  every  point,  will  be  reflected  hito  lines  drawn  from 
those  points  to  the  other  focus.  So  the  ray/K  is  reflected 
into  FB.  And  this  is  the  reason  why  the  points  r,/,  are  call- 
ed thefociy  or  burning  points. 


TBEORKV  z. 


All  the  Parallelograms  circumscribed  about  an  Ellipse  are 
equal  to  one  another,  and  each  equal  to  the  Rectangle  ef 
tlM  two  Axes. 


That  is, 
♦he  parallelogram  rass  =  ^•^'^ 
the  rectangle  ab  .  a6.         T 


Let  BO,  tgi  be  two  conjugate  diameters  parallel  to  the 
sides  of  the  parallelogram,  and  dividing  it  into  four  less  and 
^ual  parallelograms.  Alsfi,  draw  the  ordinates  ok,  de^  and 
•CK  perpendicular  to  pq;  and  let  the  axis  c\  produced  meet 
the  sides  of  the  parallelogram^  produced  if  necessary,  in  t 
and  t 

Then,  by  theor.  7,'     ct  :  ca  : :  ca  :  cv^ 
aod         -  -         c/   :  CA  ::  CA  :  c<i ; 

theref.  by  equality,     at  id   ::  cd:ci»; 
but,  by  sim.  tria!igles,<rr  id   : :  td  :  vd^ 
theref.  by  equality,     td  :  cil  : :  4x2  :  cd,  . 
and  the  rectangle       td  •  dc  =  is  the  square  ccT. 
Again,  by  theor.  7,     cD  :  ca  : :  ca  :  cr, 
or,  by  division,  cd  :  ca  ; :  da  :  at, 

and  by  composition,    cd  :  db  : !  ad  :  dt  ; 
conseq.  the  rectangle  cd  .  dt  =  cd'  »  ad  •  dr*. 
But,  by  theor.  1,        ca':  ca*::  (ad  .  db  or)  cd' : 
therefore        •  ca  :  ca  . :  u^  :  dk  ; 

ca  .  DR  : :  ca  :  al ; 


;  bbT 


*  or 


By  th.  7, 


cl  :  CA  :  :  CA  :  ul, 


♦  CtfM.    B4*CIIII<<lt  erf    =  Al*  .  OB  —  CA'  —  CO*, 

therstiire  caS  =:  cd"*  -}-  crfs . 
la  like  nanoer,   ca' s . os '  -p  rfe  *. 
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ky  eqMality      •  cf  :  ga  :  :  ca  :  m, 

by  mm.  tri,       -  d  :  cr  :  :  Je  :  dk, 

Ihefof*  by  equality,  cr :  ca  :  :  en  :  c^e. 

But,  by  aim.  tri.  cr :  ck  :  :  oe  :  ilff ; 

tberef.  by  cMpiality,  ck.  :  ca  f  :  oa :  oe, 

and  the  rectangle  ck  •  ce  ^s  ca  .  ca. 

But  tbe  reet*  ck  .  c0  s=  the  parallelogram  Qsver 

tberef.  the  rect.  ca  •  ca  « the  parallelogram  csi*e, 

eonaeq*  the  rect.  ab  .  afr  ss  the  parallelogram  raia*  q*b«] 


TfiBOSBMXI* 


The  Sum  of  the  Squares  of  every  Pair  of  Conjugate  Diame. 
tera,  49  equal  to  the  same  constant  Quantity,  namely,  tbe 
Sum  of  the  Squares  of  the  two  Axes. 


Thetis, 
AB»+a»»«EO«  +  eg«; 
where  bo,  eg^  are  any  pair  of  co>n- 
.  jbgate  diameters. 


For,  draw  the  ordtnates  an,  e«f, 
Then,  by  cor.  to  Theor.  10,  ca'  =  cd*  +  cd\ 
and  .  .  .  CO*  a  DB*  +  ifc«  ; 

therefore  the  sum         ca*  +  ca'  =  cd*  +  06*  +  ctP  +  tW. 
But,  by  right-angled  i&s,     cb«  =  co*  +  de*, 
»«Mi  -         .  cc*  ««!•  +  «&•; 

therefore  the  sum         cb*  +  ce'  «  cd«  +  db"  +  aP+  *•. 
consequently       -         ca*  +  oo*.  «  cb*  +  cc*  ; 
or,  by  doubling,  ab*  +  oi*  =  so*  +  e^.       ^  b,  ». 


THBOBBX  Xn. 

The  difierence  between  the  semt-transverse  and  a  line  drawti 
from  the  focus  to  any  point  in  the  curve,  is  equal  to  a 
fourth  proportional  to  tbe  semi-transverse,  the  distance 
from  the  centre  to  the  focus,  and  the  distance  fitim  the 
centre  to  the  ordinate  belonging  to  that  mrint  of  the 
curve. 
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That  18, 

AC  -^  FB  »  CI9  or  PB  ss  41  ; 

mmiftt  —  AC  »  CI,  or/n  s  bi. 
'Wh«re  CA :  OF  : :  CD  :  ei  the  4lh  A 
pfoportiooal  to  ca,  cf,  cd. 


For,  draw  ao  parallel  and  equat  to  ca  the  semi-conjugate  | 
and  join  co  meeting  the  ordinate  ds  in  h. 
Then,  by  theor.  %  ca*  :  ag'  : :  ca'  -  en'  :  db*: 
and,  by  aim.  tri.  ca*  :  ao'  ( :  ca*  -v>  cd'  ;  ao*  •««  ntf* ; 
conaequently    dk*»  ao*  -  DH's=ca* — mr*. 
Alao    -    FD^oF  ^  cp,  end  FD*s»eF*— 3of  .  cd+cd^  $ 
hut  by  right-angled  triangles,  pn*4-9tt*»FB* ; 
th«refove    -    FB*«CF*+ca*— 8cf  .  on+cn^  «»]«*• 
But  by  theon*4,    ca"+cF*=cA*; 
and,  by  Bupposition,  2cf  .  cn=2cA  •  c% ; 
therefore    -        -        fb*»ca*— 2oa  .  ci+cn*— oh*. 
But  by  supposition,  ca*  :  cp*  : :  cf*  or  ca*— ag*  :  ci*. 
and,  by  aim.  tri*       ca*  :  cd*  : :  ca*— ao*  :  en*— db^; 
thareiore    -       •     ci*=cn^  —  d«*  ; 
cimseqiaently     •     FB*«iCA*  —  2c  a  •  ct  +  ci*. 
And  the  root  or  side  of  this  square  is  fe  ^  ca  —  ci »  ai. 
In  the  same  manner  is  found/sss  ca+ci=bi.        q.  b.  !>• 

Carol.  I.    Hence  01  or  ca  -^  fb  is  a  4th  proponional  to 

CA,  CF,  CD*  ^ 

Coral.  2.    And/a  —  fb  ^  2ci ;  that  is,  the  diffc  rence 
.between  two  lines  draw  from  the  foci,  to  any  point  in  the 
curve,  is  double  the  4th  proportional  to  ca,  cf,  cn« 

THBOBBX  mi. 

If  a  line  be  drawn  from  either  focus,  perpendicular  to  a  tan- 
gent to  any  point  of  the  curve ;  the  distance  of  tbeir  inter- 
s^ctions.from  the  centre  will  be  equal  to  the  semi-transverse 


That  is,  if  fp, 
fft  be  perpandi. 
cular  to  the  tan- 
gent  TPp,  then 
shall  cr  and  cp 
be  each  equal  to 
OAorcB* 
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For  through  the  point  of  contact  x  draw  rx,  and  /« 
meeting  fp  produced  in  o.  Then  the  L  gbp  =s  ^  vsPy 
being  each  equal  to  the  L  /jsp,  and  the  angles  at  v  being 
right,  and  the  side  pe  being  common,  the  two  triangles  oxPf 
FKP  are  equal  in  all  respects,  and  so  ce  s=  pe,  and  gp  =?  fp* 
Therefore,  since  fp  =  ^fg«  and  fc  ==  |p/*,  and  the  ang^e  at 
F  common,  the  side  cp  will  bo  =  4/0  or  ^ab,  that  is  cp  =  ca 
or  CB*    And  in  the  same  manner  cp  =  ca  or  cb.       a*  *•  »• 

CwiA.  1.  A  circle  described  on  the  transverse  axis,  as  a 
diameter,  will  pasc  through  the  points  p,  p  ;  because  all  the 
Unes  CA,  CP,  cp,  cb,  being  equal,  will  be  radii  of  the  circle* 

CorfA*  2.    cp  is  parallel  to/s,  and  cp  parallel  to  fb. 

Coro2«  3.'  If  at  the  intersections  of  any  tangent,  with  the 
eircumscribed  circle,  perpendiculars  to  the  tanffent  be  drawn, 
they  will  meet  the  transverse  axis  in  the  two  hici.  That  is, 
the  perpendiculars  pf,  ^/'give  the  foci  i*,/. 

THSOREU  ZIV. 

The  equal  ordinates,  or  the  ordinates  at  equal  distance* 
from  the  centre,  on  the  opposite  sides  and  ends  of  an 
ellipse,  have  their  extremities  connected  by  one  right  line 
passMg  through  the  centre,  and  that  line  is  bisected  by 
the  centre. 
That  is,  if  cd  »  co,  or  the  ordinate  db  =?  on  ; 
then  shall  cb  =  ch,  and  ecu  will  be  a  right  lino. 


For  when  cd  =  co,  then  nl^o  is  db  ssr  on  by  con  %  th*  1. 
But  the  Z.  D  =r  ^  «,  being  both  right  angles  ; 
therefore  the  third  side  cs  »  ch,  and  the  Z^dcb  »  ^gcv, 
Bnd  consequently  ech  is  a  right  line. 

Cwii.  1.  And,  conversely,  if  ech  be  a  right  tine  passing 
thr-»ugh  the  centre  ;  then  shall  it  be  bisected  by  the  centrOf 
or  have  cb  s^'ch  ;  also  db  will  be  =  oh,,  and  cd  s  co* 
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Card.  2.  Hence  also,  if  two  tangedts  be  drawn  to  the  two 
endti  B,  H  of  any  diameter  kii  ;  they  will  be  parallel  to  each 
other,  and  will  cut  the  axis  at  equal  angles,  and  at  equal 
distances  from  the  centre.  For,  the  two  cd,  ca  being  equal 
to  the  two  CO,  CB,  the  third  proportionals  rr,  cs  will  bo 
equal  also  ;  then  the  two  sides  ce,  ct  being  equal  to  the  twa 
cu,  cs,  and  the  included  angle  ect  equal  to  the  included 
angle  acs,  all  the  other  corresponding  parts  are  equal :  and 
so  the  Z.  T  =  Z.  s,  and  tb  parallel  to  as. 

Carol*  3.  And  hence  the  four  tangents,  at  the  four  extre- 
mities  of  any  two  conjugate  diameters,  form  a  parallelogranh 
circumscribing  the  ellipse,  and  the  pairs  of  opposite  mdes  are 
each  equal  to  the  corresponding  parallel  conjugate  diameters. 
For,  if  the  diameter  eh  be  drawn  parallel  to  fhe  tangent  tb 
or  Hs,  it  will  be  the  conjugate  to  bh  by  the  definition  ;  and 
the  tangents  to  e,  h  will  be  parallel  to  each  other,  and  to  the 
diameter  BH  for  the  same  reason. 

THBOBBH  XV. 

If  two  ordinates  ed,  ed  be  drawn  from  the  extremities  b,  e, 
of  two  conjugate  diameters,  and  tangents  be  drawn  to 
the  same  extremities,  and  meeting  the  axis  produced  in 
T  and  R ; 

Then  shall  en  be  a  mean  pr«ipr.niocal  between  cd,  da,  and 
cd  a  mean  proportional  between  cd,  dt. 


For,  by  theor.  7, 
and  by  the  same, 
theref.  by  equality, 
But,  by  sim.  tri. 
theref  by  equality, 
In  like  manner, 

Card*  1.  Hence  cd  :  cd  : :  cr  :  ct. 
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Carol.  2.  Hence  aleo  oo :  od  :  :  cfe  :  db* 
And  the  rectangle  on  •  db  =  otf  .  de^  or  A  cdb  as  A  cdiB. 
Corof.  3.  Also  wf"  »  cd  .  dt, 
and  CD*  s  oi  •  <{b, 
Or  oda  mean  proportional  between  cd,  dt  ; 
and  CD  a  mean  proportional  between  od,  dk. 

TKBORBX   XVI. 

The  name  figure  being  constructed  as  in  the  last  theorem, 
each  ordinate  will  divide  the  axis,  and  the  semi^-axis  added 
lo  the  external  part,  in  the  same  ratio. 

[See  the  last  fig.] 

That  is,  DA :  DT  : :  DO  :  db, 
and  dAidmt  idc  lim. 
For,  by  Theor.  7,  cd  :  ca  :  :  ca  :  cr, 
and  by  div.  cd  :  ca  :  :  ad  :  at, 

and  by  corop*       cd  :  db  :  :  ad  :  dt, 
or,      •      •      -      DA  :  DT  :  :  DC  :  DB« 
In  like  manner,    dA  :  du  :  :  dc  :  da.    «.  b.  I». 
Ckmjl*  !•  Hence,  and  from  con  3  to  the  last,  it  is, 

cd*  =s  CD  .  DT  as  AD  .  DB  =  CA*  —  CD*, 

CD*  s  cd  •  da  =s  Ad  .  dB  =  ca*  —  cd'. 
Caroi,  2.  Hence  also,  ca*  =  cd*  +  cd*, 

and  cc^  =»  db*  +  dii*. 
Cord.  3.  Further,  because  ca*  :  co*  :  :  ad  .  db  or  od* :  db*, 
therefore  ca  :  ca  :  :  cd  :  db, 
likewise   ca  :  ca  :  :  cd  :  <2s* 

thbobbk  xvn. 

If  from  any  point  in  thd  curve  there  be  drawn  an  ordinate, 
and  a  perpendicular  to  the  curve,  or  to  the  tangent  at  that 
point :  then,  the 

Dist  on  the  trans,  between  the  centre  and  ordinate,  cd. 

Will  be  to  the  dist.  pd. 

As  sq.  of  the  trans,  axis 

To  sq.  of  the  conjugate^ 

That  is, 
CA*  :  ca* : :  DC  :  dv« 


For,  by  theor.  2,  ca*  :  co*  : :  ad  .  db  :  db*, 


»". 


i^'. 
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But,  by  rt*  angled  As,  the  rect.  td  •  DP<3sns' ; 
and,  by  cor.  1,  theor.  16,  cd  .  dt=ad  .  db  ; 

therefore     .    -     -  ca'  :  ca'  :  :  td  .  dc  :  td  .  di», 
or     .....  AC*  :  ca'  :  :  DC  :  dp.     q.  e.  d. 

THBORBM.    l^Vni. 

If  there  be  two  tangents  drawn,  the  one  to  the  extKmity 
of  the  transverse,  and  the  other  to  the  extremity  of  any 
other  diameter,  each  meeting  the  other's  diameter  pro- 
duced ;  the  two  tangential  triangles  so  formed,  will  be 
equal. 


That  is, 
the  triangle  cET=sthe 
triangle  can. 


For,  draw  the  ordinate  dk.     Then 
By  aim.  triangles,  cd  :  ca  :  :  ce  :  cn  ; 
but,  by  theor.  7,     cd  :  ca  :  :  ca  :  ct  ; 
theref.  by  equal,    ca  :  cr  :  :  ce  :  cn. 

The  two  triangles  crt,  can,  have  then  the  angle  c  common, ' 
and  the  sides  about  that  angle  reciprocally  proportional ;  thoee 
triangles  are  therefore  equal,  namely,  the  acet  =  A  can. 
Catfd.  1.  From  each  of  the  equal  tri.  cet,  can, 
take  the  common  space  cape, 
and  there  remains  the  external  A  pat  »  apnb. 
Ccrtd.  2.  Also  from  the  equal  triangles  ckt,  can, 
take  the  common  triangle  cbd, 

and  there  remains  the  a  ted  =  trapez.  anbd. 

THBORBM  XIX. 

Tbe  same  being  supposed  as  in  the  last  proposition  ;  then  any 
lines  Ro,  ao,  drawn  parallel  to  the  two  tangents,  shall 
also  cut  off  equal  spaces.     That  is. 


Vol.  I. 
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and  AK^^tmpez.  Anhg 


For,  draw  the  ordtnste    nn.    Tbea 
the  three  mm.  triangles  c.%rr>  cdb,  cgb, 
are  to  each  other  as         ca',  cd',  oq'  ; 

th.  by  div.  the  trap,  aned  :  trap,  an  ho  : :  ca'-cd^  :  ca*— ogI 

But,  by  theor.  1,        m'  :  oq.' 

theref.  by equ.  trap,  aited  :  trap,  anho 

But,  by  sim.  As,  tri.  tbd  :  tri.    xao 

theref  by  equality,  ankd  :  tbd 


CA*— CD^  :  CA**CO'» 

DB*  :  oa'* 

DB*  :  oof. 

A?IB€I 


But,  by  cor.' 2,  theor.  18,  the  trap,  aned  =■  /^tbd; 
and  therefore  the  trap,     anho  =?  Axao* 
In  like  maoner  the  trap,  xshg  =  A%fg*    Q*  b.  d. 
'   CoroL  1.  The  three  spaces  anho,  tbho,  kuo,  are  all  eqpuJ* 
Cord.  2.  From  the  equals  anro,  kuo, 
take  the  equals  anA^,  k^^, 
and  there  remains  ^Auo  av^^o. 
Carol:  2.  .^nd  from  the  equals  ghnOj  gqf^o, 
take  the  common  space  gfLHG^ 
and  there  remains  the  £kiMa  =>  A^K. 
OonL  4.  A^n,  fram  the  equals  Kao»  vibq^ 
take  the  common  space     klhg, 
and  there  remains  tblx  =  AMR* 

Cord.  5.  And  when 
by  the  liiiea  »«,  on, 
moving  with  a  parallel 
motion,  Ha  oomes  iiita 
the  position  ir,  where 
CB  is  the  conjugate  to 
ca;  then 


the  triangle      xao  becomes  the  triangte  ttiC, 
and  th«  space  anhg  becomes  the  triangle  ahg  ; 
and  therefore  the  Aibc  ==  Aanc  =  tec. 
Cord.  6.     Also  when  the  lines  xq  and  ho,  by 
with  a  parallel  motion,  come  into  the  position  ce,  ve, 
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the  triangle      lqh  becomes  the  triangle  cen* 
mnd  the  space  tblk  becomes  the  triangle  tbc  ; 
mod  theref.  the  Acex  =  Axec  s  Aanc  =  Aiao. 


THBOVBM  XX. 


Any  diameter  bisects  all  its  double  ordinates»  or  the  lines 
draws  oamliel  to  the  tangent  at  its  vertex,  or  to  its  con. 
jugate  diameter. 


That  is*  if  af  be  pa*. 
nUel  to  the  tangent  te, 
orlo  ce^  ibenshall  m  s 


For,  draw  an,  qh  perpendicular  to  the  transverse. 
Yhen  by  cor.  3,  theor.  19,  the  iiLan  ==  hqh ; 
but  these  triangles  are  also  equiangular ; 
consequently  their  like  sides  are  equal,  or  La  =s  hq» 

CoToi.  Any  diameter  divides  the  ellipse  into  two  eqnal 
parts. 

For,  the  ordinates  on  each  side  being  equal  to  each  other, 
and  equsl  in  number ;  att  the  ordinates,  or  the  area,  on  one 
aide  of  the  diameter,  is  equal  to  all  the  ordinates,  or  the  area, 
on  the  other  side  of  it. 

THBORSX  XXI. 

As  the  square  of  any  diameter 

Is  to  the  square  of  Its  conjugate, 

So  is  the  rectangle  of  any  two  abscisses 

To  the  square  of  their  ordinate. 

Thatis,  cB'tce': :  bl  .  LoorcB*  — cl'  :La'* 


For,  draw  the  tangent 
TB|  and  produce  the  or- 
dinate QL  to  the  trans- 
verse at  X.  Also  draw 
an,  en  perpendicular  to 
the  transverse,  and  meet- 
ing  BO  in  n  and  x. 

Then,similar  triangles 


Digitized  by  CjOOQ IC 


493 


come  ncTioKS. 


being  as  the  squares  of  their  like  sides,  it  is, 
by  Sim.  triangles,  i^cET  :  Aclk  : :  cb'  :  cl'; 
or,  by  division,    Ackt  :  trap,  tklk  : :  ck':  ck*—  ct?» 
Again,  by  sim.  tri.  ^ceM :  A  lqh  : :  ce* :  La*. 
But,  by  cor.  5theor.  19,  the  A  cm  =  ^cet, 
and,  by  cor.  4  theor.  19,  the  Aian  =  trap,  tblk  ; 
there  f.   by  equality,  ce  :  cc' : :  ck" —  cl':  Lu't 
or  -  •  ce^  :  of^  :  :  BL  •  Lo  :  i.q'«  q.  b.  d. 

Corof,  1.  The  squares  of  the  ordinate*  to  any  diameter, 
are  to  one  another  as  the  rectangles  of  their  respective 
abscisses,  or  as  the  difference  of  the  squares  of  the  semi- 
diameter  and  of  the  distance  between  the  ordinate  and  centre. 
For  they  aro  all  in  the  same  ratio  of  ck'  to  c*e\  ^ 

Corol,  U,  The  above  being  a  similar  property  to  that  be* 
longing  to  the  two  axes,  all  the  other  properties  before  laid 
down,  for  the  axes,  may  be  understood  of  any  two  conjugate 
diameters  whatever,  using  only  the  oblique  oitiinatcs  of  these 
diameters^  instead  of  the  perpendicular  ordinates  of  the  axes ; 
namely,  all  the  properties  in  theorens  6,  7,  8, 14,  15,  10,  18, 
and  19. 

THBOBEK  XXn. 

If  any  two  lines,  that  any  where  intersect  each  other,  meet 
the  curve  each  in  two  points  ;  then 
the  rectangle  of  the  segments  of  the  one 
is  to  the  rectangle  of  the  segments  of  the  other, 
as  the  square  of  the  diam.  parallel  to  the  former 
to  the  square  of  the  diam.  parallel  to  the  latter. 


That  is,  if  cr  and  cr  be  /' 
parallel  to  any  two  lines  ^''^  ' 
PHQ,  pnq  :  then  shall 


CR" :  cr' 


!  PB  •  UQ  :  pH  .  H^. 


For,  draw  the  diameter  che,  and  the  tangent  te,  and  its 
parallels  i*k,  ki,  hh,  meeting  the  conjugate  of  the  diameter 
CR  in  the  points  t,  k,  i,  m.  Then,  because  similar  triangles 
are  as  the  squared  of  their  like  sides,  it  is, 

by  sim.  triangles  cr':  oj**  : :    acri  :  Aopk, 

and     -     -     -     .    cr'zoh'::    ^cri:Agbm; 

theref.  by  division,  cr*  :  gp"  —  on* : :  cri  :  kphm. 
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Again,  by  sim.  tri«  cb*  :  cr'  : :  actk  :  A  cm ; 

and  by  division,     cb*  :  cr'  —  cu'  :  :  Actb  :  TfiHK. 
But,  by  cor.  5  iheor.  19,  the  Acts  =  Acir, 
and  by  cor.  1  theor.  19,  tkho  ^  Kpn«,  or  tbhii  «  kpbm  ; 
tberef.  by  equ.  cb*  :  ce'  —  ch'  : :  cr'  :  op' —  i;ii'  or  fh  •  ua» 
In  like  manner  ck'  :  cb'  —  ch'  :  :  cr' :  pu  .  b^. 
Tberef.  by  equ«  cr'  :  cr'  ; :  fh  .  hq  :  pn,  Bq»  q^  b.  d. 

Carol,  1.  In  like  manner,  if  any  other  line  pH'q\  parallel 
to  cr  or  lo  pq,  meet  phq  ;  since  the  rectangles  ph'<i,  pn'q' 
are  al^o  in  the  same  ratio  of  cr'  to  cr' ;  therefore  rect. 
PBa  :  pnq  : :  Pn'^  :  p'n  V* 

Also,  if  another  line  p  hn'  be  drawn  parallel  to  m  or  cr  ; 
because  the  rectangles,  p  h<i\  phq  are  still  in  the  same  ratio, 
therefore,  in  general,  the  rect.  puq  :  pii^ : :  p  Aa' :  p  hq\ 

That  is,  the  rectangles  of  the  pans  of  two  parallel  lines, 
are  to  one  another,  aiv  the  rectangles  of  the  parts  of  two  other 
parallel  lines,  any  where  intersecting  the  former. 

Corof.  %  And  when  any  of  the  lines  only  touch  the  cui#e, 
instead  of  cutting  it,  the  rectangles  of  such  become  squares, 
and  the  general  property  still  attends  them. 


That  is, 
cR*  :  cr'  : :  tk*  :  tc", 
orcR:  cr  : :  TB  :  re. 
and  CR :  cr  : :   fs  :   it. 


Carol.  8.  And  hence  tb  :  re 
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OP  THE  HYPERBOLA. 


THfiOREK  I. 

The  Squftres  of  the  Ordinate^  of  the  Axie  are  to  each  other 
as  the  Rectanglefl  of  their  Abteuwet. 

LsT  AVB  be  a  plane  pamtng 
through  the  vertex  and  axia  of 
the  oppoaite  conoa;  aoih  an- 
other eection  of  them  perpendt. 
eular  to  the  plane  of  the  foroier ; 
AB  the  axis  of  the  hyperbolic 
eectione;  and  ro,  hu  ordinatea 
perpendicular  to  it.  Then  it  i^iU 
bo»  aaFo' :  hi'  ::  af  •  fb  :  ah  .  hb. 

For,   thrmigh    the   ordinatea 
FOy  HI,  draw  the  cireular  aectiona 
KOL«  MiN,  parallel  to  the  baae  of 
the  cone,  having  kl,  mn,  for  their  diameters,  to  which  fg« 
HI,  are  ordinatea,  aa  well  as  to  the  exia  of  the  hyperbola* 

Now,  by  the  similar  triaoglea  afl,  ahn,  and  bfk,  bhm, 
it  is  AF  :  AH  : :  FL  :  hn, 
and  FB  :  hb  : :  KF  :  MH  ; 
hence,  taking  the  rectangles  of  the  corresponding  terms, 
it  is,  the  rect.  af  •  fb  :  ah  •  hb  : :  kp  .  ix  :  mh  •  Hit. 
But,  by  the  circle,  kf  •  fl  ■■  fo',  and  mh  •  hi«  =  hi*  ; 
Therefore  the  rect.  af  •  fb  :  ah  .  hb  : :  fo^  :  hi*. 

O*  H.  D» 


thborbx  II* 


As  the  Square  of  the  Tranaverse  Axis 
Is  to  the  Square  of  the  Conjugate        : 
So  ia  the  Rectangle  of  the  Absciaaea 
To  the  Square  of  their  Ordinate. 


That  is,  AB* :  a6*  or 
AC* :  a<^  : :  AD  •  db  :  dx"* 
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For»  hy  theor.  1,  ca  .  cs  :  ad  •  db  : :  co* :  dk*  ; 

But,  it  c  be  the  centre,  then  ac  •  cb  s  Ac^  and  ca  is  the 

6eOM.COBJ« 

Therefore  •  ac'  :  ad  .  db  : :  ac'  :  db"  ; 
<M*9  hy  permutation,  ac'  :  oc^  : :  ad  «  db  :  db'; 
or,  by  doubting,       ab'  :  o^'  : :  ad  .  db  :  db*.  «•  ■•  d. 

ab* 
Carol*  Or,  by  div.  ab  :  —  : :  ad  .  db  or  cD*— ca*  :  db*. 
■^  AB  ' 

that  is,  AB : p  : :  AD  .  db  or  cd^ — ca'  :  db'; 
where  p  is  the  parameter  —  by  the  definition  of  it. 

AB 

That  is,  As  the  transverse. 
Is  to  its  parameter. 
So  is  the  rectangle  of  the  abscisses, 
To  the  square  of  their  ordinate. 


Otherwise f  thus : 


Let  a  continued  plane,  cut 
from  the  two  opposite  cones,  the 
two  mutually  connected  oppo- 
site hyperbolas  hag,  hag,  whose 
vertices  are  a,  a,  and  bases  ho, 
hg^  parallel  to  each  other,  fail. 
ins  in  the  planes  of  the  iWo  pa- 
rallel circles  LGK,/^it.  Through 
c,  the  middle  point  of  Aa,  let  a 
plane  be  drawn  parallel  to  that 
of  LGK,  it  will  cut  in  the  cone 
LVK  a  circular  section  whose  di- 
ameter is  mn  ;  to  which  circu* 
lar  section,  let  c<  be  a  tangent  at  t 

Then,  by  sim.  tri. 

ACm,  APL 

and,  by  sim.  tri. 
acHf  arK 

•*»  AO  •  ca  :  cm  .  en  : :  AF  .  Fa  :  LF  •  fk, 
or,  Ac" :  c^  : :  AF .  ra-i  fo*. 
In  like  manner,  for  the  opposite  hyperbola 

Ao':  erf'  ::  a/ .fa  xf^* 
Here  ct  is  what  is  usually  denominated  the  semi 
to  the  opposite  Hyperbolas  has,  hak :  but  it  ia  ertdeotf^r 
la  ite  M»e  jpbns  with  them. 


AC  :  cm  : :  AF  :  rL ; 


ac  :  en  : :  OF  :  fk. 
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THKORBM   III. 

As  the  Square  of  the  Conjugate  Axis 

Is  to  the  Square  of  the  Transverse  Axis, 

So  is  the  Sum  of  the  Squares  of  the  Semi-conjugate,  and 

distance  of  the  Centre  from  any  Ordinate  of  the  Axis, 
To  the  Square  of  the  Ordinate. 

That  is, 
ca«  :  CA*  : :  ca'  +  ed*  :  dz^ . 


For,  draw  the  ordinate  bd  to  the  transverse  ab. 
Then,  hy  theor.  1,  ca*  :  ca'  : :  de*  :  ad  .  db  or  cd*  ^  ca', 
or        •        • 


ca'  :  CA*  : 

But      -        .  ca*  :  ca^  : 

Iheref.  by  compos,  ca'  :  ca'  : 

In  like  manner,       ca'  :  ca^  \ 

CmraL  By  the  last  theor.  c  a* 

and  hy  this  theor.  ca* 

therefore      •        de* 

In  like  manner,  ne^ 


:cd* 
:  ca* 
:CA« 
:CA« 
:ca* 
:  ca* 
:dc« 
dz* 


:  iIe»  —  CA«. 

:  CA«. 

+  cd«  :  rfE«. 

+  CD* :  ne*.       q.  b.  d. 

:  :cD» — ca'  :de*, 

::cD*+CA»  :dc', 

: :  CD*  —  CA*  :  cd*  +  ca*  • 

: :  c<l*— ctt*  :  CD*  +  ca*. 


theorem  IV. 


The  Suuare  of  the  Distance  of  the  Focus  from  the  Centre,  is 
equal  to  the  Sum  of  the  Squares  of  the  Semi -axes. 

Or,  the  Square  of  the  Distance  between  the  Foci,  is  equal  to 
the  Sum  of  the  Squares  of  the  two  Axes. 


CF» 


That  is, 
s  CA«  +  cfl«,  or 

B  AB«  +  ab». 


'  For,  to  the  focus  f  draw  the  ordinate  fe  ;  which,  by  the 
definition,  will  be  the  semi.paro meter.  Then,  by  the  nature 
of  the  curve  -  ca«  :  ca"  : :  cf«  —  ca«  :  fe*  ; 

and  by  the  def.  of  the  para,  ca*  -.  ca>  : :         cit>       :  fe*  ; 
therefore  .  -         en*  ==  cf«  —  ca«  ; 

and  by  addition  •         cf*  s=  ca*  +  ca*  ; 


or»  by  doubling, 


f/»  a  AB*  +  oA* 


^.  E«  D. 
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CoM,  1.  The  tvo  semi^axes,  and  theTocaKdistance  from 
the  centre,  are  the  sides  of  a  right-angled  triangle  cao  ;  and 
the  distance  xa  is  =  cf  the  focal  distance. 

Corel.  2.  The  conjugate  seral-axis  ca  is  a  mean  propor- 
tional between  af,  fb,  or  between  a/,/b,  the  distances  of 
either  focus  from  the  two  vertices. 

For  ca*  =  cf«  — »  ca«  =  (of  +  ca)  .  (of  --  ca)  =  af  .  fb. 


THEOBJIM   V, 

The  Difference  of  two  Lines  drawn  from  the  two  Foci  to 
meet  at  any  Point  in  the  Curve,  is  equal  to  the  Transversa 
Axis. 


That  is, 

/e  —  FK  =  AB. 


For,  draw  ao  parallel  and  equal  to  ca  the  semi.conjagate ; 
and  join  cg,  meeting  the  ordinate  de  produced  in  h  ;  also 
take  CI  a  4th  proportional  to  ca,  cf,  cd. 

Then,  by  th.  2,  ca    .  ag  '  : :  cd»  —  ca»  :  de*  ; 
and,  by  sin.     As,  ca*  :  aq»  ::  cd'»  —  ca«  :  dh*  —  kq'^  ; 
consequently  de*  =  dh*  —  ao*  =  dh*  —  C3*. 

Also,  fd  ='cf  ^  CD,  and  fd*  =  cf'  —  2cf  .  cd  +•  cD*  ; 
and,  by  right-angled  triangles,  fb*  =  fd*  +  de*. 
theref«ire  fe*  =  cf>  —  ca'  —  2cf  .  cd  +  cd*  +  dh\ 
But,  by  theor.  4,      cf*  —  ca'  a=  ca*, 
and,  by  supposition,  2cf  .  cd  =s  2c a  •  ci ; 
theref.  fe*  =  ca*  —  2c a  .  ci  +  cd*  +  dh'  ; 
Again,  by  suppos.     ca*  :  cd*  : :  cf  '  or  ca*  +  ao*  :  ci'  ; 
and,  by  sim.  tri.        ca*  :  cd*  ::  ca*  +  ao*  :  cd*  +  oh*  ; 
therefore         •         ci*  =  cd*  +  dh*  «  ch*  ; 
consequently  fe*  =s  ca*  —  2ca  .  ci  +  ci*. 

And  the  root  or  side  of  this  squqre  is  fe  =  ci  —  c  a  =s  ai. 
In  thd  same  manner,  it  is  found  that/s  =  ci  +  ca  »  bi« 
Conseq.  by  subtract. /e  —  fb  =  bi  —  ai  —  ab.  <i.  b,  d, 

CoroL  1.  Hence  ch  ^  ci  is  a  4th  proportional  to  ca,  cf, 

CD. 

Carol,  2.  And/s  +  fb  =  2ch  or  2ci ;  or  fe,  ch, /b,  are 
in  continued  arithmetical  progression,  the  common  difference 
being  ca  the  semi«transverse. 

Vol.  I.  64 
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Carol.  S.  Hence  is  derived  the  common  mef hod  of  daieril». 
itig  this  carve  mechanically  by  points,  thus : 

In  the  tninsverse  ab,  produced,  take  the  foei  p,/,  wii4  aiqr 
point  I.  Then  with  the  radii  ai,  tii,  and  centres  f,/,  describe 
arcs  intersecting  in  e,  which  will  bo  a  point  in  the  curve.  In 
like  manner,  assuming  other  points  x,  as  many  other  poiota 
will  he  found  in  the  curve. 

Then,  with  a  steady  hand,  the  curve  line  may  be  draws 
through  all  the  points  of  intersection  b. 

In  the  same  manner  are  conatructed  the  other  two  er  coa- 
jugate  hyperbolas,  using  the  axis  ab  instead  of  ab. 

THEOREM  TX. 


If  from  any  Point  i  in  the  Axis,  a  Line  il  be  drawn  toochtng 
the  Curve  in  one  Point  l  ;  and  the  Ordinate  lm  be  drawn ; 
and  if  c  be  the  Centre  or  the  Middle  of  ab  :  llien  shall  ex 
be  to  ci  as  the  Square  of  am  to  the  Square  of  ai. 


That  is, 


en  :  ci  : :  am'  :  ai*. 


"B        ClAJOMK^ 


For,  from  the  point  i  draw  any  line  ieh  to  cut  the  curve 
in  two  points  e  and  h  :  from  which  let  fall  the  perps.  bd,  hg  ; 
and  bisect  dg  in  k. 

Then,  by  theor.  1,        ap  .  db  :  ao  •  gb  : :  pb'  t  '»■' 
and  by  sim.  triangles, 
theref.  by  equality. 


:  OH', 


ID" 
AD  . 


DB 


to" 

AG  . 


db'  :  GH* ; 


OB  : :  ny"  :  ks*, 


But  DB  =  CB  +  CD  =  CA  +  CD  =  CG  +  CD  -  AG  =s  3cK«-AO, 
and  GB  =  CB  +  CG  ==  CA  +  CG  =  CG  +  CD— AD  ss  3CK-— AO  ; 

theref.  ad  •  2ck  — ^  ad  •  ag  :  ag  •  2ck  —  ad  •  ag  : :  id^  :  10*1 
and,  by  div,  do  .  12^k  :  ig'  —  ip'  or  bg  .  2iK  ; :  ad  •  3cK 

—  AD  •  AG  :  IP* ; 
or    -    2cK  :  2ik  : :  ad  .  Sck  —  ad  •  ao  :  id'  ; 
or     AD  •  2cK  :  ad  •  2ik  : :  ad  .  2€K — ^ad  .  ag  :  ip^ ; 
theref.  by  div,  ck  :  ik  : :  ad  •  ag  :  ap  .  2ix  —  id', 
and,  by  div.      ck  :  ci ; :  ad  •  ao  :  id'  —  ap  .  (id  +  u), 
or         •  CK  :  CI  : :  AD  •  AG  :  ai'. 

But,  when  the  line  lu,  by  revolving  about  the  point  x»  coveB 
into  the  position  of  the  tangent  il,  then  the  points  e  and  h  meet 
in  the  point  l,  and  the  points  d,  k,  g,  coincide  with  the  point 
M  ;  and  then  the  last  proportion  becomes  cm  :  ci ::  am*  :  ai*. 

il,  B.  P« 
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If  a  Tangent  and  Ordinate  be  drawn  friim  any  Point  in  the 
Curve,  meeting  the  I  ransverse  Axis ;  the  Somi.transvenio 
will  be  a  Mean  Proportional  between  the  Distancea  of  the 
•aid  Two  Intereectiunti  frura  the  Centre. 


That  ia, 
CA 18  a  mean  proportional  between 
«D  and  err ;  or  cd,  ca,  ct,  are  con- 
tiBued  proportionals. 


For,  by  th.  6,  co  :  ct  : :  ad'  :  at*, 
that  is,        •        CD  :  CT  : :  (en  —  ca)*  :  (ca  —  ct)\ 
or       •        •       en  :  CT  : :  co^  +  <^a'  :  ca"  +  cr^, 
and     •        -       CD  :  Dr  : :  cd*  +  ca* 


or      -        - 
or        CD*  :  CD  . 
hence  co* :  ca' 


CD  :  DT  : :  cd'  +  ca* 


cd'— cr', 
(cD  +  cr)  DT, 
Dr  +  CT.  td; 


DT  : :  CD*  +  ca"  :  cd  < 

: :  CD  •  DT  :  CT  .  td, 
and      CD*  :  CA»  ^ :  cd  :  ct, 
tberef.  (th.  78,  Geom.)  cd  :  ca  : :  ca  :  ct.  q.  e.  d» 

Oonl.  Since  ct  is  alwaya  a  tirird  proportional  to  vn,  ca; 
if  tlie  |>oints  d,  a,  remain  coostant,  then  will  the  poiut  t  be 
constant  aJso  ;  and  there&re  ail  the  tangents  will  meet  in  this 

Cint  T,  which  are  drawn  from  the  pc»int  y^  of  every  hyperbo* 
dtiscribed  on  the  same  axis  ab,  where  they  are  cut  by  the 
common  ordinate  dxb  draurn  from  the  point  d. 


THBOBBV  VIII. 


If  there  be  any  Tkngent  meeting  four  Perpendiculars  to  the 
Axis  drawn  fn>m  these  four  Points,  namely,  the  Centre, 
the  two  Extremities  of  the  Axis,  and  the  Point  of  Contact ; 
those  fi>ur  Perpendiculars  will  be  Proportionals. 


That  is, 
AG  :  DB  : :  cu  :  bi. 


For,  by  theor.  7,  tc  :  ac  : :  ac  :  tic, 
theref.  by  div.    ta  :  ad  : :  tc  :  ac  or  cb, 
and  by  c<^p.    ta  :  td  : :  re  *  tb, 
and  by  aim.  tri.   ag  :  db  : :  cu :  hi. 


^.  £•  d. 
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Cord.  Hence  ta,  td,  tc.  tb  >  „^  ^^^  proportion^., 
and  T«,  TE,  Tir,  ti  ^  '     "^ 

For  these  are  as  ao,  dk,  cu,  bi,  by  similar  triangles. 

THEOBEH  IX. 

If  there  be  any  Tangent,  and  two  Lines  drawn  from  the  Foci 
to  the  Point  of  Contact ;  these  two  Lines  will  make  equal 
Angles  with  the  Tangent. 


That  is, 
the  ZL  FBT  =  Z  /ee. 

/\ 

For,  draw  the  ordinate  de,  and/e  parallel  to  pe. 
By  cor.  1,  theor.  5,  ca  :  cd  : :  cf  :  ca  +  fsi 
and  by  th.  7,  ca  :  cd  : :  ct  :  ca  J 

therefore         -  ct  :  cf  : :  ca  :  ca  +  fb  ; 

and  by  add.  and  sub.  tf  :  t/*  : :  Fe  :  2ca  +  fe  or/£  by  th*  5. 
But  by  sim.  tri.  tf  :  t/^  : :  fb  :/k  ; 

therefore         -  /e  =]/«,  and  conseq.     Zc  =  Lfv.e. 

But,  because  fe  is  parallel  to/e,  the  Z.e  =  Lvjlx  ; 

therefore  the  z.  fkt  =  4/kc.  a.  e.  d. 

Cord.  As  opticians  find  that  the  angle  of  incidence  is  equal 
to  the  angle  of  reflection,  it  appears,  from  this  proposition, 
that  rays  of  light  issuing  from  the  one  focus,  and  meeting  the 
curve  in  every  point,  will  be  reflected  into  lines  drawn  from 
the  other  focus.  So  the  ray  /k  is  reflected  into  fe.  And 
this  is  the  reason  why  the  pomts  f,  /,  are  called  foci^  or 
burning  points. 

THEOBEM  X. 

All  the  Parallelofl;rams  inscribed  between  the  four  Conjugate 
Hyperbolas  are  equal  to  one  another,  and  each  equal  to 
the  Rectangle  of  the  two  Axes. 


That  is, 
the  parallelogram  pqrs  > 
the  rectangle  ab  .  ah. 
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Let  BO,  eg^  bo  two  conjugate  diameters  parallel  to  the  aiclef 
of  the  parallelogram,  and  dividing  it  into  fonr  less  and  equal 
parallelograms.  Also,  draw  the  ordinates  dk,  de,  anocs 
perpendicular  to  r<i ;  and  let  the  axis  produced  meet  the  sides 
of  the  parallelograms,  produced,  if  necessary,  in  t  and  U 

Then,  by  theor.  7,,  cr  :  ca  : :  ca  :  cd, 
and  •  •  c(  :  CA  : :  CA  :  o2 ; 

theref.  by  equality,  or  :  cl  : :  u2  :  en ; 
but,  by  sim.  triangles,  ct  :  c£  : :  td  :  c<2, 
theref.  by  equality,  ni  cd\i  cd  i  cd, 
and  the  ^rectangle  td 
Again,  by  theor.  7,  cd 
or,  by  division,  cd 

and,  by  composition,    cd 
conseq.  the  rectangle  cd 


But,  by  theor.  1,  ca' 

therefore  -  ca 

or        .  .  ca 

By  theor.  7,     -  ca 

By  equality      -  c< 

By  sim.  tri.      •  d. 

theref.  by  equality,  ct 

But,  by  sim.  tri.  ct 

theref,  by  equality,  ck 

and  the  rectangle  ck 

But  the  rect.  ck 

theref.  the  rect.  ca 

conseq.  the  rect.  ab 


cl  :: 
c£  :: 
cd  : : 
iX}  is 

CA  : : 

PB  : : 
DT  : ; 
:  CO*  : 
:  ca  : 
:  DE  : 
:a  : 
:  CA  : 
:  CT  : 
;  CA  :  : 
CK  :  : 
;  CA  : : 


es  the  square  ciP. 

CA  :  CT, 
DA  :  AT, 

DA :  DT ; 

cd'  =  AD  .  DB*. 


:  (ad  .  DB  or)  cd* :  DB^ 

cd :  DB, 

CA  :  cd. 

cd  :  CA. 

ca  .  DB. 

de  :  de; 

en  :  de. 

ce  \de\ 

ca  :  ce. 
ce  =  CA  .  Of. 

a;  =  the  parallelogram  cBPe, 
ce  =:  the  parallelogram  cEPe, 
ab  ==  the  paral.  i*<uui.       q.  k.  d. 


TUBOREJf  XI. 


The  Difference  of  the  Squares  of  every  Pair  of  Conjugate 
Diameters,  is  equal  to  the  same  constant  Quantity,  namely, 
the  Difference  of  the  Squares  of  the  two  Axes« 


That  is. 
AB* — a6*"  Ko^  -  eg'; 
where  bo,  eg  are  any  conjugate 
diameters. 


•  CoroL  Becnuse  c'i *  =  ad  .  DB  =  cd'  —  ca*. 

therefore  ca"  =  cd'  —  c#/». 
la  l;k«  manaer    ca^  =  ^  —  os>. 
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.cd»— rfr«. 


For,  draw  the  ordirmtcs  kd,  rd. 
Then,  by  cor.  toiheor.  10,  ca=»  =  co^  —  cd», 
and         .         -         -         -     ca'  =  de^  —  dk»  ; 
theref.  the  difference  ca»  —  ca'  =  cd*  +  dk'  - 
Bv!t,  by  right-angled  As,       ce»  i=  cd^  +  dk*, 
and        .         .        -        .     oc*  -•=«  cd^  +  de^  ; 
theref.  the  difference  ce»  —  oc»  «^-  cd»  +  dk«  —  od'  —  if«*, 
consequently       -       ca  '  —  <xi^  «=  ck*  —  ck*  ; 
or,  by  doubling,         ab  '  —  ab^  =  e«*  —  eg* .  q,  b.  o. 


THEOREM  Xn. 


All  the  Parallebgrftms  are  equal  which  arc  formed  between 
the  Asymptotes  and  Curve,  by  Lines  drawn  Parallel  to 
the  Asymptotes. 


That  is,  the  lines  ge,  kk,  ap,  aq, 
being  parallel  to  the  asymptotes  ch,  d; 
then  the' paral.  cgek  ^  paral.  cpaq* 


■C  K.  Q 


For,  let  A  be  the  vertex  of  the  curve,  or  extremity  of  the 
semi-transverse  axis  ac,  pcrp.  to  which  draw  al  or  a/,  which 
will  be  equal  to  the  semi- conjugate,  by  detinition  19,  AlscH 
dfaw  uKveh  parallel  to  l/, 

Then,  by  theor.  2,  ca^  :  al^  : :  cd'  —  ca»  :  i>e«, 
and,  by  parallels,        ca'  :  al^  :  :  cd'  :  dH''  ; 
theref.  by  subtract,     ca^  :  al'  :  :  ca'  :  dh-»  —  de«  or 

rect.  HE  .  kA  ;  " 

conaeq.  the  square  al>  =  the  rect.  ns  .  Eh. 
^      But,- by  Sim.  tri«  i*a  :  al  :  :  ok  ;  eh, 
and,  by  the  same,  ua  :  a/  :  :  kk  :  bA  ; 
theref.  by  comp.    pa  •  Aa    al'   : :  ge  •  ek  :  hk  •  bA  ; 
and  because  al'  =  he  .  rA,  theref.  pa  .  aq  ==  gb  •  bk. 

But  the  parallelograms  cgrx,  cpaq,  being  equiangular, 
are  as  the  rectangles  gk  .  ek  and  pa  .  a<i. 

Therefore  the  parallelogram  gk  =  the  paral.  P(i. 

That  is,  all  the  inscribed  parallelograms  are  equal  to  one 
another.  <i.  b.  d. 

€U}rol.  1.  Because  the  rectangle  gek  or  cob  is  constant, 
therefore  oe  is  reciprocally  as  cg,  or  co  :  cp  : ;  pa  :  gk« 
And  hence  the  asymptote  continually  approaches  towards 
the  curve,  but  never  meets  it :  for  ob  decreases  eonliniially 
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as  CO  iQcreases  ;  and  it  is  always  of  some  mognitude,  except 
when  CO  is  supposed  to  be  infinitely  great,  for  then  or  is 
infinitely  small,  or  nothing.  So  that  the  asymptote  cg  may 
be  considered  as  a  tangent  to  the  curve  at  a  point  infinitely 
distant  from  c. 

Corol.  ^^  If  the  abscisses  cd, 
c^j  CO,  ftc.  taken  on  the  one 
asymptote,  be  in  geometrical  pro- 
gression  increasing ;  then  shall  the 
ordinates  dh,  ki,  «k,  &c.  parallel 
to  the  other  asymptote,  ho  a  de- 
creasing  gedmetrical  progression,  ^ 
bavrng  tf^  same  ratio.  For,  ail 
the  rectangles  cdh,  cei,  cok,  6ic.  being  equal,  the  ordinates 
DH,  Ki,  OK,  &c,  are  reciprocally  as  the  abscisses  cd,  ck,  co, 
d(c.  which  are  geometricals.  And  the  reciprocals  of  geome. 
trieals  are  also  geometricals,  and  in  the  same  ratio,  but  de* 
Greasing,  or  in  converse  order.  , 


THEOREM  Xin. 


The  three  following  Spaces  between  the  Asymptotes  and  th<s 
Curve,  are  equal  ;  namely,  the  Sector  or  Trilinear  Space 
contained  by  an  Arc  of  the  Curve  and  two  Radii,  or  Lines 
drawn  from  its  Extremities  to  the  Centre  ;  and  each  of 
the  two  Quadrilaterals,  contained  by  the  said  Arc,  and 
two  Lines  drawn  from  its  Extremities  parallel  to  one 
Asymptote,  and  the  intercepted  Part  of  the  other  Asymp- 
tote. 


That  is. 
The  sector  ca.e  =  paeg  =  qaek, 
all  standing  on  the  same  arc  ae. 


For,  by  theor.  12,  cfaq  =  cobk  ; 
subtract  the  common  space  cgiq,, 
there  remains  the  paral.  pi  =  the  par.  ik  ; 
To  each  add  the  trilineal  iar,  then 
the  sum  is  the  quadr.  pako  =  (IAek. 

Again,  from  the  quadrilateral  caek 
take  the  equal  triangles,  caq,  cek, 
and  tl^ere  remains  the  sector  cab  =  qask* 
Thei[6fore  cab  ==  <^a£k  =  paeo. 


Q.  E.  D. 
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SCHOLIUM. 

In  tho  figure  to  theorem  12,  cor.  2,  ifco  =:  1,  and  ce,  cc, 
he.  be  nny  numbers,  the  hyperbolic  spaces  bdei,  jbgk,  dec. 
are  analogous  to  the  hgariihms  of  those  numbers.  For, 
whilst  the  numbers  cd,  ce,  co,  &c.  proceed  in  geometrical 
progression,  the  correspondent  spaces  proceed  in  nrithmefical 
progression ;  and  therefore,  from  the  nature  of  logarirfoms 
are  respectively  proportional  to  the  logarithms  of  those  num. 
bers.  .  If  the  angle  c  were  a  right  angle,  aad  cd  =  dh  =^1 ; 
then  if  cb  were  *=  10,  the  space  deih  would  be  2*30:^8509» 
d(C. ;  if  CO  were  =  100,  then  the  space  dgkh  would  be 
4*60517018 :  these  being  the  Napierean  logarithms  to  10  and 
100  respectively.  Intermediate  arears  corresponding  to  in- 
termediate  abscissae  would  be  the  appropriate  ]')garilbros. 
These  are  usually  called  Hypfrhclic  logarithms ;  but  the 
term  is  improper:  for  by  drawing  other  hyperboltc  curves 
between  bik  and  its  asymptotes,  other  systems  of  logarithms 
would  be  obtained.  Or,  by  changing  the  angle  between  the 
asymptotes,  the  same  thing  may  he  effected.  Thus,  when 
the  angle  c  is  a  right  angle,  or  has  iXh  sine  ^  1,  the  byperbo* 
'lie  spaces  indicate  the  Napierean  logarithms;  but  when  the 
angle  is  25**  44'  27f' ,  whose  sine  is  =  -43420448,  &c.  the 
m«Kiulus  to  the  common,  or  Briggs's,  logarithms,  the  spaces 
DEiB,  dec.  measure  those  logarithms.  In  both  csisei^,  if  spaces 
to  the  right  of  db  are  regarded  nHposifire,  those  to  the  lefl 
will  be  negative ;  whence  it  follows  that  the  logarithms  uf 
numbers  less  than  1  are  negative  also. 

TBZOREU  XIV. 

The  sum  or  difference  of  the  semi-transvcrsc  and  n  line  drawn 
from  the  fo<*us  to  any  point  in  the  curve  is  equal  to  a  fourth 
proportional  to  the  semi -transverse,  the  distance  from  the 
centre  to  the  focus,  and  the  distance  from  the  centre  to  the 
ordinate  belonging  to  that  point  of  the  curve. 


>     That  is, 

FE+AC=rCI,  or  FE=AT  ; 

and  /b  —  Ac=ci,  or  /e=bi. 
Where  ca  :  cf  : :  ci>  :  ci  the 
4th  propor.  to  ca,  cr,  cd. 
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For,  draw  ao  parallel  and  equal  to  ca  the  semt-coDJugate ;  - 
and  juio  co  meeting  the  ordinate  de  produced  io  h. 

Then,  by  theer.  2,  ca'  :  ao'  : :  cd*— ca*  :  de'  ; 
and,  by  aim.  Aa»   ca*  :  ao*  : :  cd'— ca'  :  dh' — ag'; 
oonsequently  db'=s=dh' — ao'=du'— ca^ 

Also  FDsscP'^cD,  and  fd'sscf' — 2cf  .  cd+co'; 
but,  by  right-angled  triangles,  fd-+de'^fe'; 
therefore  fb'sscf"— c«'— 2cf  .  cd+cd'+dh'. 

But  by  theor.  4,        cf*— ca'=*cA', 
and,  by  supposition,  2cf  .  cd^2<^a  .  cr ; 
theref.  fb'=ca'-2ca  .  ci+cd'+dh'. 

But,  by  supposition,  ca'  :  cd'  : :  cf'or  ca'+ao'  :  ci'; 
and,  by  aim.  as,      ca'  :  c»'  : :  ca'+ag'  :  cb'+dh'  ; 
.therefore        .         ci'=cd'+dh'=cu'; 
consequently      .      fb'"=ca' — 2ca  .  ci+ci'. 

And*the  root  or  side  of  this  square  is  fe^sci— ca='ai. 

In  the  same  manner  is  found y£s?ci+cA=:Bi.  a*  fi*  d. 

Corol.  1.  Hence  ch5=ci  is  a  4th  propor*  to  ca,  cf,  cd. 

Coroi.  2.  And  yK  +  FE=2cH  or  2ci ;  or  fk,  ch,  fle  are  in 
continued  arithmeticnl  progression,  the  common  diSerence 
being  ca  the  semi  transverse.  I 

Cord.  8.  From  the  demonstration  it  appears^  that  dr'  as 
Du'  —  AG*  =  dh'  —  ca*.  Connequently  dh  Is  every  where 
greater  than  db  ;  and  so  the  asymptote  cuh  never  meets  the 
curve,  though  they  be  ever  so  fur  produced  :  but  dh  and  db 
approach  nearer  and  nearer  to  a  ratio^  of  equality  as  they 
recede  farther  from  the  vertex,  till  at  nn  infinite  distance  they 
become  equal,  and  the  asymptfite  is  a  tangent  to  the  curve  at 
an  infinite  distance  from  the  vertex. 


THEOERM  XV. 

If  a  line  be  drawn  from  either  focus,  perpendicular  to  a  tan., 
gent  to  any  point  of  the  curve ;  the  distance  of  their  in- 
tersection from  the  Centre  will  be  equal  to  the  semi-trans* 
verse  axis. 


▼o&.  L  W 
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'  That  i«,  rf  ri»,^  be  per- 
pendicular to  the  tangent 
rrpi  then  ahall  cp  and  cp  be 
each  eqaal  to  ca  or  cb. 


For,  through  the  point  of  contact  s  draw  ne»  and^  i 
ing  FF  produced  in  o.  Then,  the  Z.osr3=  Z.Fsr»  being  each 
equal  to  the  Lfspt  and  the  angles  at  r  being  right,  and  the 
side  rE  being  comm6n,  the  two  triangles,  osp,  nr  are  equal 
in  all  respects,  and  so  or  =  fe,  and  op  »  fp,  Thereforey 
since  fp^fo,  and  Fcs^ipf,  and  the  angle  at  r  oobubod,  the 
side  cp  will  be  '=4/0  or  |ab,  that  ts  cp^ca  er  cb. 

And  in  the  same  manner  cp«CA  or  cb.  ^  b.  »• 

Carol,  li.  A  circle  described  on  the  transyeme  axM,  as  a 
diameter,  i^ill  pass  through  the  points  p,  p^  because  aUAe 
Knes  CA,  cp,  cb,  being  equal,  will  be  radii  of  the  dfcle. 

CofvL  2.  CP  is  parallel  to/s,  and  cp  parallel  to  fb« 

Carol.  8.  If  at  the  intersections  of  any  tangent  with  the 
circumscribed  circle  perpendiculars  to  the  tangent  be  drawn, 
they  will  meet  the  transverse  axis  in  the  two  foci.  That  i% 
the  perpendiculars  yr^p/ give  the  foci  f,/, 

THEOBSX  XVI. 

The  equal  ordinates,  or  the  ordinates  ait  equel  diatances 
ftom  the  centre,  on  the  opposite  sides  and  cods  of  an 
hyperbola,  have  their  extremities  connected  by  00c  ri|^ 
line  passing  through  the  cenlie,  and  that  line  is  bisected 
by  the  centre. 


That  is,  if  CD  S3  co,  or  the 
ordinate  db  ss  gb  ;  then  shall 
ds  3=  CH,  and  sch  will  be  a 
right  tine. 


For,  when  en  ss  eo,  then  also  is  db  s=  on  by  cor.  3  tfacor.  1. 
But  Ihe  ^  D  =  ^  o,  being  both  right  angles ; 
therefore  the  third  side  cb  s=  gh,  and  the  Z.  ME  «■>  ^  eoB, 
and  consequently  bcb  is  a  right  tee. 
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C^ret.  U  And,  cooverMly,  if  sen  he  a  eight  Kd«  paMisg 
through  the  centre  ;  then  shall  it  be  bisected  by  the  penire^ 
or  have  cb  ss  en,  aleo  dk  will  be  =>  gii,  and  cd  =  cr*. 

CanL  8.  Hence  alec,  if  two  taagenis  be  drawn  to  the  two 
ends  %,  B  of  any  diameter  an ;  they  will  be  parallel  to  each 
other,  and  will  cut  the  axis  at  equal  angles,  and  at  equal  dis- 
tances from  the  centre.  For,  the  two  ci>,  ca  being  equal  to 
the  two  CO,  CR,  the  third  proportionals  ct,  ck  will  be  equal 
also  ;  then  the  two  sides  cs.  ct  being  equal  to  the  two  i  it, 
IS,  and  the  included  angle  ect  equal  to  the  included  angle 
Bcs,  all  the  other  correspcHMling  parts  are  equal :  and  so  ilie 
4  T  B  z.  s,  and  tk  parallel  to  us. 

'  Caret.  3.  And  hence  the  four  tangents,  at  the  four  ex* 
tremities  of  any  two  conjugate  diaraeteni.  form  a  paralielugram 
ioscrihed  between  the  hyperoolaM,  and  the  pairs  of  opposite 
iSides  are  each  equal  to  the  correspoodin^c  parallel  conjugate 
diametefs.— For,  if  the  diameter  eh  be  drawn  parallel  to  the 
tangent  n  or  rs,  it  will  be  the  conjugate  to  sii  by  the  deHni- 
tion ;  and  tlie  tangents  to  e,  h  will  be  parallel  to  each  other, 
and  to  the  diameter  bb,  for  the  same  reason. 

TBEORBM  XVII. 

If  two  ordmates  xd«  ed  he  drawn  from  the  extrcHntties  a,  e, 
of  two  conjugate  diameters,  and  tangents  be  drawn  to 
the  same  extremities,  and  meeting  the  axi^  produced  ia 
Tands; 

Then  shall  cd  be  a  mean  proportnmal  between  cd,  da, 
and  od  a  mean  proportional  between    cd,  bt. 


For,bylheor.  7, 

and  bv  the  same, 

theref.  b^  equality, 

But  by  Sim.  tri. 

theref.  by  equality, 

In  like  manner,  od :  cd  :  :  cd  :  da.  a.  R*  b« 

Carol.  !•    Hence  cd  :  cd  ! 
Corel.  2.    Hence  also  cd  :  cd  : :  de  :  br. 
AndthefectcB.Dj6sscd.de,  or  Aodr^  Acds. 


CB 

:CA 

:  :  CA 

:rT, 

od 

:  c.% 

:  :  CA 

:cr; 

CD 

:od: 

:  ca 

:  CT. 

or 

:od: 

:  CT 

:cr; 

CD 

:cd: 

:.cd 

:  DT. 

od 

:  CD  : 

:  CD 

:dR. 

•  • 

CR  :  CT. 
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CofoL  8.    Also  od*  =s  CO  .  dt,  and  cd*  b^  cd  •  dft. 
Or  cd  a  mean  proportional  between  cd«  dt  ; 
and  CD  a  mean  proportional  between  od,  dR. 

THE0RB|[  xvm. 

The  sanie  figure  being  conatnicted  as  in  the  last  proposition, 
each  ordinate  will  divide  the  axis,  and  the  seoii.axis  added 
td  the  external  part,  in  the  same  ratio. 

[See  the  last  fig.] 
That  is,  DA  :  dt'  :  :  DC  :  db, 
and  dA  :  da  :  :  lie  :  ds. 
For,  by  theor.  7,  co  :  ca  :  :  ca  :  cr, 
and  by  div.  .  cd  :  ca  :  :  ad  :  at, 
and  by  comp.  cd  :  db  :  :  ad  :  dt, 
or  -  -  da  :  D  r  :  :  DC  :  db« 
In  like  manner,    di  :  da  :  i  dc  :  de.  q.  b.  o. 

Carol,  !•     Hence,  and  from  cor.  3  to  the  last  prop,  it  is 

Cd^  .-S  CD  .  DT  s=  AD  .  DB  =  CD*  : —  CA*, 

and  CD*  =  cd .  da  =s  Ad  .  da  =  ca*  =  cd^ 
Cord.  2.  Hence  also ca«  =cd*  — cd*,  and  ca»=2€l^-DB«. 
Corol^  8.  Farther,  because  ca*:  ca*: :  ad  .  DBorcd'  :  db*. 
therefore  ca  :  ca  : :  cd  :  de. 
likewise  ca  :  ca  :  :  cd  :  d^. 


TUEOBSM  xiz. 

If  from  any  point  in  the  curve  there  be  drawn  an  ordinate, 
and  a  perpendicular  to  the  curve,  or  to  the  tangent  at  that 
point :  then  the 

Dist*  on  the  trans,  between  the  centre  and  ordinate,  CD, 

Will  be  to  the  dist.  pd, 

As  square  of  trans,  axis  \    "***v^^  c^ 

To  square  of  the  conjugate. 

That  is, 
ca'  :  CO* : :  DC  :  dp. 


For,  by  theor.  2,  ca' , 

But;  by  rt.  angled  ^8,the  rect.  td  .  dp  ^  de^i 
and,  by  cor.  1  theor.  16,  cd  .  dt  =»  ad  •  db; 

therefore  •     -  ca*  :  ca*  ; :  td  •  dc  :  td  •  dp, 


or 


•  ca"  :  ca' 


:  DC 


;  1>B. 


0*  en- 
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THKORBK  XX. 


If  Ibere  be  two  tangents  drawn,  the  one  to  the  extremity  of 
the  transverse,  and  the  other  to  the  extremity  of  any  other 
diameter,  each  meeting  the  other's  diameter  produced :  the 
two  tangential  triangles  so  formed,  will  be  eqaal. 


That  is, 
the  triangle  cbt  ^= 
the  triangle  can. 


For,  draw  the  ordinate  db. 
By  sim.  ti  iangles,  cd  :  ca  : 
bu%  by  theor  7,     cd  :  oa  : 
thereL  by  equal,   ca  :  cfe  ; 

The  two  triangles  crt,  can  have  then  the  angle  c 
mon,  and  the  sides  ab<iut  that  ajigle  reciprocally  proportional ; 
those  triangles  are  therefore  equal,  viz.  the  AcbY  ^  ACAir. 

«•  *•  IK 
Cond.  1.  Take  each  of  the  equal  triao^es  cbt,  gait, 
from  the  common  space  capk, 
and  there  remains  the  external  A  pat  a  APNb* 

Cord.  2.  Also  take  the  equal  triangles  car,  c%ir, 
from  the  common  triangle  cbd, 

and  there  remain^  the  Atbd  »  trapez,  aitbd. 


THBORBK  XXI. 


The  saoM  being  supposed  as  in  the  last  proposition ;  then  aoy 
lines  Ko,  oq,  drawn  parallel  to  the  two  tangents,  shall  also 
cut  off  equal  spaces. 


That  is, 
the  Axao  =  trapes,  axho. 
sod  AKqg  3=  trapez.  akA^. 
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510  come  tscxioiu. 

For,  draw  the  ordinate  db.    Then 
The  three  aim.  trianglea  can,  cde,  coh, 
are  to  each  other  as        ca',  CD^  co'  i 
th.  hy  div.  the  trap,  aned  :  trap,  akhu  : :  cd'— ca*  :  co'— ca'. 
But,  by  theor.  1,  pe*        ;  oa* : :  cd* — ca':  ce' — ca?; 

theref.  by  equ.  trap*  a?(bd  :  trap,  akho  : :  pe'  :  oa'. 

Butt  by  atro.  Aa,  tri.  tkd  :  tri.     xac    : :  pb'         :  o^  \ 
therei*.  by  equal,  atiep      :  tep    : :  anbg       :  kqo* 

Bttt|  by  cor.  2  theor.  20,  the  trap,  ankp  =  atsp  ; 
and  therefore  the  trap,  anhg  »:  iCiKao. 
In  like  inanner  the  trap.  K^ihg  =-  AKqg*    ^.  b*  d. 

Cbrol.  1.    The  three  apacea  anho,  terg>  kqg  are  all 
e<|iial. 
Carol,  2.     From  the  equals  akhg,  k(ig, 
take  the  «iqualfi  A^A^,  Kgg^ 
and  there  reinatna  ghuo  =  gqqjQ. 

CoroL  3.    And  from  the  equala  ghuOf  gq^Q, 
take  the  comaton  apace  gquHQ^ 
and  there  remains  the  Ai^^  »  Ahqh^ 

Card*  4.    A^nin,  from  the  equals  k(ig,  TSHOy 
take  the  common  space    xuig, 
and  there  remains  tbuc  ^  ALM* 

Carol.  5.  And  when  by 
.the  linea  kq,  oh,  moving 
with  a  parallel  motion,  Ka 
comes  into  Ihe  position  IR, 
where  cr  is  the  conjugate 
Iooa;  then 


the  triangle    kqg  becomes  the  triangle  irc» 
and  the  space  attho  becomes  the  triangle  anc  ; 
and  therefore  the  AiRc  ^  a  anc  =  At.  c. 

GdmiI.  6.  Also  when  the  linea  kq  and  uo,  by  moving  with 
A  parallel  motion,  come  into  the  poattion  ce.  Me, 
the  triangle      lqe  becomes  the  triangle  ceir» 
I  nd  the  space  telk  becomes  the  trian^te  Ti  c  ; 
andtheref.  the  Acex  sa,  ^tec  s=  Aaxc  s  Aho. 

THEOREX  XXn. 

Any  diameter  bisects  all  its  double  ordioatea,  or  the  linea 
drawn  parallel  to  the  tangent  at  its  verteXt  or  to  its  oooju* 
gate  diameter. 
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That  it,  if  ^  be  paral- 
lel to  the  tangent  tb,  or 
to  oe,  tbeo  shall  lq  » i^. 


For,  draw  a^i,  qh  perpendicular  to  the  transverae. 
Then  by  cor.  3  theor.  21,  the  alqu  =  ^Lqh  ; 
but  these  triangles  are  altwi  equiangular; 
,coiiseq.  their  like  sides  are  f»qual»  or  lu  =  tq. 

Carol.  !•  Any  diameter  divides  the  hyperbola  into  two 
•qual^rts.  % 

For^  the  ordinates  on  each  Mide  being  equal  to  each  other, 
and  equal  in  number;  all  the  ordtnates,  or  the  urea,  on  one 
side  of  the  diameter,  is  equal  to  all  the  ordinates,  or  the  area, 
on  the  other  side  of  it. 

Cond.  2.  In  like  manner,  if  the  ordinate  he  produced  to 
the  conjure  hyperbolas  at  a',  9',  it  may  be  proved  that 
lq'  8s  1^.  Or  if  the  tangent  te  be  produced,  then  rv  =sbw. 
Also  the  diameter  gceu  bisects  all  lines  drawn  parallel  to  tx 
or  Of,  and  limited  either  by  one  hyperbola,  or  by  its  two  con- 
jugate hyperbolas. 


THBOREX  XXIII. 


As  the  square  of  any  diameter 

Is  to  the  square  of  its  conjugate, 

80  is  the  rectangle  of  any  two  abscissea 

To  the  square  of  their  ordinate. 


That  iSf  OS'  :  ce*  : : 
For,  draw  the  tangent 
TB,«nd  produce  the  ordt* 
Date  QL  to  the  transverse 
at  K.  Also  draw  aB,  ex 
perpendicular  to  the  trans- 
verse, and  meeting  kg  in 
B  and  M.  Then,  similar 
triangles  being  as  the 
squares  of  their  like  sidcst 
it  is, 

by  sim.  trianglesy       j^cbt 


ACLX  I 


;  CB* 


CL« 
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or,  by  diTiflion,  Ackt  :  trap,  tblk  : :  ck>  :  cl*  •»  €»*• 

Again,  by  aim/  tri.     /^oeM  :  alqh  : :  ce'  lq*. 

But,  by  cor.  5  theor.  21,  the  Aoex  ^  z^ckt, 

and,  by  cor.  4  theor.  31,  the  Al^h  =  trap,  trlk  ; 

theref.  by  equality,  cb*  :  ce'  : :  cl*  «-  ce*  :  va^ , 

or       -      -      •      CK*  :  oe*  : :  BL  .  LO  :  lq*.  o*  r»  d. 

Conrf.  1.  The  aquares  of  the  ordinatea  to  any  diametcry 
are  to  one  another  as  the  rectangles  of  their  respective  ab- 
acisaea,  or  as  the  difference  of  the  aquares  of  the  aemidia. 
meter  and  of  the  distance  between  the  ordinate  and  centre* 
For  they  are  all  in  the  same  ratio  of  ce*  to  ce*. 

Carol.  2.  The  above  being  a  similar  property  to  that  be- 
longing to  the  two  axes,  all  the  other  properties  before  laid 
down,  (or  the  axes,  may  be  understood  of  any  two  conjugate 
diameters  whatever,  using  only  the  oblique  ordinatea  of  theae 
diainetera  instead  of  the  perpendicular  ordinatea  of  the  axes  ; 
namely,  all  the  propertiea  in  theorems  6,  7,  8,  10,  17,  20,  21. 

Carol,  3.  Likewise,  when  the  ordinatea  are  continued  to 
the  conjugate  hyperbolas  at  fi\  q\  the  aame  propertiea  still 
obtain,  aubatituting  only  the  sum  for  the  difference  of  the 
squares  of  cb  ^nd  cl, 

That  is,  cE«  :  ce*  :  :,cl'  +  cr^  :  lq*. 
And  so  L<i*  :  La*  : :  cl"— cb*  :  <?l*  -f  cb*. 

Carol.  4.     When,  by  the  motion  of  La'  pnrnllel  to  itself, 
that  line  coincides  with  bv,  the  Inst  corollary  becomes 
CB*  :  ctf"  :  :  2cK*  :  BV*, 
or  ce*  :  Kv*  :  :     I    :      2, 
or  ca  :  BV   :  :     1    :  \/  2, 
or  as  the  side  of  a  square  to  ita  diagonal. 
That  ia,  in  all  conjugate  hyperbolas, '  and  all  their  dia* 
netera,  any  diameter  is  to  its  parallel  tangent,  in  the  cooatant 
ratio  of  the  aide  of  a  aquare  to  ita  diagonal. 

THBOBEX  XXIV. 

If  any  two  lines,  that  any  wherfe  intersect  each  other,  meet 
the  curve  each  in  two  poiota ;  then 

The  rectangle  of  the  segments  of  the  one 
Is  to  the  rectangle  of  the  segments  of  the  othor. 
As  the  aquare  of  the  diam.  parallel  to  the  former 
To  the  square  of  tke  diam.  parallel  to  the  latter.    - 


Digitized  by  CjOOQ IC 


9f  TOB  HTPSB89I.A.  518 


That  18,  ifcR  and 
cr  be  parallel  to  any 
two  linea  pho,  jnoLq  ; 
then  shall  cr^  :  cr* : : 

rH  •  HQ  :  fUL  •  H^. 


For,  draw  the  diameter  ens,  and  the  tangent  te,  and  tt9 
parallels  pk,  ri,  mii,  meeting  the  conjugate  of  the  diameter 
CR  in  the  points  t,  k,  i,  m.  Then,  because  aimilar  triangles 
are  as  the  squares  of  their  like  sides^it  is, 

by  sim.  triangles,     cr^  :  op*  : :  Acai  :  Aopk, 

and  .         -         cr"  :  on': :  AcRi  :  AcHic; 

theref.  by  division,    cr*  :  op*  —  gh*  : :  cri  :  kpum. 

Again,  by  sim.  tri.    ck*  :  cii*  : :  Acris :  Acmh  ; 

and  by  division,        ce*  :  cu*  <-  cb*  : :  Aors  :  teux. 
But,  by  cor.  5  theor.  21,  the  Acts  =  Acir, 
aoJ  by  cor.  1  theor.  21,  tkho  =  kpho,  or  tehm  =s  kphm  % 
theref.  by  equ.  cr'  :  ch'-cr*  : :  ra*  :  gp'  —  gh'  or  ph  .  ho* 
III  like  manner  ce'  :  cm*  -  ck*  : :  cr*  :  pH  •  h^. 
Theref.  by  equ.  ca* :  cr' : :  ph  •  Hd  :  pH  .  h^.  a.  B.  d. 

ConiL-  1.  In  like  miinncr,  if  any  other  line  p'n'^',  parallel 
to  cr  or  ro  p^,  meet  puq;  since  th.)  rectangles  pua.  pH^ 
are  also  in  the  same  ratio  of  cr*  to  cr* ;  therefore  the  reet. 
PUQ  :  pug  : :  pii'q  !  p  ii'^'. 

Also,  if  another  line  p  hxi  bo  drawn  parallel  to  p<i  or  cR ; 
because  the  rectangles  p  Aa'*  p  A^  are  still  in  the  same  ratio, 
therefore,  in  general,  the  rectangle  PHa  :  pii^  : ;  v'h%  :  p  hq\ 
That  is,  the  rectangles  of  the  parts  of  two  parallel  lines,  are 
to  one  another,  as  the  rectangles  of  the  parts  of  two  other 
parallel  tines,  any  where  intersecting  the  former. 

Corel.  2.  And  when  any  of  the  lines  only  touch  the  curve, 
instead  of  cutting  it,  the  rectangles  of  sucrh  become  squares, 
and  the  general  property  still  attends  them. 


YouL  66 
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•aeripaw* 


That  18, 

or    CK  :  cr  : :  ts  :  re, 
and  cs  :  cr  : :  Ik    :  ie. 


CoiW/3.     And  hence  te  :  t«  : :  fx  :  |0. 


mSOMBM  XXV. 


If  a  line  be  drawn  through  any  point  of  the  canres,  4Ninin«t 
to  either  of  the  axe^,  and  terminated  at  the  asymptotes  f 
the  rectangle  of  its  segments,  measured  fVom  that  poioi» 
will  he  equal  to  the  square  of  the  seini»axis  to  whiefa  it  m 
parallel. 


That  ia, 
tho  net.  hbk  or  luss  as  af^ 
and  reat.  te&  or  hgk  s^.ca^ 


For»  draw  al  parallel  to  coi,  and  ol  to  on*    ITieii 
by  the  parallela«      ca'  :  co*  or  al*  : :  cd^ 


OH*; 


and,  by  theor.  2,     ca'  :  ca'  : :  c;i>*—  ca*  :  w.* ; 
theref.  by  aubtr.      ca'  :  ca'  : :  c4*  :  pa*  •-*  Bs"  ar  bsk» 
fiul  tlie  anteeedents        oa',  ca'  aie  equal, 
therein  the  consequents  oa*,  shx  aiiist  also  be  eqoal. 


In  like  manner  it  is  agaio, 
by  the  parallels,  ca*  :  ca^  or  al*  : :  cd'  :  bh'  ; 
and  by  theor.  3,  ca«  :  ca*  : :  c©«  +  ca»  :  pe*  ; 
theref.  by  subtr.  ca*  :  ca»  : :  oa*  :  ne* —  dh*  or 
But  the  antecedents  ca*,  ca*  are  the  same, 
theref  the  conseq.  ca>,  uck  must  be  equal. 
In  like  manner,  by  changing  the  axes,  is  hsk  or  hei 

€k>rol.  1.  Because  the  rect.  bbk  »  the  rect*  saB. 
therefore  eh  :  ea  : :  sk  :  ex. 
And  consequently  ke  is  always  greater  tbaa  m 


CA«. 
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C&rot.  S.  the  reetaikj^te  Ark  ^  the  tett.  Rst, 
IV>r»  by  mm.  tfi.  ak  :  lett  : :  sir:  K&» 

SCHOLIVM. 

Il  is  erident  that  this  proprHttioii  is  geAer.tl  (Str  any  line 
«b!k|!ia  to  the  axis  also,  n.imsly,  thut  Uie  rectangle  of  the 
«agii  snts  of  any  line,  cat  hy  the  carve,  and  terminated  by  the 
asyro,>totes«  is  eiail  te  the  siuire  of  the  semi-dtam^ter  to 
which  the  line  is  parallel.  Since  the  demenstratioa  is  drawn 
firom  properties  that  are  common  to  all  diameters. 

THKOBBM  XXVU 

All  the  rectangles  are  eqoaf  which  are  made  of  the  seg. 
mints  of  any  parallel  lines  cut  by  the  curve,  and  limited 
by  the  asymptotes* 


That  is, 
the  root.  HBX  «s  Hfs» 
and  recta  kmk  ^  kek. 


For,  each  of  the  rectans^les  bbk  or  Hex  is  eq*iil  to  th3 
squiro  of  the  pir.iliel  semi-diamjter  o  ;  and  eich  of  the  rect- 
«n^le.<9  Afdb  or  hsk  id  oqu  il  to  the  si  i  ira  of  the  p  ir.illel  semi- 
didmster  c«.  aiiJ  theref»re  the  rectaoi^lea  of  the  segnsiits 
of  all  parallel  lines  are  eq'tal  to  one  another.  a*  £•  o. 

CunL  I.  The  rectangle  hkk  being  constantly  tho  same, 
whether  the  point  a  is  taken  on  the  one  side  or  the  other  of 
the  point  of  contact  i  of  the  tangent  parallel  to  hk.,  it  follows 
that  the  parts  hk,  kk,  of  any  such  line  bk,  are  equal. 

And  because  the  rectangle  h<?k  ia  constant,  whether  the 
point  e  is  taken  in  the  one  or  the  other  of  the  opposite  by. 
perbolas,  it  follows,  that  the  par:s  hs,  ks,  are  also  eqanL 

CttoL  9.  And  when  sk  comes  into  the  position  of  the 
tant^ent  nti^  the  last  corollary  bee  was  il  » in,  and  f  x  ^  19, 
and  LM  »  ON.         . 

Hence  alsi  the  diametei^  cia  bisect>i  all  the  parallels  to  bl  i 

which  are  terminate  J  by  the  asym^ote,  namely  km  »  kk. 


,1 
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Carol.  3.  From  the  propontion*  tind  th«  latt  eorollaiy,  k 
followii  thai  the  constant  rectangle  hrk  or  khk  ia  »  il*.  And 
the  eqaal  constant  rect.  Hen  or  ene  =  mln  or  in*  ^  il*. 

.  Carol.  4.  And  hence  il  ==  the  parallel  semi-diameter  cs» 
For,  the  rect.sHR  =  il*, 
and  the  equal  rect»  ene  s  ih*  —  il*, 
tberef.  il"  =iir»  —  il»,  or  m*  =  2il»  ; 
but,  hy  cor.  4  theor.  23,    im«  ss  2cs», 
and  therefore      •      •       il    =»  ca. 
And  ao  the  aaymptotea  pass  through  the  opposite  angles  of 
mil  the  inscribed  parallelograms. 

TRKORBai  xivn. 

The  rectangle  of  any  two  lines  drawn  from  any  point  ia 
the  curve,  parallel  to  two  given  lines,  and  limited  by 
the  asymptotes,  is  a  constant  quantity. 

That  is  if  ap,  eo,  pi  be  parallels, 

as  also       Aq,  KK,  Dx      parallels, 

then  ahall  the  red.  taq,  ^  rect.  okk  »  rect.  lox. 


For,  produce  kb,  md  to  the  other  asymptote  at  h,  i. 

Then,  by  the  parallels,  hb  :  ue  : :  ld  :  id  ; 

but         •         .         -       EK  :  BK  : :  DM  :  DM  ; 

thereC  the  rectangle  iirk  :  cek  : :  ldm  :  idm. 

But,  by  the  last  theor.  the  rect.  ukk  s  ldx  ; 

and  therefore  the  rect.    gbk  »  idm  ==  pao*  q*  b*  p» 

THEORBX  XXVni. 

Erery  inscribed  triangle,  formed  by  any  tangent  and  the 
two  intercepted  parts  of  the  asymptotes  is  equal  to  a 
constant  quantity  ;  namely,  double  the  inscribed  paral* 
lelogram. 

That  is,  the  triangle  era  »  2  paral.  ox. 
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BIT 


For,  since  the  tfingcnt  ts  is 
"bieecled  by  the  poini  of  coutact 
B«  (th.  *^6,  cor.  2],  and  kk  is 
parallel  to  Tc,  nnd  ge  to  ck  ; 
therefore  ck,  ks,  ge,  are  all 
equal,  as  are  niso  c«,  gt,  kk. 
Consequently  the  trianjrie  otb 
ss  the  triangle  kes,  and  each  equal  to  half  the  constant  in. 
scribed  parallelogram  ok.  And  tl^crefore  the  whole  triangle 
OTS,  which  is  C(»roposed  of  the  tWo  smaller  triangles  and  the* 
parallelogram,  is  equal  to  double  the  constant  inscribed  paral^ 
lelogramGK.  -*    -    -^ 


a*  >•  D. 


THEOREM  XXn. 


If  from  the  point  of  contact  of  any  tangent,  and  the  two  in. 
tersection<i  of  the  curve  with  a  liiie  parallel  to  the  tangent, 
three  parallel  linet*  be  drawn  m  any  direction,  and  ter* 
noinated  by  either  asymptote  ;  those  three  lines  sbull  be 
in  continued  proportion. 

That  isi  if  HKM  and  the 
tangent iSi  be  parallel,  then 
are  the  parallels  db,  ei, 
GK  in  continued  proper- 


For,  by  the  parallels,  bi 

and,  by  the  same,       ei 

thoref.  by  compos,    ki^ 

but,  by  theor.  26,  the  rect..  hji k  =:  il' 

and  theref.  the  rect.     dh  .  ok  s  ri'', 

or         -         •         -       DH  :  EI  : :  EI  :  OK. 


O.  B«  »•' 


TUBOKBX  XXX. 

Draw  the  scmt-diameters  ch,  ctx,  ck  ; 
Then  shall  the  sector  chi  •&=  the  sector  cik. 


For^  because  hk  and  all  its  parallels  are  bisected  by  ctx» 
therefore  the  triangle    cnh  =s  tri.  C2fx» 
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and  the  segment  inh  «  Mi^.  nCK  ; 

consequrnttythe  sector  cm  ^  sec.  ciK. 

Coral.  If  thu  geometrical  proportionals  i>h,  Et,  ok  be 
parallel  te  the  other  asymptote,  the  spaces  drib,  kiko  wiH 
be  equal ;  for  they  are  equal  to  the  equal  sectors  uHt,  cik. 

So  that  by  taking  any  geometrical  proportionals  cd,  cm^ 
€0»  &c.  lind  drawing  dh,  ei,  uk,  &c.  parallel  to  the  other 
•symptotc>  as  also  the  nidii  cH:  ci,  ck  ; 

then  the  sectors  cui»  ctK,  6lc» 
or  the  spaces  i>hik»  eiki;,  &c. 
will  be  all  equal  among  themselves. 
Or  the  sectors  cHi,  chr,  Ike* 
or  the  spaces  dhik,  dhko,  die. 
will  be  in  arithmetical  pmgreasion. 
And  therefore  these  sectors,  or  spaces,  will  be  nnalogoas  to 
the  logarithm!i  of  the  lines  or  bases  ci»,  ce,  cju^  Ac.  ;  namely, 
CHI  or  DHie  the  log.  of  the  ratio  of 

CD  to  CK,  or  of  cR  to  CG,  &c. ;  orof  ei  to  dh,  or  ofoK  to  ci,  die.  ; 
and  CHE  or  ohko  the  log.  of  the  ratio  of  cd  to  co,  Ac. 
or  of  GK  to  dh,  &c. 


OF  THE  PARABOIJi. 


theorem  I. 

The  Abscisses  are  proportional  to  the  Squares  of  itieir 
Ordinates. 

Let  AVM  be  a  section  through 
the  axis  of  the  cone,  and  aoih  a 
parabolic  section  by  a  plane  \Hir* 
pendicular  to  the  former,  and 
parallel  to  the  side  vm  of  the 
cone  ;  also  let  afh  be  the  com. 
mon  intersection  of  the  two 
planes,  or  the  axis  of  the  para-  j 

bola,  and  fg,  hi  ordinates  per.  * 

pendicular  to  it.  i 

Then  it  will  be,  as  af  :  ah*  : :  fg'  :  hi*. 
For,  through  the  ordinates  fg,  hi,  draw  the  circular  sec- 
tions, KOL,  HiN,  parallel  to  the  base  of  Ihe  cone,  having  el, 
MH  for  their  diameters,  to  which  fg,  hi  are  ordinates,  ua  well 
as  to  the  oeis  of  the  parabola. 
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Then«  by  similar  triangleSy  af  :  ah  : :  fl  :  hn  ; 
bul»  because  ofthe  parallels,  kf  =  mh  ; 

therefore       •         •         •         af  :  ah  : :  kf  •  fl  :  mh  •  hv. 
Bur,  by  tho  circle,  kf  •  fl  ~  fo',  and  mh  •  hn  ^  hi*  ; 
Therefore     -         -         -        af  :  ah  : :  fg^  :  hi>  •    n  e.  v. 

PqS  |||S 

CoroL  Heoce  the  third  proportional  —  or  —  is  a   con* 

^  AF  ah 

sbint  quantity,  and  is  equal  (o  the  parameter  of  the  axis,  by 
deBn.  16. 

Or  AF  :  FO  : :  FG  :  P  the  parameter. 
Or  the  rectangle  p .  af  =  fg'. 

THEOREM    II. 

As  the  Parameter  of  the  Axis  : 
Is  lo  the  Sum  of  any  Two  Ordiriates  :  t 
So  is  the  Difference  of  thoee  Ordinates  : 
To  the  Difference  of  their  Abscisses. 


That  is, 
r  :  GH  +  DS  : :  gii  —  de  :  dg. 
Or,  p  :  Ki  : :  IH  :  ie. 


For,  by  cor.  theor.  1,  f  .  ao  «  gh», 
and  •  •  •  p  .  AD  =  DE*  ; 
theref.  by  subtraction,     p  •  do  =  gh'  <—  de*. 

Or,  •  •  -  P  .  DG  s=  Kt  .  IH,    * 

therefore         •        •        p  :  ki  :  :  ih  :  dg  or  ei.  q.  e.  d« 

Coro/.  (fence, because  p  .  ei  =  ki  .  m, 
and,  by  cor.  theor.  1,       p  •  ag  •=:  oh', 
therefore         -         -        ao  :  ei  : :  gh*  :  ki  .  ih. 

So  that  any  diameter  ei  is  as  the  rectangle  of  the  segments 
KI,  IH  ofthe  double  ordinate  kh. 


A 

, 

XB   V 

l\. 

/                G 

I       \ 

lib. 


The  l^nncefmm  the  Vertex  to  the  Foeu^tseqiral  to  }  of 
tho  Parameter,  or  to  Half  the  Ordinate  at  the  Foens. 

That  IS, 

Af-  jFB=?iP, 

wheie  F  is  the  focus.  ^m  ■  ■  •      jm,|„ 


Digitized  by  VjOOQIC 


OOiaC  SBCf  IOX9. 


For,  the  general  property  is  af 
But,  by  defiottioo  17,      -      ra  ■ 
therefore  also  .      af- 


FS 


FB  :  F. 


O.  «•  IN> 


THVOBUf  IV. 


A  Line  drawo  from  the  Focus  to  any  Point  in  the  Curve«  is 
equal  to  the  Sum  of  the  Focal  Distance  and  the  Absciss 
of  the  Ordinate  to  that  Point. 


That  is, 

F«  ss  FA  +  AD  =  GP, 

taking  ao  ^  af. 


For,  since  fd  =  ad  *^  af, 


theref.  by  squaring. 

But,  by  cor.  iheor.  1, 

thereC  by  addition, 

But,  by  right^ang.  tri. 

therefore 

and  the  root  or  side  is 

or    •   • 


P0-  s»  af*  -  2aF  .  AD  +  AD*, 

db'  =  p  .  ad  =i  4af  .  ad  ; 

ro«  +  j>K»=  af'  +  2aF  .  AD  +  AD*» 

FD*  +  DB*  =  FE*  ; 

FB*  =  AF*  +  2aP  •  AD  +  1D% 

FB  =  AF  +  AD, 

FB  »  6D,  by  taking  ao  =s  af. 

a.  B.  9* 


Carol.  !•  If,  through  the  point  o,  the 
line  OH  be  drawn  perpendicular  to  the 
axis,  it  is  called  the  directrix  of  the 
parabola.*  'fhe  property  of  which, 
from  this  theorem,  it  appears,  is  this : 
That  drawing  any  lines  hb  parallel  to 
the  axis,  hb  is  always  equal  to  fb  the 
distance  of  the  fofrun  from  the  point  e. 

Coral,  a.  Hence  also  the  curve  i»  easily  described  by  points. 
Namely,  in  the  axis  produced  take  ag  =^  af  the  focal  dis- 
tance, and  draw  a  number  of  lines  bb  perpendicular  to  the 
axis  AD ;  then  with  the  distances  od,  gd,  od;  dec.  as  radii, 
and  the  centre  f,  draw  arcs  cnissing  the  parallel  ordinates 
in  B,  b,  k,  dtc.  Tlien  draw  tlie  curve  through  all  the  poiota 
E,  "f  «. 


•  Each  of  tha  other  conle  tf^etiont  bus  a  directrli ;  bat  the  conf'Mla- 
ratkMi  of  it  does  not  occur  in  thi*  mode  here  cnployad  of  inv««t%Btlnf 
the  pasral  propartiet  oi  tlie  carvei. 
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A 

T 

/ 

A 

c/' 

M          N. 

t^A 

IW                            ^V 

/s 

1^                     G 

If  a  Tangent  be  drawn  to  any  Point  of  the  Parabola,  meel- 
iog  the  Axis  produced ;  and  if  an  Ordinate  to  the  Axis 
be  drawn  from  the  point  of  Contact;  then  the  Abactss  of 
that  Ordinate  will  he  equal  to  the  external  Part  of  the 
Axia,  naeasured  from  the  Vertejt. 


That  18^ 
if  Tc  touch  the  curve 
at  the  point  c, 
then  is  at  =  ax. 


H 

Let  cc,  an  indefinitely  small  portion  of  a  parabolic  curve, 
be  produced  to  meet  the  prolongation  of  the  axis  in  t  ;  and 
]et  cm  be  drawn  parallel  to  cm,  and  os  parallel  to  ao  the 
axis.     Let,  also,  p  =  parameter  of  the  parabola. 

Then,  by  aim.  tri.  cs  :  sc  : :  cm  :  ma  +  at  =  itT, 

MT  .  CS  / 

•  •  w ^^» 

CM 

Also,  th.  1.  cor.  p  .  Am  =  mc?  =  ms'  +  2ifi8  .  sc  +  sc", 

=  Mc'  +  2mc  .  sc  +  sc\ 
and  p  .  AM  =  Mc^ 
Consequently,  omitting  sc^  as  indefinitely  small,  and  sub* 
tracting  the  latter  equu.  from  the  former,  'we  have 
p  .  (aj»  —  am)  ~  p  .  cs  s=  2cs  .  Mc  : 
or,  substituting  for  cs  its  value  above, 

MT  •  cs       ^ 
p . =  2cs  .  MC ; 

^  CM 


or  p  .  MT  =  2mc"  =  2p  .  am  (th.  L) 
C^insequently,  mt  =  2am,  and  ma  =?  at. 


a.  s.  D. 


THCOKEM  VI. 


If  a  Tangent  to  the  Curve  meet  the  Axis  produced  ;  then 
the  Line  drawn  from  the  Focus  to  the  Point  of  Contact, 
will  be  equal  to  the  Distance  of  the  Focus  from  the  Inter* 
secticm  of  the  Tangent  and  Axis. 
Vol.  I.  67 
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That  ii«, 
Fc  ^  rr. 


For^  draw  the  ordinate  in;  to  (he  point  of  contact  c. 

Theih  by  thcor.  5,  a  r  =  ad  ; 
theretoro  •  y  r  s=^  af  +  ad. 

])iit,  by  theor.  4.        re  ^  af  +  ad  ; 
thcref.  by  eq^iality,     fc  ^^  ft.  O-  b.  d» 

Ck)rol.  1.  If  CO  be  drawn  perpendicular  to  tb<^  cur\'ei  or  to 
the  tangent,  at  c  ;  tben  rthati  ro  =  Fc  =  ft. 

For,  draw  in  perpendicular  to  tc,  wbich  will  aiao  bisect 
Tc,  becausN)  ft  =  fc  ;  and  therefore,  Iw  the  nature  of  the 
parallelH,  fh  aim!  bitsectsi  tv  in  f.  And  couBequ^otly  fo  ss 
rr  =  FC. 

S<»  th  It  F  is  the  centre  of  a  crrc!e  pacing  tbroHgh  r»  c,  o. 

Carol,  ?.  The  subnormal  do  is  a  .constant  quantity,  and 
equal  to  half  the  parameter,  or  to  2af,  double  thefueij 
diHtance.     For,  since  lyo  is  a  right  angle, 
therefore  td  or  2ad  :  dc  :  :  dc  :  do  ; 
but  by  the  def     ad  :  nc  : :  dc  :  parameter  ; 
therefore  do  =  half  the  parameter  =  2Ar. 

Corel,  3.  The  tangent  at  the  vertex  an,  is  a  mean  propor- 
tional between  af  and  ad. 
For,  because  fiit  is  a  right  angle, 
therefore      .     ah  is  a  mean  between  af,  at, 
or  between  •      a'f,  ad,  because  ad  ^  at. 
Likewise,     -     fu  is  a  mean  between  fa,  vt, 
or.betwen'n.FA,  »«• 

Cord.  4.  Tlie  tangent  tc  makes  equal  angles  with  fc  and 
the  axis  ft  ;  as  well  as  with  fc  and  ci. 
For,  because  ft  =  fc, 
Therefore  the  ^  FCr  =  ^  ftc 
Also,  the  angle  ccf  •=  the  angle  gcx, 
drawing  icK  parallel  to  the  axis  ao. 

Carol.  5.  And  because  the  angle  of  incidence  ocx  is  *a 
the  angle  of  reflection  gcf  ;  therefore  a  ray  of  light  falling 
on  the  curve  in  the  direction  »:,  will  be  reflected  to  the  foeue 
F.  Thai;  is,  all  rays  parallel  to  the  axis,  are  reflected  to  the 
focus,  or  burning  point. 
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tnfsoRB«  vn.  ' 

If  there  be  any  Tanj^ent,  nad  a  Donbln  Ordinate  ffrivrn 
fimm  the  Point  of  Contact,  ai\d  also  any  Line  pamllel  to 
the  Axia,  limited  by  the  Tangent  and  Doubh;  Ordinate  : 
Then  ah'iH  the  Curve  divide  that  Line  in  the  tamj  Ratio 
an  the  Line  dividea  the  Doubl»5  Ordinate. 

T 


IB 


l*hat  is. 
:  EK  :  :  CK  :  KL. 


For,  by  aim.  trianglea,    ck  :  ki  :  :,fn> :  DT.or  2da  ; 
hut,  by  the  def.  the  param.  p  :  cl  : :  ro  :  ^da  ; 
thereffire,  hy  equality,  p  :  i;k  : :  <*l  :  ki* 

But,  by  theor.  2,  p  :  ca  : :  kl  :  kb  ;  ' 

therefore,  by  equality,        ci. :  rl  : :  ki  :  kb  ; 
and,  by  division,        -        ck  :  kl  : :  ib  :  i^.  q.  b.  d. 

TIEOBRM  VIII. 

The  aame  beinf^  atippoaed  aa  in  thoor.  7 ;  then  ^hall  the 
External  P.irt  of  the  Line  between  the  Curve  and  Tan- 
gen*9  be  proportional  to  the  Square  of  the  intercepted  Part 
of  the  Tanjrent,  or  to  the,  Square  of  the  intercepted  Port 
of  the  Double  OrdiQiM. 


That  18,  IB  ifl  a«  ci*  or  aa  ck', 
and  |K,  TA,  ox,  pl,  die. 
are  aa  ci*,  ct',  co*,  cp*,  &c. 
or  aa  cjf»,  cd*,  cm»,  cl«,  «ic. 


For,  by  theor.  7,  ib  :  ek  : :  ck  :  kl, 
or,  by  equality,         ib  :  kk  : :  cr'  :  ck  .  kl. 
Bus  by  cor.  th.  2,   bk  ia  an  the  rect.  ck  .  kl, 
tberefiire         •        ik  in  aa  ck',  or  aa  ct'.     a.  b.  p. 

Carol.  Aa  thia  property  ia  cmnmon  to  every  prattion  of 
the  tangent,  if  the  linea  ie,  ta,  o\',  dtc.  be  appended  on  the 
pointa  r,  t,  o,  dec.  nn<l  moveable  about  them,  and  of  mjch 
lengtha  aa  that  their  oxt remit ifa  e,  a,  n,  dtc.  be  in  the  curve 
of  a  pairab  ila  in  aome  one  position  of  the  tangent ;  then 
making  the  tangent  revolve  about  the  poiut  u,  it  tipi^ecia 
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that  the  extremities  s,  a,  n,  &c.  will  always  form  the  curve 
of  some  parabola,  in  every  position  of  the  tangent. 


mOHSM  IX. 

The  Abscisses  of  any  Diameter,  are  as  l^e  Sauares  of  their 
/  Ordinates. 


That  IS,  CQ,  cR,  cs,  &c. 
are  as  qc*,  ba',  sn',  &c. 
Or      c<i :  CB : :  on' :  ra', 
&c. 


For,  draw  the  tangent  cr,  and  the  externals,  u,  at»  jto, 
dtc.  parallel  to  the  axis,  or  to  the  diameter,  cs. 

Then,  because  the  ordinates,,  an,  ra,  sn,  dec.  are  parallel 
to  the  tangent  ct,  by  the  definition  of  them,  thsrelbie  all 
the  figures  iq,  tk,  os,  dtc.  are  parallelograms,  whose  opt* 
posite  sides  are  equal ; 

namely,        ^       -         ik,  ta,  on,  dtc. 

are  equal  to  -        cOt  cr,  cs,  dtc. 

Therefore,  by  theor.  8,  ca,  cr,  cs,  &c. 

are  as  -        -        ci',  ct*,  co*,  die. 

or  as  their  equals  .        aB'»  RA^  sn',  &c.  a«  b.  D. 

C&rd.  Here,  like  as  in  theor.  2,  the  difference  of  the  ab« 
scisses  is  as  the  difference  of  the  ftqunres  of  their  ordinates, 
or  as  the  rectangles  under  the  sum  nnd  diflerence  of  the 
ordinates,  the  rectangle  of  the  sum  and  difference  of  the 
ordiiitttes  being  equal  to  the  rectangle  nnder  the  difference 
of  the  abscisses  and  the  parameter  of  that  diameter,  or  a 
third  proportional  to  any  absciss  and  its  ordinate. 

THEOREM  X. 

If  a  Lino  be  drawn  parallel  to  any  Tangent,  and  cut  the 
Curve  in  two  Points ;  then,  if  two  Oitfinates  he  drawn  to 
the  Internections,  and  u  third  to  the  Point  of  Ccmtnct, 
tlose  three  tirdinates  will  he  in  Arithmetical  Pmgresnon, 
or  the  Sum  of  the  Extremes  will  be  equal  to  Double  the 
Mean. 
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That  18, 

BQ  +  ttl  »  2CD* 


For,  draw  bk  parallel  to  the  axis,  and  produce  m  to  L. 
Then,  by  mpa.  triangles,  kk  :  hk  : :  th  or'^AD  :  cd  ; 
four,  bv  theor.  %       •      bk  :  bk  : :  ki.  :  i*  the  param. 
<hereL  by  equality,       2ad  :  kl  : :  cd  :  p. 
But,  by  the  defin.  2ad  :  !2cd  : :  cd  :  p  ; 

Iheref.  the  2d  terms  are  equal,  kl  ==  2cd, 

that  is,  .  •  BG  +  HI  s=:  2CD.      0*  B.  D. 

'  Corot.  When  the  point  b  is  on  the  other  side  of  ai  ;  then 
HI  —  UB  =  2cD. 


THEOBBM  ZI. 

Any  diameter  bisects  all  its  Double  Ordinates,  or  Lines 
parallel  to  the  Tangent  at  its  Vertex. 


That  is, 

MB  =  MH. 


For,  to  the  axis  ai  draw  the  ordinates  bg,  cd,  hi,  and  M!f 
parallel  to  them,  which  is  equal  to  cd. 

Then,  by  theor.  10,  2mn  or  2cd  s=  eg  +  ht, 

therefore  x  is  the  middle  of  eh. 

And,  for  the  same  reason,  all  its  parallels  are  bisected. 

Q.  B.  D. 

ScHOL.  Hence,  as  the  abscisses  of  any  diameter  and  their 
ordinates  have  the  same  relations  as  ihose  of  the  axis,  namely, 
that  the  ordinates  are  bisected  by  the  diameter,  and  their 
squares  pmportionHl  to  the  abscisses  ;  so  all  the  other  pro« 
f)erties  of  the  axis  and  its  ordinates  and  abscisses,  before  de- 
monstrated, will  likewise  hold  good  for  any  diameter  and  its 
ordinates  and  abscisses.    And  also  those  of  the  parametersy 
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undenitanding  the  fMi^meter  of  any  diameter,  as  a  third  pn>. 
portionnl  to  any  abacias  and  its  ordinate.  8onie  of  the  inoat 
material  of  which  are  demonstrated  in  the  four  following 
theorems. 


rUEOREII  XII. 

The  Parameter  of  any  Diameter  19  equal  to  four  Times  the 
Line  drawn  fmm  the  .  ocus  to  the  Vertex  of  that  Diame- 
ter. 


That  is,  4fc  ^  p, 
le  param.  of  the  diam. 


CM. 


M  N 

For.  draw  the  ordina«e  ma  parallel  to  the  tangent  ct  :  also 

CO,  MX  pfrpeiidicuhir  to  the  axis  Afv,  and  rii  perpeudicular  to 

the  tangent  cr. 
Then  the  ab^tcisses  au,  cm  or  at,  being  equal,  by  theor.  5* 

the  parameters  will  be  as  the  squares  of  the  ordinateecu,  ma 

or  CT,  by  tlie  deHiiiii«>n ; 

that  is,         -         -      i»:p    ..co»:ct», 

But  by  aim.  tri.  -  fh  :  i-t  : :  cu    :  cr ; 

therofore     .         -  i» :  p    : :  fh*  :  ft*. 

But,  by  cor.  3,  th.  6,  fii»  =•  fa  •  ft  ; 

theref<»re     -         -  f  :  p  : :  fa  .  ft  ;  ft'  ; 

or,  by  oqinility,    -  i* :  p  : :  fa  :  ft  or  fc. 

But.  by  theor.  8,  p  =  4ka, 

and  therefore      -  p  =s  4ft  or  4fc.  <i.  e.  d. 

Cord*  Hence  the  pnnimeter  p  of  ihe  diameter  cm  is  equal 
to  4fa  +  4ad,  or  lo  p  +  4.%d,  that  is,  the  parameter  of  the 
axis  added  to  4ad. 


theorem  Mil. 

If  an  Ordinate  to  any  Di»meter  pass  through  the  Focus,  it 
will  lie  equal  to  Half  iis  Parameter;  and  its  Absciss  equal 
to  One  Founh  of  the  same  Parameter. 
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em 


That  w^cK^if^ 
and    MB  »  jp. 


For,  join  fc,  and  draw  the  tang^t  ct« 
By  the  parallel8»  cv  =  rr ; 
aod,  hy  ihetH*.  6,  re  =s  ft  ; 
also,  by  theor.  \2j  fc  =  j-p ; 
therefore  •  •  im  ==  ip« 
Again,  by  the  defin.  ex  or  jp  :  bp.  : :  XR  :  p, 
and  consequently      me  =  ip  ^  2(:m«         a-  b.  d. 

Ccnd.  1.  Hence,  of  any  dinmeier,  the  double  ordinate 
which  pasfiea  thmu|rh  the  focus,  is  equal  to  the  parameter,  or 
to  quadn:ple  its  absciss. 

C  no/.  2.  Hence,  and  from  cor  1, 
to  theor.  4,  and  Iheor.  6  iind  12,  it 
appears,  that  if  Ihe  directrix  gh  be 
drawn,  and  any  lines  he,  he,  paral- 
lel to  the  axis  ;  then  every  ptinillel 
HB  will  be  equal  to  ef,  or  j  of  the  pa. 
ranieter  of  the  diameter  tu  the  point  b. 

THBOBtX  XIV. 


If  there  be  a  Tangent,  and  any  Line  drawn  from  the  Point 
of  Contact  and  meeting  the  Curve  in  some  other  Point,  at 
alsti  anfither  Line  pnr.illel  to  the  Axis,  and  limited  by  the 
First  Line  and  the  'I'angcnl :  then  shall  the  Curve  divide 
this  Secimd  Line  in  the  same  Ratio  as  the  Second  Lin^ 
divides  the  First  Line. 

^P 


IB 


That  is, 
BK  : :  CK  :  kIm 


For,  draw  lp  parallel  to  ik,  or  to  the  axis- 
Then  by  theor.  8,        4^8  :  fl  : :  ci^  :  ci^, 
or,  by  aim.  tri.     •         ib  :  rL  : :  ck'  :  cl'. 
Also,  by  sim.  tri.  ik  :  fl  : :  <:k  :  cl. 


or 


IK  ;  rL  : :  cnr :  ck  •  ci> ; 
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therefore  by  equality,  ir  :  ik  iijom,  •  cl  :  cl'  ; 
or        •         •"       -      IB  :  IK   :  :  CK  :  CL ; 
aodf  by  dtviatoOt  is  :  kk  : :  ck  :  kl«     q.  c.  d. 

Coroi,  When  ck  =  kl,  then  ib  as  bk  ==  jiK. 

THBOBEM   XV. 

If  from  any  Point  of  tl|»  Curve  there  be  drawn  a  Tanj^enC, 
and  alao  Two  Right  Line^  to  cut  the  Curve ;  and  I>ia. 
meters  bo  drawn  through  the  Pi»uits  of  Intersection  m  and 
!•«  meeting  those  Two  Right  Lines  in  two  other  Pujols  o 
and  K  :  then  will  the  line  k«*  joining  these  last  Tiro 
Points  be  parallel  to  the  Tangent* 


For,  by  theor.  14,  cb  :  kl  : :  ei  :  bb  ; 
and  by  composition,  ck  :  ci.  : :  bi  :  ki  ; 
and  by  the  parallels  ck  :  cl  ::  on  :  lh. 
Dut,  by  sim.  tri.  -  ck  :  cl  : :  ki  :  lh  ; 
theref.  by  equal.  .  •  xi :  lii  : ;  ou :  lh  : 
consequently  •  ki  =  on, 
and  therefore         -    kg  is  parallel  and  equal  to  ih.     a«  b.  n. 


THBOXtEB  BVI. 

If  an  ordinate  be  drawn  to  the  point  of  contact  of  any  tmn" 
gent,  and  another  ordinate  pniduced  to  cut  the  tangent ; 
it  will  be,  as  the  difference  of  the  ordinates 

Is  to  the  difference  added  to  tho  external  part, 

So  is  double  the  first  ordinate 

To  the  sum  of  the  ordinates. 

That  is,  Kii 


:  KI 


:  «L  :  BO. 


IH    e: 

Fort  by  cor.  1,  theor.  1,  p  :  dc  : :  nc  :  da. 
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and        •        •        .        p  ;  2dc  : :  dc  :  tor  or  2Diu 

But,  by  sitn.  triangles,  ki  :  bc  : :  dc  :  dt  ; 

therefore,  by  equality,     i> :  2dc  : :  ki  :  kc, 

or,         •         -         -  p  :  KI : :  KL  :  kc. 

Again,  by  theor.  2,  p  :  kh  : :  kg  :  kc  ; 

therefore  by  equality,    kh  :  ki  : :  kl  :  kg.  o*  ■•  d* 

CkmA.  1.     Hence,  by  coropo8ition«and  division, 
it  is,  KH  :  KI  : :  uk  :  gt, 
and  HI  :  HK  : :  HK  :  kl, 
also  IH  :  IK  : :  IK  :  lo ; 

that  is,  IK  is  a  mean  proportional  between  lo  and  in. 

CanA.  2.  And  from  this  last  property  a  tangent  can  easily 
be  drawn  to  the  curve  from  any  given  point  i«  Namely, 
draw  IHG  perpendicular  to  the  axis,  and  take  ut  a  mean  pro- 
portional between  ih,  ig  ;  then  draw  ku  parallel  to  the  axis, 
and  c  will  be  tbe  point  nf  contact,  through  which  and  the 
given  point  i  the  tangent  ic  is  to  be  drawn, 

THEORSH  XVII. 

If  a  tangent  cut  any  diameter  produced,  and  if  an  ordinate 
to  that  diameter  be  drawn  from  the  point  of  contact ; 
then  the  distance  in  the  diameter  produced,  between  the 
vertex  and  the  intersection  of  the  tangent,  will  be  equal 
to  tbe  absciss  of  that  ordinate. 

I  , 

That  is,  IE  =  BK.  y/px^ 

For,  by  the  last  th.  ie  :  kk  : :  ok  :  kl.        ^^^pjf  ^^^^ 
But,  by  theor.  11,  ck  =  kl,  j^^l^-"'^^^ — "^^^ 

and  therefore         ie  =  ek.  z'^^  JS 

Carol*  1.  The  two  tangents  cr,  i.i,  at  the  extremities  of 
any  double  ordinato  cl,  meet  in  the  same  point  of  the  dia- 
meter  of  that  double  ordinate  produced.  And  the  diameter 
drawn  through  the  intersection  of  two  tangents,  bisects  the 
line  connecting  the  points  of  contact.  ^  . 

Carols  2.  Hence  we  have  another  method  of  drawing  a 
tangent  from  any  given  point  i  without  the  curve.  Namely, 
from  I  draw  the  diameter  ik,  in  which  take  ek  =  si,  and 
through  K  draw  cl  parallel  to  the  tangent  at  e  ;  then  c  and  i» 
are  the  points  to  which  the  tangents  must  be  drawn  from  i. 

THEOREX    XVm. 

If  a  line  be  drawn  from  the  vertex  of  any  diameter,  to  cut 
the  curve  in  some  other  point,  and  an  ordinate  of  that 
Vol.  I.  68 
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diameter  be  drawn  to  that  poim,  as  also  another  ordinate 
any  where  cutting  the  line,  both  produced  if  neceaaary  ; 
'J  he  three  will  be  continual  proportionals,  namely,  the  lw<> 
ord.nates  and  the  pnrt  of  the  latter  limited  by  the  said  line 
drawn  from  the  vertex. 


That  IS,  Dae,  gh,  oi  are 
crntinual  proportionals,  or 
SB  :  GH  : :  GH  :  ei* 


:  61 
;  til 
:3d 
:M 
;  Gif 


:  AD  :  AG  ; 
:  AD  :  AG  ; 
:  dk"  :  «h', 
:  lst«  :  3d«, 
:2d  :3d, 
:  GH  :  Gi. 


Tor,  by  theor.  9,     -     •     •     dk 
I  nd,  by  sim,  tri.      .     .     -     db  ; 
theref/ by  equality,      -     -     de  : 
that  is,  ol'the three  de,  gh,  gi,  Ist 
therefore       -  *•     •     •     -     Ist: 

that  is, DB  :  Gif   : :  GH  :  GI.        q.  b.  d. 

Cknvl.  1.  Or  their  equals  Gfc,  gh.  gi,  are  proportiooals ; 
where  bk  is  parallel  to  the  diameter  ad. 

ChroL  2.     Hence  it    is  db  :  ag  : :  p  :  gi,   where  p  is 
the  parameter,  or  ao  r  gi    :  :  de  :  p. 

For,  by  the  defin.  ag  :  oh  :  :  oh  :  p. 

Corof.  3.  Hence  also  the  three  mn,  mi,  mo,  are  proper* 
tionals,  where  mo  is  parallel  to  the  diameter,  and  am  paralfel 
to  tie  ordinates. 

For,  by  theor.  9,  .  mk,  mi,  mo, 
or  their  equals  ^  -  ap,  ag,  ad» 
are  as  the  squares  of  pn,  gh,  db, 
or  of  their  equals  Of,  gh,  gk» 
which  are  proportionals  by  cor.  1. 


THBORBM  XIX. 

If  a  diameter  cut  any  parallel  lines  terminated  by  the  curve  ; 
the  segments  of  the  diameter  will -be  as  the  rectangle  of^ 
the  segments  of  those  lines. 

That  is,  BK  :  bm  :  :  CK  .  KL  :  HM  .  mo. 
Or,  BK  is  as  the  rectangle  ck  •  ml* 

For,  draw  the  diameter 
rs  to  which  the  parallels 
cL,  NO  are  ordinates,  and 
the  ordinate  sa  parallel  to 
them. 

Then  ck  is  the  difTer- 
ence*  and  kl  the  sum  of 
the  ordinates  bo,  cb  ;  also 
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loi  the  difference,  and  xo  the  sum  of  the  ordinatos  Ba,  ks. 
And  the  differences,  of  the  abdcisHes,  are  au,  qs,  or  bk,  kii« 

Then  by  car.  theor.  9,  aR^ :  as  : :  ck  .  kl  :  nx  .  xo, 
that  w        •         •        EK  :  KM  : :  CK  •  KL  :  NM  •  mo. 

Cord,  1.  The  rect  cl  .  kl  =»  rect,  bk  and  the  param.  ofra. 
For  the  rect.  ck  .  kl  =  rect.  qe  and  the  param  of  ps. 

Carol.  2.  If  any  line  cl  be  cut  by  two  diameters,  kk,  pri ; 
the  rectangles  of  the  parts  of  the  line>  are  as  the  segments 
t>f  the  diameters. 

For  BK  is  as  the  rectangle  ck  .  kl, 
and  GH  is  as  the  rectangle  cii .  ul  ; 
therefore  bk  :  oh  : :  ck  .  kl  :  cu  .  hl. 

Cord.  3.  If  two  parallels,  cl,  no,  be  cut  by  two  diame- 
ters, BM,  Gi  ;  the  rectangles  of  the  pans  of  the  parallels  will 
be  as  the  segmeats  of  the  respective  diameters. 

For  -  .  -  BK  :  ex  : :  cK  .  KL  :  NX  .  xo, 
and  •  .  •  BK  :  GH  : :  CK  .  KL  :  CH  •  hl, 
theref.  by  equal,  kx:  gh  : :  nx  •  xo  ;  ch  •  hl. 

Cord.  4.  When  the  parallels  come  into  the  position  of 
the  tangent  at  p,  their  two  extremities,  or  points  m  the  curve, 
«nite  in  the  point  of  contact  p  ;  and  the  rectangle  of  (he  parts 
Incomes  the  square  of  the  tangent,  and  the  same  properties 
BtiU  follow  them. 

So  that,  Bv  :  pv  : :  pv  :  p  the  param. 
GW  :  pw : :  pw  :  /»> 
Bv  :  Gw:  :pv*:  pw*, 
Bv  ::oh.::  pv':  cn.UL.     ' 

TDBOEBX  XX.'^ 

Jf  two  parallels  intersect  any  other  two  parallels;;  the  rect* 

angles  of  the  segments  will  be  respectively  proportional. 

That  is,  CK  .  KL  :  DK  .  KB  :;  oi .  iii :  m..  io. 


:.d^H. 


'For,  by  cor.  3  theor.  23,  pk  :  Qt  : :  ck  .  kl  :  ot  •  in  ; 
'And  by  the  same,  pk:  oi  ::  dk  •  k^:  ni  •  zo  ; 

4liere£byeqttal«a .uxDK.u  :;  ox  •uhx^wl 
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CmxL  When  one  of  the  pairs  of  intenectiog  lines  conies 
into  the  position  of  their  parallel  tangents,  meeting  and  limit • 
ing  each  other,  the  rectangles  of  their  segments  become  th  e 
8(|uares  of  their  respective  tangents.  So  thm  the  donstaot 
ratio  of  the  rectangles,  is  that  of  the  square  of  their  parallel 
tangents,  namely, 
CK  •  KL :  DK  •  KS  : :  tang*,  parallel  to  ci. :  taog*^  parallel  to  on. 

THBOHEM  XXI. 

If  there  be  three  tangents  intersecting  each  other ;  their 
segments  will  be  in  the  same  proportion. 
That  is,  oi :  IB  :  CO  :  OD  :  :  DH  :  ns. 
For,  through  the  points 
«,  I,  D,  u,  draw  the  diame- 
ters  OK,    IL,    DX,    UN  ;  as 
also  the  lines  ci,  ei,  which 
are  double  ordinates  to  the 
diameters  gk,  bx,  by  cor.  1 
theor.  16  ;  therefore 
the  diameters  ok,  dm,  bn, 
bisect  the  lines  cl,  ce,  le  ; 

hence  km  =  ex  —  ok  =  jcs  —  ^l  =  |lk  =»  lw  or  i«e, 
and  XN  »XE  -  ne=  ?ce  — iLE  =  icL  «CK  or  kl, 
But,  by  parallels,  ci  :  iii  : :  kl  :  ln, 
and         •         .     CG  :  OD  : :  ck  :  kx, 
also        -         -     DB  :  HE : :  xn  :  nb. 
But  the  8d  terms       kl,  ck,  mit  are  all  equal ; 
as  also  the  4th  terms  ln,  kx  teb. 
Therefore  the  first  and  second  terms,  in  alt  the  lines,  are 
proportional,  namely,  gi  :  ib  :  :  co  :  gd  : .  dh  :  be.     q.  b.  n. 


THBOHBK  XXn. 

The  Area  or  Space  of  a  Parabola,  is  equal  To' Two-Thirda  of 
its  Circumscribing  Parfi Hologram. 

Let  ACB  be  a  semi.pnrabota,  cr  the  axis,  f  the  focus,  bb 
the  directrix  ;  then  if  the  line  af 
be  supposed  to  revolve  about  f 
as  a  centre,  while  the  line  ae 
moves  along  the  directrix  per- 
pendicularly to  it,  tho  area  gene, 
rated  by  the  motion  of  ab,  will 
always  be  equal  to  double  the 
area  generated  by  fa  ;  and  con. 
•equently  the  whole  external  area  abgd  =  douUo  the  area 

AGT* 
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For  dmw  a'  c  pamUel,  and  ffidelwilaiy  116W9  to  js  ;  and 
draw  the  diagooala  an'  atid  a'h  ;  then  by  th«  tt^  «ar»  4,  tlie  - 
angles  a  a'a  and  fa'a  are  equal,  aa'  being  conaideffed  asfmrl 
of  the  tiuigent  at  a'  ;  and  in  the  sane  manner,  the  anglaa 
BAA  and  FAA  are  also  equal  to  each  ether ;  and  since  ba  as 
AFt  and  b'a  ^  a  f  ;  the  triangles  baa  and  b'a  a  areendi  eqnal 
to  the  triangle  aa'f  ;  but  the  triangle  baa'  b  the  triannfc 
BB  A,  beingon  the  same  base  and  between  Ib6  same  paralMi; 
therefore  the  sum  of  the  two  trianglea  bb'a  and  ba'a,  or  the 
quadrilateral  space  eaaV  is  double  the  trilateral  space  aa'f  ; 
and  as  this  is  the  case  in  every  position  of  fa',  b'a',  it  fol- 
lows that  tho  whole  external  area  baco  =  double  the  inter- 
nal area  afc.  ^ 

Hence,  Take  do  =s  fb,  and  complete  the  parallelogram  • 
DOHB,  which  is  double  the  triangle  abf  ;  therefore  the  area 
ABC  ss  I  the  area  haco,  or  ^  of  the  rectangle  aeoh,  or  |  of 
the  rectangle  abci,  because  bc  ss  |bo  ;  that  is,  the  area  of 
a  parabola  «  |  of  the  circumscribing  rectangle.      a.  b.  n.* 


TBBOREX  XXllU 

The  Solid  Content  of  a  Paraboloid  (or  Solid  generated  by 
toe  Rotation  of  a  Parabola  about  its  Axis),  is  equal  to  Half 
its  Circumscribing  Cylinder. 

Let  GHBD  be  a  cylinder, 
in  which  two  equal  parabo- 
loids are  inscribed ;  one  bad 
having  its  base  bcb  equal  to 
tbe  lower  extremity  of  the 
cylinder ;  the  other  ocn  in- 
verted with  respect  to  the 
former,  but  of  equal  base 
and  altitude.     Let  tbe  plane 
LB  parallel  to  each  end  of  tho  cylinder,  cut  all  the  three  so. 
lids,  while  a  vertical  plane  may  be  supposed  to  cut  them  so 
as  to  define  the  parabolas  shown  in  the  ngure. 
Then,  in  the  semi-parabela  acb,  p  •  jlf  ^  ru\ 
bIso,  in  the  senit-pnrabola    aco,  p  .  cp  «  prr*, 
consequently,  by  addition, p .  (af  +  cF)=p  •  ac  =  fk*  + 1^*. 
Rut,  p  .  AC  ==  cb'  =  FL*. 
Theref«>re  fl*  =  fm'  +  fn"  : 
That  is^  since  circles  are  as  the  squares  of  their  radii,  the 


*  ThU  JeRi'inUniflion  wm  Riven  by  Lieut.  Drommond  at  tbs  Roysl 
BhjpiMets,  a  ben  be  wat  a  leatlemao  Cadet  at  tbe  Royal  Military  Acs* 
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circular  veetion  of  the  cylinder,  is  equal  to  the  sum  of  the 
corretfpoodiDg  sectioiw  of  the  two  pamboloidn. 

'Vhe  mine  property  evidently  obtains  for  any  sections  what. 
ever  parallel  to  bd  ;  it  therefiire  holds  for  the  two  parabo. 
loidrt.  In  other  worJn,  the  cylinder  is  equal  to  the  two  pa* 
nholoids  taken  together :  wherefore,  since  the  two  paraho. 
ioida.  having  equal  bases  smd  ef|U«l  altitudes,  are  equal  te 
one  another,  it  follows  that  each  paraboloid  is  half  of  its  m» 
eumscribing  cylinder.  a«  >•  dw 


TBEOREH  XXIT. 


The  Solidity  of  the  Frustum  bbgc  of  the  l^a'raboloid,  is  equal 
to  a  Cyhnder  whose  Height  im  dp,  and  iu  Base  Uslf  the 
Sum  of  the  two  Circular  Bases  bo,  bc. 


Let  c  -B  3  141^ : 

Tl^en,  by  the  last  theor.  ^  X  ap^  ==  the  siiiid  arc, 
and,  by  the  same  {/r  X  af*  s:  the  solid  abo, 

thevef*  the  diff.  {pe  X  (ap*— ap)  ^the  fiusL  bbcc 

Rut  AO*  —  AP'  =  DP  X  (ai>  +  ap), 

Iheref.        ^pe  X  dp    X  (ad  -4-  ap)  »  the  frust.  bboc« 
But,  by  th.  I,  p  X  AD  St  DC*,  and  p  X  ap  =  po*; 
theref.  ^  X  dp  X  (i>c*  +  ro')  »  the  frust,  bboc 

q.  s.  D. 


problems,  dtc.  fob  bxercisb  in  conic  sections. 

1.  Demonstrate  that  if  a  cylinder  be  cut  obliquely  the  aec 
tinn  will  be  an  ellipse. 

2.  Show  how  to  draw  a  tangent  to  an  ellipse  whose  foci  are 
r,  f^  from  a  given  point  p. 

8.  Show  how  to  draw  a  tangent  to  a  given  parabola  from 
a  given  point  p. 

4.  The  diameters  of  an  ellipse  are  16  and  12.  Required 
the  parameter  and  the  area. 

5.  The  base  and  altitude  of  a  pnraboln  are  12  and  0.  Re- 
quired the  parameter,  and  the  semi-ordioatcs  corresponding 
to  the  abscissie  2,  3,  and  4. 

0.  In  the  actual  formation  of  archea,  the  voussoira  or  arch* 
itoKPa  ofo  to  cut  BB  to  bttvo  thoir  fitcea  ttlwaya  perjenrficwhr 
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to  the  respective  points  of  the  curve  upon  which  they  stand* 
By  what  constnictions  may  ihis  be  effected  for  the  parabola 
and  the  ellipse  ? 

7.  Construct  accurately  on  paper,  a  parabol  i  whose  base 
shall  be  l^and  altitude  9. 

8.  A  cone,  the  diameter  of  whose  base  is  10  inches,  and 
whose  altitude  is  12,  is  cut  obliquely  by  a  plane,  which  enters 
at  8  inches  from  the  vertex  on  one  slant  ftlide,  and  conies  out 
at  8  inches  frvim  the  base  on  the  opposite  slant  side.  Requir> 
ed  the  dimensions  of  the  section  ? 

U.  Suppose  the  same  cone  to  be  cut  by  a  plane  parallel  to 
one  of  the  slant  sides,  entering  the  other  slant  side  at  4 
inches  from  the  vertex,  what  will  be  the  dimensions  of  the 
section  ? 

10.  Let  any  straight  lino  efb  be  drawn  through  f,  one 
of  the  foci,  of  an  ellipse,  and  terminated  by  the  curve  in  b 
and  s ;  then  it  is  to  be  demonstrated  that  kf  •  fr  =  kr.{  pa- 
rameter. 

11.  Demonstrate  that,  in  any  conic  section,  a  straight  line 
drawn  from  a  focus  to  the  intersection  of  two  tangents  makes 
equal  angles  with  straight  lines  drawn  from  the  same  focus  to 
the  points  of  contact. 

12.  In  every  conic  section  the  radius  of  curvature  at  any 
point  is  to  half  The  parameter,  in  the  triplicate  ratio  of  the 
distance  of  the  focus  from  that  point  to  its  distance  from  the 
tangent. 

Also,  in  every  conic  section  the  radius  of  curvature  is  pro< 
portionat  to  the  cube  of  the  normal. 

Also,  let  re  be  the  radium  of  curvature  at  any  point,  p,  m 
an  ellipse  or  hyperbola  whose  tranversd  axis  is  ab,  conju- 

.     \  i.    .  ,  /.     .  ('•F  •  ^/) 

gate  oo,  and  foci  f  and/:  then  is  pc  =  ~ —     sT' 

Required  demonstrations  of  these  properties* 
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ON  THE  COMIC  SBCTIONII   A8  EXPRB8SBD   BT  ALO«BIUI€  B^Vl- 
TIONS  CALLED  THE  BaUATIONI  OF  THE  CURVg. 


1.  ForlheEnifM. 

Let  I  denote  ab^  the  transverse,  or  any  diameter ; 
e  =  H  its  conjagaie ; 

X  =^  AK,  any  absciss,  from  the  extremity  of  the  djaou 
y  s  DK  the  correspondent  ordinate :  the  two  bein|f  joiolij 
denominated  co-ordinates. 
Then,  theor*  2,  ab'  :  hi*  : :  ak  .  kb  :  bk', 
that  is,  d' :  c»  : :  x(f  —  «)  :  y»,  hence  ly  ^e\tx  —  ar*), 

or  jr  s  -^  \/(<x  —  T^t  ^®  equation  of  the  carve. 

And  from  these  equations,  any  one  of  the  four  letters  or 
quanthies,  I,  c,  «,  jr,  may  easily  be  found,  by  the  reduction  of 
equations,  when  the  other  tlirec  are  given. 

Or,  if  p  denote  the  parameter,  ~  c*  -r  <  by  its  definition  ; 

then,  by  cor.  th.  2, 1 :  p  : :  x^-x)  :  f\  orjf^as-f  (to—**), 
which  is  another  form  of  the  equation  of  the  curve. 

Otherwiae, 

If  I  s  AC  the  semiaxia ;  c  as  ch  the  semiconjugate ;  then 
p  =  c*  ^  I  the  seniiparameter  ;  a:  =  ck  the  absciss  counted 
from  the  centre ;  and  jr  =  dk  the  ordinate  as  before. 
Then  is  ax  =  I— x,  and  kb  s=  ( -f  x,  and  ak  .  kb  =  (<*x) X 

Then,  by  th.  2,  <• :  c*  : :  C— x»  :  y\  and  ff^^{f—^f 
or  f  =  -J-  %/(**""**)»  *^®  equation  of  the  curve. 

Or,  I :  p  : :  ^— «" :  y*,  and  y*  =  i  {f — jt*),  another  form 

of  the  equation  t^  the  curve ;  from  which  any  one  of  the 
quaatitiea  may  be  found,  when  the  rest  are  given. 
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2.  For  the  Hyperbola. 

Because  tl^e  general  property  of  the  opposite  hyperbolas, 
with  respect  to  their  abscisses  and  ordinates,  is  the  same  as 
that  of  the  ellipse,  therefore  the  process  here  is  the  very  same 
as  in  the  former  case  for  the  ellipse ;  and  the  equation  to  the 
curve  must  come  out  the  same  also,  with  sometimes  only  the 
change  of  the  sign  of  a  letter  or  term,  from  +  to  — ,  or  from 
—  to  +»  because  here  the  abscisses  He  beyond  or  without 
the  transverse  diameter,  whereas  they  lie  between  or  upon 
them  in  the  ellipse.  Thus,  making  the  same  notation  for  the 
whole  diameter,  conjugate,  absciss,  and  ordinate,  as  at  first  in 
the  ellipse ;  then,  the  one  absciss  ak  being  x^  the  other  bk 
will  be  <  +  '>  which  in  the  ellipse  was  t  —  x\  so  the  sign  of 
X  must  be  changed  in  the  general  property  and  equation, 
by  ^hich  it  becomes  <■  :  c*  :  :  x(e  +  x)  :  j^ ;  hence  <*y*  = 

c«  {ix  +  «*)  and  y  =  -7-  v/  (to  +  «*),  the  equation  of  the 

curve. 

Or  using  p  the  parameter,  as  before,  it  is,^  :  jp  : :  x(f-f'«)  ^: 

yi  or  y*  =  -J-  {tx  +  **)>  another  form  of  the  equation  to  the 

curve. 

Othenoisef  by  using  the  same  letters  t,  c,  p,  for  the  halves 
of  the  diameters  atid  parameter,  and  x  for  the  absciss  ck 
counted  from  the  centre  ;  then  is  ak  =  x — t,  and  bk  =s  x+t^ 
and  the  property  <"  :  c"  : :  (x  —  <)  X  (x+  i)  :  y»,  gives  t'y'sB 

c*  (««  —  O,  or  y  =  4-  \/(^— ''')>  ^^^^  ^J>«  «gn«  of  <*  ^^  «* 
are  changed  from  what  they  were  in  the  ellipse. 

Or  again,  using  the  semiparameter^  tip::  x^ — ^  :  y*,  and 

y«  =r  -L  (ap*  —  ^)  the  equation  of  the  curve. 

But  for  the  conjugate  hyperbola,  as  in  the  figure  to  theo- 
rem 3,  the  signs  of  both  x^  and  t^  will  be  positive ;  for  the 
property  in  that  theorem  being  ca'  :  ca° : :  en'  +  ca'  :  ne', 
It  is  <» :  c«  : :  X*  +  <« :  y»  =  D€=,  or  <  V  =  ^(«* + <"),  and  y  = 

-7-  ^/^^  +  ^)9  the  equation  to  the  conjugate  hyperbola. 

Or,  as  I :  p  : :  x«  +  c"  s  y*»  and  y»  =  -^  (x«  +  <^  also  the 
equation  to  the  same  curve. 


Vol.  I. 
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On  the  EfuaOon  to  ike  Hfperhda  between  the  AMympMmm, 

V 


Let  ov  and  cb  be  Ibe  two  asyinptolM  to 
Ibo  bypeibola  dnt  iU  vertex  beinff  F|  eni 
m9%  tdf  jur,  BD  ordiaetes  parallel  to  the 
%qrmptoteiw  Put  af  or  bf  =»  a,  cb  «s  x» 
^  BP  s=  y.  Then,  by  theor.  28>  af  .  bf 
»»  CB  .  BP,  or  a*a=5«f,  the  equation  te  the 
hyperbola,  when  the  abecisaes  and  ovdi*  C  6  AB 
•afeea  are  taken  parallel  to  the  a^mptotee. 
If  the  hyperbola  be  not  rectangular  af  •  bf.  aiii«  f  wiB  be 
equal  to  a  giren  ■quare. 

d.  For  the  Parabola. 

If  X  denote  any  abscies  beginning  at  the  Fertez,  and  y  its 

ovdinale,  alto  p  the  parameter.    Tnen,  by  cor*  thaaiem  !» 

▲X  :  KD  ::  KD:p,or«  :y  ::y  :p;  hence  jnbb^  is  the  eqwH 

tion  to  the  paral)ola.    Or,  if  a  =  abscissa  and  b  the  corres- 

6* 
ponding  semiordinate,  then  —  «  =  5^,  is  the  equation. 

4.  For  the  Circle. 

Because  the  circle  is  only  a  species  of  the  elGpse*  in  wbicb 
the  two  aites  are  equal  to  each  other ;  therefore^  maUog  the 
two  diameters  t  and  e  equal  each  to  42  in  the  foregoing  equa^ 
tions  to  the  ellipse,  they  become  if*  ssdx  — x*,  when  the 
absciss  x  begins  at  the  vertex  of  the  diameter :  and  jf*  s 
}d'  — x',  when  the  absciss  begins  at  the  centre.  Or  f^si 
^  (2r  x—3i?)f  and  y=  y^(r" — «*),  respectively,  when  r  is  the 
radtus. 

Scholium. 

In  every  one  of  these  equations,  we  perceive  thattibey  ziie 
to  the  2d  or  quadratic  degree,  or  to  two  dimssoiosis ;  which 
is  also  the  number  of  points  in  which  any  one  of  these  enrres 
may  be  cut  by  a  right  line.  Hence  also  it  is  that  these  fimf 
curves  are  said  to  be  lines  of  the  9d  order.  And  these  four 
are  ail  the  lines  that  are  of  that  order,  every  oUier  curve  hav- 
ing some  higher  equation,  or  may  be  cut  in  mora  potnts  bj^  a 
right  line. 

We  may  here  add  an  important  observation  widi  regard 
to  all  curves  expressed  by  equations :  via.  that  the  origin  of 
the  co-ordinates  is  necessarily  on  a  point  of  die  curve  itself 
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when  oB  tho  lemM  of  ita  equation  aie  itfeded  by  one  of  tbo 
variable  quantitiea  :r  or  jr ;  and  when,  on  the  contraryt 
tiiere  is  in  the  equation  one  tann  entirely  known,  then  the 
origin  of  the  co-ordinates  c&mmd  be  on  a  point  of  the  curve. 
In  pfoof  of  ^iflf  let  the  general  equation  of  a  curve  be  oaf* 
+  isfjff  +«|r  ===^0 ;  then,  it  is  evident  that  if  we  take  «=  0, 
we  shall  likewise  have  cjT  =  0,  or y  3=0;  and  consequently 
the  oriffin  of  the  co-ordtaates  is  a  point  in  the  carve.  Se 
again,  if,  in  the  same  equation,  we  take  y  =  0,  it  will  result 
thai  0x=^Of  and  c  a  0,  which  brings  us  to  the  same  thing  as 
before.  But,  if  the  equation  of  the  curve  include  one  known 
term,  as,  for  example,  «B*  +  i«F|f« +«y*— ^»s=0;  then 

taking  «a«o,  we  shall  have  <y  — ^«i  0,  or  jr  =  y-^, 

whieh  prsr^  thai  the  cesrsspendiag  point  p,  of  the  curve, 

is  distant  from  the  origin  of  the  ar's  by  the  quantity '/  -^« 


A  similar  truth  will  flow  from  makings  »  0,  when  the  same 
eqnatien  will  give  k  ^  V'v^ 


ELBMENTS  OP  ISOPERIMETRY. 

Agf*  1*  When  a  variable  quantity  has  its  mutations  re» 
pnlaled  by  a  certain  law,  «r  confined  within  certain  limits,  it 
IS  called  a  SM«tSHisi  when  it  has  reached  the  greatest  mag* 
•itnde  it  can  possibly  attain  ;  and,  on  the  contrary,  when  iC 
has  arrived  at  the  least  possible  magnitude,  it  is  called  a  mU 

Def.2.    JiKipartffielsrs, or ZiopsriflKfri^ 
v/Uch,  have  equal  perimeters. 

D^.  8,  The  Loeu9  of  any  point,  or  intersection,  dbc.  is 
die  n|^t  line  or  curve  in  which  these  are  always  situated. 

Tlw  problem  in  which  it  is  tvquired  to  find,  among  figuies 
•of  the  same  or  of  difierent  kinds,  those  which,  within  equal 
perimeters,  shall  comprehend  the  greatest  surfaces,  has  long 
•engaged  the  attention  of  mathematicians*  Since  the  admir- 
sJm  invention  of  the  method  of  Fluxions,  this  problem  has 
4ieea  deftly  treated  by  some  of  the  writers  on  that  branch 
«f  ansJysu ;  eipecially  by  Madaurin  and  Simpson.    A  much 


Digitized  by  VjOOQ IC 


540  ELEIIBNTS  OF  ISOPSRXXKTRT. 

more  extensive  problem  was  investigated  at  the  time  oT 
<<  the  war  of  problems,"  between  the  two  brothers  John  and 
James  Bernoulli :  namely,  "  To  find,  among  all  the  isoperi- 
metrical  curves  between  given  limits,  such  a  curve,  that,  con. 
fltructing  a  second  curve,  the  ordinates  of  which  shall  be 
functions  of  the  ordinates  or  arcs  of  the  former,  the  area  of 
the  second  curve  shall  be  a  maximum  or  a  minimum."  While, 
however,  the  attention  of  mathematicians  was  drawn  to  the 
most  abstruse  inquiries  connected  with  isoperimetry,  the  e2e- 
menis  of  the  subject  were  lost  sight  of.  Simpson  was  the  first 
who  called  them  back  to  this  interesting  branch  of  researoh, 
by  giving  in  his  neat  little  book  of  Geometry  a  chapter  on  the 
maxima  and  minima  of  geometrical  quantities,  and  some  of 
the  simplest  problems  concerning  isoperiroeters.  The  next 
who  treated  this  subject  in  an  elementary  manner  was  Simoo 
Lhuillier,  of  Geneva,  who,  in  1782,  published  his  treatise 
De  ReUUione  mutua  Capaciiaiis  el  Terminorum  Figurarvm^ 
&c.  Uis  principal  object  in  the  composition  of  that  work 
was  to  supply  the  deficiency  in  this  respect  which  he  found  in 
most  of  the  Elementary  Courses ;  and  to  determine,  with  re. 
gard  to  both  the  most  usual  surfaces  and  solids,  those  which 
possessed  the  minimum  of  contour  with  the  same  capacity  ; 
and,  reciprocally,  the  maximum  of  capacity  with  the  same 
boundary.  M.  Legendre  has  also  considered  the  same  sob- 
,  ject,  in  a  manner  somewhat  different  from  either  Simpson  or 
Lhuillier,  in  his  EUmenU  de  G^onUtrie.  An  elegant  geo- 
metrical tract,  on  the  same  subject,  was  also  given  by  Dr. 
Horsley,  in  the  Pbilos.  Trans,  vol.  75,  for  1775 ;  contained 
also  in  the  New  Abridgement,  vol.  13,  page  653*.  The  chief 
propositions  deduced  by  these  four  geometers,  together  with 
a  few  additional  propositions,  are  reduced  into  one  system  in 
the  following  theorems. 


*  Another  work  on  the  Mme  general  subject,  containinR  many  vatna- 
ble  theorems,  has  been  published  since  (he  first  edltioa  ol  thit  volume, 
by  Dr.  CruweU  of  Triniiy  College,  Cambridge. 
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SECTION  I. 
SURFACES. 

THEORSK  I. 

or  all  trianeles  of  the  same  base,  and  whose  vertices  fail 
in  a  right  Tine  ^iven  in  position,  the  one  whose  perimeter 
is  a  minimum  is  that  whose  sides  are  equally  inclined  to 
that  line. 

Let  AB  be  the  common  base  of  a  series  of  triangles  abc', 
ABC,  di^c.  whose  vertices  c',  c,  fall  in  the  right  line  Lu,  given 
in  position,  then  is  the  triangle  of  least 
perimeter  that  whose  sides  ac,  bc,  are 
inclined  to  the  line  lm  in  equal  angles. 

For,  let  BM  be  drawn  from  b,  per- 
pendicularly to  LM,  and  produced  till 
DM  =  BM  :  join  AD,  and  from  the  point 
o  where  ad  cuts  lm  draw  bc  :  abo,  from 
any  other  point  c',  assumed  in  lm,  draw  c'a,  c%  c'd.  Then 
the  triangles  dmc,  bmc,  having  the  angle  dcm  =  angle  acl 
(th.  7  Geom.)  =  mcb  (by  hyp.),  dmc  =  bmc,  and  dm  =b  bm, 
and  Mc  common  to  both,  have  also  dc  =  bc  (th.  1  Geom.). 

So  also,  we  have  c'd  =  c'b.  Hence  ac  +  cb  =  ac  +  cd 
»  ad,  is  less  than  ac'  +  c'd  (theor.  10  Geom.),  or  than  its 
equal  ac'  +  c'b.  And  consequently,  as  +  bc  +  ac  is  less 
than  AB  +  bc'  +  ac'.     q.  b.  d. 

Cor.  1.  Of  all  triangles  of  the  same  base  and  the  same  al- 
titude, or  of  all  equal  triangles  of  the  same  base,  the  isosceles 
triangle  has  the  smallest  perimeter. 

For,  the  locus  of  the  vertices  of  all  triangles  of  the  same 
altitude  will  be  a  right  line  lm  pardUd  to  the  base ;  and 
when  LM  in  the  above  figure  becomes  parallel  to  ab,  since 

mcb    =  ACL,    MCB  =s  GBA   (th.    12  Goom.),    ACL  »  CAB  ;    it 

follows  that  CAB  s  CBA,  and  consequently  ac  =  cb  (th.  4 
Geom.) 

Cor.  2.  Of  all  triangles  of  the  same  sarface,  that  which 
has  tlte  minimum  perimeter  is  equilateral. 

For  the  triangle  of  the  smallest  perimeter,  with  the  same 
surface,  must  be  isosceles,  whichever  of  the  sides  be  con- 
■idered  as  base :  therefore,  the  triangle  of  smallest  perimeter 
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hM  each  two  or  each  pair  of  iUi  sides  ec{dal,  and  cooseqaendjr 
it  is  equilateral. 

Cor.  3.  Of  all  rectilinear  figures,  with  a  given  magnitude 
and  a  given  number  of  sides,  that  which  has  the  smallest 
perimeter  is  equilateral. 

For  so  long  as  any  two  adjacent  sides  are  not  eqaal,  we 
may  draw  a  diagonal  to  become  a  base  to  those  two  sides,  and 
then  draw  an  isosceles  triangle  equal  to  the  triangle  so  cot 
off,  but  of  less  perimeter :  whence  the  corollary  is  manifiMrt. 

SekdUuttu 

To  illustrate  the  second  corollary  above,  the  student  may 
proceed  thus  :  assuming  an  isosceles  triangle  whose  base  is 
not  equal  to  either  of  the  two  sides,  and  then,  taking  Car  anew 
base  one  of  those  sides  of  that  triangle,  he  may  construct  an- 
other isosoeies  triangle  equal  to  it,  iHit  of  a  smaller  perimeter. 
Afterwards,  if  the  base  and  sides  of  this  second  isosceles  tri« 
angle  are  not  respectively  equal,  he  may  constract  a  third 
isosceles  triangle  equal  to  it,  but  of  a  still  smaller  perimeter ; 
and  so  on.  In  performing  these  successiTe  operations,  he 
will  find  that  the  new  triangles  will  approach  nearer  and 
nearer  to  an  equilateral  triangle. 

TfiXORXMn. 

Of  all  triangles  of  the  same  base,  and  of  equal  perimetem, 
the  isosceles  triangle  has  the  greatest  surface. 

Let  ABC,  ABD,  be  two  triangles  of  the  same         ^^ 
base  AB  and  with  equal  perimeters,  of  which  '^' 

the  one  abc  is  isosceles,  the  other  is  not : 
then  the  triangle  abc  has  a  surface  (or  an 
altitude)  greater  than  the  surface  (or  than 
the  altitude)  of  the  triangle  abd. 

Draw  CD  through  d,  parallel  to  ab,  to 
cut  ce  (drawn  perpendicular  to  ab)  in  c' :  then  it  is  to  be 
demonstrated  that  cb  is  greater  than  c  s. 

The  triangles  ac  b,  adb,  are  equal  both  in  base  and  alti- 
tude ;  but  the  triangle  ac'b  is  isosceles,  while  abb  is  scalene : 
therefore  the  triangle  ac  b  has  a  smaller  perimeter  than  the 
triangle  adb  (th.  1  cor.  1),  or  than  acb  (by  hyp.).  Gonse« 
quenUy  ac'  <  ac  ;  and  in  the  right-angled  triangles  abc', 
ABC,  having  ab  commoni  we  have  c'b  <  ob  *•    a.  b.  d. 


*  Whea  two  mathematical  quantitief  ara  leparated  by  the  eharaolar  <  « 
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Cor.  Of  all  isopenmetrical  figure8|  of  which  the  nmnber 
of  sides  is  giTen»  that  which  is  the  greatest  has  all  its  sides 
equal.  And  in  particular,  of  all  isoperimetrieal  triangles^ 
that  whose  surface  is  a  maximum,  is  equilateral. 

For,  so  loDg  as  any  two  adjacent  sides  are  not  equal,  the 
surface  may  be  augmented  without  increasing  the  perimeter* 

Rtmark.  Nearly  as  in  this  theorem  m^y  it  be  proved 
that,  of  all  triangles  of  equal  heights,  and  of  which  the  sum 
of  the  two  sides  is  equal,  that  whi<;h  is  isosceles  has  the 
greatest  base.  And,  of  all  triangles  standing  on  the  same 
base  and  having  equal  vertical  angles,  the  isosceles  one  is 
the  greatest. 

THEORBX  in. 

Of  all  right  lines  that  can  be  drawn  through  a  given  point, 
between  two  right  lines  given  in  position,  that  which  is 
bisected  by  the  given  point  ibrms  with  the  other  two  lines 
the  least  triangle. 

Of  all  right  lines  on,  ab,  gd,  that 
can  be  drawn  through  a  given  point 
p  to  cut  the  right  lines  ca,  cd,  given 
in  position,  that,  ab,  wnich  is  bi. 
sected  by  the  given  point  p,  forms 
with  CA,  CD,  the  least  triangle,  abc. 

For,  let  EE  be  drawn  through  a 
parallel  to  cd,  meeting  do  (produced  if  necessary)  in  e  ; 
then  the  triangles  ped,  pae,  are  manifestly  equiangular ;  and, 
since  the  corresponding  sides  pb,  pa  are  equal,  the  triangles 
are  equal  also.  Hence  pbd  will  be  less  or  greater  than  pag, 
according  as  cg  is  greater  or  less  than  ca.  In  the  former 
case,  let  pacd,  which  is  common,  be  added  to  both  ;  then 
will  BAC  be  less  than  doc  (ax.  4  Geom.).  In  the  latter  case, 
if  PGCB  be  added,  dcg  will  be  greater  tlian  bac  ;  and  conse. 
quently  in  this  case  also  bac  is  less  than  dco.    u.  e.  d. 

Car.  If  PM  and  pn  be  drawn  parallel  to  cb  and  ca  re. 
spectively,  the  two  triangles  pam,  pbn,  will  be  equal,  and 
these  two  taken  together  (since  am  =  pn  «■  mc)  will  be 
equal  to  the  parallelogram  pmcit  :  and  consequently  the 
paialMogram  pkcn  is  equal  to  half  abc,  but  less  than  half 
DGo.  From  which  it  Mows  (consistently  with  both  the  al. 
gebraical  and  geometrical  solution  of  prob.  8,  Application  of 

it  denotes  that  the  preceding  qaantity  is  U$$  ilum  the  sacceeding  one : 
when,  on  the  contrary,  the  separating  character  is  > ,  it  denotes  that  the 
prscediBg  quantity  is  greofer  Uian  the  sueceeding  one. 
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Algebra  to  Geometry),  that  a  parallelogram  is  always  lew 
thaa  hair  ^  triangle  in  which  it  is  inscribed,  except  when  the 
base  of  the  one  is  half  the  base  of  the  other,  or  the  height 
of  the  former  half  the  height  of  the  latter ;  in  which  case  Uie 
parallelogram  is  just  half  the  triangle  :  this  being  the  maxi- 
mam  panilelogram  inscribed  in  the  triangle. 

Seho^'um. 

From  the  preceding  corollary  it  might  ea«ly  be  abown, 
that  the  least  triangle  which  can  possibly  be  described  about, 
and  the  greatest  parallelogram  which  can  be  inscribed  in,  any 
curve  concave  to  its  axis,  will  be  when  the  subtangent  is  equal 
to  half  the  base  of  the  triangle^  or  to  the  whole  base  of  the 
^  parallelogram  :  and  that  the  two  figures  will  be  in  the  ratio 
of  2  to  !•     But  this  is  foreign  to  the  present  inquiry. 

THEOREM  IV. 

Of  all  triangles  in  which  two  sides  are  given  in  magnitude, 
the  greatest  is  that  in  which  the  two  given  sides  are 
perpendicular  to  each  other. 

For,  assuming  for  base  one  of  the  given  sides,  the  surface 
is  proportional  to  the  perpendicular  let  fall  upon  that  aide 
from  the  opposite  extremity  of  the  other  given  side  :  there- 
fore, the  surface  is  the  greatest,  when  that  perpendicular  is 
the  ffreatest ;  that  is  to  say,  when  the  other  side  is  not  ie- 
dined  to  that  perpendicular,  but  coincides  with  it :  hence 
the  surface  is  a  maximum  when  the  two  given  sides  are  per- 
pendicular to  each  other. 

Oiherwite.  Since  the  surface  of  a  triangle,  in  which  two 
sides  are  given,  is  proportional  to  the  sine  of  the  angle  io* 
eluded  between  those  two  sides  ;  it  follows,  that  the  triangle 
is  the  greatest  when  that  sine  is  the  greatest :  but  the  greatest 
sine  is  the  sine  total,  or  the  sine  of  a  quadrant ;  therefore  the 
two  sides  ffiven  make  a  quadrantal  angloi  or  are  perpendicular 
to  each  ouer*    u.  e.  d. 

TSEOREX  V. 

Of  all  rectilinear  figures  in  whidi  all  the  sides  except  one  are 
known,  the  greatest  is  that  which  may  be  inscribed  in  a 
semicircle  whose  diameter  is  that  unknown  side. 

For,  if  you  suppose  the  contrary  to  be  the  case,  then  when- . 
ever  the  figure  made  with  the  sides  given,  and  the  side  un- 
known, is  not  inscribable  in  a  semicircle  of  which  this  latter 
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i  the  diameter,  viz.  irhencTer  any  one  of  the  angles,  formei 
foy  lines  drawn  fmm  the  extremities  of  the  unknown  side  to 
one  of  the  summits  of  the  figure,  is  not  a  right  angle  ;  we 
may  make  a  figure  grenter  than  it,  in  which  that  angle  shall 
be  right,  and  which  shall  only  differ  from  it  in  that  respect : 
therefore,  whenever  all  the  angles,  formed  by  right  lines 
drawn  from  the  several  vertices  of  the  figure  to  the  extre- 
mities of  the  unknown  line,  are  not  right  angles^  or  do  not 
fall  in  the  circumference  of  a  semicircle,  the  figure  is  dot  ill 
its  maximum  state,     q.  c.  d. 

TneofiEtt  VI. 

Of  all  figures  made  with  sides  given  in  number  and  mag« 

nitude,  that  which  may  be  inscribed  ia  a  circle  is  the 

greatest. 

Let  ABCDBFG  be 
the  polygon  inscrib- 
ed, and  ahetlffg  a 
polygon  with  equal 
sides,  but  not  inscri- 
bable  in  a  circle  ;  so 
that  AB  =  aby  Bc  =^ 
bcy  6lc*  ;  it  is  affirm- 
ed that  the  polygon 
▲BCDEPG  is  greater  than  the  polygon  ahcdefg. , 

Draw  the  diameter  ep  ;  join  ah,  pb  ;  upon  ab  =  ab  ma^e 
the  triangle  abp,  equal  in  all  respects  to  abp  ;  and  join  ep. 
Then,  of  the  two  figures  edcbp,  pag  fe,  one  at  least  is  not  (by 
hyp.)  inscriboble,  in  the  si^micircle  of  which  ep  is  the  diame- 
ter. Consequently,  one  at  least  of  these  two  figures  is  smaller 
than  the  corresponding  part  of  the  figure  ahbcdrfo  (th.  5)« 
Tlierefore  the  figure  apb^drfg  is  greater  than  the  figure 
apbe  'efg  :  and  if  from  these  there  be  taken  away  the  re- 
spective triangles  apb,  apA,  which  are  equal  by  construction, 
there  will  remain  (ax.  5  Geom.)  the  polygon  abcdefo  greater 
than  the  polygon  abedefg.     a-  k.  d. 


Epr 


c/.- 


cl 


IP 


THEOBEK  Vli. 

The  magnitude  of  the  greatest  polygon  which  can  be  con- 
tained under  any  number  of  unequal  sides,  does  not  at  all 
depend  on  the  order  in  which  those  lines  are  connected 
with  each  other. 

For,  since  the  polygon  is  a  maximuih  under  given  side<«,  it 

is  inscribable  in  a  circle  (th*  6).    And  this  inscribed  polygon 

is  constituted  of  as  many  isosceles  triangles  as  ic  has  sides, 

tliosa^  sides  forming  the  bases  of  the  respective  trianglesi  the 
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other  rides  of  oil  the  triangles  lieing  radii  of  the  cirefey  aii4 
their  commoo  summit  the  centre  of  the  circle.  CoDseqaeoily 
the  magnitude  of  the  {lulygon,  that  is,  of  the  assemblage  of 
tbe^o  triangles,  does  nut  at  all  dep<(nd  on  their  dispoMtioii^ 
or  arrangement  uround  the  common  centre*    a-  £•  d* 

THBOXEM  vin. 

If  a  polygon  inscribed  in  a  circle  have  all  its  tides  equal,  all 
its  angles  are  likewise  equal,  or  it  is  a  regular  polygon. 

For,  if  lines  he  drawn  from  th^  several  angles  of  thf^  |M>ly* 
gon,  to  the  centre  of  the  circumscribing  circle,  they  will 
divide  the  polygon  into  as  many  isosceles  triangles  as  it  ha» 
sides  ;  and  each  of  these  isosceles  triangles  will  i>e  equal  to 
either  of  the  others  in  all  respects,  and  of  course  they  will 
have  the  angles  at  their  bases  all  equal :  consequently,  the 
angles  of  the  polygon,  which  are  each  made  up  of  two  anglea 
at  the  bases  of  two  contiguous  isosceles  triangles,  will  be  equal 
to  one  another,    a.  c.  d. 

THEOXEX  IX. 

Of  all  figures  having  the  same  number  of  sides  and  equa! 
perimeters,  the  greatesf  is  regular. 

For,  the  greatest  figure  under  the  given  conditions  has 
all  its  sides  equal  (th.  2.  cor.)*  But  since  the  sum  of  the 
sides  and  the  number  of  them  are  given,  each  of  them  is 
given  :  therefore  (th.  6),  the  figure  is  inscribable  in  a  circle  r 
and  consequently  (th.  8)  all  its  angles  are  equal ;  that  is,  it 
is  regular,    u.  e.  d. 

Car.  Hence  we  see  thai  regular  polygons  possess  the  pfo* 
perty  of  a  maximum  of  surface,  when  compared  with  any 
other  figures  of  the  same  name  and  with  equal  perimeters. 

THBORXX  z. 

A  regular  polygon  has  a  smaller  perimeter  than  an  irregular 
one  equal  to  it  in  surfiice,  and  having  the  same  number 
of  sides. 

This  is  the  converse  of  the  preceding  theorem,  and  may 
be  demonstrated  thus  :  Let  r  and  i  be  two  figures  equal  in^ 
surface,  and  having  the  same  number  of  sides,  of  which  x  is 
regular,  i  irregular :  let  also  x'  be  a  regular  figure  similar  to 
K,  and  having  a  perimeter  equal  to  that  of  i*  Then  (th.  9) 
B'  >  1 ;  but  1  s  X :  therefore  s'  >  s.    But  s'  and  x  aie  n. 
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mikir;  •cooaeqiranflyy  perimeter,  of  s>  perimeter  of  r;  while 
per*  «  ^4ier«  i  (by  hyp.)*  Ueoce,  per.  i  >  per.  r.    <i.  b.  d* 

THBORKX  XX. 

The  surfaces  of  polygons,  circumscribed  about  the  same  or 
eqOal  circles,  are  respectively  as  their  perimeters*. 

Let  the  polygon  arcb  he  circumscribed 
«bout  the  circle  RFQH ;  aad  let  this  polygon 
be  divided  into  triangles,  by  lines  drawn 
from  its  several  angles  to  the  centre  o  of 
the  circle.  Then,  since  each  of  the  tan* 
gents  AB,  Rc,  dtc.  is  perpendicular  to  its 
correspondina  radius,  or,  op,  &c.,  drawn  to  the  point  of  con* 
tact  (th.  46  Geom.) ;  and  since  the  area  of  a  triangle  is  equal 
4othe  rectangle  of  the  perpendicular  and^ialf  the  base  (Mens, 
of  Surfaces,  pr.  2);  it  follows,  that  the  area  of  each  of  the 
triangles  abo,  bco,  &c.  is  equal  to  the  rectangle  of  the  radius 
of  the  circle  and  half  the  corresponding  side  ab,  bc,  di^c. ;  and 
'consequently,  the  area  of  the  polygon  abcd,  circumscrihing 
the  circle,  will  be  equal  to  the  rectangle  of  the  radius  of  the 
circle  and  half  the  perimeter  of  the  polygon.  But,  the  sur- 
face of  the  circle  is  equal  to  the  rectangle  of  the  radius  and 
half  the  circumference  (th.  94  Geom.).  l*herefore,  the  sur- 
face of  the  circle,  is  to  that  of  the  polygon,  as  half  i!he  cir» 
qumference  of  the  Airmer,  to  half  the  perinwter  of  the  latter; 
or,  as  the  circumference  of  the  former,  to  the  perimeter  of 
the  latter.  Now,  let  p  an(l  p'  he  aiiy  two  polygons  circuro* 
scribing  a  circle  c  :  then,  by  the  foregoing,  we  have 

surf,  c  :  surf,  p  : ;  circum.  c  :  perim.  p. 

surf,  c  :  surf,  p'  ::  circuro.  c  :  pcrim.  p'. 
But,  since  the  antecedents  of  the  ratios  in  both  these  proper* 
tions,  are  equal,  the  consequents  are  proportional :  that  is, 
surf,  p :  surf,  p' : :  perim.  p  :  perim.  p'.      q,.  e.  d. 

Car.  1.  Any  one  of  the  triangular  portions  abo,  of  a  po* 
lygon  circamscribing  a  circle,  is  to  the  corresponding  circular 
Hector,  as  the  side  ab  of  the  polygon,  to  the  arc  of  the  circie 
included  between  ao  and  bo. 


'  *Thif  th^nrpoi,  together  with  tho  snalngoitsones  rs^pectingliodirt 
circnoMcrUiingcvrmdiTsiiiifl  s|»l«f*n*s.  nere  |tiv«n  1»y  Kiini*:'M)ii  in  hit 
Geometry,  And  th«ir  n*e  in  the  tlianryof  Isotmrioietefi  was  Just  tNgitMt* 
«d :  but  the  full  application  of  them  to  that  tbeory  it  due  to  Simoa 
LIniiUier.  ^ 
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Cor.  3«    Every  ciroular  arc  is  greater  than  ita  elioni,  mmd 
leaa  than  the  tam  of  the  two  tangents  drawn  fron  iis  eztrenai 
ties  and  produced  till  they  meet. 

The  first  part  of  this  corollary  is  evident,  because  a  r  ht 
line  is  the  shortest  distance  between  two  given  points.  T.ie 
second  part  follows  at  once  from  this  proposition  :  for  ea  -f- 
AH  being  to  the  arch  kih,  as  the  quadrangle  akoh  to  the  c  r- 
cular  sector  hiro  ;  and  the  quadrangle  being  greater  than  the 
sector^  because  it  contains  it ;  it  follows  that  ba  +  ah  is 
greater  than  the  arch  eih*. 

Cor*  3.  Hence  also,  any  single  tangent  sa,  is  greater  thaft 
Us  corresponding  arc  ki. 

TUEORBM  xn. 

if  a  circle  and  a  polygon,  circumscribable  about  anocher 
circle,  are  isoperiracter:i,  the  surface  of  the  circle  m  a 
geometrical  mean  proportional  between  that  polygon  and 
a  similar  polygon  (regular  or  irregular)  circumscribed 
about  that  circle. 

Let  c  be  a  circle,  p  a  polygon  isoperimetrical  tothaieirda» 
and  circumscribable  about  some  of  her  circle,  and  p'  a  polygas 
similar  to  p  and  circumscribable  about  the  circle  c :  it  is 
affirmed  that  p  ;  r  :  :  c  :  p. 

For,  p  :  p'  : :  perim'.  p  :  perim'.  p'  : :  circum*.  c  :  perim^  p' 
by  th.  89,  geom.  and  the  l)y|)othesis. 

But  (ih.  11)  p' :  c  : :  per.  p' :  cir.  c  : :  per',  p' :  per. p'  X  cir.c. 

Therefore  p  :  <; : :  .  .  .  .  rir*.  c  :  per.  p'  x  cir.  c^ 
:  :  cir.  c  :  per.  p'  :  :  c :  p'.     o.  k.  ». 

THEOREM   XIII. 

If  a  circle  and  a  polygon,  circumscribable  about  another 
circle,  are  equal  in  surface,  the  perimeter  of  that  figure 
is  a  gcometriciil  mean  proportional  between  the  circum- 
ference of  the  first  circle  and  the  perimeter  of  a  similar 
polygon  .circumscribed  about  it« 

Let  c  =s  p,  and  let  p'  be  circumscribed. about  o  and  similar 
to  c  :  then  it  is  affirmed  that  cir.  c  :  per.  p  :  :  per.  p  :  per.  p'. 


*  This  second  corolliiry  h  in«r«»diirerl,  not  bpciiii.«e  fif  Us  ImnH'diMe 
eonnexion  with  tb«  subject  nnd'r  (li9cu«sion.  fiiit  bpCNitsp,  n««twtfli- 
itiindins  its  simplicity,  snm*  aHihitrs  hHVe  employed  whole  pBgdB  ia 
attompUng  its  denon^tion,  and  failed  iit  lait. 
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Vftr  ctr.  c  :  per.  r* : :  c  t  »' : :  p  r  ?' : :  per*,  p  :  p^r\  p'. 
Ali^,  per.  p' :  per.  p  •      : :  per  %  p' :  |Mr.  P  X  pift.  P'* 

Therefore,  (!ir.  c  :  per.  p        •      : :  per\  p  :  p«r«  p  y  per  p*. 
: :  per.  p  : :  per.  p'.    <i.  b.  p. 

THEORBM  JtlV. 

The  otrele  is  greater  than  any  rectilinear  figure  of  the  aame 
perimeter :  and  it  haa  a  pertroeter  smaller  tha  •  ui  y  reetfr* 
tinear  figure  of  the  same  surfiice* 

For,  in  the  proportion,  p  :  c  : :  c  :  i^  (th.  12),  sincd  c  <  P*, 

therefore  p  <  c. 
And,  in  the  proper,  cir.  c  :  per.  p  : :  per.  p  :  per.  p'  (th«  13)| 
or,  cir.  c  :  per.  p'  : :  cir".  c  :  per*,  p, 
and  cir.  c  <  per.  p'; 
therefore,  cir*.  c  <  per',  p,  or  cir.  c  <  per.  P.     <l.  s.  p. 

Cor.  1.  It  folhiws  at  once,  from  this  and  the  tmn  pre* 
ceding  theorems,  that  rectilinear  figures  which  are  isoperi* 
meters,  and  each  circumscrihahle  about  a  circle,  are  re. 
epectively  in  the  inverse  ratio  of  the  perimeters,  or  of  the 
surfaces,  of  figures  similar  to  them,  and  both  circumscribed 
about  one  and  the  same  circle.  And  that  the  perimeters  of 
equal  rectilineal  fifpires,  each  cifrumseril>8ble  ahoui  a  civeisi 
an*  respectively  m  the  subduplicate  ratio  of  the  perimeteii, 
or  of  the  surlvices,  of  figtiressfmrlar  to  them^  and  both  ds- 
cumscribed  about  one  and  the  same  circle. 

CSrir.  2,  Therefore,  the  comparison  of  the  perimeters  of 
equal  regular  fi|gures,  having  difiereot  numbers  of  sides^  and 
that  of  the  surfHces  of  regular  isoperimetrical  figures,  is  re- 
duced to  the  comparison  of  the  perireeti^rs,  or  of  the  surfaces 
of  regular  figures  respectively  similar  to  them^and  cireum* 
scribable  about  one  and  the  same  circle* 

Lemma  1. 

If  an  aGiT*e  angle  of  a  rtgh^s^g!ed  frisngfe  be  ^vMed 
into  any  number  of  eqnat  parts,  tho  side  of  fhm  tWangfe 
opposite  to  that  ueote  angle  is  divided  info  uMiqvaf  pttm, 
which  are  greater  as  they  are  more  remote  from  the  ri|fllt 
angles. 

Let  the  acute  angle  c,  of  the  right* 
angled  triangle  acf,  be  divided  into  eqmii 
parts,  by  the  lines  bc,  cd,  cb,  drawn  from 
that  angle  to  the  opposite  side;  then  shall 
the  parts  ab»  bd,  &c.  intercepted  by  tb# 


Digitized  by  VjOOQ IC 


650  SLBXKim  OF  ISOrXRIXBTRT. 

lines  drawn  from  c,  be  successively  longer  as  they  are  taarm 
lemci^e  frmn  the  right  aqgle  a. 

Pi>r,  the  angles  acd,  bcb.  ^c.  being  bisected  iy  cs,  ci»» 
die.  therefore  by  theor.  83  Geom.  ac  :  en  : :  ab  :  bd.  awhd 
BC  :  CE  : :  BD  :  de,  and  dg  :  of  : :  de  :  ef.  And  by  th.  21 
Geom.  en  >  ca,  cb  >  cb,  cf  >  cc«  and  so  on :  whence  il 
iollows,  that  i>B  >  AB,  DE  >  DB^  and  so  on.     ci.  b.  d. 

Cor,  Hence  it  is  obviMis  ihaf,  if  the  part  the  mmit  remote 
firom  the  right  an^le  a,  be  repeated  n  number  of  times  equal 
to  thatinto  which  the  acute  angle  is  di\ided,  there  will  re. 
suit  a  quantity  greater  than  the  side  opposi  e  to  the  divided 
angle* 

THEOREM   XV. 

If  two  regular  figures,  circuiniicribed  about  the  same  circle, 
differ  in  their  number  of  side^  by  unity,  that  which  has 
the  greatest  number  of  sides  shall  have  the  sroalleat  peri« 
meter. 

Let  CA  be  the  radius  of  a  circle,  and  ab,  ad,  the  half  sides 
of  two  regular  polygons  circumscribed  iiboiit  that  circle,  of 
which  the  number  of  sides  differ  by  unity,  being  C 
respectively  n  +  I  and  n.     The  angles  acb,  a(;d, 

t)ierefore  are  respectively  the  -—  and  the  •  th 

part  of  t^o  right  angles  :  consequently  these 
angles  are  aif  n  and  n  +  1  :  and  hence«  the  angle  may  be 
conceived  divided  into  n -H  1  equal  parts,,  of  which  bcd  is 
one.  Consequently,  (cor.  to  the  lemma)  fit  -f  1}  bo  >  ab. 
Taking,  then,  unequal  quentities  from  equal  qitantities,  we 
shall  have 

(tt  +  1)  AD   -  (n  +  1)  BD  <  fn  +  1 )  AD  -.  AD, 

or(n+  1)  AB  <  n  .  ad. 
That  is,  the  semiperimeter  of  the  polygon  whose  half  aide  is 
ABf'is  smaller  thun  the  semiperimeter  of  the  polygon   whoae 
half  side  is  ad  :  whence  the  pmpositioii  is  manifest. 

Car*  1 1  e'nco,  augmenting  successively  by.  unity  the  nuro* 
ber  of  sides,  it  followa  generally,  that  the  perimeters  of 
polygons  circumscribed  about  any  proposed  circle,  become 
smaller  as  the  number  of  their  siides  become  greater. 

TlirOBEM  XVI. 

Tbe  surfaces  cf  regular  isoperimetrical  figures  dre  greater 
as  the  number  of  their  sides  is  greater  :  and  the  peri* 
meters  of  equal  regular  figures  are  smaller  as  ihe  number 
of  their  sides  is  greater* 
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For,  Ifit.  Regular  isoperimetricnl  figures  pre  (cor.  1.  th. 
14)  in  the  inverse  ratio  of  figures  stmiiar  lo  theoi  ctrcurn- 
•cnbed  about  the  same  circle.  And  (th.  15)  these  latter  ard 
smnller  when  tlieir  number  cif  sides  is  greater  :  therefore,  on 
the  contrary,  the  former  become  greater  as  they  have  more 
sides. 

2dly.  The  perimeters  of  equal  regular  figures  are  (cor.  1 
th.  14)  10  the  subduplicnte  ratio  of  the  perimeters  of  similar 
figures  circumscribed  about  the  same  circle  :  and  (ih.  15) 
these  latter  are  smaller  as  they  have  more  sides  :  therefore 
the  perimeters  of  the  former  also  are  smaller  when  the  num- 
ber of  their  sides  is  greater,     u.  s.  i>. 

SECTION  ir. 
SOLIDS. 

THEOREU  XVIT. 

Of  all  prisms  of  the  same  altitude,  whose  base  is  given  in 
magnitude  and  species,  or  figure,  or  shape,  the  right 
prism  has  the  smallest  surface. 

For,  the  ai^ea  of  each  face  of  the  prism  is  proportional  to 
its  height  ;*  therefore  the  area  of  each  face  is  the  pmalbst 
When  its  height  is  the  smallest,  that  is  to  say,  when  it  is  equal 
to  the  ahitude  of  the  prism  itself:  and  iu  that  case  the  prism 
is  evidently  a  right  prism,     u.  k.'  d. 

TOEOREM  XVIII. 

Of  all  prisms  whose  bnse  is  given  in  magnitude  and  species, 
and  whose  lateral  surface  is  the  same,  the  right  prism  has 
the  greatest  altitude,  or  the  greatest  capacity. 

This  is  the  converse  of  the  preceding  theorem,  and  may 
readily  be  proved  after  the  manner  of  theorem  2. 

TUEORSM  XXX. 

Of  all  right  prisms  of  the  same,  altitude,  whose  bases  are 
given  in  magnitude  and  of  a  given  number  of  sides,  that 
whose  base  is  a  regular  figure  has  the  smallest  surface. 

For,  the  surface  of  a  right  prism  of  given  altitude,  and 
base  given  in  magnitude,  is  evidently  proportional  to  the 
perimeter  of  its  base.  But  (th.  10)  the  Imse  being  given  in 
magnitudci  and  having  a  given  nnmber  of  sidet»  its  peri- 

f 
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meter 't  amiinett  when  it  is  renter  :  whence,  the  tnitti  of 
the  |ir«ipontion  i«  manifeet. 

niBOBBSI  XX. 

Of  two  right  prinnifl  of  the  seme  «>hitude,  Qnd  with  ir  -egiilar 
haees  eqnel  in  mirface,  that  whose  bnm  has  ihe  gn^atest 
Qumher  of  sides  has  the  smallest  siirCkce  ;  nml,  in  par« 
ticubr,  the  right  cylinder  Ims  n  scmiller  surface  than  any 
prism  of  the  same  ahitude  and  the  same  capocify. 

The  demonstration  is  analogous  to  that  of  the  preceding 
theorem,  being  at  once  deduciblo  from  theorems  16  and  14. 

THXORXV  XXI. 

Of  all  right  pritms  whose  altitudes  and  whose  whole  sur- 
faces are  equal,  and  whoso  bases  have  a  given  number 
of  sides  ;  that  whose  base  is  a  regular  figure  is  the 
greatest. 

Lm  v,  p',  be  two  right  prisms  of  (he  same  name,  e^aa)  in 
altitude,  and  equal  whole  surface,  the  first  of  these  having  a 
regular,  the  second  an  irregular  base ;  then  is  the  base  of 
the  prism  r',  less  than  the  base  of  the  prism  r. 

For,  let  p'  he  a  prism  of  equal  altitude,  and  whoas  base 
is  equal  to  that  of  the  prism  p'  and  stmihir  to  that  of  the 
prism  p.  Then,  the  laternl  surface  of  the  prism  p"  is  smaller 
than  the  lateral  surface  of  the  prism  p'  (th.  10)  :  hence,  the 
total  surfaoe  of  p'  is  smaller  than  the  total  surface  of  p',  and 
therefore  (by  hyp.)  smaller  than  the  whole  surface  of  p.  But 
the  prisms  p''  luid  p  have  equal  altitudes,  and  similar  baae^ ; 
therefore  the  dimensions  of  the  base  of  p'  are  smaller  than 
the  dimensions  of  the  base  of  p.  Consequently  the  base  of 
p^  or  that  of  p',  is  less  than  the  hose  of  p  ;  or  the  base  of  p 
greater  than  that  of  p'.     a*  >:•  n. 

THKOBCX  XXII. 

^  Of  two  right  prisms,  having  equal  altitudes,  equal  total 
surfaces,  and  regular  bases,  that  whose  base  has  the 
gre«iest  number  of  sides,  has  the  greatest  capacity.  And« 
in  parttcubr,.  a.  right  eyhnder  is  greater  than  any  right 
piinn.  of  equal  altitude  and  equal  total  surface. 

The^  demonslvBtion  of  this  is  similar  to  that  of  the  pre- 
eMlin^  th— foray  and  flovvs  from  th.  39. 
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Tbe  greatest  parallelepiped  which  can  lie  contained  under 
tlie  three  parts  o€  a  given  line,  any  way  taken»  wtU  be 
thpit  constituted  of  equal  length,  breadth,  and  dep4hk 

For,  let  AB  be  the  given  line,  and, 
if  possible,  let  two  parts  as,  bb,  be  I  i|. .      ] 

unequal.    Bisect  ab  and  c,  then  will  A       C.B      J}      S 

the  rectangle  under  ab  (=  ac+£b) 

and  BB  (==  10  —  cb),  be  less  than  Ac^  or  than  ac  .  cD|  by 
the  square  of  gb  (th.  33  Geoni.)«  Consequently,  the  solii 
AE  .  ED  •  DB,  will  be  less  than  the  solid  ac  .  cd  •  db  ^  which 
is  repugnant  to  the  hypothesis. 

Cor.  Hence,  of  all  the  rectangular  paralkAopipeds,  having 
the  sum  of  their  three  dimensions  the  same,  the  eube  is  the 
greatest 

THXOEEM  XXIV^ 

The  greatest  parallelopiped  that  can  posmbly  be  oontatnei 
under  the  square  of  one  part  of  a  given  line,  and  the 
other  part,  any  way  taken,  will  be  when  the  former  past 
is  the  double  of  the  latter. 

Let  AB  be  a  given  line,  and     ,    ,         ,    , 

AC  s=  2cB,  then  is  ac»  .  cb  the      .  I /I        JL  I         ^ 

greatest  possible.  ^       D-D     CTC         B 

For,  let  AC  and  c'b  be  any  other  parts  into  which  the 
|;iven  line  ab  may  be  divided  ;  and  let  ao,  ac'  be  bisectei 
tn  dd\  respectively.  Then  shall  ac^  .  cb  =  4ad  .  bc  .  gb 
(cor.  to  theor.  31  Geora.  )  >  4ad'  •  d'c  .  cb,  or  greater  thM 
its  equal  oa'  •  c  B,hy  the  preceding  theorem. 


Of  all  right  parallelepipeds  given  in  magnitude,  that  whidk 
has  the  smallest  surface  has  all  its  faces  squares,  or  is  a 
'Cttbe.  And  reciprocally,  of  all  parallelepipeds  of  -equsl 
surface,  the  greatest  is  a  cube. 

For,  by  theorems  19  and  21,  the  right  parallelopipel  * 
having  the  smallest  surface  with  the  same  capacity,  or  the 
greatest  capacity  with  the  same  surface,  has  a  square  for  its 
base.  But,  any  face  whatever  may  be  taken  for  base  :  there, 
fore,  in  the  parallelepiped  whose  surface  is  the  smallest  wiUi 
d^e  same  capacity,  or  whose  capacity  is  the  greatest  with  the 
eame  surface,  any  two  opposite  faces  whatever  are  atpimMi 
•eonsequently,  this  parallelepiped  is  a  cube. 

VoK.  L  71 
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TBBOREM  XXVI. 


The  capacities*  of  prisma  circumacribiDg  the  same  rif^hf 
cylinder,  are  respectively  as  their  aurfacea,  whether  tout 
or  lateral. 

For,  the  capacities  are  respectively  as  the  bases  of  the 
prisms  ;  thut  is  to  say  (tb.  11),  as  the  perimeters  of  their 
bases  ;  and  these  are  manifestly  as  the  lateral  suHiices  r 
whence  the  propositioo  is  evident. 

Cor.  The  surface  of  a  right  prism  circumscribing  a 
cylinder,  is  to  the  surface  of  that  cylinder,  as  the  capacity  of 
the  former,  to  the  capacity  of  the  latter. 

Def.  The  Archimedean  cylinder  is  that  which  circoni. 
scribes  a  sphere,  or  whose  altitude  is  equal  to  the  diaaaeter 
of  its  base. 

THSOBEM  XXVU. 

The  Archimedean  cylinder  has  a  smaller  surface  than  an^ 
Other  right  cylinder  of  equal  capacity  ;  and  it  is  greater 
than  any  other  ri^ht  cylinder  of  equal  surface. 

Let  c  and  c  denote  two  right  cylinders,  of  which  the  first 
is  Archimedean,  the  other  not :  then, 

Ist,    If .  •  .  c  =s  c',  surf.  c<surf.  c' : 
2dlyi  if  surf,  c  =  surf,  c',  c>c'. 

For,  having  circuioscribed  about  the  cylinders  c,  c',  the 
right  prisms  p,  p',  with  square  bases^  the  former  will  be  a 
cube,  the  second  not :  and  the  following  series  of  equal  ra- 
tios will  obtain,  viz.  c  :  p  : :  surf,  c  :  surf,  t ; :  base  c  :  base 
p  : :  base  c' :  base  p  : :  c' ;  p'  : :  surf,  c' :  surf.  p'. 

Then,  1st :  when  c  ^  c'.  Since  c  :  p  : :  c' :  p',  it  follows 
that  p  =:  p' ;  and  therefore  (th.  25)  surf.  p<sttrf.  p\  But, 
surf,  c  :  surf,  p  : :  surf,  c'  :  surf,  p' ;  consequently  surf.  c< 
surf.  c\    a.  E.  Id. 

2dly :  when  surf,  c  =  surf.  c'.  Then,  since  surf,  c  :  surf, 
p  : :  surf,  c'  :  surf,  p',  it  follows  that  surf,  p  =s  surf,  p' ;  and 
therefore  (th.  25}  p>p'.  But  c  :  p  : :  c' :  p' ;  consequent! j 
c>c'.    a*  £.  2d. 

THEOREM  XXVm. 

Of  all  right  prisms  whose  bases  are  circumscribable  about 
circles,  and  given  in  species,  that  whose  altitude  is  double 
the  radius  of  the  circle  inscribed  ia  the  base,  has  the 
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tmallest  suvface  with  the  same  capacity^  and  the  greatest 
capacity  with  the  same  aurface. 

This  may  be  demonstrated  exactly  as  the  pveceding  thoo^ 
lem,  by  sopposing  cylinders  inscribed  in  the  prisms. 

Schoiium* 

If  the  base  cannot  be  circumscribed  about  a  circle,  the 
right  prism  which  has  the  minimum  surface,  or  the  maximum 
capacity,  is  that  whoso  lateral  surface  is  quadruple  of  the 
-surface  of  one  end,  or  that  whoso  lateral  surface  is  two-thirds 
of  the  total  surface.  This  is  manifestly  the  case  with  the 
Archimedean  cylinder ;  and  the  extension  of  the  property 
depends  solely  on  the  mutual  connexion  subsisting  between 
the  properties  of  the  cylinder,  and  those  of  circumscribing 
prisms. 

THEOREM  XXXX. 

The  surfiMOs  of  right  cones  circumscribed  about  a  sphere, 
are  as  their  solidities. 

Por,it  may  be  demonstrated,  in  a  manner  analogous  to  the  - 
demonstrations  of  theorems  11  and  26,  that  these  cones  are 
equal  to  right  cones  whoso  altitude  is  equal  to  the  radius  of 
the  inscribed  sfjhere»  and  whose  bases  are  equal  to  the  total 
surfaces  of  the  cones :  therefore  the  surfaces  and  solidities 
are  proportionaL 

THBOBSM  XXX. 

The  surface  or  the  solidity  of  a  right  cone  circumscribed 
about  a  sphere  is  directly  as  the  square  of  the  cone*a 
altitude,  and  inversely  as  the  excess  of  that  altitude  over 
the  diameter  of  the  sphere. 

Let  VAT  be  a  right*angled  triangle  which,  . 
by  its  rotation  upon  va  as  an  axis,  generates  a 
right  cone  ;  and  bda  the  semicircle  which  by 
a  like  rotation  upon  va  forms  the  inscribed 
sphere :  then,  the  surface  or  the  solidity  of 

the  cone  varies  as  ^. 

For,  draw  the  radius  cd  to  the  point  of  contact  of  the 
semicircle  and  vt.    Then,  because  the  triangles  vat,  vdo, 
are  similar,  it  is  at  :  vt  :  :  cd  :  vc. 
Andy  by  compos,  at  :  at  +  vt  : :  cd  :  en  +  cv  =  ta  ; 
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Therefbre  at*  :  (at+ vr)  at  : :  cd  :  va,  by  multiply- 

ing  the  terms  of  ihe  first  ratio  by  at. 

Bttty  because  vb,  yd,  va,  are  coatinaed  proportftonttls, 

k  is  VB  ;  TA  :  :  vb*  :  va'  : :  cd"  :  at*  by  sim.  triangles. 

But  CD  :  TA  :  :  at^  :  (at  +  vr)  at  by  the  last :  and  HtM&c 

auilt.  give  ci>  .  vb  :  va'  : :  c»^  :  (at  +vt)  at, 

or  VB  :  CD  : ;  va*  :  (at  +  vr)  at  «=  cd  .  — . 

But  the  surface  of  the  cone,  which  is  denoted  by  «  .  at*  4* 
4r  •  AT  •  VT*y  is  manifestly  proportional  to  the  first  member 
of  this  equation,  is  also  proportional  to  the  second  member, 

er»  since  cd  is  constant,  it  is  proportional  to  ^,  or  to  a  third 

proportional  to  bv  and  av.  And,  since  the  capacities  of  thete 
circumscribing  cones  are  as  their  surfaces  (^  29),  the  trudi 
of  the  whole  proposition  is  evident. 

Lemma  2. 

The  difierence  of  two  right  lines  being  given,  the  tfaiid 
fNTOpoitional  to  the  less  and  the  greater  of  them  is  a  imBiimuii 
^hen  the  greater  of  those  lines  is  double  the  odier* 

Let  AV  and  bv  be  two  right 
tines,  whose  difierence  ab  is  .  j  , 

given,  and  let  ap  be  a  third    -.         4         V"  jp 

proportional  to  bv  and  av  ;  ■*         ^  ' 

then  is  AP  a  minimum  when  av  =  2bv. 

For,  since     af  :  av  : :  av  :  bv  ; 

By  division  ap  :  ap  —  av  : :  av  :  av  —  bv  ; 
That  is,        AP  :  vp  : :  av  :  ab. 

Hence,  vp  .  avs=ap  .  ab. 
But  VP  .  AV  is  either  =  or  <|Ar*  (cor.  to  th,  31  Geom. 
and  th.  28  of  this  chapter). 

Therefore  ap  .  ab  <  Jap"  :  whence  4ab  <  ap,  or  ap  >^4ab« 
Consequently  the  minimum  value  of  ap  is  the  quadruple  of 
AB  ;  and  in  that  case  pv  •=:  va  =  2ab.     q,.  e.  of. 


*  w  being  =  3141693.    See  Vol.  i.  p.  422. 

t  Though  the  evidence  of  e  single  demonstration,  conducted  on  sound 
nathematical  pr{nc]])les,  is  really  irresistible,  and  therefore  needs  no 
eorroboratfon ;  yet  it  h  frequently  condocive  asweU  to  mental  Improve- 
ment,  as  to  mental  delight,  to  obtain  lilce  results  from  diftrent  processis. 
In  this  view  it  will  be  advantageous  to  the  student,  to  confirm  the  truth 
of  several  of  the  propositions  in  this  chapter  by  means  of  the  flniiooal 
aaalyiis.    Let  the  truth  enunciated  in  the  above  lemma  be  takea  ibr  an 
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Of  all  right  cones  circumscribed  about  the  same  sphere^  the 
smallest  is  that  whose  altiindio  is  double  the  diameter  of 
the  sphere. 

t^or,  byth.  80,  the  sofiditj  Varieii  as  —  (se^tte'fig.lto 

tlmt  theorem) :  and,  by  lemma  2,  since  va-vb  is  given,  the 

VA* 

third  proportional  —  is  a  miounum  when  va  =  2ab.   <t«  >•  b- 

CifT.  1.  Hence,  the  distance  from  the  centre  of  the  sphere 
to  the  vertex  of  the  least  circmnscnbing  cone,  is  triple  the 
radios  of  the  sphere* 

d&r.  ii.  ftence  also,  the  side  of  such  cbhie  iis  triiil^  ttto 
Radius  of  its  base. 

TE^soRBX  Xxxn. 

The  whole  surface  of  a  right  cone  being  given,  the  inscribed 
sphere  is  the  greatest  when  the  slant  side  of  the  cone  is 
triple  the  radius  of  its  base* 

Fof,  let  G  and  c'  be  two  right  cones  of  equal  whole  sur- 
hte^  the  radii  of  theilr  respective  inscribed  spheres  being 
dtenoted  by  r  and  s' ;  let  the  side  df  the  cotoe  c  be  triple  die 
Tadius  of  its  base,  the  san^e  ratio  not  obtaining  in  c ;  and 
let  c'  be  a  cone  similar  to  c,  and  circumscribed  about  the 
Wuiflie  sphere  Mrth  c'.  Then,  (by  th.  H)  sarf.  c'  <  surf, «' : 
therefore  surf,  c'  <  surf.  c.  But  o"  and  o  are  similar,  therefore 
aO  the  dimensions  of  c",  are  less  than  the  corresponding 
dimensions  of  c  :  and  consequently  the  radius  b'  of  the  sphere 
inscribed  in  c''  or  in  c',  is  less  than  the  radius  b  of  the  sphere 
initeribed  in  c,  or  ft  >  It'.     ^.  e.  d. 

Cor.  The  capacity  of  a  right  cone  being  given,  the  in. 
scribed  sphere  is  the  greatest  when  the  side  of  the  cone  is 
triple  the  radius  of  its  base. 

example ;  and  let  ab  be  denoted  by  a>  av  by  £,  &▼  by  x  —  d.  Then  we 
iball have  x  —  e :  x : :  « :  — ,  the tblnlproportfonal ;  whieh ii to  bea 
mlirimani.  Henee,  the  iliiition  of  this  fraeflon  will  be  equal  to  xero 
(Flax.  art.  57).  that  is,  (Flux.  arts.  19  and  36),  -7- — ry-  =  0.  Con. 
sequeotly  «*— Stac^O,  and  Xz:2s»  or  af=:2as^  as  above. 
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For  the  capacities  of  such  cones  vary  as  their  surlacev 
(th.  29). 


THEOREX   XZXIII. 

# 

Of  all  right  cones  of  equal  whole  surface,  the  greatest  is  that 
whose  side  is  triple  the  radius  of  its  base  :  and  reciprcw 
catly,  of  all  ri^ht  cones  of  equal  capacity,  that  whose  side 
is  triple  the  radius  of  its  base  has  the  least  surface. 

For,  by  th.  29,  the  capacit}^  of  a  right  cone  is  in  the  com- 
pound ratio  of  its  whole  surface  and  the  radius  of  its  iD<- 
scrilied  sphere.  Therefore,  the  whole  surface  being  given, 
Uie  capacity  is  proportional  to  the  radius  of  the  inscribed 
sphere :  and  consequently  is  a  maximum  when  the  radius  of 
the  inscribed  sphere  is  such  ;  that  is,  (th.  32}  when  the  side 
of  the  cone  is  triple  the  radius  of  the  base*. 

Again,  reciprocally,  the  capacity  being  given,  the  surface 
is  in  the  inverse  ratio  of  the  sphere  inscribed :  therefore,  it 


*  Here  ngiiin  n  similar  result  tnny  easily  be  deduced  from  the  melliod 
of  fliiitnns.  Let  the  radius  of  the  base  be  denoted  by  x.  the  slant  side 
of  the  cone  by  z,  its  whole  surface  by  a-, and  3*14 I50i  by  «.  Then  the 
circumference  of  the  cone*s  base  will  l>e  9«x,  its  area  1rx^  And  the  con- 
Tei  surface  irxx.    The  whole  surface  is,  therefore,  =  vx^-j-  lexzi  and 

this  being  =  a\  we  have  s  = x.    But  the  altitude  of  the  cone  it 

•qua!  to  the  square  root  of  the  difference  of  the  squares  of  the  side  and 

of  the  mdius  of  the  base  ;  that  is,  it  is  =  V( -^ ).    And  this  mal- 

tiplied  into  \  of  the  area  of  the  base,  via.  by  Jirx«,  givrs  |«x5  V(-r-,"" — ), 

£jr  the  capacity  of  the  cone.    Now,  this  being  a  maximum,  its  square 

mutt  be  so  likewise  (Flux.  art.  68),  that  is, "^ ,  or  rejecting  the 

denominator,  as  constant,  o^a;*  —  2ir«'x»  must  be  a  maximum.  This,  ia 
fluiions,, is  2«»ix  —  Swrt'x  *  =  0 ;  whence  we  have  a'  —  4rx»  =  0,  and 

consequently  x  =  V—;  and  oa  =  \^^:  Substituting  this  value  of  «> 
for  It,  in  the  value  of  %  above  given,  there  results  v  =  —  —  x  = 

irX  vJB 

—  X  =  4jj  —  .T  =  3x.  Therefore,  the  side  ot  the  cone  is  triple  the  ra- 
dius  of  its  base.  Or,  the  square  of  the  altitude  is  to  the  cquare  of  the 
radius  of  the  base,  as  8  to  1,  or,  to  the  square  of  the  diameter  of  the  base, 
as  2  to  1. 
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is  the  smallest  when  that  radius  is  the  greatest;  that  is  (th. 
32)  when  the  side  of  the  cone  is  triple  the  radius  of  its  base. 

Q.  E.  D. 
THEOBEX  XXXIV. 

The  surfaces,  whether  total  or  lateral,  of  pyramids  circum- 
scribed about  the  same  right  cone,  are  respectively  as  their 
solidities.  And,  in  particular,  the  surface  of  a  pyramid 
circumscribed  about  a  cone^  is  to  the  surfsicc  of  that  cone, 
as  the  solidity  of  the  pyramid  is  to  the  solidity  of  the  cone  ; 
and  these  ratios  are  equal  to  those  of  the  surfaces  or  the 
perimeters  of  the  bases. 

For,  J  he  capacities  of  the  several  solids  are  respectively  as 

their  base^  ;  and  their  surfaces  are  as  the  perimeters  of  those 

bases  :  so  that  the  proposition  may  manifestly  be  demonstrat- 

'  ed  by  a  chain  of  reasoning  exactly  like  that  adopted  in  theo- 

rem  11. 

THEOBEM  XXXV. 

The  base  of  a  right  pyramid  being  given  in  species,  the  capa- 
city of  that  pyramid  is  a  maximum  with  the  same  surface^ 
and,  on  the  contrary,  the  surface  is  a  minimum  with  the 
same  capacity,  when  the  height  of  one  face  is  triple  the 
radius  of  the  circle  inscribed-  in  the  base. 

Let  F  and  p'  be  two  right  pyramids  with  similar  bases,  the 
height  of  one  lateral  face  of  v  being  triple  the  radius  of  the 
circle  inscribed  in  the  base,  but  this  proportion  not  obtaining 
vrith  regard  to  p' :  then 

Ist.     If  surf,  p  =  surf,  p',  p  >  p'. 

2dly.  If  •     .  p  =  .     .  p],  surf,  p  <  surf.  p'. 

For,  let  c  and  c'  be  right  comes  inscribed  within  the  pyra- 
mids p  and  p' :  then,  in  the  cone  c,  the  slant  side  is  triple  the 
radius  of  its  base,  while  this  is  not  the  case  with  respect  to 
the  cone  c'.  Therefore,  if  c  =  c',  surf,  c  <  surf,  c' ;  and,  if 
surf,  c  =  surf,  c,  c  >  c  (th.  33). 

But,  Ist.  surf,  p  :  surf,  c  : :  surf,  p'  :  surf,  c' ; 
whence,  if  surf,  p  =  surf,  p',  surf,  c  =  surf,  c  ; 
therefore  c > c.     But  p  ;  c  : ;  p'  :  c'.     Therefore  p > p'. 

2dly.  p  :  c  : :  p' :  c'.  Theref.  if  p~p',  c=c'  :  consequently 
surf,  c  <  surf.  c'.  But  surf,  p  :  surf,  c  : :  surf,  p'  :  surf.  c'. 
Whence,  surf,  p  <  surf.  p'. 

Cor,  The  regular  fetraedron  possesses  the  property  of  the 
minimum  surface  with  the  same  capacity,  and  of  the  maxi. 
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n^m  cep^city  with  the  same  surface,  relatively  to  all  rigbt 
pyn^cb  with  oqui|ateral  triangular  bases,  and,  a  fartiont 
rfdatively  to  every  other  triangular  pyramid. 


THBOREK  XXXVI. 


A  sphere  is  to  any  circumscribing  solid,  bounded  by  pis 
surfaces,  as  the  surface  of  the  sphere  to  that  of  the  cir- 
cumscribing solid. 


For,  since  all  the  planes  touch  the  sphere,  the  radius  dra 
to  each  point  of  contact  will  be  perpendicular  to  each  re* 
spective  plane.  So  that,  if  planes  be  drawn  through  the  oen* 
tre  of  the  sphere  and  through  all  the  edges  of  the  body,  the 
body  will  be  divided  into  pyramids  whose  bases  are  the  re- 
spective planes,  and  their  common  altitude  the  radius  of  the 
sphere.  Hence,  the  sura  of  all  these  pyramids,  or  the  whole 
circumscribing  solid,  is  equal  to  a  pyramid  or  a  cone  whose 
base  is  equal  to  the  whole  surface  of  that  solid,  and  altitude 
equal  to  the  radius  of  the  sphere.  But  the  capacity  of  the 
sphere  is  equal  to  that  of  a  cone  whose  base  is  equal  to  the 
surface  of  the  sphere,  and  altitude  equal  to  its  radius.  Con- 
sequently, the  capacity  of  the  sphere,  is  to  that  of  the  circum- 
scribing solid,  as  the  surface  of  the  former  to  the  surface  of 
the  latTer:  both  having,  in  this  mode  of  considering  them,  a 
common  altitude,     d.  e.  d. 

Cor.  1.  All  circumscribing  cylinders,  cones,  &c.  are  to 
the  sphere  they  circumscribe,  as  their  respective  surfaces. 

For  the  same  proportion  will  subsist  between  their  inde- 
finitely small  corresponding  segments,  and  therefore  between 
their  wholes. 

CcT.  2.  All  bodies  circumscribing  the  samesphere, are 
respectiveJ^  ma  their  sur&c^fi. 

TBSoAsx  xxxvn. 

The  sphere  is  greater  than  any  polyedron  of  equal  surface. 

For,  first  it  may  be  demonstrated,  by  a  process  similar  to 
thai  adopted  in  theorem  9,  that  a  regular  polyedron  has  a 

KAter  capacity  than  any  other  polyedron  of  equal  surfiice. 
t  p,  therefore,  be  a*regular  polyedron  of  equal  surfiice  to 
a  sphere  s.  Then  p  must  either  circumscribe  s,  or  fall  partl;|f 
within  it  and  partly  without  it,  or  fall  entirely  within  it.  The 
firal  of  ^hese  suppositions  is  contrary  to  the  hypothesis  of  the 
proyo^tloQ,  because  in  that  case  the  surface  of  r  could  not 
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faa  egnol  to  that  of  s.  Either  the  3d  or  3d  supposition  there- 
fore must  obtain  ;  and  then  each  plane  of  the  surface  of  p 
must  fall  either  partly  or  wholly  within  the  sphere  s  :  which- 
ever of  these  be  the  case,  the  perpendiculars  demitted  from 
the  centro  of  s  upon  tbe  planes,  will  be  each  less  than  the 
radius  of  that  sphere :  and  consequently  the  polyedron  p 
must  be  less  than  the  sphere  s,  because  it  has  an  equal  base, 
but  a  less  altitude,     q.  e.  d. 

Car,  If  a  prism,  a  cylinder,  a  pyramid,  or  a  cone,  be  equal 
to  a  sphere  either  in  capacity,  or  in  surface ;  in  the  first  case, 
the  surface  of  the  sphere  is  less  than  the  surface  of  any  of 
those  solids ;  in  the  second,  the  capacity  of  the  sphere  is 
greHter  than  that  of  either  of  those  solids. 

The  theorems  in  this  chapter  will  suggest  a  yariety  of 
practical  examples  to  exercise  the  student  in  computation* 
A  few  such  are  given  below. 


KXERCISES. 

Ex.  1.  Find  the  areas  of  an  equilateral  triangle,  a  square, 
a  hexagon,  a  dodecadon,  and  a  circle,  the  perimeter  of  each 
being  86. 

Ex,  2.  Find  the  difference  between  the  area  of  a^triangle 
whose  sides  are  3,  4,  and  5,  and  of  an  equilateral  triangle  of 
equal  pcrimeten 

Ex.  3.  What  is  the  area  of  the  greatest  triangle  which 
can  be  constituted  with  two  given  sides  8  and  11 ;  and  what 
will  be  the  length  of  its  third  side  ? 

Ex,  4.  The  circumference  of  a  circle  is  12,  and  the  pe- 
rimeter of  an  irregular  polygon  which  circumscribes  it  is  15: 
what  are  their  respective  areas  ? 

Ex,  5.  Required  the  surface  and  the  solidity  of  the 
greatest  parallelepiped,  whose  length,  breadth,  and  depth, 
together  make  18? 

Ex.  6.  The  surface  of  a  square  prism  is  546 :  what  is  its 
solidity  when  a  maximum  ? 

Ex,  7.  The  content  of  a  cylinder  is  160-645068:  what 
is  its  surface  when  a  minimum  ? 

Ex.  8.  The  whole  surface  of  a  right  cone  is  201  -061052 : 
what  is  its  solidity  when  a  maximum  ? 

Ex.  0.  The  surface  of  a  triangular  pyramid  is  43*30127 : 
what  is  its  capacity  when  a  maximum  7 

Ex.  10.    The  radius  of  a  sphere  is  10.    Required  the  so- 
Vol.  I.  72 
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lidities  of  this  sphere,  of  its  circumscribed  e<|uiraleral  cone, 
and  of  its  circumscribed  cylinder. 

Ex.  11.  The  surface  of  a  sphere  is  26-274337,  and  ofun 
irregular  polycdron  circumscribed  about  it  35 :  what  are  tbenr 
respective  solidities  ? 

Ex,  12.  The  solidity  of  a  sphere,  equilateral  cone,  and 
Archimedean  cylinder,  are  each  500  :  what  are  the  surfaces- 
and  respective  dimensions  of  each  ? 

Ex.  13.  If  the  surface  of  a  sphere  be. represented  by  the 
number  4,  the  circumscribed  cylinder's  convex  surface  an<f 
whole  surface  will  be  4  and  6,  and  the  circumscribed  equila» 
teral  cone's  convex  and  whole  surface,  6  and  0  respectiveljr* 
Show  how  these  numbers  are  deduced. 

Ex.  14.  The  solidity  of  a  sphere,  circumscribed  cylinder, 
and  circumscribed  equilateral  cone,  are  as  the  numbers  4, 6, 
and  9.    Required  the  proof. 


PR&CnCAL  EXERCISES  IN  MENSURATION. 

Quest.  1.  What  difference  is  there  between  a  floor  28 
feet  long  by  20  broad,  and  two  others,  each  of  half  the 
dimensions ;  and  what  do  all  three  come  to  at  45t.  per 
square,  or  100  square  feet  ? 

Ans.  dif.  280  sq.  feet.    Amount  18  guineas. 

QuRST.  2.  An  elm  plank  is  14  feet  3  inches  long,  and  I 
would  have  just  a  square  yard  slit  off  it ;  at  what  distance 
from  the  edge  must  the  line  be  struck  ?        Ans.  7{^  inches. 

QuRST.  3.  A  ceiling  contains  114  yards  6  feet  of  plaster- 
ing, and  the  room  is  28  feet  broad ;  what  is  the  length  of  itt 

Ans.  36f  feel. 

Quest.  4.  A  common  joist  is  7  inches  deep,  and  21 
thick ;  but  I  want  a  scantling  just  as  big  again,  that  shall 
be  3  inches  thick  ;  what  will  the  other  dimension  be  ? 

Ans.  11(  inches. 

Quest.  5.  A  wooden  trough  cost  me  Ss.  2d»  p«inting 
within,  at  6d.  per  yard  ;  the  length  of  it  was  102  inches, 
and  the  depth  21  inches  ;  what  was  the  width  1 

Ans.  27^  inches. 

Quest.  '6.  If  my  court.yard  be  47  feet  9  inches  square, 
and  I  have  laid  a  foot«path  with  Purbeck-stone,  of  4  feet 
wide,  along  one  side  of  it ;  what  will  paving  the  rest  with 
flints  come  to,  at  6d.  per  square  yard  ?        Ans.  5^.  Idf .  O^L 

Quest.  7.  A  ladder^  36  feet  long,  may  be  so  plantedt 
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that  it  shall  reach  a  window  80*7  Teet  frdm  the  f^round  on 
one  side  of  the  street ;  and,  by  only  tui:ning  it  over,  without 
loving  the  foot  out  of  its  place,  it  will  do  the  same  by  a 
window  18-9  feet  high  on  the  other  side  :  what  is  the  breadth 
'Of  the  street  ?  Ans,  50084  feet. 

QuBST.  8.  The  paving  of  a  triangular  <:oiiit,  at  ISd,  per 
foot,  came  to  100/. ;'  the  longest  of  the  three,  sides  was 
68  feet ;  required  the  sum  of  the  other  two  equal  sides  ? 

Ans:  10085  feet. 

QuBST.  9.  The  perambulator,  or  surveying  wheel,  is  so 
contrived,  as  to  turn  just  twice  in  the  length  of  a  pole,  or 
10^  feet ;  required  the  diameter  ?  Ansi  2-626  feet. 

QuBST.  10.  In  turning  a  one-horse  chaise  within  a  ring  of 
a  certain  diameter,  it  was  observed,  that  the  outer  wheel 
made  two  turns,  while  the  inner  made  but  one 4  the  wheels 
were  both  4  feet  high ;  and,  supposing  them  fixed  at  the 
statutable  distance  of  5  feet  asunder  on  the  axle-tree,  what 
was  the  circumference  of  the  track  described  by'  the  outer 
wheel?  Ans.  62-832  feet. 

Quest.  11.  What  is  the  side  of  that  equilateral  triangle, 
whose  area  cost  as  much  paving  at  8d,  a  foot,  as  the  *palli* 
sading  the  three  sides  did  at  a  guinea  a  yard  ?  ' 

Ans.  72-746  feet. 

Quest.  12.  A  roof,  which  is  24  feet  8  inches  by  14  feet 
6  inches,  is  to  be  covered  with  lead  at  81b.  per  square  foot : 
what  will  it  come  to  at  18t.  per  cwt.  ?     Ans.  22/.  lO^.  lOld. 

Qi7BST«  13.  Having  a  rectangular  marble  slab,  68  inches 
'by  27,  I  would  have  a  square  foot  cut  off  parallel  to  the 
•shorter  edge ;  1  would  then  have  the  like  quantity  divided 
from  the  remainder  parallel  to  the  longer  side  ;  and  this 
•  alternately  repeated,  till  there  shall  not  be  the  quantity  of 
•afoot  led:  what  will  be  the  dimensions  of  the  remaining 
piece  7  Ans.  20-7  inches  by  6*086. 

N.  B.  This  question  may  be  solved  neatly  by  an  alge« 
braical  process,  as  may  be  seen  in  the  Ladies'  J>iary  for  18*^3. 

Quest.  14.  Given  two  sides  of  an  obtuse-angled  triangle, 
which  are  20  and  40  poles ;  required  the  third  side,  that  the 
triangle  may  contain  just  an  acre  of  land  ? 

Ans.  58-876  or  23*099. 

Quest.  15.  How  many  bricks  will  it  take  to  'build  a  waW, 
10  feet  high,  and  500  feet  long,  of  a  bricfk  and  half  thick  ; 
reckoning  the  brick  10  inches  long,  and  4  courses  to  the 
foot  in  height  ?  Ans.  72000. 

Quest.  16.  How  many  bricks  will  build  a  square  pyranFid 
of  100  feet  on  each  side  at  the  base,  and  also  100  feet  per* 
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pendicalar  height :  the  dimensions  otf  a  brick  beiog  mippoaeil 
10  inches  long,  5  inches  broad,  and  3  inches  thick  ? 

Ans.  38«MO0* 

QiTEST.  17.  If,  from  a  right-angled  triangle,  whose  base 
is  12,  and  perpendicular  16  ieet,  a  line  be  dranni  parallel  to 
the  perpendicular,  catting  off  a  triangle  whose  area  is  24 
square  feet ;  required  the  sides  of  this  triangle! 

Ans.  6,  8,  and  la 

Quest.  18.  If  a  round  pillar,  7  inches  across,  have  4  feei 
of  stone  in  it ;  of  what  diameter  is  the  column,  of  equal 
length,  that  contains  10  times  as  much  ? 

Ans.  22*136  iothesu 

QvBST*  19.  A  circular  fish*pond  is  to  be  made  in  a  gar^ 
den,  that  shall  take  up  just  half  an  acre ;  what  mnst  be  tlie 
length  of  the  cord  that  strikes  the  circle  ?      Ans.  27}  yards. 

Quest.  20.  When  a  roof  is  of  a  true  pitch,  the  rafters 
are  |  of  the  breadth  of  the  ^uilding  :  now  supposing  the 
eaves-boards  to  project  10  inches  on  a  side,  what  will  the 
new  ripping  a  house  cost,  that  measures  32  feet  9  inches 
long,  by  22  feet  9  inches  broad  on  the  flat,  at  Id*,  per 
square  ?  Ans.  82.  Ids.  9\d. 

Quest.  21.  A  cable,  which  is  3  feet  long,  and  9  inches 
in  compass,  weighs  221b. ;  what  will  a  fathom  of  that  cable 
weigh,  which  measures  a  foot  round  ?  Aas.  78^16. 

Quest.  22.  A  plumber  hns  put  281b.  per  square  foot 
into  a  cistern,  74  inches  and  twice  the  thickness  of  the  lead 
long,  26  inches  broad,  and  40  deep  ;  he  has  also  put  three 
stays  across  it  within,  16  inches  deep,  of  the  same  strengthf 
and  reckons  22^.  per  cwt.  for  work  and  materials.  A  mason 
has  in  return  paved  him  a  workshop,  22  feet  10  inches  broiid, 
with  Purbeck  stone,  at  7d,  per  foot ;  and  upon  the  balance 
finds  there  is  3^.  6d.  due  to  the  plumber;  what  was  the 
length  of  the  workshop,  supposing  sheet  lead  fV  ^^  ^^  inch 
thick  to  weigh  5-899lbs.  per  foot  ?  Ans.  32-2825  feet 

Quest.  23.  The  distance  of  the  centres  oi  two  cirdee, 
whose  diameters  are  each  50,  being  given,  equal  to  30;  what 
is  tlie  area  of  the  space  inclosed  by  their  circumferences? 

Ans.  5591 19. 

Quest.  24.  If  20  feet  of  iron  railing  weigh  half  a  ton, 
when  the  bars  are  an  inch  and|  quarter  square ;  what  will  50 
feet  come  to  at  S^d.  per  lb.,  the  bars  being  but }  of  an  inch 
square?  Ans.  20^.  0«.  2ii. 

Quest.  25.  It  is  required  to  find  the  thickness  of  the 
lead  in  a  pipe,  of  an  inch  and  quarter  bore,  which  weighs 
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14lb*  per  yftid  in  length;  the  cubic  ibotof  lead  weighing 
1 1335  ounces  ?  Ans.  -20737  inchee. 

Qu£aT*  26.  Supposing  the  expense  of  paving  a  semicir* 
cular  plot,  at  2«.  4d.  per  foot,  come  to  101. ;  irhat  is  the 
diameter  of  it  7  Ans.  14-7737  feet, 

QtJBST.  27.  What  is  the  length  of  a  chord  which  cuts  off 
-^of  the  area  from  a  circle  whose  diameter  is  280  ? 

Ans.  278*6716. 

QuBST.  28.  My  plumber  has  aet  me  up  a  cistern,  his 
shop«book  foeiug  burnt,  he  has  no  means  of  bringing  an  the 
>charffe,  and  I  do  not  choose  to  take  it  down  to  have  it 
weighed  ;  but  by  mensure  he  finds  it  contains  64 1\  square 
feet,  and  th  \i  it  is  precisely  }  of  an  inch  in  thickness.  Lead 
was  then  wrought  at  21.  per  fother  of  10|  cwt.  it  is 
re<|uired  from  these  items  to  make  out  the  bill,  allowing 
6  j  oz.  for  the  weight  of  a  cubic  inch  of  lead  ? 

Ans.  4L  ll«.2if. 

QuBST.  20.  What  will  the  diameter  of  a  globe  be,  when 
the  solidity  and  superficial  content  are  expressed  by  the 
same  number?  Ans.  6. 

Quest.  30.  A  sack,  that  would  hold  3  bushels  of  com, 
4b  22|  inches  broad  when  empty  ;  what  will  another  sack 
contain,  which,  being  of  the  same  length,  has  twice  its 
breadth  or  circumference  ?  Ans.  12  bushels. 

QvBST.  31.  A  carpenter  is  to  put  an  oaken  curb  to  a 
round  well,  at  8/2.  per  foot  square  :  the  breadth  of  the  curb 
is  to  be  8  inches,  and  the  diameter  within  3}  feet:  what 
will  be  the  expense  ?  Ans.  6s.  6]cl. 

QuBST.  32.  A  gentleman  has  a  garden  100  feet  long,  and 
80  feet  broad  ;  nnd  a  gravel  walk  is  to  be  made  of  an  equal 
width  half  round  it :  what  must  the  breadth  of  the  walk  be, 
to  take  up  just  half  the  ground  ?  Ans.  25*968  feet. 

QvBST.  33.  The  top  of  a  may-pole,  being  broken  off  by 
a  blast  of  wind,  struck  the  ground  at  15  feet  distance  from 
the  foot  of  the  pole  ;  what  was  the  height  of  the  whole  may- 
pole, supposing  the  length  of  the  broken,  piece  to  be  39 
feet?  Ans.  75  feet. 

Quest.  34.     Seven  men  bought  a  grinding-stooe  of  60 
inches  diameter,  each  paying  4  part  of  the  expenne  ;  what 
part  of  the  diameter  roust  each  grind  down  for  his  share  ? 
Ans.  the  1st  4  4508, 2d.  4-8400,  3d  5*3535,  4th  6*0765, 
5th  7*2079,  0tb  9*3935,  7th  22*6778  niches. 

QuBST.  35.  A  maltster  has  a  kiln,  that  is  16  feet  6  inches 
aquare  :  but  he  wants  to  pull  it  down,  and  build  a- new  one. 
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that  may  dry  three  times  as  much  at  once  as  the  old  ofM  ; 
what  must  be  the  length  of  its  side  ?     Ans.  26  feet^  7  inches. 

Quest.  36.  How  many  3  inch  cubes  may  be  cut  out  of  a 
12  inch  cube  ?  Ans.  64. 

QuFST.  37.  How  long  must  the  tether  of  a  horse  be«  that 
will  allow  him  to  graze,  quite  around,  just  an  acre  of 
ground  ?  Ans.  89}  yards. 

Quest.  38.  What  will  the  painting  of  a  conical  spire 
come  to  at  %d.  per  yard  ;  supposing  the  height  to  be  118 
feet,  and  the  circumference  of  the  base  64  feet  ? 

Ans.  111.  Of  Sid. 

Quest.  39.  The  diameter  of  a  standard  com  bushel  is 
18|  inches,  and  its  depth  8  inches;  then  what  must  the 
diameter  of  that  bushel  t>e,  whose  depth  is  7}  inches  ? 

Ans.  I9*10()7  inches. 

Qukst.  40.  Suppose  the  ball  on  the  top  of  St.  Paul's 
church  is  0  feet  in  diameter  ;  what  did  the  gilding  of  it  cost 
at  3}  per  square  inch  ?  Ans.  V37/.  lOt.  Id. 

QuhST.  41.  What  will  a  frustum  of  a  marble  cone  come 
to  at  12«.  per  solid  foot ;  the  diameter  of  the  greater  end 
being  4  feet,  that  of  the  less  end  1|,  and  the  limgth  of  the 
slant  side  8  feet  ?  Ans.  301/ 19.  10|d. 

Quest.  42.  To  divide  a  cone  into  three  equal  parts  by 
sections  parallel  to  the  bnse,  and  to  find  the  altitudes  of  the 
three  parts,  the  height  of  the  whole  cone  being  20  inches? 

Ans.  the  upper  part  13*807 
the  middle  part  3  605 
the  lower  part    2*5^ 

Quest.  43.  A  gentleman  has  a  bowling^reen,  300  feet 
long,  and  200  feet  broad,  which  ho  would  raise  I  foot  higher, 
by  means  of  the  earth  to  bo  dug  out  of  a  ditch  that  goes 
round  it  :  to  w^at  depth  must  the  ditch  be  dug,  supposing 
its  breadth  to  be  every  where  8  feet  ?  Ann.  7}  J  feet. 

Quest.  44.  How  high  above  the  earth  must  a  person  be 
raised,  that  he  may  see  ^  of  its  surface  ? 

Ans.  to  the  height  of  the  earth's'  diameter. 

Quest.  45.  A  cubic  foot  of  brass  is  to  be  drawn  into  wire 
of  7V  o^  (^"  ii^<^^  in  diameter;  what  will  the  length  of  the 
wire  be,  allowing  no  loss  in  the  metal  ? 

Ans.  97784-797  yards,  or  55  miles984-797  yards. 

Quest.  46.  Of  what  diameter  must  the  bore  of  a  cannon 
be,  which  is  cast  for  a  ball  of  241b.  weight,  so  that  the  dia- 
meter  of  the  bore  may  be  ^^  of  an  inch  more  than  that  of 
the  ball  ?  Ans.  5-047  inches. 
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QuuT.  47.  Supposing  the  diameter  of  an  iron  Olb.  ball  to 
be  4  inches  as  it  is  very  nearly ;  it  is  requin*d  to  find  the 
dianoctcrs  of  the  several  balls  weighing  1,  2,  3,  4,  6,  12, 
18,  24,  32,  36,  and  421b.  and  the  calibre  of  their  gun8» 
allowing  ji,  of  the  calibre,  or  ^^  ^^  ^^^  ball's  diameter,  for 
windage. 

Answer. 


Wt. 

Diumeter 

Calibre 

ball. 

ball. 

gun. 

1 

1-9230 

19622 

2 

2-4228 

2-4723 

3 

2  7734 

2-8301 

4 

30526 

3-1149 

6 

8-4943 

3-5656 

0 

4-0000 

4  0816 

12 

4-4026 

4-4924 

18 

5-0397 

514-25 

24 

5-5469 

56601 

32 

6-1051 

6-2297 

36 

0-3496 

64792 

42 

0-6844 

6-8208 

QnBST.  48.  Supposing  the  windage  of  all  mortars  to  be 
y\  of  the  calibre,  and  the  diameter  of  the  hollow  part  of  the 
shell  to  be  i\  of  the  calibre  of  the  mortar  :  it  is  required  to 
determine  the  diameter  and  weight  of  the  shell,  and  the 
quantity  or  weight  of  powder  requisite  to  fill  it,  for  each  of 
the  several  sorts  of  mortars,  namely,  the  13,  10,  8,  5*8,  and 
4-0  inch  mortar. 

Answer. 


Calib. 

Diameter 

Wt.  shell 

Wt.  of 

Wt.  shell 

mort. 

ball. 

empty. 

powder. 

filled. 

4-6 

4-523 

7-320 

0-583 

8-903 

5-8 

5-703 

16677  1     1168 

17-845 

8 

7-867 

43-734:    3065 

46  829 

10 

9833 

85-476       5-986 

91-462 

18 

12-788 

187-791 

13151 

200-942 

Quest.  49.  If  a  heavy  sphere,  whose  diameter  is  4  inches, 
be  let  fall  into  a  conical  glass,  full  of  water,  whose  diameter 
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is  5,  and  aHiC«de  6  inches ;  it  is  required  to  determioe  how 
nittch  water  will  run  over? 

Ans.  36'272  cuiuc  inchesy  or  near  }^  parts  of  a  pint* 
QuRST.  50.  The  dimensions  of  a  sphere  and  cone  hein|^ 
the  same  as  in  the  last  question,  and  the  cone  only  ^  full  of 
water ;  required  what  part  of  the  axis  of  the  sphere  is  rni- 
meraed  in  the  water  ?  Ans.  *546  parts  of  an  inch. 

QuKST.  51.  The  cone  being  still,  the  same,  and  ^  fall  tff 
water  ;  required  the  diameter  of  a  sphere  which  shall  be  jost 
all  covered  by  the  water  ?  Ans.  2*445996  inches. 

Quest.  52.  If  a  person,  wi^h  an  air  balloon,  ascend  ver- 
tically from  London,  to  such  height  that  he  can  just  see 
Oxford  appear  in  the  horizon  ;  it  is  required  to  detenninc 
his  height  above  the  earth,  supposing  its  circumference  to 
be  25000  miles,  and  the  distance  between  London  aod 
Oxford 49*5033  miles? 

Ans.  ^V^  of  a  mile,  or  547  yards  1  foot. 
QuBST.  53.  In  a  garrison  there  afe  three  remariiable  ob- 
jects, A,  B,  c,  the  distances  of  which  from  one  to  another 
are  known  to  be,  ab  213,  ac  424,  and  ac  262  yards ;  I 
am  desirous  of  knowing  my  position  and  distance  at  a  place 
or  station  s,  from  whence  I  observed  the  angle  asb  13*  30', 
and  the  angle  ess  29**  50",  both  by  geometry  and  trigo- 
nometry. 

Answer. 
AS        605-7122, 
Bs        429*6814, 
cs         5242365. 


Quest.  54.  Required  the  Name  as  in  the  last  question, 
when  the  point  b  is  on  the  other  side  of  ac,  supposing  ab  0, 
AC  12,  and  bc  6  furlongs ;  also  the  angle  asb  33^  45',  and 
the  angle  bsc  22^  30*. 

Answer. 
AS  1064, 
bs  15-64, 
cs         14-01. 


QuvsT.  56.  It  is  required  to  determine  the  magnitude  of 
a  cube  of  gold,  of  the  standard  fineness,  which  shall  be 
equal  to  a  sum  of  960  millions  pounds  sterling  ;  supposing  a 
guinea  to  weigh  5  dwts  9|  grains.  Ans.  23*549  feet 

QmsBT.  56.  The  ditch  of  a  fortification  is  1000  feet  long, 
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9  feet  deep,  29  feet  broad  at  bottom,  and  22  at  top ;  how 
much  water  will  fill  the  ditch  ? 

Ans.  1158127  gallons  nearly. 

Quest.  57.  Tf  the  diameter  of  the  earth  bo  7930  miles, 

and  that  of  the  moon  2160  miles :  required  the  ratio  of  their 

surfaces,  and  also  of  their  solidities :  supposing  them  both  to 

be  globular,  as  they  are  very  nearly  ? 

Ans.  the  surfaces  are  as  13^  to  1  nearly ; 
and  the  solidities  as  49^  to  1  nearly. 


QvBST.  58.  Let  abo  be  the  profile,  or  perpendicular  sec 
tion  of  a  breast-work,  and  sp  that  of  a  ditch.  Now,  sup. 
pose  the  area  of  the  section  abc  is  88  feet,  the  depth  of  the 
ditch  RD  6  feet,  br  =  so  =  3  feet ;  what  is  the  breadth  of 
the  ditch  at  top  when  the  sections  of  the  ditch  and  the 
breast- work  are  equal ;  that  is,  when  the  earth  thrown  out  of 
the  ditch  is  sufficient  to  make  the  breast*  woi^  ? 


Vol.  I. 


n 
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LOGARITHMS 

or  THE 

NUMBERS 

raoK 
1  to  1000. 


N. 

Log. 

0.000000 

N. 

Log. 

N. 

Log. 

N. 
76 

Log. 

1 

26 

1-414973 

61 

1-707670 

1.880814 

2 

0-301030 

27 

1-431364 

52 

1-716003 

77 

1-886491 

3 

0-477131 

28 

W47158 

53 

1-724276 

78 

1-892095 

4 

')•  602060 

29 

lTi8*3W 

54 

1-732394 

79 

1-897627 

S 

0-698970 

30 

1*477131 

56 

1-740363 

80 

1-903090 

6 

0-778151 

31 

1-491362 

56 

1-748188 

81 

1  -908485 

7 

^•84509b 

32 

1-505150 

57 

1-755875 

S'2 

1-913814 

8 

0903090 

33 

1-618514 

58 

1. 76342b 

83 

1-919078 

9 

0*954243 

34 

1-531479 

59 

1-770852 

84 

1-924279 

10 

1*000000 

35 

1-544068 

60. 

1-778151 

85 

1-929419 

11 

1-041393 

36 

1-566303 

61 

1. 785330 

86 

1-934498 

12 

J-079181 

37 

1-568302 

62 

1-792392 

87 

1-939519 

13 

1*113943 

38 

1-579784 

63 

1-799341 

88 

1-944483 

14 

1-146128 

39 

1.591065 

64 

I-80618C 

89 

1-949390 

15 

1-176091 

40 

1.602060 

65 

1-812913 

90 

1-954243 

16 

1-20412* 

41 

1.612784 

66 

1-819544 

91 

1-959041 

17 

I-23044S 

42 

1.623249 

67 

1-826075 

92 

1-963788 

18 

1-25527: 

43 

1.633468 

68 

1-832509 

93 

1-968483 

19 

1-278764 

44 

1.643453 

69 

1-838849 

94 

1-973128 

20 

1 '30  lose 

46 

1.653213 

70 

1*846098 

95 

1-977724 

21 

I -3222  IS 

46 

1.662758 

71 

1-851258 

96 

1-982271 

22 

rS4242> 

47 

1.672098 

72 

1-857333 

97 

1-986772 

33 

l-36172£ 

48 

I.68I34I 

73 

1.863323 

98 

1-991226 

24 

1-380211 

4^, 

1.690196 

74 

1.869332 

99  1-995636 

26 

1-397940 

50 

|. 6989701 

75 

1-876961 

loo  2-000000 

If.  B.  In  the  followiog  table,  in  the  last  Diiie  colninnB  of  each  page, 
where  the  fint  or  leading  figures  change  from  9*8  to  0*8,  points  or  duts 
ftre  now  inlrodnced  instead  of  the  0*s  through  the  rest  of  the  line,  to 
catch  the  eye»  and  to  indicate  that  from  thence  the  corresponding 
aatoral  number  in  the  ftnt  colomn  stands  in  the  next  lower  line;  and 
Its  ftonazcd  ftrst  two  0gares  of  (he  Logerithm  ip  the  second  ipolamn. 
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100  000000 


101 

103 

103 

104 

105 

106 

107 

108 

109 

11 

11! 

112 

113 

114 

115 

116 

ur 

118 

119 

l30 

13 

122 

133 

124 

125 

136 

127 

128 

129 

130 

131 

132 

133 

134 

135 

136 

137 

138 

139 

140 

141 

142 

143 

144 

145 

146 

147 


004U 


4321 

8600 
012837 

7033 
021189 

5306 

9384 
033424 

7426 
9 

6323 

9218 
053078 

6905 
060698 

4458 

8186 
071882 

5547 

9181 
082785 

6360 

9906 
093422 

691o|7257 
100371 

3804 

7210 
110590 

3943 

7271 
120574 

3852 

7105 
130334 

3539 

6721 

9879 
143015 

6128 

9219 
152288 

5336 

8362 
161368 

4353 

7317 


0434 
4761 
9036 
,3269 
7451 
1603 
5715 
9789 
3826 
7825 
1787 
5714 
9606 
3463 
7286 
1075 
4832 
8557 
2250 
5912 
9543 
3144 
6716 
.258 
3772 


0868 
5181 


1301 

5609 


94519876 


148170262 
149 


0715 
4146 
7549 
0926 
4277 
760 
090; 
4178 
7429 
0655 
3858 
7037 
.194 
3327 
6438 
9527 
2594 
5640 
8664 
1667 
4650 
7615 
0555 
3186(3478 


680 
7868 
2016 
6125 

195 
4227 
8223 
2|82 
6105 
9993 
3846 
7666 
1452 
6206 
8928 
2617 
6276 
9904 
3503 
7071 

.611 
4122 
7604 

1059 
4487 
7888 
1263 
4611 
7934 
1231 
4504 
7753 
0977 
4177 
7354 

.508 
3639 
6748 
9835 
2900 
5943 
8965 
1967 
4947 
7908 
0848 
3769 


4100 
8284 
2428 
6533 
.600 
4628 
8620 
2576 
6495 
380 
4230 
8046 
1829 
5580 
929*8 
2985 
6640 
.266 
3861 
7426 
|.96 
4471 
7951 
140 
4828 
8227 
1599 
4944 
8265 
1560 
4830 
8076 
1298 
4496 
7671 
.822 
3951 
7058 
.142 
3205 
6^46 
9266 
3266 
5244 
8203 
1141 
40601 


1734 
6038 
300 
4521 
8700 
2841 

enz 

1004 
5029 
9017 
2969 
6885 
.766 
4613 
8436 
2206 
5953 
9668 
3352 
7004 
.626 
4219 
7781 
1315 
4820 
8298 
1747 
5169 
8565 
1934 
5278 
8595 
1888 
5156 
8399 
1619 
4814 
7987 
1136 
4263 
7367 
.449 
3510 
6549 
9567 
2564 
5541 
8497 
1434 
4351 


2166 
6466 
724 
4940 
9116 
3252 
7350 
1408 
5430 
9414 
3362 
7275 
1153 
4996 
8805 
2582 
6326 
..38 
3718 


2598 
6894 
1147 
5360 
9532 
3664 
7757 
1812 
5830 
9811 

755 
76G4 
1538 
5378 
9185 
2958 
6699 

407 
^85 


73687731 


.987 
4576 
8136 
1667 
5169 
8644 
2091 
5510 
8903 
2370 
5611 
8926 
2216 
5481 
8722 
1939 
5133 
8303 
1450 
4574 
7676 

.756 
3815 
6852 
9868 
2863 
5838 
8792 
1726 
464! 


3029 
7321 
1570 
5779 
9947 
4075 
8164 
£216 
6230 
.207 
4148 
8053 
1924 
S76Q.S 
9563 
3333 
7071 
.776 
4451 


1347 
4934 
8490 
3018 
5518 
8990 
2434 
5851 
9241 
2605 
5943 
9256 
2544 
5806 
9045 
2260 
5451 
8618 
1763 
4885 
7985 
1063 
4120 
7154 
168 
3161 
6134 
9086 
2019 
4932 


8 
3461 
7748 
1993 
6197 
.36) 
4486 
8571 
2619 
6639 

602 
4540 
8442 
2309 

1142 
9942 
3709 
7443 
1145 
4816 


8094  8457 


1707 
5291 
8845 
2370 
5866 
9335 
2777 
6191 
9579 
2940 
62j^6 
9586 
2871 
6131 
9368 
2580 
5769 
8934 
2076 
5196 
8294 
1370 
4424 
7457 
.469 
3460 
6430 
9380 
2311 
5333 


9 

3891 
8174 
2415 
6616 
775 
4896 
8978 
.3021 
7028 
.998 
4932 
8830 
2694 
6524 
.320 
4083 


2067 
5647 
9198 
2731 
6315 
9681 
3119 
6531 
9916 
3375 
6608 
9915 
3198 
6456 
9690 
2900 
6086 
9249 
2389 
5507 
8603 
1676 
4728 
7759 
.769 
3758 
6726 
9674 
2603 
5512 


8819 
2426 
60a4 
9553 
3071 
6562 

.026 
3463 
6871 

.353 
3609 
6940 

.345 
3535 
6781 

.,12 
3319 
6403 
9564 
2702 
5818 
8911 
1982 
5033 
8061 
1068 
4055 
7022 
9968 
2895 
5802 
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T^ 


150 

151 

162 

153 

154 

155 

156 

157 

158 

159 

160 

16 

162 

165 

164 

165 

166 

167 

168 

169 

170 

171 

172 

173 


176091 
8977 

181844 
4691 
7521 

190332 
3125 
5899 
8657 

201397 
4120 
6826 
9515 

212188 
4844 
7484 

220108 
2716 
5309 
7887 

230449 
2996 
5528 
8046 


175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 


174240549 


3038 
5513 
7973 

250420 
2853 
5273 
7679 

260071 
2451 
4818 
7172 
9513 

271842 
4158 
6462 
8754 

281033 
3301 
5567 
7802 

290035 
2256 
4466 
6665 
8853 


1 


6381 
9264 
2129 
4975 
7803 
0612 
3403 
6176 
8932 
1670 
4391 
7096 
9783 
2454 
5109 
7747 
0370 
2976 
5568 
8144 
0704 
3250 
5781 
8297 
0799 
3286 
5759 
8219 
0664 
3096 
5514 
7918 
0310 
2688 
5054 
7406 
9746 
2074 
4389 
6692 
8982  92 


6670 
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3841 
4335 
4838 
5321 
5813 
6303 
6796 
7287 
7777 
8366 
8755 
9344 
9731 
.319 
0706 
1193 
1677 


3647 
3131 


1098 


8 


9918 
0417 
0915 
1413 
1909 
2406 
3901 
3396 
3890 
4384 
4877 
5370 
6863 
6354 
6845 
7336 
7826 
8315 
8804 
9292 
9780 
.267 
0754 
1240 
1726 


3163  2211 


2696 
3180 


3615  3663 


4146 


9_ 

9879 
389 
0898 
1407 
1915 
2423 
2930 
3437 
3943 
4446 
4953 
5467 
6960 
6463 
6966 
7468 
7969 
8470 
8970 
9469 
9968 
0467 
0964 
1462 
1958 
2455 
29^0 
3445 
3939 
4433 
4927 
5419 
5912 
6403 
6894 
7385 
7«76 
8364 
8653 
9341 
9829 
.316' 
0803 
1289 
1775 
21360 
*^744 
3228 
3711 
4194 


Digitized  by 


Google 


ft88 


iMQABlVBM» 


900 
901 
903 
90S 
904 
905 
906 

9or 

908 
909 
910 
911 
912 
913 
914 
915 
916 
917 
918 
919 
930 
931 
933 
933 
924 
935 
936 
937 
938 
929 
93o 
931 
933 
933 
934 
986 
936 
937 
936 
939 
940 
941 
943 
943 
944 
945 
946 
947 
948 
949. 


954243  4391 
4725  4773 


3307 
5688 
6168 
6649 
7138 
7607 
8086 
8564 
9041 
9518 
9995 
960471 


5255 
5736 
6316 
6697 
7176 
7655 
8134 
8613 
9089 
9566 
.42 
0518 


09460994 


T 

4839 
4831 
5303 
5784 
6365 
6745 
7334 
7703 
8181 
8659 
9137 
9614 
•  •90 
0566 
1041 
1516 
1990 
2464 
2937 
3410 
3882 
4354 
4835 
5396 
5766 
6836 
6705 
7173 
7642 
8109 
8576 
9043 
9509 
9975 
0440 
0904 
1369 
1632 
2295 
2758 
3220 
3682 
4i43 
46O4 
5064 
5524 
5963 
6442 
6808|6854  6900 
7358 


1421 
1896 
3369 
2843 
3316 
3788 
4360 
4731 
5302 
5672 
6142 
6611 
7080 
7548 
8016 
8483 
8950 
9416 


9882  9928 


970347 
0613 
1276 
1740 
2203 
3666 
3138 
3590 
4051 
4512 
4972 
5432 
5891 
6350 


7266 


1469 
1943 
2417 
3890 
3363 
3835 
4307 
4778 
5249 
5719 
6189 
6658 
7127 
7595 
8062 
8530 
8996 
9463 


0393 
0858 
1333 
1786 
2249 
2712 
3174 
3636 
4097 
4558 
5018 
5478 
5937 
6396 


73 12i 


3 

4387 
4869 
5351 
5832 
6313 
6793 
7273 
7751 
8239 
8707 
9165 
9661 
.136 
0613 
1089 
1563 
2038 
3511 
3985 
3457 
3939 
4401 
4872 
5343 
5813 
6383 
6753 
7320 
7688 
8156 
8623 


4435 
4918 
5399 
5880 
6361 
6840 
7320 
7799 
8277 
8755 
9232 
9709 
.185 


9556 
..21 


0951 
141 6 
1879 
2342 
2804 
3266 
3728 
4189 
4650 
6110 
5570 
6029 
6486 
6946 


0661  0709 


1136 
1611 
2085 
2559 
3032 
3504 
3977 
4448 
4919 
5390 
5860 
6329 
6799 
7267 
7735 
8203 
8670 
90909136 


9602 
.68 


04860533 


0997 
1461 
1925 
2388 
2851 
3313 
774 
4235 
4696 
5156 
5616 
6075 
6533 
6992 


-I 

84 


441 
4966 
5447 
5938 
6409 
6888 
7368 
7847 
8335 
8803 
9280 
9757 
333 


1184 
1658 
2132 
2606 
3079 
3552 
4024 
4495 
4966 
5437 
5907 
6376 
6845 
7314 
7782 
8249 
8716 
9183 
9649 
114 
0579 
1044 
1508 
1971 
2434 
2897 
3359 
3820 
4281 
4742 
5202 
5662 
6121 
6579 
7057 


7403I7449J7495 


6^ 

4533 
5014 
5495 
5976 
6457 
6936 
7416 
7894 
8373 
8850 
9328 
9804 
.280 
0756 
1231 
1706 


2180  3227 


3653 
3126 
3599 
4071 
4542 
5013 
5484 
5954 
6423 
6892 
7361 
7829 
8396 
8763 
9229 
9695 
161 
0636 
1090 
1554 
3018 
2481 
3943 
3405 
3866 
4337 
4788 
5i{48 
5707 
6167 
6625 
7083 
7541 


4580 
5062 
554 
6034 
6505 
6984 
7464 
7942 
8431 
8898 
9375 
9852 
.328 
0804 
1279 
1753 


2701 
3174 
3646 
4118 
4590 
506l 
5531 
6001 
6470 
6939 
7408 
7875 
8343 
8610 
9276 
9742 
.307 
0673 
1137 
1601 
2064 
2527 
2989 
345  i 
3913 
4374 
4834 
5394 
5753 
6212 
6671 
7129 
7586 


_8^ 

4638 
5110 
5592 
6072 
6553 
7032 
7512 
7990 
8468 
8946 


94339471 


9900 
376 
0851 
1326 
1801 
2275 
2748 
3331 
3693 
4165 
4637 
5108 
5578 
6048 
6517 
6986 
7464 
7933 
8390 
8856 
9323 
9789 
.354 
0719 
1183 
1647 
3110 
3573 
3035 
3497 
3959 


4880 
5340 
5799 
6258 
6717 
7176 
7633 


9 

4677 
5158 
5640 
6120 
6601 
7080 
7559 
8038 
8516 
8994 


9947 
423 
0899 
1374 
1848 
2333 
2795 
3368 
3741 
431^ 
4684 
5155 
5635 
6095 
6564 
7033 
7501 
7969 
8436 
8903 
9369 
9835 
300 
0765 
1339 
1693 
2157 
2619 
3083 
3543 
4005 


44204466 


4926 
5386 
5845 
6304 
6763 
7230 
7678 


Jigitized  by 


Google 


op  mncBBRSt 


680 


lit 


950 
951 
922 
953 
954 
965 
956 
957 
958 
959 
i960 
961 
962 
963 
964 
965 
966 
967 
968 
969 
970 
971 
972 
973 
974 
975 
976 
977 
978 
979 
980 
981 
982 
983 
964 
985 
986 
987 
988 
989 
990 
991 
992 
993 
994 
995 
996 
997 
998 
999 


977724 
8181 
8637 
9093 
9548 

980003 
0458 
0912 
1366 
1819 
2271 
2723 
3175 
3626 
4077 
4527 
4977 
54S6 
5876 
6324 
6772 
7219 
7666 
8113 
8559 
9005 
9450 
9895 

990339 
0783 
1226 
1669 
2111 
2554 
2995 
3436 
3877 
4317 
4757 
5196 
5635 
6074 
6512 
6949 
7386 
7823 
8259 
8695 
9131 
9566 


7769 
8226 
8683 
9138 


1 


7815 
8272 
8728 
91849230 


95949639 


0049 
0503 
0967 
1411 
1864 
2316 
2769 
3220 
3671 
4122 
4572 
5022 
5471 
5920 
6369 
6817 
7264 
7711 
8157 


1003 
1456 
1909 
2362 
2814 
3265 
3716 
4167 
4617 
5067 
5516 
5965 
64ld 
6861 
7309 
7756 
8202 


9049 
9494 
9939 
0383 
0827 
1270 
1713 
2156 
2598 
3039 
3480 
3921 
4361 
4801 
5240 
5679 
6117 
6555 
6993 
7430 
7867 
8303 
8739 
9174 
9609 


2 


0094 


05490594 


8604  8648 


9049 
9539 
9983 
0428 
0871 
1315 
1758 
2200 
2642 
3083 
3524 
3965 
4405 
4845 
5284 
3723 
6161 
6599 
7037 
7474 
7910 
8347 
8792 
9218 
966i 


7861 
8317 
8774 


9685 
0140 


1048 
1601 
1954 
2407 
2^859 
3310 
3762 
4212 
4662 
5112 
5561 
6010 
6458 
6906 
7353 
7800 
8247 
8693 
9138 
9583 
..28 
0472 
0916 
1369 
1802 
2244 
2686 
3127 
3568 
4009 
4449 
4889 
5328 
5767 
6205 
6643 
7080 
7517 
7954 
8390 
8826 
9261 
9696 


7906 
8363 
8819 
9275 
9730 
0185 
0640 
1093 
1547 
2000 
2452 
2904 
3356 
3807 
4257 
4707 
5157 
5606 
6055 
6503 
6951 
7398 
7845 
8291 
8737 
9183 
9628 
72 
0516 
0960 
1403 
1846 
2288 
2730 
3172 
3613 
4053 
4493 
4933 
5372 
5811 
6249 
6687 
7124 
7561 
7998 
8434 
8869 
9305 
9739 


7952 
8409 
8865 
9321 
9776 
0231 
0685 
1139 
-1592 
2045 
2497 
2949 
3401 
3852 
4302 
4752 
5202 
5651 
6100 
6548 
6996 
7443 
7890 
8336 
8782 
9227 
9672 
117 
0561 
1004 
1448 
1890 
2333 
2774 
3216 
3657 
4097 
4337 
4977 
5416 
5854 
6293 
6731 
7168 
7605 
8041 
8477 
8913 
9348 
9783 


7998 
8454 
8911 
9366 
^821 
0276 
0730 
1184 
1637 
2090 
2543 
2994 
3446 
3897 
4347 
4797 
5247 
5699 
6144 
6593 
7040 
7488 
7934 
8381 
8826 
9272 
9717 
161 
0605 
1049 
149 
1935 
2377 
2819 


3701 
4141 
4581 
6021 
5460 
5898 
6337 


7212 
7648 


8521 
8956 
9392 


804^ 
8500 
8956 
9412 
9867 
0322 
0776 
1229 
1683 
2135 
2588 
3040 
3491 
3942 
4392 
4842 
5292 
5741 
6189 
6637 
7085 
7532 
7979 
8425 
8871 


8    9 


8089 
8546 
9002 
9457 
9912 
0367 
0821 
1275 
1728 
2181 
2633 
3085 


3536  358 


3987 
4437 
4887 
6337 
5786 
6234 
6682 
7130 

rsrr 

8024 
8470 
89]6 


9761 
.206 
0650 
1093 
1536 
1979 
2421 
2863 


3260  3304 


3745 
4185 
4625 
5065 

6504 
5942 
6380 


6774  6818 


7255 
7692 


8085  8129 


8564 
9000 
9435 


9826  9870 


8135 
8591 
9047 
9503 
9958 
0412 
0867 
1320 
1773 
2226 
2678 
3130 


93169361 
9806 
.250 
0694 
1157 
1580 
2023 
2465 
2907 
3348 
3789 
4229 
4669 
5106 
5547 
5986 
6424 
6862 
7299 
7736 
8173 
8608 
9043 


4032 
4482 
4932 
5382 
5830 
6279 
6727 
7175 
7622 
8068 
8514 
8960 
9405 
9850 
J294 
0738 
1182 
1626 
2067 
2509 
2951 
3392 
3833 
4273 
4713 
5152 
5591 
6030 
6468 
6906 
7343 
7779 
8216 
8652 
9087 


94799522 
9913)9957 


Jigitized  by 


Google 


590 


LOO.  81NE8,  TANGENT8,  6cC. 


01>e^. 


0 
1 

2 
4 
5 
6 

7 
8 
8 

10 

11 

13 
14 
15 
16 
17 
IB 

19 
31 

23 

24 

25 

26 

2r 

28 
29 
30 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 


6.463726 
6.764756 
6.940847 
7.065786 
7.162696 
7.241877 

7.308824 
7.366816 
7.417968 
7.463726 
7.505118 
7.542906 

7.577668 
7.609863 
7.639816 
7.667845 
7.694173 
7.718997 

7.743478 
7.76*754 
7-7859  i3 
7.806146 
7.825451 
7.8439J4 

7.861662 
7.878695 
7.895U85 
7.910879 
7.926119 
7.940842 

7.955082 
7.968870 
7.982233 
7.995198 
8.0U7787 
8.020021 

8.051919 

8.043501 
8.054781 
8.065776 
8.076501) 
8.0M6965 


I'ang.       Cotaiig:.        Sine. 


6  463726  13.536274 
6764756  I3.2,352U 
6-940847  13.059153 
7.065786!  12.934214 
7.162696112.837304 
7-241878  12.758122 


8.097183 
44  8.107167 
M 16926 
8.126471 
8.135810 
8.144953 


-45 
46 
47 
48 

49 
50 
51 
52 

54 

55 
56 
57 
58 
59 
60 


8.153907 
8.16C681 
8.171280 
8.179713 
8.187985 
8.196102 

8.204070 
8.211895 
8.219381 
8.227134 
8.2.34557 
8.241855 
Cosine. 


7-308825 
7-366817 
7.417970 
7.463727 


12.691175 
12.633183 
12.582030 
12.536273 


Cosine* 

10000000 
10.000000 
10  OOOfJOO 
10.000000 
10000<X)0| 
10.000000 
9-999999 

9  999999' 
9.99999.41 
9.999999! 
9-999993I 
9.9999981 
9.9999971 

9.999997! 
9.9999961 
9.999.JH6 
9.9999.451 
9.999:>95 
9.9999941 

9.999993!  7.742484  12.257516 
9  9999931  7.764761  i  12.23523.-^ 
9.999992'  7.7S 595 1 1 1 2.21 4^)49 
9.99999 1 }  7. S06 1 5 5, 1 2. 1 93845 
9.999990  7. 825460|  12.1 74540 
9.999989   7.84394412.156056 

9.9999S9|  7. 86 1674!  12  138.320 
9  999988|  7.87070.S|i2.i-21292! 
9.999U87|  7.8950!59  h2.|0490l 
9.9999861  7.9108941  l2.o:i9U)6 
9.9999851  7.926134  12.073866 
9.999983   7.940858  12.059142 


7.505120  12.494880 
7.542909  12.457091 

7.577672112.422328 
r/)U9S57|l2.3a>l43 
7.6S:»820' 12.36 1080 
7.667849  12..332151 


7.694179 
7.719003 


12.305821 
12.280997 


9.999982 

9.999981 
9.99998U 
9.999979 
9.999977 
9.9d9976 

9.999975 
9.999:)73 
9.999972 
9.9yH9ri 
9.9999f)9' 


7.955100 

7.968889 
7.982253 
7.995219 
8.007809 


12.044900 
12.031111 

12.017747 
12.004881 
11.992191 


8.U2UOi4  11.979956 

8.0r,l945!  11.968055 
8.0i3527'M. 956473 
8.0548091  II. 945 191 
8.065800111.934194 
8.070.531 1 11.923409 


9.9999081  8.080997  1 1 .9 13003 


9.999906 
9.999964 
9.999903I 
9.99996 1  i 
9.9H9  159' 
9.9999581 


8.097217(11.902783 
8.107203  11.892797 
8.1 16963  11. 883a37 
8.1 2651  oil  1.873490 
8.13.185 lUl  804149 
8.1 44!>90!  11.855004 


9.99995'>(  : 
9.999948 


9.999956!  R.1 5395  2' 1 1.846048 
9.9999541  8  1027271 1 1.8.37273 
9.999952:  r».17132S  1 1.8'2S072 
8  179703  11.8202,37 
8. 1 88030!  11.811964 
9.9999401  8.l9Cl5ii;  11.803844 

9.99:>944'  8.2041 20'  1 1 .765874 
9.r'99942|  8  21 1953  !  I.7880;7 
9.999940  8.21 9041  1 1 .780359 
9.9'ni938'  8-227195  11.77 'i»K! '5 
9.999930I  8.-.i340'2I  1 1 1 .70;i.37M 
9.9999:i4j  8.241921  11.758079 


Sin*!,      j     Cornri.    (    Tanf. 


IDeg. 


Cosine. 


8  241 855 
8.2490.33 
8.256094 
8.263042 
8.2698S1 
8.276114 
8,283243 

8-289773 
8-296207 
8-302.';46 
8-308794 
8314954 
8.321027 

8.327016 
8.332924 
8.338753 
8.344504 
8.350181 
8.355783 

8.361315 
8.300777 
8.372171 
8.377499 
8.382762 
8.387962 

8.393101 
8.398179 
8.403199 
8.408161 
8.413068 
8.417919 

8,422717 

8.427462 
8.432156 
8.430800 
8.4-11394 
8.445941 

8  450440 
8.454893 
8-45.^,301 
8.4f.3005 
8.4079  ii5 
8.472263 

8476498 
8.480693 
8-484848 
8.488903 
8.493u40 
8.497078 

8.501080 
8  5«»5045 
8.508974 
8.512867 
8.510726 
8.520551 

8.524.343  9  909757 

8.52S102  9.999753 

8.53 1H28  9.9W748 

8  535523  9.999744 

8.5391  Sol  9.999740 

^.542S19J  9.999735 

Cosirje  Sine. 


9.999934 
9999932 
9.999929 
9.999927 
9.999925 
9.999922 
9.999920 

9.999918 
9.999915 
9  999913 
9-999910 
9-99f«07 
9.999905 

9.999902 
9.999899 
9.999897 
9.999894 
9.999891 
9.999688 

9.999885 
9.999882 
9.999879 
9999876 
9999873 
9.999870 

9.999867 
9.999864 
9.999861 
9.999858 
9.9^9854 
3.999851 

9.999848 

9-999845 
9-999841 
9-999838 
9-999834 
9.999831 

9.999827 
9.999S24 
9  9119820 
9.999816 
9.999813 
9.999809 

9999805 
9-999801 
9.999797 
9.999794 
9.99^790 
9.999786 

9.999782 
9.999778 
9.999774 
9.999769 
9.999765 
9.?9y76l 


Tang. 


8.241981 
«.249108 
3.256165 
8.263115 
8  869956 
8.276691 
8,283323 

8.289856 
8.296398 


Coftuy. 


11.759079 

11.750898/5! 

UJA3SS5 

11.736885*5 

11. 750044)0 

ll.785d0e>i 

11.716677,54 

ll.rtOl  44153 
U.703708,5S 


8.302634  11497366J5I 
8.S18S84  11.691116  50 
8.315046  tl.6UP54Us 
8^1188  ll.67&878!4l 

838711411.678886147 
8.333085(11. 666975146 
8..')3S856  11.661144  45 
8.3446 10(11.65539644 
8.350289111.64971143 
S.355805  I1.64410S  48 

8.361430 11.6S8S7t>  41 
8.366895111.633105  40 
8.372292J  11.687708  39 
8.3776281 1 .688S7R  38 
8.388889{l  1.617111  37 
8.388092111.611908136 

ft.d93234'l  1.606766  35 
8.S98S1S  J  1.601685  34 


8.403338 
8.408304 
8.413813 
8.418068 


11.596662  53 
1K591696 
11.586787 
11.58193850 


8.488869  11.577831 
8.427618  li.578382|8« 
8.432315  11.567685  87 
8.436962  U.56S038  86 
8.441560  11^9844085 
8.446110  11.553890184 

8.4506l3!l  1.649387^23 
8.455070|ll.544990i88 
8.459481  |1.540S19J«I 
8.463849  11.536151  80 
8.408172  U.5S18C8  19 
8.47245411.58754618 
8.47669^11.52330717 
8.480892111.519108  16 
8-485050{l].5l4950^IS 
8.489170  Il.5l083o!l4 
8493250  11.506750  13 
8.49729311 1.508707  H 

8.501898|11-498702 

8.505267111-494733 
8.50920C  II 400800 
8  51309811.486908 
8.5 16961 11 1.483089 
8.52079011.479210 


8.584586 
8.528349 

8.532080 


11.475414 
11.471651 
11.467980 


8.535779JI  1.464881 
8.539447I1I.46055S 
8.543084111.456916 


Coian.        Tantr. 


80  f'tjr. 


88  D^. 
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gp^-g. 


7 

8 

9 

10 

It 

IS 

15 
14 
15 
16 
17 
18 

19 
«3 
31 
2S 
id 
S4 

85 
86 
87 
88 
89 
30 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
48 

43 
44 

45 

46 

.  47 

48 

49 

50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


8.567431 
8.570836 
8^74214 
8577566 
8.580892 
8.584193 

8.537469 
8.590721 
8.593948 
8.597152 
8.600332 
8.603489 

8.606623 
8.609734 
8.612823 
8.615891 
8.618937 
8.621963 

8w684865 
8427948 
8.630911 
8.633854 
8.636776 
8.639680 

8.648563 

8.6454^8 
8.648274 
8.651102 
8w653911 
8.656702 

8.659475 
8.662830 
8.664968 
8.667689 
8.670393 
8.673080 

8.675751 
8.678405 
8.681043 
8.68366S 
8.686872 
8.688863 

8.691438 
8.693998 
8696543 
&6990r3 
8.701589 
8.704090 

8.706577 
8.709049 
8.711507 
8.713952 
8.716383 
8.718800 


Come,  i 


Cosine, 

9599735 

9.999731 

9.999726 

9.9997?2 

9.999717 

9.999713 

9.999708 

9.999704 
9.999699 
9.999694 
9.999689 
9.999685 
9.999680 

9.999675 
9.999670 
9.999665 
9.999660 
9.999655 
9.999650 

9.999645 
9.999640 
9.999635 
9.999629 
9.999624 
9.999619 

9.999614 
9.999608 
9.999603 
9.999597 
9.999592 
9.999586 

9.999581 

y.y9J575 

9.9995ro 
9.999564 
9.999558 
9.999553 

9.999547 
9.999541 
9.999535 
9.999529 
9.999524 
9.999518 

9.999512 
9.999506 
9.999500 
9.999493 
9.999487 
9.999481 

9^999475 
9.999469 
9.999463 
9.999456 
9.999450 
9.999443 

9.999437 
9.999431 
9.999424 
9.999418 
9.999411 
9^999404 
Sine."" 


Tang. 


8.543084 
8.546691 
9.550268 
8.553817 
8.557316 
8.560828 
9.564291 

8.567727 
8.571137 
8.574530 
8.577877 
8.581208 
8.584514 

8.587795 
8.591051 
8.594283 
8.597492 
8.600677 
8.603839 

8.606978 
8.610094 
8.6t3l89 
8.616262 
8.619313 
8.622343 

8.635.S52 
8.628340 
8.631308 
8.634256 
8.637184 
8.640093 

8.642982 

8.64-5 -^ISji 

8.6l^ru4 

8.651537 
8.654352 
8.657149 

8.659928 
8.662689 
8.665433 
8.668160 
8.670870 
8.673563 

8.676239 
8.678900 
8.681544 
8.684172 
8.686784 
8.68939i 

8.691963 
8.694529 
8.697081 
8.699617 
8.702139 
8.704646 

8.707140 
8.709618 
8.712083 
8.714534 
8.716972 
8.719396 


Cotang. 


3  Pete. 


Cotun. 


11.456916 
11.453309 
11.449732 
11.446183 
11.442664 
11.439179 
U.435709 

11.432273 
11.428863 
11.425480 
11.422!.^! 

ii.4i8r'j2 

11.415486 

11.412205 
11.408949 
11.405717 
11.402508 
11.399323 
11.396161 

11.393022 
11.389909 
11.386811 
11..S.S3738 
11.380687 
11.377657 

11.374648 
11.371660 
11.368692 
11.365744 
11.362816 
11.359907 

11.357018 

ll.3oU4 

11.348463 
11.345648 
11.342851 

11.340072 
11.3.S73I1 
11.334567 
11. .^3 1840 
11.329130 
11.326437 

11.323761 
11.321100 

11.318456 
11.S15828 
11.313210 
11.310619 

11.308037 
11.305471 
11.302919 

11.30038.1 
11.297861 
11.295354 

11.292860 
H.29038d 
11.287917 
11.285466 
11.283028' 
11.280604! 


i^ine^ 


Tany. 


8.718800 
8.721204 
8.723 5f5 
8.725972 
8.728337 
8.730688 
8.733027 

8.735354 
8.737667 
8.739969 
8.742259 
8.744536 
8.74G802 

8.749055 
8.751297 
8.753528 
8.755747 
8.757955 
8.760151 

8.762337 
8.7645  U 
8.706675 
8.768828 
8.770970 
8.773101 

8.775223 
8.777333 
8.779434 
8.781524 
8.783605 
8.785675 

8.787736 


Cosine. 


!i  :\' 


oi8:s 

8.79G859 
8.795881 
8.797894 

8.799897 
8.801892 
8.803876 
8.805852 
8.807819 
8.809777 

8.811726 
8.813667 
8.815599 
8.817522 
8.819436 
8.821343 

8.88S240 
8.825 13Q 
8.327011 

8.828884 
8-8.')0749 
8.S326U7 

8.834456 
8.836297 
8  838130 
8.83U956 
8  841774 
8.843585 


Cosine. 


9.999404 
9.999398 
9.999391 
9.999384 
3.999378 
9.999371 
9.999364 

9.999357 
9.999350 
9.999343 
9.999336 
9.999329 
9.999322 

9.999315 
9.999308 
9.999301 
9.999284 
9.999287 
9.999279 

9.999272 
9.999265 
9.999257 
9.999^:50 
9.999241 
9.999235 

9.999527 
9.999220 
9.999212 
9.999205 
9.999197 
9.9991S9 

9.999181 

9.9.9174 

9.i"jnn:6 

9.999158 
9.999150 
9.999142 

9.9991.34 
9.999126 
9.999118 
9.9y9llO 
9.999lOt 
9.999094 

9.999086 
9.999077 
9.999069 
9.999061 
9.999053 
9.9990U 

9.999036 
9.999027 
9.999019 
9.999010 
9.999002 
9.998993 

9.998984 
9.998976 
9.998967 
9998958 
9.998950 
9.998941 


Sine. 


'1  ang. 

8jr9396 
8.721806 
8.724204 
8.726588 
8.728959 
8.731317 
8.733663 

8.735996 
J.738317 
8.740626 
8.742922 
8.745207 
8.747479 

8.749740 
8.751989 
8.754227 
8.756453 
8.758668 
8.76087'J 

8.763065 
8.765246 
8.767417 
8,769578 
8.771727 
8.773866 

8  775995 
8.778114 
8.780222 
8.782320 
8.784408 
8.786486 


Cotang. 


11.280604 

11.278194 

1 1.875796 

11.273412  57 

11.271041 

11.268683 

11.266337 


56 
55 

54 


1.26400453 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 

41 
40 
39 
38 
37 


ll.< 

11.261683 
11.259.374 
11.257078 
11.254793 
11.252521 

11.250260 
11.248011 
11.245773 
11.243547 
11.241332 
11239128 

11.236935  J 
11.234754  40 
11.232583  < 
11.230422  £ 
1 1.228273  < 
11.22613436 


1 1.824005  < 
11.221886;; 
1 1.819778  < 
11.217680  < 
11.215592  < 
11.813514  30 


8.788554  11.811446 


8.79:C[ 
8.794701 
8.796731 
8.798752 

8.800763 
8.802765 
8.804758 
8.80G742 
8.858717 
8.810683 

8.812641 
8.814689 
8.816529 
8.818461 
8.820384 
8.88229S 

8.824805 
8.826103 
8.82799i 

8.829874 
8.831748 
8.833613 

8.835471 
8.837321 
8.839163 
8.840998 
8.8i2825 
8.844644 


I  ' 


ll.0u/33a 
1 1.S05299 
11.203269 
11.201248 


11.19923723 
11.197835 
1 1.195248 
1 1.193258 
11.191283 
11.189317 


11.187359 
11.185411 
11.183471 
11.181539 
11.179616 
11.17770212 


Cotan. 


11.175795 
11.173897 
1U72'I08 
11.170126 
11.165252 
11.166387 

11.164529 
,11.162679 
11.160837 
11.159002 
11.157175 
11.155536 


lang. 


89 

28 
27 
26 
25 

24 


28 
SL 


17 
15 


87  Peg. 


86  Peg. 


Jigitized  by 
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r~Siine. 


iDe^. 


0 
1 
8 
3 
4 
5 
6 

7 
S 

9 
10 
tl 
IS 

13 
14 
IS 

16 
17 
18 

19 
SO 
81 
92 
33 
84 

95 

t6 
97 
S8 
89 
30 

51 

38 
S3 
34 
35 
36 

37 
38 
39 
40 
41 
48 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 

56 
57 
58 
59 
60 


8.843585 
8.845387 
8.847183 
8.848971 
8L850751 
8.858525 
8.854891 

8.856049 
8.857801 
8.859546 
8.861883 
8.863014 
8.864738 

8.S66455 
8.868165 
8.869868 
8.871565 
8.873855 
8.874936 

8.876615 
8.878885 
8.879949 
8.881607 
8.883258 
8.884903 

8.886548 
8.888174 
8.889801 
8*891431 
8.893035 
8.894643 

8.896346 
8.897842 
8.899438 
8.901017 
8.908596 
8.904169 

8.905736 
8.907297 
8.908853 
8.910404 
8.911949 
8,913488 

3.915022 
8.916550 
8.91S073 
8.919591 
8.929103 
8.988610 

8.984118 
8.985609 
8.987100 
8.988587 
8.930068 
8.931544 

8.933015 
8.934481 
8.935942 
8.937398 
8.938850 
8.940296 


Cosine. 


Cosine. 


9.998941 
9.998932 
9.998923 
9.998914 
9.998905 
9.9C6bjo 
9.998887 

9.998878 
9.998869 
9.998860 
9-998851 
9.998841 
9.998832 

9.998823 
9.998813 
9.998804 
9.998795 
9,998785 
9.998776 

9.998766 
9.998757 
9.998747 
9.998738 
9.998728 
9.998718 

9.998708 
9.998699 
9.998689 
9.998679 
9.998669 
9.998659 

9.998649 
9.998639 
9.998629 
9.998619 
9.998609 
9.998599 

9.998589 
9.998578 
9.998568 
9.998558 
9.998548 
9.998537 

9.998527 
9.998516 
9.998506 
9.998495 
9.998485 
9.998474 

9.998464 
9.998453 
9.998442 
9.998431 
9.998421 
9.998410 

9.998399 
9.998388 
9.998377 
9.998366 
9.998355 
9.998344 


Sioe. 


Taug.       Celang,  Siue. 


8.844644 
8.846455 
8.848860 
8.850057 
8.851846 
8.853628 
8.855403 

8.857171 
8.858932 
8.8606S6 


U.I5535G 
11.153545 
11.151740 
11.149943 
11.148154 
11.146372 
11.144597 

11.142829 
ll.UtOGS 
11.139314 


8.862433  11.137567 
8.864l73|l  1.135827 
8.86590611.134094 

8.86763211.132368 
8.869351  11.130640 
8.87106411.128936 
8.878770  11.127230 
8.87446911.125531 
8.870l62|ll.lS3838 

8.877849111.182151 
8.879529!  11.120471 
8.881202  11.118798 
8.882869,11.117131 
8.88453011.115470 
8.886185  11.113815 

8.88783311.112167 

8.889476  11.11052^ 
8.891112  11.10888b 


8.892742 
8.894366 
8.895984 

8.897596 

8.899203 
8.900803 
8.902398 
8.903987 
8.905570 

8.907147 
8.908719 
8.910285 
8.911846 
8.913401 
8.914951 

8.916495  11.083505 
8.918034  11.58 1900 
8.9l9568|ll.0804. 
8.92109Gjll.0789O4 
8.922019  11.077381 
8.924136  11.075864 


11.107258 
11.105634 
11.104016 

11.102404 
11.100797 
11.099197 
11.097602 
11.096013 
11.094430 

11.092853 
11.091281 
11.089715 
11.088154 
11.086599 
11.085049 


8.925649 
8.927156 
8.928658 
8.930155 
8.931647 


11.074351 
11.072844 
11.071342 
11.069845 
11.068555 


8.933134  11.OG6860 


8.934616 
8.936095 
8.9375G5 
8.939032 
8.940494 
8.941952 


Co(an. 


11.06.S38* 

ll.06.)907 
ll.0Gt^4.i5 
11. 06096  S 
11.059506 
1I.0S8048 


Tang. 


8.940296 
8.941738 
8.943174 
8.944606 
8.946034 
8.947456 
8.948874 

8.950287 
8.951696 
8.953100 
8.954499 
8.955894 
8.957284 

8.958670 
8.960052 
8.961429 
8.962801 
8.964170 
8.965534 
8.966893 
8.96824'J 
8.969600 
8.9rf>947 
8.9722.S'> 
8.9736^8 

8.974962 
8.976293 
8.977619 
8.978941 
8.980259 
8.981573 

8.982883 
8.984189 
8.985491 
8.986789 
8.988083 
8.989374 

8.990660 

8.991943 

8.993222 

8.99449; 

8.995768 

8.997036 

8.998299 
8.999560 
9.000816 
9.002069 
9.003318 
9.004563 

9.005805 
9.0070U 
9.008278 
9.009510 
9.010737 
9.011962 


Cosine, 

9.998344 
9.998333 
9.998388 
9.998311 


5  Peg. 


Tang. 


8.941958 
8.943404 
8.944858 
8.946395 
9.998300|  8.947734 


9,998289 
9.998277 

9.1?;J8266 
9.998255 
9.998243 
§.998232 
9.998220 
9.998209 

9.998197 
9.998186 
9.998174 
9.908163 
9.998151 
9.998139 

9.998128 
9.998116 
9.998104 
9.995092!  8,972855 
9.998'JS()i  8.974209 
9.998068  B.97556U 


8.94dl68 
8.950597 

8.958081 
8,953441 
8.954856 
8.956867 
8.957674 
8.959075 

8.960473! 
8.961866 
8.963255 
8.964639 
8.966019 
8.967394 

8.968766 
8.970133 
8.971496 


11.65l048t6C 
ll.a5659C59 
lt.0S6l48l5l 
11.055705^57 
U.05S966i5< 
11.050833;S5 
11.0494(lSi54 

11.047979ls3 
llU>4e559!52 
11.046iai51 
11.045733  50 
11.042336,49 
11.040985  48 


9.998056 
9.998044 
9.998032 
9.998020 
9.998008 
9.997990 

9.997984 
9.997972 
9.997959 
9.997947 
9.997935 
9.997922 

9.997910 
9.997897 
9.997885 
9.997872 
9.997860 
9.997847 

9.997835 
9.997822 
9.997809 
9.997797 
9.997784 
9.997771 

9.997758 
9.997745 
9.997732 
9.997719 
9.997706 
9.997693 


8.976906 
8.978248 
8.979586 
8.980921 
8.982251 
8.983677 

8.984899 
8.986217 
8.987532 
8.98S842 
8.990149 
8.991451 

8.992750 
8.994045 
S.99SS37 
8.996624 
8.997908 
8.999188 

9.000465 
9.001738 
9.003007 
9.004878 
9.005534 
9.006798 

9.008047 
9.009898 
9.010546 
9.011790 
9.013031 
9.014268 


9.013182  9.9976801  9.015502 
9.014400  9,997667;  9.016732 


44! 

45; 


ll.039587}47 

11.038154 

11.036745 

11.035361 

11.033981 

11.058606 

11.031254,41 
11.029867i44>' 
11.02S5O4|39 
11.027l45'5t 
11.025791J37 
ll.024440'36 

11.08309435 
U.0313»52'54l 
11.02041 4j33 
11.019079^32 
11.017749131 
11.016483'30 

11.015101  {39 
lK0ld783i88 
11.012468127 
1I.011158J86 
llj009851>85 
11.008549|84 

11.00721 

1 1.005955  ;8^ 

21.004663  81 

11.005376120 

11.002092  19 

11.000818118 


17 


10.909535 

1U.99826816 

10.996993 

ia995788 

10.994466 

ia995808 


9.01561 
9.01 6S24 
9.018031 
9.019235 

Cosine 


9.997654 
9.997641 
9.997628 
9.997614 


Sitie. 


,010752 
9.0l7959| 
9.019183J 
9.080403| 
9.021 


9183| 

;0403 
!l68d 


10.991955 
10.990702 
10.989454 
10.988810 
10.986969 
10.9857.^2 

10.98U98 
10.983268 
10.982041 
ia9808l7 
ia979579 
10.978580 


Coten.        Tmng. 


85  Peg. 


84  Peg. 


Digitized  by  CjOOQ IC 


too.  SniES,  TANGETfTf^&C. 


9 

10 

11 

IS 
IS 

u 

15 
16 
17 
18 


^>ine. 


9.019^5 
9.020435 
9.02165*2 
9.022825 
9.024016 
9.025203 
9.0S6386 

9.027567 
9,028744 
9.029918 
9.031089 
9.032857 
9.0334^1 

9.034582 
9.035741 
9.036896 
9.038048 
9.039197 
9.040i342 


19  9.041485 
SO  9.049625 
9.043769 
9.044895 
28  9.046026 
24  9.047154 


9.048277 
9.049400 
9.050519 
9.051655 
9.052749 
9.053859 

9.054966 
9.056071 
9.057172 
9.05887) 
9.059367 
9.060460 

9.061551 
9.062639 
9.063724 
9.094806 
9.065885 
9.066962 

9.068036 
9.069107 
9.070176 
9.071842 
9.078806 
9.07S366 

9.074424 
9.075480 
9.076533 
9.077583 
9.078631 
9.079676 

9.080719 
9.081759 
9.088797 
9.083638 
9.084864 
9.085894 


Cosiue. 


9.997614 
9.997601 
9.997588 
9.997574 
9.997561 
9.997547 
9.9975S4 

9.997520 
9.997507 
9.997493 
9.997480 
9.997466 
9.997452 

9.997439 
9.997425 
9.997411 
9.997397 
9.997383 
9.997369 

9.997355 
9.997341 
9.997327 
9.997313 
9.997299 
9.997285 

9.997271 
9.997257 
9.997242 
9.997228 
9.997214 
9.997199 

9.997185 
9.997170 
9.997156 
9.997141 
9.997127 
9.997112 

9.997098 
9.997083 
9.997068 
9.997053 
9.997039 
9.997084 

9.997099 
9.996994 
9.996979 
9.996964 
9.996949 
9.996934 

9.996919 
9.996904 
9^96889 
9.99C874 
9.996858 
9.996843 

9.996828 
9.996812 
9.996797 
9.996782 
9.996766 
9.996751 


Sine. 


Peg. 

"9.0^21680 
9.082834 
9.024044 
9.085251 
9.026455 
9.02/~655 
9.088852 

9.030046 
9.031237 
9.032485 
9.033609 
9.034791 
9.035969 


7  Deft. 


ia978380 
10.977166 
ia975956 
ia974749 
10.973545 
10.972345 
10.971148 

10.969954 
ia968763 
10.967575 
10.966391 
10.965209: 
10.964031 


9.037144110.9628561 
ia96l684| 
10.960515! 


9.038316 
9.039485 
9.U40651 
9.041813 
9.042973 

9.0U130 
9.045284 
9  046434 
9.047582 
9.048727 
9.049869 


9.051008 

9.058144 

9.058877L 

9U)5440: 

9.055535 

9.056659 

9.05778* 
9.058900 
9.06001^ 
9.061130 
9.068240 
9.063348 

9.064453 
9.065556 
9.066655 
9.067758 
9.068846 
0.069938 

9.071087 
9.072113 
9X)73197 
9.074878 
9.075356 
9.076432 


740. 
1710. 


9.083891 
9.084947 
9.0860(K) 
9.087050 
9.088698 
9.089144 


Voi^L 


(JotRn. 
83P<»g. 


CcrtHii^. 


diiie. 


10.959349 
10.958187 
1095708/ 

10.955870 
10.954716 
ia95S566 
10.952118 
10.951273 
ia950l31 


ia948998 
ia947356 
946723 
0.945593 
1*944465 
10.943341 

10.942219 
10.941100 
10939984 
10938870 
10.937760 
10.936652 

10.935547 
10.934444 
10.9.W345 
10.938248 
10.931154 
10.930062 

10.928973 
10  937887 
10.926803 
10925722 
10984644 
10.983563 


9  077505 

9.078576 

9.079644 

9.080710  I0.9l989f 

9.081773 

9.088833 


10-928495 
10.921424 
1O920556! 
) 
10.918227 
10.917167 


10.916100 
I0.91505:> 
10.914000 
10.912950 
10.911902 
10910856 


'f8n«r. 


9.085894 
9.086982 
9.087947 
9.088970 
9.089990 
9.091005 
9.092084 

9.098037 
9.094047 
9.095056 
9.096062 
9.097065 
9.098066 

9.099065 
9.100062 
9.101056 
9.102048 
9.103037 
9.104025 

9.105010 
9.105992 
9.106973 
9.107951 
9.108927 
9.109901 

9.110873 
9.111848 
9.118809 
9.113774 
9.U47:i7 
9.115698 

9.116656 
9.117613 
9.118567 
9.119519 
9.180469 
9.181417 

9.182362 
9.123306 
9.184248 
9.185187 
9.186185 
9.187068 


Coi»iri42 
■ir99675I 
9.996735 
9.9967-20 
9,996704 
9.996688 
9.936673 
9.996657 

9.996541 
9.996623 
9.996610 
9.096594 
91996578 
9.99G562 

9.996546 
9.9965.30 
9.996514 
9.996498 
9.996488 
9.996465 

•9.096449 
9.995433 
9.996417 
9.996400 
9.996384 
9.996368 

9.996351 
9.996535 
9.986318 
9.996302 
9.996885 
9.996869 

9.996258 
9.996835 
9.996819 
9.996808 
9.996185 
9.996168 

9.996151 
9.996134 
9.996117 
9.996110 
9.996083 
9.996066 


9.127993  9.996049 
9.188985]  9.996032 
9.129854!  9.996015 
9.130781  9.995998 


9.131706 
9.138630 


9.995980 
9.995963 


9.133551  9.995946 
9.1.l4470t  9.995988 


9.135387 
9.136303 
9.137216 
9.138188 

9. 139037 
9.139944 
9.140850 
9.141754 
9.148655 
9.143555 
Cosine. 


9.995911 
9.995894 
9.995876 
9.995859 

9.995841 
9.995883 
9.995806 
9.995788 
9.995771 
9.995753 


lttii|i.  I  Couiog. 


9.089144109108.-56 
9.090187  10.9098lb 
9.091228  lO90877ti 
9.092862  IO907734 


9.093302 
9L094336 
9.095367 

9.096395 
9.097428 
9098448 
9.099468 
9.100487 


1 0905664  55 


9.101S0L1O898496 


9.108519 
9.1035.12 
9.104548 
9.105550 
9.106556 
9.107559 

9.10856^ 


10897481 
10896468 
10895458 
1089445U 
1089d44i 
10  898U. 

IO891440 
9.10955940.890441 
9.tl055qiO889444 
9.111551 
9.112543 
9.113533 


10.888449 
ie.887457 
10886467 

I0885479 
10884493 
10883509 
10888588 
10.881548 
1O880571 


9.186811 

9.187172 

9.18813010 

9.189087 

9.130041 

9.130994 


9.1319U 
9.138893 
9.1338.19 
9.134784 
9.1357tZ6 
9.136667 

9.137605 
9.138542 
9 139476 
9.140409 
9.141340 
9.142269 

9.143196 
9.144121 
9.145044 
9.145966 
9.146885 
9.14780S 


Sine.     I  CotBii. 


10906698 


10.904653 

10.9036C5 
10.908578 
10.901554 
10.900538 
10899513 


9.114581 
9.115597 
9.II6491 
9.117478 
9.118458 
9.119489 

9.180404 

9.181377 

9.188348 

9.183317 

9.184884  10.875716 

9.185249 


10.879596 
10878683 
10877658 
10876685 


10874751 


10873789 
10.87888d 
871870 
10  87091 S 
10.869959 
10.86900& 


10.868056 
I0.867I0r 
10.866161 
10865216 
10864874 
10863533 

10862395 
10.861458 
10860524 
10.859591 
IO858660 
10857731 

10.856804 
I0855879 
10854956 
10.854034 
10855115 
10.858197 

tang. 


88  DCS. 


76 


Jigitized  by  CjOOQ IC 


594 


LOG.  5IK£S|  TANGENTS,  &C. 


8DeK. 


y  r>T 


0  9.143555 

9.14U5d 

S9.1i5349 

39.li6S4d 

4  9.147136 

9.148026 

9.148915 


9.14980d 
9.150686 
9.151569 
9.158451 
9.153330 
9.154208 

9.155083 
9.155957 
9.156830 
9.157700 
9.158569 
9.159435 

9.160301 
90  9.161164 


162085 
9.162885 
9.163743 
9.164600 

9.165454 
9.166307 
9.167159 
9.16800& 
9.168856 


31 


Sine. 


309.169702 


9.170547 


399.171389 


9,172230 
9.173070 
9.173908 
9.174744 

9.175578 
9.176411 
9.177242 


409.178072 


9.178900 
9.179726 

9.180551 
9.181374 
9.182196 
9.183016 
9.183834 
9.184651 


9.185466 
509.186280 
9.187092 
9.187903 
9.1H8712 


549.189519 


9.190325 
9.191130 
9.191933 
9.192734 
9.19.W34 


609.194332 


Conine, 


Cosine. 


9.995753 
9.995735 
9.995717 
9.995699 
9.995681 
9.695664 
9.995646 

9.995688 
9.995610 
9.995591 
9.995573 
9.995555 
9.995537 

9.995519 
9.995iS01 
9.995482 
9.995464 
9.995446 
9.995487 

9.995409 
9.995300 
9.995378 
9.995353 
9.995334 
9.995316 

9.995897 
9.995278 
9.995260 
9.995241 
9.995828 
9.995203 

9.995184 
9.995165 
9.995146 
9.995127 
9.995108 
9.993089 

9.995070 
9.995051 
9.995032 
9.995013 
9.994993 
9.994974 

9.9949.t5 
9.994935 
9.994916 
9.994896 
9.U94877 
9.994857 

9.994838 
9.994818 
9.994798 
9.994779 
9.994759 
9.994739 

9.994720 
9.994700 
9  994680 
9.994660 
9.904640 
9.994620 


Tang. 


ia852197j 
ia85l282i 


9.147803 

9.148718 

9.U9632^ia850368 

9.150544  ia849456' 

9.151454 

9.152363 

9.153269 


9.154174 
9.155077 
9.155978 
9.156877 
9.157775 
9.158671 

9.159565 
ai60457 
9.161347 
9.162236 
9.163123 
9.164008 

9.164892 
9.165774 
9.166654 
9.167532 
9.168409 
9.169884 


9.180508 

9.i8i3r)() 

9.1 82211 
9.183059 
9.1839(J7 
9.184752 

9.185597 
9.186439 
9.187280 
9. 188120 
9.189958 
9,189794 

9.190629 
9.191492 
9.1J12294 
9.193124 
9.19S953 
9.194780 

9.195606 
9.196430 
9.197253 
9.198074 
9.19S894 
9.190713 


Cotan^ 
Peg. 


Cotaiig-. 


la848S46 
ia847637 
10.846731 

10.845826 
10.844923 
10.844022 
10.843123> 
10.8422251 
10.841329 

10.840435, 
10.839543; 
10.838653, 
10.837764 
ia836877| 
10.835992 

10.835108' 
10.854886 
10.833346 
10.838468 
10.831591 
ia8307l6 

ia829843 
10.888971 
10.888101 
10.887833 
173634110.886366 
10.885501 


9.170157 

9.171029 

9.171899 

9.178767 

9. 

9.174499 

9.175362  ia884638 

9.176224 

9.177084 

9.177942 

9.178799 

9.179655 


10.823776 
10.822916 
10.822058 
10.8212011 
10.820345' 

10819492 
10.818640' 
10  8177891 
10.816941, 
10.816093; 
10.815248 

IO8I4403! 
10.81350 1 1 
10812720 
10.811880! 
10.811042 
I0.8l0206j 

10.809371 1 
10  808538 
10.807706 
10.8098761 
10.806047 
10.805220 

10.80439+ 
10.8lV357() 
10.802747 
10.801926 
10.801106 
10.800287 


Tans. 


Sine.     ; 


9.194332} 
9.195129: 
9.1959851 
9.1967191 
9.197511 
9.198402 
9.1990911 


CcAine. 
9:994i520 
9.994600 
9.994580 
9.994560 
9.994540 
9.994519 
9.99U99 


9.199879 
9.200666 
9.201451 
9.202234; 


Tau-. 


9.994479 
9.994459 
9.994438 
9.994418 
9.2030171  9.994398 
9.803797|  9.994377 

9.204577|  9.994357 
9.205354,  9.994336 
9.206131 1  9.994316 
9.206906  9.994295 
9.207679  9.994274 


9.208452  9.994254  9.8t4l98 


9.209222 
9.209992 
9.210760 
9.211526 
9.212291 
9.813055 

9.213818 
9.214579 
9.815338 
9.816097 


9.199713 
9.200529 
9.201345 
9.202159 
9.202951 
9.203782 
9.204592 

9.205400 
9.90630; 
9.207013 
9.207817 
9.208619 
9.2094:;:0 

9.8l08i0 
9.211018 
9.211815 
9.818611 
9.813405 


9.994233 
9.994818 
9.994191 
9.994171 
9.994150 
9.994139 

9.994108 
9.994087 
9.994066 
%.994045 


a81685^  1 9.994084 
9.817609  9.994003 


9.818363 
9.819116 
9.219868 
9.820618 
9.221367 
9.288115 

9.222861 
9.223606 
9.224349 


9.993988 
9.993960 
9.99S939 
9.993918 
9.993897 
9.993875 

9.993854 
9.993832 
9.993811 


9.816568 
9.817356 
9.818148 


CotMg. 


t0.8OO2l7  60f 
10.79947159 
ia798655pt: 
10.797841 '57j 
ia797t)39l5a 
ia796818!55^ 
10.79540S.54 

l0.79440o!53j 
ia793793|52| 
10.792987,511 
10.r92l83'5a 
10  791381(49] 
10.7 


9.8149S9 

9J215780  iar84820|40 


10.785011|4l 


9.881872 
9.889052 
9L2S8830 
91883607 


9.885156 
9.885989 
9.826700 
9.827471 
9J2S8889 


9.225092;  9.993789 
9.225833^9.993768 
9.826573  9.993746 


9.827311 

9.228048 
9.228784 
9.229518 
9.230252 
9.230984 

9.231715 
9.232444 
9.233172 
9.233899 
9.234025 
9.835349 

9J236073 
9.236795 
8.237515 
9.838235 
9.238953 
9.839670 

Cosine. 


9.889007 
9.2S977S 
a8S0539 
9.8S;302| 


10.78343239 
10.78864438 
10.781858137 


ia777l70  3j 


10776393 


9.^84388  10J75618  89 


SO 


10.77484488 
ia774071 
10773300  86 
ia778S89:2$ 
10.771761  24 


10.7709^3)83 
10.770287 
fa7694€l 
'ia768698 


9.993785 
9.993703 
9.993681 
9.993660 
9.993638 
9.993616 


9.993462 

9.993440 
9.993418 
9.993396 
9.993374 
9.993351 

Sine. 


9.838065  10.767935 
9.a388i6\0J67l74 


9.833586 
9.234345 
9.235103 
9.835859 
9.836614 
9.837368 


10.76641417 

(0.765655 

10.764897 

ta764l4] 

10.763386 


ia76a638{l« 


9.993594  9.838180 10.76 ISSOjtl 

9.993578  9.888873  ia76 11 88, 10 

9.993550  9.83962210760378  9 

9.993588  9.840371  ia759689   8 

9.993506  9.241118  107588821  7 

9.993484  9.84186510.758135    6 


9.848610 
9.843454 
9.844097 
9.844839 
9.845579 
9.846319 

"^Coftui. 


ia757390 
ia756646 
ia755903 
10J55l6t 
10.754481 
ia7S3M3 


lanpc. 


16 
15 

»^ 
13 


80Detr. 


Jigitized  by  Cjt)OQlC 


too.  SIKES^TANGENTS, 


dec. 


596 


101>ej:. 


UPeg. 


7 
8 
«9 
10 
11 
12 

lA 
U 
ilfi 

116 
\\7 
il8 

!■» 

93 
94 

SS 
86 
97 
98 
99 
SO 

31 

.19 
3d 
34 
,35 
36 

37 
38 
39 
40 
41 
49 

43 
U 

45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 

56 
-57 
58 
59 
60 


Sine 

97939670 
9.94ai86 
9.941101 
9.941814 
9.949526 
9.943937 
9.243947 

9.24465G 
9.245363 
9.946069 
9.946775 
9.947478 
9.948181 

9.948883 
9.949583 
9.950989 
9.950980 
9.951677 
9.959373 

9.953067 
9.2537CI 
9.954453 
9.2551U 
9.955834 
9.956593 

9.957911 
9.957898 
9.958583 
9.959968 
9.959951 
9.960633 

9.961514 
9.961994 
9.969673 
9.963351 
9.964097 
9.964703 

9JM5377 
9.966051 
9.966793 
9.967395 
9.968065 
9.868734 

9.969402 
9.970069 
9.97073  S 
9.971400 
9.979064 
9.279796 

9.973388 
9.974049 
9.274708 
9.975367 
9.97G095 
9.976681 

9.977337 
9.977991 
9.978645 
9.979997 
9.979948 
9.980599 


Cosine. 


Cosine. 

9^.1351 

9.993329 

9.91»3307 

9.993284 

9.993962 

9.993940 

9.99S2I7 

9.993195 
9.993172 
9.993149 
9.99.3127 
9.993104 
9.993081 

a993059 
9.993036 
9.993013 
9.992990 
9.992967 
9.992944 

9.992991 
9.999898 
9.999875 
9.999859 
9.999899 
9.992906 

9.999783 
9.9SII759 
9.999736 
9,992713 
9.999690 
9.999666 

9.999643 
9.999619 
9.999596 
9.999579 
9.998549 
9.999595 

9.999501 
9.998478 
9.999454 
9.999430 
9.999406 
9.999389 

9.999359 
9.999335 
9.998311 
9999987 
9.999963 
9.999239 

9.998914 
9.999190 
9.999166 
9.999149 
9.999118 
9.999093 

9.999069 
9.999044 
9.992090 
9.991996 
9.991971 
9.991941 


Sine. 


Tang. 


9.246319 
9.947057 
9.947794 
9.948530 
9.949254 
9.249998 
9.250730 

9.25146 

9.252191 

9.259920 

9.253648 

9.254374 

9.955100 

9.955894 
9.956547 
9.957269 
9.257990 
9.958710 
9.959499 

9.960146 
9.260863 
9.961578 
9.969299 
9.963005 
9.963717 

9.964488 
9.965138 
9.965847 
5.966555 
9.967961 
9;367967 

9.968671 
9.969375 
9.970077 
9.970779 
9.871479 
9.278178 

9.978876 
9.973573 
9.974969 
9.974964 
9.875658 
9.976S5J 

9.977045 
9.977734 
9.978424 
9.279113 
9.979801 
9.280488 

9.981174 
9.981858 
9.989542 
9.983925 
9.983907 
9.984588 

9.985268 
9.^85947 
9.286624 
9.987301 
9.987977 
9.988659 


CotBIk 


Uotang. 


10.753681 
10759943 
10.759906 
10.751470 
10.750736 
10.750002 
10.749970 

10.74853^ 
ia747809 
10.747080 
10.746359 
10.745696 
10.744900 

I0.7U176 
10.743456 
10.749731 
10.749010 
10.741990 
10.740571 

10.739584 
10.789137 
10.738499 
ia737408 
10.736995 
10.736983 

10.735  57S 
10.734869 
10.734153 
10.733445 
10.739739 
10.739033 

10.731329 

10.73062Jik 

10.799993r 

10.729991 

10.798521 

10.797822 

10.727194 
10.796427 
10.795731 
10.795036 
10.794349 
10.783649 

10.722957 
10.722266 
10.721576 
10.720887 
10.790199 
ia719512 

10.718826 
10.718142 
10.717458 
10-716775 
10.716093 
10.715412 

10.717432 
ia7l4053 
10.713376 
ia7l2699 
10J19093 
10.711348 


7»Deg. 


Tw\%. 


Sine. 
9.980599 
9.981948 
9.981897 
9.9895U 
9983190 
9.283836 
9.284480 

^285124 
9.285766 
9.286408 
9.287048 
9.287688 
9.288326 

9.288964 
9.289600 
9.290936 
9.990870 
9.991504 
9.999137 

9.999768 
9.993399 
9^294029 
9.294658 
8.295986 
9.995913 

9.996539 
9.297164 
9.297788 
9.9984ri 
9.999034 
9.999655 

9.300276 
9.300896 
9.301514 
9.302139 
9.309748 
9.303364 

9.303979 
9.304593 
9.305907 
9.305819 
9.306430 
9.307041 

9.307650 
9.308259 
9^08867 
9.309474 
9.310080 
9J10685 

9.311984 
9.3(1893 
9.312495 
9.313097 
9.313698 
9.314997 

9.314897 
9.315495 
9.316099 
9.316689 
9.317984 
9.317879 


Cosifw. 


Cofliae. 

9.9919V7 

9.991999 

9.991897 

9.991873 

9.991848 

9.991893 

9.991799 

9.991774 
9.991749 
9.991794 
9.991699 
9.991674 
9.991649 

9.991694 
9.991599 
9.991574 
9.991549 
9.991594 
9.991498 

9.991473 
9.991448 
9.991499 
9.991397 
9.991379 
9.991346 

9.991391 
9.991295 
9.991970 
9.991944 
9.991218 
9.991193 

9.991167 
9.991141 
9.991115 
9.99i090 
9.991064 
9.991038 

9.991012 
9990986 
9.990960 
9.990934 
9.990908 
9.990889 

9.990852 
9.990829 
9,990803 
9.990777 
9.990750 
9.990724 

9.990697 
9.990671 
9.990645 
9.990618 
9.990591 
9.990565 

9.990538 
9.990511 
9.990485 
9.990458 
9.990431 
9.990404 


Sine. 


Tang^ 
9.988659 
9.289396 
9.989999 
9.990671 
9.991342 
9.998013 
9.999688 


Cotang. 

10.711348 
ia710674 
10.710001 
ia709399 
10.708658 
10.707987 
10.707318 


9  99.335010.706650153 

9.994017 

9.994684 

9.295349 

9.296013 

9.296677 


9.897339 
9.998001 
9.298668 
9.299322 
9.299980 
9.300638 

9.301295 
9.301951 
9.308607 
9.307261 
9.303914 
9i«04567 

9.305918 
9.305869 
9.306519 
9.307168 
9.307816 
9.308463 


9.309.109 

9.309: 

9.300399 

9.3110^9 

9.311685 

9.318897 


9.318968 
9.313608 
9.314947 
9.314885 


9.316159 


9.316795 

9.317430 

9.318064 

9.318697 

9.; 

9.319961 


9.390599 
9.391999 
9.391851 
9.329479 
4.323106 
9.393733 

9.324358 
9.324983 
9.325607 
9.326231 
9^26853 
9.327475 


Cotan. 


10.704983  58 

10.70531651 

10.704651 

10.703987 

ia703383 


10.709661 
10.701999 
ia701S38 
10.700678 
10.700080 


10.699362  48 


10.698705 


10.69804940 


10.697393 
ia696739 
10.696086 


10.69543336 

10.694788 
10.694131 
10.695481 
10.698838 
ia692184 
10.691537 


10.690891 
5110.690246 
10.689601 
ia688958 
ia688315 
10.687673 


10.687038 
10.686399 
ta685753 
10.685115 


9.3]559.*!,10.684477 


ia683841 


ia683905 
10.689570 
ia681956 
10.681303 
.-)19330 10.680670 
10.680039 


ia673408 
10.678717 
10.678178 
10.677549 
10.676891 
10.676294 

10.675667 
ia675049 
ia674593 
10.673769 
10.673147 
10.672585 

Tanr 


41 


78  Peg. 


Digitized  by  CjOOQ IC 


tm 


toCs  SINBS,  TANGKXTS,  <^C. 


12  lyo.'j;. 


13  1)^. 


Sim*. 

y^l906C 
9^19658 
9.390249 
9.380840 
9.321430 


9 

to 

tl 

IS 

13 
M 
15 
16 
17 
15 

22 
iW 
24 

25 

2C 
27 
28 
3& 
30 

31 

3.1 

rs 

36 

|.U 

38 
3« 

41 
4{? 

4.« 
45 

4r> 

47 
48 

49 

50 
51 

5-^ 
53 
54 

^55 
t56 

,57 
5S 

kio 


I  '-< 


9.322019 
9.322607 
9-323194 
9.323780 
9.324366 
9^24950 

9.325534 
9.326111 
9.326700 
9.327881 
9.327862 
9.328442 

9.329021 
9.329599 
9.330176 
9.330753 
9.331329 
9.331093 

9.332478 
9.333051 
9.333624 
9.334i95 
9334767 
9.335337 

9^5906 

9J36474 
9.337043 
9^37610 
9.338176 
9.338742 

9.339307 
9.339871 
9.340434 
9.340996 
9.341558 
9.342119 

9.342679 
9.343239 
9.343797 
9-344355 
9.344912 
9.3454G9 

9.346024 
9.346579 
9..i47l34 
9  346877 
9  34824U 
9.348792 


9.99(1404 
9.990378 
9.990351 
9^903»i 
9.99029/ 
9.990270 
9.990343 

9.990215 
9.990188 
9.990161 
9.990934 
9.9901H; 
9.990079 

9990052 
9.990025 
9.93i9?97 
9.989970 
9.989942 
9.989915 

9.989887 
9.989860 
9.989832 
9^)89804 
9.989777 
9.989749 

9.989721 
9.989693 
9.989665 
9.989637 
9.989610 
9.989582 

9.989553 
9.989525 
9.989497 
9.989469 
9.989441 
9.989413 

9.989383 
9.i>8935G 
9.98932S 
9.9893U0 
9.989271 
9.989243 

9.989214 

9.989186 

9.98915 

9.989128 

9.989100 

9.98901 

9.989042 
9.989014 
9.088985 
9.988956 
9.988927 
9.988898 


9.3274>S 
9.328095 
9.328715 
9.329334 
9.329953 
9.330570 
9.331187 

9.331803 
9.332418 
9.333033 
9.333646 
9.334859 
9.334871 

9.335482 
9.336093 
9336702 
9.337311 
9.337919 
9.3J8527 

9.3391. S3 
91339739 
9.340344 
9.340948 
9441552 
9.342155 

9.342757 
9.3435i>S 
9.343959 
9.3U558 
9.345157 
9.345755 

9.346353 
9.346949 
9,347545 
9.348141 
9.348735 
9.349329 

9-349922 
9.350314 
95.11106 
9-551697 
9.352287 
9.552876 

9J35S465 

9-35405:1 

9.354640 

9.35522: 

9.355813 

9.356398 

9.356988 
9.357566 
9.358149 
9.358731 
9.359313 
9359893 

9.360474 
9.361053 
9.361632 
9.362210 


9.349343  9.988869 
9..3498931  9.988840 
9  3504431  9.98881 
9.3509921  9.99Sr82 
9..35I540!  9.988753   9.362787 
9.^520S8|  0L9K8;','4[  9.363.'ki4 

Sill*:.      )     (!{>tftn. 

77  hTg^. 


CuiiUii'. 


f  Cotiing. 

iO.672525 

10.671905 

10671265 

10.670666 

10.670047 

10.669430 

10.668813 

10.668197 
10.667582 
10.666967 
10.666354 
10.665741 
10.665 1291 

10.664518 
10.663907 
1 0.663296  j 
10U>G268U 
10.6620811 
10.661473' 

10-660867 
10.660261 
10.659656 
10.659052 
10.658448 
10.657845 

ia657243 
10.656642 
10.656042 
10.652442 
10.654843 
ia654845 

10.653647 
10.6530511 
10.65345# 
10.6518591 
10.65 1265 1 
10.650671 1 

10.650078! 
10.649486' 
10.648894! 
10.648303 
iaC477l3 
10.647124! 


Sine. 


10.646535 
10.645947 1 
10.645360 
IO.G44773' 


9.352088 
9.352635 
9.3S3181 
9.353786 
9.354871 
9.354815 
9<35535S 

9  355901 
9.356443 
9.356984 
9.357524 
9.358064 


Cos  no. 

9^^988724 
9.98S6d5 
9.988666 
9.988656 
9.988G07 
9.988578 
9.988548 

9.988519 
9.988489 
9.988460 
9.988430 
9.988401 


9.358603|  9.988371 

9.3591411  9.988348 
9.3596781  9.988318 
9.3602151  9.98S288 
9.360752j' 9.988252 
9.361287  9.988223 
9.301822  9.988193 


9.362356 
9.362889 
9.363422 


9.988163 
9.98K  1 33 
9.988103 


9.363954  9.'JS8073 
9.3&44S5  9.988043 
9.365016  9.988013 


9.365546 
9^66075 
9.366604 
9.367131 
9-367659 
9.368185 

9.368711 
9.369236 
9.369761 
9.370285 
9.370808 
9.^71330 

9.371852  9.987ol8 
9.37237.3i  9.987583 
9.3788941  9.9S7557 
9.S73414I  9.987526 
9.373933  9.987496 
9374458  9.987465 


9.987983 
9.987953 
9.987922 
9.987892 
9<987862 
9.987832 

9.987801 
9.987771 
9.987740 
9.987710 
9.987679 
9.987641' 


9.374970 
9.375487 
9  376003 
o  ,  9.376519 
I0.644U7  9.077035 
10.643602  9.377549 


10.643018 
10.642434 
10.641851 
10.641269 
10.640687 
10.640107 

10,659526 
10.638947 
10.638368 
10437790 
1  a  0372 13 
10.636636 


9.378063 
9.J78577 
9.579089 
9.379601 
9.380113 
9.380624 

9.381134 
9.381643 
9.388152 
9.388661 
9.383168 
9.383675 

Cosiao. 


9.987434 
9.987400 
9.987372 
9.987341 
9.987610 
9.987279 

9.987848 
9.987217 
9.987186 
9.988155 
9.987124 
9.987092 

9.987061 
9.987030 
9.986998 
9.9B6967 
9.986936 
9.986904 


TM>g.     Coiang.  .  _ 

9.363364  io.636636KH) 
9.363940110.636060  59 
9.364515  10.635485  SS 
9.365090  10634910,57 
9.365664,10.634336156 
9.36625710.633763.55 
9.366810  10633l9o!54 

&367S82  10.632618153 
9.367953  10.632047,52 
9.36852410.631476151 
9.369094  1O630906I5O 
91369663  10630337149 
9.370232{10.629768'48 


9.370799 
9.371367 
9.371933 
9.372499 
9.37.S064 
9.373629 


10699801 
10628663 
10.628067 
10.627501 
10626936 
10.626371 


9.37419310635807 


9.374756 
9.375319 
9.375881 
9.376442 
9U577003 


10488437  S5 
1068187334 
10681319133 


9^81466 
9.388020 
9.382575 
9.583189 


9.384834 
9.384786 
9.$S5337 
9.385888 
9.386438 
9.38GU87 


9.387536 

9.388084 

9.38863 

9.389178 

9.389124 

9^590270 


47 
46 
45 
44 
43 
4S 


41 

1O625244  40 
10624681 
10.6241  l9i3S 
10623558  37 
1042899736 


9.377563 
9.98182 
9.378681 
9.379239 
9UJ79797 
9.380354  10.619646|30 


10.680761 
10.620883 


9.580910  I04l909i^ 


89 


10.618534  88 
10.61798087 
106&7425 
10.616871 


9.383682 10.616318 


I0615766 

10615214 

ll0.6i46C. 

10.614112 

10.61356" 

10:613013 


l0.G12464)i: 

10611916 

10.611369 

10-610822 

10.610276 

1O619730 


9.390815  10.609185  U, 
9.391360  lO608640>10 
9J591903' 10-608097   ~ 


.Sinr. 


9.502447 
9..392989 
9.393531 

9.394073 
9394614 
9.395154 
9.395694 
9.396233 
9.39677 


Cotnn. 


10407553 
1 0607011 
10.606469 

IO6O592: 
IO605386 
10604846 
1O604306 
10.603767 
ia60322U 

TR«r. 


76  Deu. 


Jigitized  by 


Google 


LOO.  SINEfl,  TANGENTS,  &C. 


697 


JT^T 


Sine. 


1|9-S84I88 
2|  9*384687 
3;  9385 192 
4|9SS5697 
9-386201 
9*386704 


9-S87207 

9-387709 

9-388210 

10  9-388711 


9-389211 
9  389711 

9-390210 
9-390708 
9-391206 
9-39lf03 
9  392199 
9-39269^ 

9  393191 

9393685 
9-394179 
9-394673 
9-39SI66 
9-396658 

9-396150 
9  396641 
9-397 1 S2 
9-397621 
9-398UI 
9-398600 

9*399083 
9-399575 
9*400062 
9*400549 
9*401035 
9*401520 

9-402005 
9-402489 
9-402972 
9-403455 
9-403938 


42  940U20 


9  404901 
9-405S82 
9-405862 
9-406341 
9-406820 
6-407299 

9-407777 
9-408254 
9-408731 
9^409207 
9-409682 


9-410632 
9-41 1106 
9-411579 
9  412052 
9-41S524 
9*412996 


Cosine. 


Cotioe.     Tang. 


9-396771 
9*397800 
9-397846 
9-398383 
9-3989W 
9-399455 
9-399990 

9*400524 
9-401058 
9401591 
9^402124 
402656 
9  403187 

9-403718 
9404249 
9-404778 
9-405308 
9-405836 
9406364 

9-406892 
9-407419 
9-407945 
9-408471 
9-408996 
9409521 

9410045 
9-410569 
9411092 
9411615 
9  412137 


9-985909 
9-985876 
9-98584S 
9-985811 
9-985778 
9-985745 


9-985712 

9-985679 

9-985640 

9-985613 

9-985580  9 

9-985547 


9-985514 
9-985480 
9-985447 
9-985414 
9*985381 
9-985347 

9-985314 
9'985280 
9-985247 
9*985213 
9  9851 


80  9- 


9410157  9-985146 


9-985113 
9-985079 
9-985045 
9*985011 
9-984978 
9*984944 


Sine. 


9-986904 
9  986873 
9-986841 
9-986809 
9-986778 
9-986746 
9-986714 

9^86683 
9-986651 
9-986619 
9-986587 
9  986555 
9-986523 

9-986491 ! 

9-98645  j ! 

9-986427 

9-986395 

9-986363 

9-986331 

9*986299 
9-986266 
9-986234 
9-986202 
9-986169 
9-986137 

9-986104 
9-936072 
9-986039 
9-986007 
9-985974 
9  985942  9412058 


9-413179 
9  413699 
9  414219 
9414738 
9  415257 
9415775 


9416293 
94168IO 
9  417326 
9  417842 
4 1 835 8 
9  418873 


9419387 
9419901 
9-420415 
9420927 
9-421440 
9-42195^ 

9  422463 
9  422974 
9-423484 
.9  423993 
424503 
9  425011 

9425519 
9426027 
9426534 
9  4270il 
9  427547 
9-42805? 


Cotan]!:. 


10-60322%) 
10-602691 
10  602154 
ip-601617 
i060l081 
10600545 
10-600010 

10-599476 
10598942 
1059840U 
10-597876 
10  597344 
10-596813 

10-596282 
10-595751 
10595222 
10-594692 
10  594164 
10  593636 

10593108 
10-592581 
10  592055 
10-591529 
10-591004 
10590479 

10-589955 
10  589431 
10588908 
to  588385 
10  587863 
10  587342 

10586821 
10-586301 
10  585781 
10  585262 
lO  584743 
10  584225 

10  58.3707 
10  585190 
10-582674 
10  582158 
10  581642 
10581127 

10  580613 
10  580099 
10  579585 
10579073 
10-578560 
10-578048 

10577537 
10  577026 
10  576516 
10  576007 
10575497 
10  574989 

10-574481 
0  573973 
10573469 
10572959 
10  572453 
10  571948 


Cotoii.   )    Tang. 


75  Peg. 


9-4l2996|9 

9  413467 

9413938 

9414408 

9414878 

9415347 

9-415815 


9416283 
9416751 
9417217 
9  417684 
9-418150 
9418615 


15  1>e>f. 


Sine. 


984944 
9-984910 
9  984876 
9-984842 
9  984808 
9  984774 
9  984740 


9-984706  9-431577 


9-984672 
9  984638 
9-984603 
9-984569 
9-984535 

9  984500 


9419079 

94195U  9-984466 
9420007 
9  420470 
420933 
9  421395 


9984432 
9984397 
9984363 
9-984328 


9  421857 
9-422318 
9  422778 
9-423238 
9-423697 
9-424156 

9-424615 
9425073 
9425530 
9425987 
9  426443 
9-426899 
9-427354 
9-427809 
9  428263 
9428717 
9-429170 
429623 

9430075 
9-4.'50527 
9  4.50978 
9  43l4il9 
9  451879; 
9  452.3291 

9432778' 
9  433'^2GI 
9  433675 
9  434122 
9-434569 
9  435016 

9435462 
9  435908 
9-486353 
9-436798 
9-437242 
9437686 

9-43SI29 
9  438572 
9-439014 
9  439456 
9  439897 
9-440338 


Cosine.  |    Tanir. 


9-432079 
9-432580 
9-433080 
9-433580  10 
9434080 


984284 
9  984259 
9-984^24 
9984190 
9984155 
9984120 

9  984085 
9984050 
9  984015 
9983981 
9-983946 
9  983911 
9-983875 
9983840 
9-983805 
9983770 
9-983735 
9-983700 

9  983664 
9983629 
9  983594 
9  983558 


9  428052 
9428558 
9  429062 
9  429^66 
9430070 
430573 
9-431075 


434579 
,485078 
435576 
.436073 
436570 
437067 


9  437563 
9-438059 
9-438554 
9  439048 
9  439563 
9440036 


9  440529 
9441022 
9-441514 


Cotang. 


1U-S7I948  60 
10  571442  59 
10.570938 
10-570434 
10-569930  56 
10  569427 
10-668925 


10568423 
10-567921 


10  567420  51 


10  566920  50 

-^6642049 

10-56592048 


10  565421 
10-564922 
10-564424 
10-563927 
10-563430  43 
10-562933  42 


10562437 
10-561941 
10  561446 
10-560952 
10-560457 
10-5599G436 


10  559471 
10558978 
10  558486 
9  442006:10-557994 
9-442497  10-557503  81 
9-442988  10  55701230 


9-443479 
9-443968 
9-444458 
9-444947 
9.445435 
9-445923 

9-446411 
9-446898 
9447384 
9  447870 


9  983523  9  448356 
,9  083487;y  448841 


i9'983452j9  44C326 
9-98341 6;9  440810 
|9  98338119  450294  10 
9-98334519  450777 
9-983309,9  451260 
9-983273  9-451743 


9  983238  9-452225 
9  983202.9  452706 
9*9831 66;9  453187 
9-983130|9-453668 
9'98d094|9-454l48 
9  983058J9  454628 

9  98302219455107 
9-982986  9-455580 
9  982950  9-456064 
9  982914(9456542 
9-982878  9457019 
9  982842J9-457496 


j  Cosine. 


>inf.   1  Coun. 
74l>e?. 


10C56521  89 
10*55603228 
10  55554827 
10 

10-554565 
IO554077 

) 553589  23 


10 

10.553102 
10  552616 
10. 

10551644 
10  55U59 


to  550674 
10  550190 
549706 
10-549223 
10  54874013 
10  548257 


10  547775 
10  547294 
10  546813 
10-546332 
10.545852 
10-545372 


•544893 
544414 
543936 
543458 
-542981 
542504 


•lang. 


[digitized  by  CjOOQ IC 
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ton.  glNC9,  TAJIGENTfiv^C. 


rBUeir. 


17  "Peg. 


Tang.  I  Cuang. 
9.485539  10  S  14^1  60 
9.4S579l|iaAl49M59 
9.48684$,  l0.513758iSt 
9^68931 10.515307*57 
t0.512857|5« 
10  51fi407i55 
101511957)54 


biDC. 

91440338 
9.440778 
i2  9.44W18' 
9.4416S8| 
9.4480961 
9.U2.';d3' 
9.4429731 


Cy<mn€.  ,    TtiUT;.        Colaog. 


7 
8 
9 

10 
II 
19 

13 
14 
15 
16 
17 
18 

19 
20 
•21 

«^ 
83 
84 

85 

26 
87 
88 
89 
30 

31 
38 
S3 
34 
35 
36 

37 
38 

39 
4() 
41 

48 

43 
44 
45 
46 

4/" 
48 

49 

50 
51 
5i 
53 
5.1 

J5 
56 
57 
58 
59 
60 


9.443410' 
9.4438471 
9.4U8S^: 
0.444780, 
9.445155 
9.445590 

9.446085 
9.446459 
9.446893 
9.447386 
9.447759 
9.448191 

9.448683 
9.449054 
9.449485 
9449915 
9.450345 
9.450775 

9.451804 
9.45t6v^8 
9.458060 
9.458488 
9.458915 
9.453348 

9.458768 
9.454-i94 
9.454619 
9.455044 
9.45546'J 
9.455893 

9.45631  G 
9.45673'J 
9.457  J  68 
9.457584 
9.458006 
9.458487 

9.458848 
9.459868 
9.459688 
9.460108 
9.460587 
9.i60y46 

9  461364 
9.461788 
9.46»ir.Hj 
9.468616 
9.463038 
9.463448 

9.463864 
9.464879 
9.464694 
9.46r>108 
9.465588 
9.465935 


9.988848' 
9.988805| 
9.988769. 
9.9S8733! 
9.98;!696 
9.9886601 
9.98-363i| 

9.9885871 
9.988551 1 
9.9825 14' 

0.9884771 
9.:*8i44l 
9.988404 

9.988367) 
9.9883311 
9.9888941 
9.988857; 
9.9888801 
9.988183J 

9.988146 
9J)88109! 
9.988072' 
9.9880351 
9.9819981 
9.98196l| 

9.981984 
9.981886 
9.981849 
9.981818 
9.981774 
9.981737 

9.981700 
9.9816C8 
9.981686 
9.981587 
9.981549 
9.981518 

9.981474 
9.981436 
9.981399 
9.981361 
9.981383 
9.981885 

9.981247 
9.981809 
9.981171 
9.9811.33 


9.457iy6 
9.45797.*. 
9.458U9 
9.4589851 
9^59400 
9.459875! 
9.460349J 

9460883; 
9.461297 
9.461770 
9.468848, 
9.46871 5 
9.463186, 

9.463658; 
9.464188 
9.4645991 
9.465069 
9.465539 
9.466008 

9.466477 
9.466945 
9.467413 
9.467880 
9.468347 
9.468814 

9.469880 
9.469746 
9.470811 
9.470676 
9.471141 
9.471605 

9.472069 
9.47'i582 
9.478995 
9.473457 
9.473919 
9.474381 

9.474848 
9.475303 
9.47576.? 
9.476283' 
9.476683 
9.477143 

9.477601 
9.478059 
9.478517 
9.478975 


9  081095:  9  4704,V2! 
9  08I05rj  9.479889! 

9.9810191  9.480345' 
9.0809811  9.180801 
9.9809481  9.4812571 
9.9809041  9.481718; 
9.9S086C  9.488167; 
9.980887  9.482681 1 

9.9807891 
0.9807501 
9.980718 
9.9806731 
9.980635! 
9.9805961 
Sine.      ' 


9.4830751 
9.483529| 
9.4839821 
9.4844351 
9.4848871 
9.485339 
t<o(ao. 


0  5.^2504 
10.548027 
0.541551 
0.541075 
10.540600 
0.540125 
0.539651 

0.539177 
0.538703 
0.538830 
0.537758 
a537285 
0.536814 

0.536342 
0.535878 
0.535401 
0.534931 
0.534461 
0.533992 

0.5S3523 

0.533055 

0.539587 

0.532120 

0.53165 

0.531186 

a530720 
0.530264 
0.5297891 
0.5293241 
0.528859! 
0.528395 

0.527931 
0.527468 
0.527005 
0.526543 
0.526081 
0.525619 

a525158 
10.584697 
0.524837 
0.583777 
0.5833171 
0.5288581 

a582399| 
0.521941 


Sine. 
9.465935 
9.466.148 
9.466761 
9.467173 
9.467585 
9.467996 
9.468407 

9.46881 

9.469927 

9.469637 

9.470046 

9.47O455I 

9.470863 

9.471271 
9.471679 
9.472086' 
9.472492 
9.472898 
9.473304 

9.473710 
9474115 
9.474519 
9.474923 
9.475327 
9.475730 

9.476133 
9.476536 
9.476938 
9.477340 
9.477741 
9.478142 

9.478542 
9.478942^ 
9.479342 
9.479741 
9.480140 
9.480639 

9.480937 
9.481334' 
9.481 7Sr 
9.48212S 
9.48^52S| 
9.4829811 

9.48331 61 
9.483718; 


Cosine. 

9i98(»96 
9.980558 
9.98U519 
9.980480 
9.980448 
9  980403 
9.980364 

9.980385 
9.980286 
9.980247 
9.980208 
9.980169 
9.980130 

9.98009V 
9.980059 
9.980018 
9  979973 
9.979934 
9.979895 

9.979855 
9.979816 
9.979776 
9.979737 
9.979697 
9.979658 

9.979618 
9.979579 
9.979539 
9.979499 
9.979459 
{i.979420 

9.979380 
9.979340 
9.979300 
9.979260 
9.979220 
9.979180 

9.979140 
9.979100 
9.979059; 


9.487143 
9.487593 
9.488043 


9.488492^  ia511508;5S 

9.488941 

9^9390 

9.489SS8 

9.490886 

9.490733' ia509867|4 

9.49118(^10.508820^47; 
9.49162710508375/46? 
9.492073  ia5079«'|  45} 
9.49251910.5074811441 
9.492965l]O.5O7035i4Si 
9.491341  O|ia5O6590l48; 

9^93854'l0.506U6  4l 
9.494299;10.5O5701i4O 
9.494743  ia505257i39 
9.495186' 10.504814,38 
9.495630 1050437^37 
9.49607310503927  36 

S.496515Jl0.5034^.35 

9.49«>57llO.S03043|34 

9.497399 

9.497841 

9.498282 

9.498722  10  5O1S78J30 

9.499163  10.500837  29 
9.499603  I0.500397i28 
9.50004210.499958  27 
9.500481!  10.499519  96 
9.500920  10.499080  » 
9.501359  10«49864l  94 

9.501797  tO.498903  is 


1050860133 
10.5021S9'(dS 

10  501718  n 


I 

9.979019 
9.9789791 
9.978939' 


J- 


9.502235  10.197765  8s 
9.502672-  to  497SC8  81 
9.503I09;IO496*«9i  .'v>n 
9.503S46  10.4964541 19 
9.503988  10.49001 »' 18 


0581483  '9.484107' 
.0.5810'25!j9.48450l 
0.580568!f9.484895 
0.580111 19.485889 

0.519655II9.4S5C8S 
0.519199,  a.48G07.'i 
O.518743||9.480467 
a51S88SH9.486860 
0.517S3:3,j9.48785l! 
0.517379 '9.487643 


9.978898!  9.50UI  8 

9.978858'  9.50485410  495146 

9.978817   9.505889 

9.978777 

9.978737 

9.978696 


10.495582 


9.978655 
9.978615 
0.978574 
9.978533 


10.494711 
9  505724.10.494276 
9.506159]  10  493841 
9.506593  10493407 


9.50709710492973 
9.507460*0  4.92540  10 
0.50789310.492107 


9.508336 


0516985 
0.516471 
0.516018 
0.515566 
05I5113 
0.514661 
Tang.     I 


9.488034 
9.488424 
9.488814 
9.4S9204 
9.489593 
9.489982 


Cosine. 


9.97849s!  9.508759 
9.978452  9  509  i  91 


9.978411 
9.978370 
9.978329 
9.978288 


9.509688 
9.510054 
9.510485 
9.510916 


9.978247|  9.511346 

9.978206  9.511776 

Sine.         Gotan. 


1049 1 674 
1049 1 841 
10  490809 

10.490378 
10.489946 
10489515 
10.489084 
10  488654 
10.488284 


7 
6 

5 

4 
3 

V, 


Tmg. 


7<DeR. 


-1 
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18  Peg. 


19  De^. 


19 
38 


35 
'36 

38 


Sine. 


CoufW. 


9481^983 
9.400371 
9490759 
9491147 
94915S5 
9491933 
9493308 

9.403695 
9.493081 
9493466 
9.493851 
9494836 
9.40i63l 

9495005 
9495388 
9.495773 
9496154 
9496537 
9.496919 


9.497901 
9497683 
9498064 
9.4984U 
83  9.408835 
34  9.499304 


39 
30 

31 

33 
33 
34 
35 
36 

37 
38 
39 
40 
41 
43 

43 
44 
45 
46 
47 
48 

49 
50 
51 
53 
53 
54 

55 
56 
57 
58 
59 
60 


9.499584 
9.499963 
9.500343 
9.500731 
9.501099 
9501476 

9.501854 
9.503331 
9.502607 
9.508984 
9.503360 
9  503735 

9.504110 
9.501485 
9.504860 
9.505334 
0.505608 
9.505981 

9.506354 
9.506727 
9.507099 
9.507471 
9.507843 
9  508814 

9.508585 
9.508956 


9  511776 
9.513306 
9.513635 
9.513064 
9.513493 
9513931 
9.514349 


9.514777 

9.51530410.484796 

9.515631 

9  516057 

9  61648410.483516 

9!516910  ia483090 


9.517335 

9.517761 

9.518186 

9.518610 

9.1 

9.519458 


9^119883  10.480118 


9.978306 
9.978165 
9.978184 
9.978083 
9.978042 
9.978001 
9.977959 

9.977918 
9.977877 
9.977835 
9.977794 
9.977T52 
9977711 

9.977669 
9.977638 
9.977586 
9977544 
9.977503 
9.977461 

9.977419 
9.977377 
9.977335 
9.977393 
9.977851 
9.977309 

9.977167 
9.977125 
9.977083 
9.977041 
9.976999 
9976957 

9.976914 
9.976873 
9.976830 
9.976787 
9.976745 
9.976702 

9.976660 
9.976617 
9.976574 
9.976532 
9.976489 
9.976446 

9.976404   9.539951 


ia448334 
ro.487794 
10.487365 
ia486936 
10.486507 
10.486079 
10485651 

10485333 


9.530305 
9.590728 
9.S81I51 
9.581S73 
9.531995 


Cotiiog.  il     Sine. 


10484369 
ia483943 


10.482665 
10.482239 
10.481814 
10.481390 
5 190841 10.480966 
10480542 


10.479695 
10.479872 
10478849 
10.478427 
10.478005 


0.509696 
9510065 
9510434 

9.510803 
9.511172 
9.511Si0 
9.511907 
9518275 
9.518548 


Cosine. 


9.976361 
9.976318 
9.976275 


9.533417 

9.538838 

9.5833S9 

9. 

9534100 

9524580 


9^34840 


9.585778 
9  586197 
9-536615 


10.477583 
10.477163 
10.476741 
533680  10.4763201 
10.475900 
10475480 


9.513642 
9.513009 
9.513375 
9.513741 
9.514107 
9  514473 
9.514837 

9.515202 
9.515566 
9.515930 
9.516294 
9.516657 
9.517030 

9.517382 
9.517745 
9.518107 
9.518468 
9.51882'J 
9.519190 

9.519551 
9.519911 
9.5^0271 
9.530631 


Cosine.  I 


9.975670 
9.975627 
9.975583 
9.975539 
9.975496 
9.975452 
9.975408 

9.975365 
9.975321 
9.975277 
9.975333 
9.975189 
9  975145 

9.975101 
9.975057 
9.975013 
9.974369 
9.974935 
9.974880 

9.974836 
9  974793 
9.974748 
9.974703 


9.530990  9*974659 


9.531349 
9.531707 


i'ang. 


i  Coiang. 


9.536972  10.463038 
9.537382  ia4636l8 
9.537793  10.463808 


9.538203 
9.5.^8611 


9-5.S9030 10.460980 


9»S39439 

9.539837 
9.540345 
9.540653 
9.541061 
9.541468 
9.541875 

9.548381 
9.548688 
9.54.3094 
9.543499 


10.461798 
10.461389 


10.460571 


ia460163 
10.459755 
10459347  51 
10.458939  50 
49 
48 

47 


10458532  49 
ia458l85 

10.457719 
10.457318  46 
10.456906145 
10.456501 
9.543905  ia456095|43 
9  54431010.45569043 


9.974614 
9.974570 


9.544715 
9.5451 19 
9(545534 
9.545928 
9.546331 
9.546735 


10475060 


9.525360  ia47464l 


ia474822 
ia473803 
10473385 


9.537033  10-472967 


10.473549 
10.472132 
10471715 
.5387(H|  10.471898 
10470881 
10470465 


9.527451 

9.53786S 

9.588885 

9. 

9.539119 

9.539535 


9.530366 
9.530781 
9.531196 


9.976333   9.5316U 
9.976189   9  538085 


9.976146 

9.97610) 

9.976060 

9.9780r 

9.975974 

9.975930 

9.975887 
9.975844 
9.97S800 
9.975757 
9.975714 
9.975670 


SiM. 


9.533439 
9.533853 
9.53.3366 
9.533679 
9.534093 
9534504 

9.534916 
.9.535338 
9.535739 
9.536150 
9.536561 
9'5369r8 


CoUin?. 


71  Pep. 


ia470049 
10.469634 
ia4693t9 
10.468804 
10468389 
10.467875 

ia46756l 
10467147 
10466784 
ia466331 
10465905 
10.465496 

10.465084 
ia464672 
ia46436l 
10.463850 
10.463439 
1046«H8 


Tang. 


9.529066  9.974535 
9.538434  9.974481 
9.532781  9.974436 
9J33138  9.974391 


9.523495 

9  583853 
9-584308 
9.584564 
9-534920 
9-525275 
9.525G30 

9.535984 
9  526339 
9  536693 
9.527046 
9.527400 
9.527753 

9.528105 
9.528458 
9.528810 
9.529161 
9.529513 
9.539864 

9.530315 
9.530565 
9530915 
9.531265 
9.531614 
9.531963 

9.533312 
9.532661 
9..'ia3009 
9J33357 
9  533704 
9.534052 


(?o«mC' 


10.455285  41 

10.454881  40 

10.45U76^ 

10.454078 

10.453669 

10453965 


35 


9.974347 

9.974033 
9.974357 
9.974313 
9.974167 
9.974122 
9.974077 

9.974032 
9.973987 
9.973942 
9.978897 
9.973852 
9.973807 

9.973761 
9.973716 
9973671 
9.073625 
9973580 
9.973535 

9.973489 
9.9734U 
9.973398 
9.97S8.V2 
9.97.3307 
9.973261 

9.973215 
9  973169 
a97d124 
9.973078 
9.973032 
9.972986 


9.547138 

9  547540  10.453460|34 

9^547943 

9.548345 

9548747 

9>549149 


10.458863 
10458460 
10.45805733 
10.451655<38 


10.451853 
10.450851 


9.549550 

9.549951 

9.55035810.449648 

9.550758 

9.551153 


1045045039 
10.45004938 
27 
ia44994826 
10.44884735 


9551553  ia448448  24 


Sine. 


70Dtg." 


9.554344 
9.554741 
9.555139 
9.555536 
9.555933 
9.55G329 

9.556725 
9.557121 
9.557517 
9.557913 
9.558308 
9-558703 

9.559097 
9.559491 
9.559885 
9.560279 
9.560673 
9.56t066 

Cotane. 


9.55195310.448048 

9.552351 

9.552750 

9.553149 

9.553548 

9-553946 


10.447649 
10.44785021 
10.446851 
10.416452  19 
10,446054118 


10.445656)17 
10.445259;  16 
10.44486lll5 
10  444464!  14 
10.444067  13 
10.443671  12 


10.443275 
10.448879 
ia442483 
ia442087 
10.U1692 
1044129: 


ia440003j  5 
10.4405091  4 
10.440115!  3 
ia4S97Sll  3 
10.4S9337| 
ia438934;  0 


r«»ng. 


Jigitized  by  VjO(5qIC 


GOO 


LOG.    SIM^S,  TAK»BNT9y  &C. 


tiO  De-. 


jnuej?. 


Sioe.         Cosine. 


0 

1 

5 

5 

6 

7 
8 

9 

to 

II 

13 

Id 
14 
15 
16 
17 
18 

19 
90 
21 
38 
33 
34 

35 
36 
37 
38 
89 
50 

51 
53 
53 
54 
55 
56 

37 
38 
39 
40 
41 
43 

43 
U 
45 
46 
47 
48 

49 
50 
51 
53 
53 
54 

55 
56 
57 
58 
59 
60 


9.53403^ 
9.5343Ui« 
9.534745 
9-53509S 
9.535458 
9.535785 
9.556139 

9.556474 
9.556818 
9.537163 
9.537507 
9.557851 
9.558194 

9.538538 
9.538880 
9.539333 
9  539565 
9.539907 
9-540349 

9.540590 
9.540931 
9.541372 
9.541613 
9.541953 
9.543393 

9.543633 
9543971 
9.545510 
9.545649 
9.545987 
9^44535 

9.544663 
9.5450<)0 
9.545538 
9.545674 
9.546011 
9.546547 

9.546683 
9,547019 
9.547354 
9-547689 
9.548034 
9.548359 

9.548693 
9.549027 
9.5493G0 
9.549693 
9.550026 
9.550359 

9.550692 
9.551024 
9.551556 
9.551687 
9.552018 
9.553549 


9.553680 
9.553010 
9.553341 
9.555670 
9J554000 
9.554529 

I^Sosine. 


9.9/''298G 
9.973940 
9.972894 
9.972848 
9.973802 
9.973755 
9.972709 

9.973663 
9.972617 
9.973570 
9.973534 
9.972478 
9.972431 

9.972385 
9.972338 
9.972291 
9.973245 
9973198 
9.972151 

9.973105 

9.972058 

9.97301 

9.971964 

9.971917 

9.971870 

9.972823 
9.971776 
9.971739 
9.971683 
9.971635 
9.971588 

9.971540 
9.971495 
9.971446 
9.971598 
9.971551 
9.971503 

9.971256 
9.971208 
9971161 
9.97111.3 
9.971066 
9.971018 

9.970970 
9.97092^ 
9.970874 
9.970827 
9.970779 
9.970731 

9.970683 
9.970635 
9.970586 
9970538 
9.970490 
9.970442 

9  970394 
9.970345 
9.970297 
9.970249 
9.970300 
99701.52 


Siae. 


Tany. 


9.561066 
9.561459 
9.5618SI 
9.5622U 
9.563636 
9.563028 
9565419 

9.563811 
9.564302 
9.564593 
9L564983 
9.565573 
9>565765 

9.566153 
9.566542 
9.566932 
9.567320 
9.567709 
9.568098 

9.568486 
9.568873 
9-569361 
9.569648 
9.570035 
9570432 

9.570809 
9.571195 
9.571581 
9.571967 
9.573353 
9573738 

9.573133 
9.573507 
9.575892 
9.574276 
9.574660 
9.575044 

9.575427 
9.575810 
9.57619.' 
9.576576 
9.576959 
9.577J41 

9.577723 
9.578104 
9.578486 
9.578867 
9.579248 
9.579629 

9.580009 
9.580389 
9.580769 
9-581149 
9.581528 
9.581907 

9.582286 
9.582665 
9.583044 
9.583422 
9.583800 
9-584177 


CotMII'.^. 

10438934 
ta43854l 
10.438149 
10  437756 
10457364 
10.456972 
10436581 

10456189 
10-435798 
10-435407 
10435017 
10.454627 
10.454337 

10.433847 
10.433458 
10.433063 
10.432680 
10.433291 
10  431902 

10.431514 
10.431127 
10.430739 
10.430353 
10429965 
10.429578 

10.439191 
10.438805 
10.438419 
ia438033 
10427648 
10427262 

10.426877 
10.426493 
10426108 
10.435734 
10.425340 
10424956 

10.421573 
10.424190 
10.423807 
10.423424 
10.423041 
10.422659 

10422277 
10.421896 
10.421514 
10.421133 
10.42(J752 
10430371 

10.419991 
10419611 
10.419231 
10418851 
10418472 
10.418093 

10.417714 
104173S5 
10.416956 
10416578 
10416300 
10*415833 


Sine. 


CoUn^,  I     Tanfc. 


9.554339 
9.554658 
9.554987 
9.555315 
9.555643 
9.555971 
9.556299 

9.556626 
9.556953 
9.557280 
9.557606 
9.557952 
9.558258 

9.558583 
9.658909 
9.5592.H 
9.559558 
9.559883 
9.560307 

9.560531 
d.560855 
9.561178 
9.561501 
9.5  &1 824 
9.563146 

9.562468 
9.563790 
9.565113 
9.565453 
9.565755 
9.564075 

9.564596 
9.564716 
9.565036 
9.565356 
9.565676 
9.565935 

9.566314 
9.566632 
9.566951 
9.567269 
9.567587 
9.567004 

9.568333 
9  568539 
9-568856 
9-569173 
9.569488 
9.569804 

9.570120 
9.570455 
9.570751 
9.571066 
9.571580 
9.571695 

9.572001 
9572333 
9J73636 
9.573950 
9.575363 
9578475 


Cofline. 


Cosine. 


9.970153 
9.970105 
9.970055 
9.970006 
9.969957 
9.969909 
9^69860 

9.969811 
9.969763 
9  969714 
9.969665 
9.969616 
9.969567 

9.969518 
9.969469 
9.969430 
9.969570 
9.969581 
9.969273 

9.969323 
9.969175 
9.969134 
9.969075 
9.969085 
9.968976 

9.968926 
9.968877 
9.968827 
9.968777 
9.968738 
9.968678 

9J^8638 

9.968578) 
9.968528 
9.968479; 
9.968429 
9968379 

9.968320 
9  968278 
9.968838 
9.968178 
9.968138 
9.968078 

9.968087 
9.967977 
9.967937 
9.967876 
9.967836 
9.967775 

9.967735 
9.967674 
9.967634 
9.967573 
9.967533 
9-967471 

9.967431 
9.967370 
9.967519 
9.967368 
9.967817 
9.967166 


Tan^. 


SiiM. 


9.595768 
9.596158 
9.596508 
9.596878 
9.597547 
9.597616 

9  597985 

9.598554 

9.598733^04018; 

9.599091 

9.599459 

9.599827 


9. 

9.600562 

9.600989 

9.601896 

9.601665 

9*600039 


9.603595 
9.603761 
9.603127 
9.603493 
9.603858 
94K)4335 

9.604588 


1041582860' 
10.415445 
IO415068  58 
10414691  57 
10.41451456 
55 


10.415938 
10413561  54 

10.415185  55 
10.413819  53 
10418434 
10.413059 
10411684  49 
1041150948 


1O4I0954 


47 


1O4I0560  46 


9.584177 
9.584555 
9.584952 
9.585509 
9.585686 
9.586063 
9.58645^ 

9.586815 
9.587190 
9.587566 
9.587941 
9,588316 
9.588691 

9.589066 
938944C 
9.589814 
9.590188 
9.590563 
9J;90955 

9.59(508 
9.591681 
9.593054 
9*593426 
9.598799 
9-505471 

9  S9S543 

9.593914  1040608634 

9.594285 

9.594656 

9.595037 

9-595598 


10.410186 
104098V2 
10409458 
10409665 

10.40869241 

10.408519 

10.407946 

10.407574|38 

10.407301 

10.406829 

1O406458  35 


IO405715  33 
10.4053U93 
10404973  51 
1040460850 


10404839  89 
1O40386238 
10.40349837 
10.40513326 
10403753 


1040858424 

10.403015  85 

10.40164638 

8  31 

30 


IO400909 
10.400541 


10400173  18 


,600l94|l0.d99806 
10.599458 
10  599071 
10598704 
10598557 
10.597971 


10.'i97605 

103978S9  10 

10396875 

10596507 

10596142 

10595777 


35 


19 


10.595418 
9.6049S.3{lO5950i7 
9.605517  10594685 
9.605683110594518 
9.606046il0.599954 
9JM64l0jlO395590 

Co(«ny.  i    T«Dg. 


Dey. 


68  Peg. 


Digitized  by  VjOOQIC 


LOG.  SINES,  TA^*OVNT8,  dcC. 


601 


*2i  DciL. 


I  Dec. 


7 
8 
9 
10 
II 
14 

t3 
14 
15 
16 
17 
18 

19 
«) 
21 
92 
93 
94 

25 
96 

9r 

98 
99 

SO 

31 
39 
33 
34 
35 
36 

37 
38 
39 
40 
41 
49 

43 
44 
45 
46 
47 
48 

49 
50 
.  51 
59 
53 
54 

55 

56 
57 
58 
59 
60 


91573575 
9.571888 
9474900 
9.574519 
4|  9.574894 
9.575136 
9.575i47 


9.575758 
9.576069 
9.576.179 
9,576689 
9  576999 
9!577309 

9577618 
9577997 
9.57  8J36 
9.578545 
9.578853 
9.579169 

9.579470 
9.579777 
9.580085 
9  580399 
9.58U699 
9.5810U5 

9.581319 
9.581618 
9.581994 
9.589999 
9.58i535 
9.58^40 

9.58.1145 
9.583419 
9.583754 
9.584058 
9.584361 
9.584665 

9.584968 
9.585979 
9.585574 
9.S85877 
9.586179 
9.586489 

9.586783 
9.587083 
9  587386 
9.587688 
9.587989 
9588989 

9.588590 
9.588890 
9.589190 
9.589489 
9.589/89 
9  590088 

9.590387 
9.590686 
9.590984 
9.591989 
9.591580 
9.5H1878 


Cosine. 


Cusiiis. 

9^967166 

9.9671  IS 

9.967064 

9.967013 

9.966961 

9.966010 

9.966859 

9.966808 
9.986756 
9.966705 
9.96>653 
9.96660ti 
9966550 

9.966499 
9.966447 
9.966.595 
9.966344 
9.966992 
9.966940 

9.966188 
9.966I.S6 
9.966085 
9.96603J 
9.965981 
9.9659i9 

9.965876 
9.96S894 
9.965779 
9.9657!^0 
9.965668 
9.965615 

996556.1 
9.965511 
9.965458 
9.965406 
9.965.153 
9.965301 

9.965948 
9.965195 
9.965143 
9.965090 
9.965037 
9964984 

9.964931 
9.964879 
9.964826 
9.96477a 
9.964790 
9964666 

9.964613 
9.964560 
9.964507 
9.964454 
9.964400 
9.964347 

9.964994 
9.964940 
9.964187 
9.964133 
9.964080 
9.964026 

Sine. 


Tufisc. 


Ootaii^.  \ 
1639359a' 
l0.393-24;i 

10  ym^ys 

ia3925<X) 
in.392l37 
10.191775 
10391419 

10  391050 
IO.;J9058S 
l0.39ai26 
10.389964 
I0.3896U3 
I0.389i4]| 

10.388S80 
ia388520 
10.388159 
I038779yl 
10.387439 
10.387079 
10386710' 
10386.159 
,614000  10.386000 
I0.3.S5641' 
10.385282 
103849^23 


9  606410 
9.60677.1 
9.607137 
9.607500 
9  607863 
9.608225 
9.608588 

9.6O89.>0 
9.609.JIV 
9  609674 
9.6lOai6 
9.610397 
9.610759 

9.611120 
9.611480 
9.611841 
9.612201 
9.612561 
9.612921 


9.613281 

9.613641 

9. 

9.614.359 

9.614718 

9615077 

9.615435 
9.615793 
9.6161 51 
9.616509 
9  616867 
9  617224 

9.6^582 
9.617939 
9.618295 
9.618652 
9  619008 
9619364 

9.619720 
9.62U076 
9620432 
9.620787 
9.621142 
9.621497 

9.621852 
9  622207 
9.6^561 
9.622915 
9.6212o9 
9.62362.1 

9.62.1976 
9.62433P 
9  624683 
9.625036 
9.623388 
9625741 

9.6-36093 
9.626445 
9.626797 
9.627149 
9.627501 
9627852 


YouL 


CotHn. 
67  Peg. 


10.384565 
10.384  i07 
10i3.S38«9i 
10.383491 
1 0.38.)  loo 
10.38^776 

10382418 
10.382061 : 
10381705 
10.381 348; 
10.380992 
10380636 

ia38028o' 
103799^1 
10  379568 
1037921. 1< 
I0.378858{ 
IO378503' 

10.378148 
IO.377793I 
10:377439; 
10.177085 
10.3767311 
10.3763771 

10.3760241 

ias7567o: 

103753I7 
10374964 
10374612 
10374259 

fO.37.19071 
10.373555 
10373203 
10.372851 
10.372490 
10372148 

Tanir.     li 


^ine. 
9191^78 
9  592176 
9.592473 
9.59277U 
9.59.1067 
9.59363 
9.593659 

9.59.1955 
9.594251 
9.5)4547 
9.594842 
9.59.>13; 
9  595432 

9.595^27 
9.596021 
9.596315 
9.596609 
9.596903 
9.597196 

9.597490 
9.597783 
95i^8075 
9.598368 
9.598660 
9.598952 

9.599244 
9.599536 
9..19982; 
9.600118 

9  6'.K)400 
9.600700 

9.60j990 
9.60 1 280 
9.001 570 
9601860 
9.602150 
9  602439 

9  602728 
9  603017 
9-603305 
9603594 
9.603882 
9.604170 

9.604457 
9  604745 
9.605032 
9.6053 1 H 
9.605606 
9.60589V 

9.606179 
9.606466 
9.606751 
9.607036 
9.6O4.122 
9607607 

9.607892 
9.608177 
9.608461 
9.608r45 
9  6090S9 
9.609313 


Cosine. 


Co-*  lit: 

9.9tf402fj 
0.963972 
9.96.J919 
9.96.1865 
9.96  i8ll 
9  96.1757 
9  963704 

9.96.1650 
9.963.^96 
9.963542 
9.963488 
9.963434 
9.963379 

9.963325 
9.963271 
9.963217 
9.963163 
9.963108 
9  963054 

9.962999 
9.962945 
9.962890 
9.962830 
9  962781 
9  962727 

9.962672 
9.962617 
9  962562 
9.962308 
9.yfW453 
9962398 

9.962143 
9.962288 
9.962233 
9.962178 
9.962123 
9.962067 

9  962019 
9.961957 
9.961902 
9.961846 
9  961791 
9961735 

9  961680 
9.961624 
9.961569 
9.961513 
9.961458 
9961402 

9.961346 
9.961290 
9.961235 
9.961179 
9  96112.1 
9  961067 

9.961011 
9.960955 
9.960899 
9.960843 
9.%078e 
9  960730 

Shi*. 


1^1?.  J 
9.6278521 
9  62820.^ 
9.62S5d4| 
9.6J8H05 
9  629255 
9  629606 
9.629956 


10372148 
10371797 
10.371446 
10  371095 
10370745 
I0..17O194 
10.370044 


9.6.10J06  10.369694 
9.63(i656lO;»69.144 
9  63iOOj|10:!68  95 
9.631 35.^;  10.368645 
9.631704)10  368296 
9632053  10367947 


10.367598  A 
10.367250  4 
10.366901  A 
10366553  44 
10.366205  i 
10365857  i 


9.646881 
9.647222 
9.647562 
9.647903 
9.948243 
9648583 


Cotan. 


60 
59 
58 
57 
56 
55 
54 

53 
.•2 
51 
50 
49 
48 


9.632.i02 
9.632750 
9.6130e9 
9.633447 
9.633795 
9.634143 

9.634490 

9.6:HH38 

9.635185 

9.63553 

9.rt35879 

9.636226 

9.036572 
9  6369 1 L' 
9.037265 
9.637611 
9.6.*7956 
9.6.1830!^ 

9.638647 
9.638992 
9.639337 
9.6.i9682 
9  640027 
9.640871 

9.640716 
9.64i060 
9.641404 
9.641747 
9.642091 
9.642434 

9.642777 
9  643120 
9.64346.1 
9.643806 
9.644148 
9.644490 

9.644832 
9  645174 
9.645516 
9.645857 
9.646199 
9  646540  ia353460 


10.36.3510 
10.3651  OS 
10.364815 
tQUl64468 
10.364121 
10363774 

10.363428 
10.363081 
10  302735 
10.362.%9 
10.362044 
10361698 

10361355 
1(U61008 
10  360663 
10.36031 8 
10.359973 
103596x9 


10359284 

1035894022 

10.358596 

10.358253 

10.357909 

10.357566 


10.357223 
10356880 
10.356537 
10.356194 
10.155852 
10355610 

10.155168 
10.354826 
10.154484 
10.154143 
10.353801 


10.353119 
10.352778 
10  352438 
10852097 
10.351757 
10.351417 


Tanjc. 


43 
42 

41 
40 
39 
i8 
37 
36 

35 
34 
33 
32 
31 
30 

29 
28 
27 
J6 
25 
24 

23 


21 
20 
19 
18 


66l>c}r. 


ff 


Digitized  by  CjOOQ IC 


«4D«g. 


LOO.  SINES,  TAivaBirrs,  &e. 


TSiT 


g:>  Jcg. 


ra=r 


Oil 


9.6UU31d; 
O.II095Qr, 
9  60.)M0 
9610164; 
9.61<H47I 
9.6107^ 
9  611019 

9  6I199U 
9.611576 
9  61195a; 
9.612140 
9.618491 
9.618708 

13  9.618»83 


9.96073U 
9.960674 
99606IS 
9.960561 
9  96U505 
9-960  U8 
9.96039^^ 

9.960355 
9.960270 
9.96082 
9.9601  tS5 
9960109 


9.6485113 

9.648983 

9.1 

9.64960'^ 

9.64^9 

i«.65028l 

9  65C680 


*'i  10. 


iassi4i7 

10.351077 

1.350737 

10.350398 

3300J8i 
10  34971  V> 
10  349380^ 


9.65095«Jta349d4l 
9.651897  10.348703 


9.65 1 630  10.348364 
9  651974  10.348086 
9.6^83. '2  10.347688 
9.96O0S8  9^6865010347350 


9.95999> 
9.6138641  9.959938 
9.613545 
9.61388S 


9.959882 
9.959885 
9.614105  9.95976S 
9.614385   9.9579U 


9.614665 
80  9.614944 
9.61588.) 
9.615502 
9615781 
9.616060 


9^616338 
9.616616 
9.616894 
9.617178 
9.617450 
9.617787 

9.618004 
9.618281 
9.618558 
9.618834 
9.619110 
9.619386 

9.619662 
9.619938 
9.680213 
9.680488 
9.680763 
9.681038 

9.681313 
9.621587 
9.681861 
9.688135 
9.622409 
94(89682 

9.622056 
9.683889 


9.6240V7 


9.959654 
9.959596 
9.959539 
9.959489 
9.959485 
9.959368 

9.959310 
9.9.^9853 
9.959r95 
9.959138 
9.959080 
9.959023 

9.958965 
9.958908 
9.958850 
a958792 
9.958734 
9.958677 

9.958619 
9.958561 
9.968803 
9.958445 
9.958387 
9958389 

9.958871 
9.958813 
9.958154 
9.958096 
9.958038 
9.957979 

9.957921 
9.957863 


9.683502  9.957804 
9.683774  9  957746 


9.684319  9  957628 


9.624591 
9.624863 
9.685135 
9.625406 
9.625677 
9  625948 


OwifH". 


9.957687 


9  957570 
9.957511 
9.957452 
9.957303 
9.957335 
9  957276 


Sine. 


9.658988 
9653326 
9.65.1663 
9.654000 
9.654)37 
9.654674 

9.655011 
9.655348 
9.655684 
9.656030 
9.65635n 
9656698 

9.657028 
9.657364 
9.657699 
9.658034 
9.658969 
9.658704 

9.659039 
9.659373 
9.659708 
9.660042 
9.660376 
9.660710 


iaM7018 
10.346674 
10.346337 
10.346000 
10345663 
10  345386 

10.344989 
10.344652 
ia344ai6 
10.343980 
10.3436U 
IOb34S108 

10.348972 
10342636 
10348301 
10.341966 
10.34163! 
10.34129G 

10  340961 
10.340327 
10.340299 
10  339958 
10.339624 
10.339890 


9.661043 
9.661377 
9.661710 
9.668043 
9.662376 
9.66870U 


9.663375 
9.663707 
9664039 
9.664371 
9.664703 


9.665035 
9.665366 
9  665698 
9  666089 
9.666364) 
9  666691 

9.667021 
9  667359 
9.667689 
9.6fi80l3 
9.668343 
9_668673 
Co  Ian. 


10.33895 

lO-.>38623 
I0*3d8>2»0 
10.33795; 
10-337624 
10.33:291 


9.663042  10.33695M 
10.3366-25 
10.336293 
10.335961 
ia3356j» 
10  335297 


9^85048 
9.686819 
9.686490 
9.626760 
9.627030 
9.627300 
9.627570 

9.627840 
9.628109 
9.628378 
9U>28647 
9.628916 
9689185 

9.689456 
9.689781 
9.689989 
9.630857 
9.630584 
9630798 


CoKiiia. 

gL95727« 

9.987817 

9.957158 

9.957099 

9.957040 

9.956881 

9.956991 

9  956868 
9.956803 
99567U 
9.»54k»4 
9.956685 
9956566 

99S6506 
9.956U7 
9.956387 
9.956327 
9.956268 
9.956908 


'latt|E. 


ivL 


laaaii 
losaunte 


10.334965 
10.334634 
ia3S4.S()9 
1(1.333971 
10.333640! 
104333091 

ia338979 

1 0.332648!  j 

10..332318I 

10.331987{| 

10.331657 

10.331387 


Tttiip. 


9.631059 
9.631386 
9.631593 
0.631859 
9.639125 
9.638398 

9.633658 
9.639983 
9.6.53189 
9.633454 
9.633719 
9.633984 

9.634949 
9.634514 
9.634778 
9.635049 
9.635S06 
9.635570 

9.635834 
9.636097 
9.636360 
9636683 
9.636886 
9.637148 

9.637411 
9.637673 
9.637935 
9.b38197 
9.638458 
9638790 

9.638981 
9.63984^ 
9.639503 
9.639764 
9.6400^24 
9  640984 

9.640544 
9.64A804 
9.641064 
9.641384 
9.641583 
9641848 
Cosine. 


1033(1889  57 
10330109  56 


,670380  10S9968I 
1038985 


9.956148 
9.956089 
9.956099 
9.955069 
9.05S009 
9.055849 

0.955789 
0055799 
9.055669 
9JI55609 
9.955548 
9.955488 

9.955498 
0.955.S68 
y.0553O7 
0.055847 
0.055186 
0.055196 

0.055065 
9.955005 
9.954044 
9.954883 
9.954883 
9.9H7G2 

9.954701 
0.05464D 
0.054579 
9.954518 
9.954457 
9054306 

0.054334 
0.054275 
9.954813 
9.954152 
9.954090 
9  954089 

9.953068 
9.953906 
9.053845 
9.953783 
9.958788 
9053660 

Sine. 


0.66S673 
O.660OU8 

9.6S0333 
9.669661 
0.669991 
9. 

0670649 

9.670977 
9.671306 
0J6716S5 
9.671963 

o.ert89*. 

».e796l» 

0.679M7 

9.678974 

OJ 

0.673099llOS9007ll44 

9.6748S7 

0.674684flOS854l6|4S 

II 


55 
54 

10.388083  53 
I038S694 
10.398365 
10380087  50 
;iUS77O940 
0397381  48 

10397053  «7 

.67360210386308  45 
1OS9007144 
I0.395743U3 


IO.389080 
t038l763|46 
I0394436  88 


0.67491 

9L6759S7 

0.675564 

0.675800  ia384ll0|38 

0.676917 

0676543 


I039378S37 
1038345736 


9.676830 

0.«ni94  1< 

0.67759ttlO; 

9.677846 

0.678171 

9  678406  lO3815O4|30 


0^8891 
9.670146 
9.679471 


OiiSOi44 


9.681009 
9.681416 


lO381170n 
10390854  M 
10.390599  87 


94.9795IO380905  8S 


94SSO1901O31088Dts 


1031955«94 


0US8C768  1031039a  93 


103189010 
10.318534  fi 


9.681740  iO3l3960l« 


9.689063 
Oj689^7 


1O3I7037 


1031761311 


9.689710  10317990 17 
0.68303:1 10316967 


0.6S3SS6 
9.683679 
9.6840UI 
0684394 


10315644  li 

I0316381 
1O3I5099 
103U676 


9.684646  ia313M  II 
9.684968  1^315039 10 
9.685990  10L3147I0 
0.685619  10.314388 


9.685934 
9.6869S5 

0.6S6577 
0.686898 
9687919 
9.687540 
0U»7t6t 
0.6SS1S9 


Cofn, 


10.314066 
10313745 


9 
8 

7 
6 

l03tS488|5 
10313108  4 
I03I978I 
10319460  8 
10319139 

tosimr 


19 


T»i»» 


:V' 


esDtg. 


Iglter 


I 
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eo8 


SttDeff. 


erPeg. 


3 
4 
5 
6 

7 
I 

9 
10 
li 
U 

13 
14 
15 
16 
\7 
18 

19 


9.(iiu«| 

9.648101 
9iUd360 
9.64i6lS 
9.6  W87/ 
9.643135 
9  64J393 

9.643650 
9.64330S 
9.6UI65 
9.644ii3 
9.6ii680 
9.644936 


9.645193 
9.6i543J 
9.64571)0 
9643902 
9.646ii8 
9.646474 

9.6467^ 
30  9.646984 
y.647'240 
9.647494 
9.647749 
^  9.648004 


iS 

46 
'i7 
2B 
i9 
30 

31 

3,2 
33 
34 
3i 
36 

37 
38 
39 
40 
41 
43 

43 

u 

45 

46 
47 
^ 

49 
50 
51 
53 
53 
54 

55 

56 
57 
58 
i9 

60 


9.648258 
9.648313 
9.648766 
9.640O3O 
9.649374 
9.649537 

9.649781 
9.650034 
91650^87 
9.650539 
9.650793 
9.654044 

9.051397 
9.651549 
9.651800 
9.653053 
9.653304 
9.653555 

9^3806 
9Ji53057 
9.653108 
9.653558 
9.053808 
9.054059 

9  054309 
9.854558 
9.654808 
9.655058 
9.055307 
9.655556 

1^5805 
9.056054 
9.65030i 
9.056561 
9.056799 
9.657047 


Cosine. 


"t; 


aiig. 


10311818 
10.311 498 
10.311177 
689l43(ia.>l0857 
10.310537 
ia3l03l7 
10/90989719. 


9/*88l83 

9.688502 

9.6888i3 

9. 

9.689403 

9.689783 

9.690103 


9.703466 
9.703781 
9.703095 
9.703409 


SiiM*.     '   Cotaii. 


Cotanj. 


CxKMitt. 

9.953660 
9.953599 
9.953537 
9.953475 
9^953413 
9.9533i3 
9.953290 

9.95.3328 
9.953166 
9.953104 
9.953043 
9.151980 
9.953918 

9.953855 
9.95  i793 
9.953731 
9.952650 
9.9536  JO 
9.952544 

9.953481 
9.952419 
9.95235 1) 
9.9i3294 
9.9532.)! 
9952168 

9.952106 
9.952043 
9951980 
9.95  r9l7 
9.951834 
9.951791 

9.951738 
9.951665 
9  951602 
9.951539 
9.951476 
9.951413 

9.951349 
9.951386 
9.9513-23 
9.951159 
9.951096 
9.951032 

9.950968 
9.9S0905 
9.950841 

S  4150778 
.950714 
9.950650 

9.950586 
9.950538 
9.950458 
9.950394 
9.950330 
9.950266 

9.951803 
9.950138 
9.950074  9,tvQVAo 

9.9500l«  9.706541 

9.941*915   9.706854  10.393144 
9.94988l|  9.707166  10.893834 
fftny. 


969043.9 
9.690743 
9.69IU62 
9.691381 
9.6>17U0 
9.693019 

9.693338 
9.692036 
9  692975 
9.693393 
9.69  $613 
9.093930 

9.694249 
9.694566 
9.694883 
9.695301 
9.6'J5518 
9.695836 

9.696153 
9.696470 
9.696787 
9  697103 
9.697430 
9.697736 

9.698053 
9.698369 
9.698685 
9.699001 
9.699316 
9.699633 

9.699947 
9.700263 
9.700578 
9.700893 
9.701308 
9.701523 

9.701837  10.398163 
9.703153  10.397848 


10.309577 
10.309358 
10.308938 
IO.;)OS6l9 
10.308.300 
I0..)0798l 

ia307{?63 
10..M7341 
10.307025 
10.306707 
I0.3v)6388 
10.306070 

10.305753 
a.K).i4}4 
10.305117 
10.304799 
10.304482 
10.3*)4164 

10..303847 
10.303530 
10.303213 
ia303897 
10.302581) 
10.302264 

10.301947 
10.3016  H 
10,301315 
10.300999 
10.300684 
10.300:>68 

10^00053 

10.399737 

10.399432 

I0.3a9l07 

10.39879 

10.398477 


10.39753  V 
10.397319 
10.396905 
ia39659l 


9.703732  10, 
9.704036 

9.704350  ia39565!i 
9.704663  10. 
9.704976 


I.39627S 

10.395964 

t39565:i 

f.395337 

10.395034 


9.705390  |0.39;7I0 

9.70560340.394397 
9.705916  10.394084 
9.706338  10.393773 
ia393459 


I   Sine. 

9.6570^ 
9.657395 
9.657513 
9.657790 
9.658037 
9.658384 
658531 


9.658778 
9.659035 
9.659271 
9.659517 
9.659763 
9.660009 

.).66035S 
9.360301 
'J.66()746 
9.650991 
9.661336 
9.061481 

9.661726 
9.01)1970 
9.652314 
9.662459 
9.662703 
9.662946 

9.663190 
9.6634^)3 
9.663677 
9.663920 
U.66VI63 
9.664406 

9.6646  V8 

9.664891 
9.565133 
9.665375 
9.665617 
9.665859 

9.666100 
9.666313 
9.566583 
9.566834 
|9.667065 
[9.667305 

9.667546 
9.66778G 
9.668027 
9.668367 
9.668506 
9.668746 

9.G68986 
9.669235 
9.609464 
9.6697U3 
9.669943 
9.670181 

9.670419 
9.670658 
9.670896 
9.671134 
9.671372 
9.671609 


(JoMne. 


CcMiirti»« 

9iim\ 

9.949816 
9949753 
9.949688 
9.949033 
9.94955K 
9  949494 

9.949429 
9.949364 
9.949300 
9.9V93).> 
9.949170 
9.949105 

9.949040 
9.948975 
9.94891(» 
9  948845 
9  948780 
9.948715 

9<n8650 
9.948584 
9.948519 
9.948454 
9.948388 
9.948333 

9.948357 
9.948193 
9.948136 
9.948060 
9.947995 
9.947939 

9.947863 
9.947797 
9.947731 
9.9i7665 
9.94760() 
9.947533 

9.947467 
9.947401 
9  947335 
9.947369 
9.947-20.S 
9.947136 

9.947070 
9.947004 
9.946937 
9.946871 
9.946804 
9.946738 

994667! 
9.945604 
9.940538 
9.946471 
9.946404 
9.94633; 

9.946370 
9.946303 
9.9461S6 
9.9460ti9 
9.946003 
9.945935 


'Fang. 
9.707166 
9.707478' 
9.707790' 
9.708103 
9.708414' 
9.708726 
9.709037, 


9.709349* 
9.709660 
9.70  J9/1 
9.710282 
9.7IU593 
9.7109U4 

9  711315 
9.711535 
9.711836 
9.712146 
9.713456 
9.713/66 

9.713076 
9.713386 
9.713596 
9.714005 
9.714314 
9.7146-24 

9.714933 
9.715342 
9.715551 
9.715860 
9716168 
9.716477 

9.716785 
9.717093 
9.717401 
9.717709 
9.718017 
9.718325 

9.718633 
9.718940 
9.719248 
9.719555 
9.719863 
9.730169 

9.730476 
9.730783 
9.731089 
9.731396 
9.721703 
9.7:i2009 

9  732315 
9.73303! 
9.733937 
9.733333 
9.733538 
9.723844 

9.734149 

9.72U54 
9.7*?4760 
9.725065 
9.725370 
9.735674 


Cotan. 


10.392834 

10.39  2.:iu 
10.39  I69fe 
10.391586 
10  39  U74 
ia-^9096o 

10.390651 
10.39034U 
10.;£9003&f 
10.389716 
I0.2894b< 
l0.^89U:^b 

10.388785 
0.3884'** 
10.3(181 01 
lu.387854 
10.387544 
10.387334 

10.386924 
10.386614 
I0.3b6.)04 
10.385995 
ia383686 
ia3d.)o/6 

10.885067 
10.384758 
10.384449 
1 0.3841 4o 
10  283833 
10.38353:) 

10.383315 
10.38390/' 
10.38'J599 
10.383291 
10.881983 
10.381673 

10.881367 
10.381060 
10  380753 
10.380445 
10.380138 
10.379831 

10.879534 
10.379817 
10.878911 
10.378604 
10.378398 
10.277991 

10.877685 
10.377.379 
10.377073 
10.376768 
ia3764fi2 
10.376156 

10.875851 
ia375546 
10.375340 
10.274935 
10  274630 
10374336 

Tang" 


60 
59 
58 
57 
56 
55 
54 

53  . 

53 

51 

50 

49 

48 

47 
46 
45 
44 
43 
43 

41 
40 
39 
38 
^7 
36 

35 
34 
33 
33 
31 
30 

39 


35 
84 

33 
33 
81 
30 
19 
18 

17 
16 
15 
14 
13 
13 

11 

10 


62  Dnr. 
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604 


LOO.  SIJtBS,  TAKGBirrs,  &C. 


7 
8 
9 
10 
11 
1^ 

13 
14 
15 
16 
17 
18 

19 

21 

23 
24 

25 
26 
27 
28 
29 
.10 

31 

.W 
.13 
34 
35 
SO 

37 

.18 

:=-9 

4(1 

♦• 
13 
44 
45 
40 
47 
48 

4V 
50 
51 
5'i 
5.S 
54 

55 

.i7 

58 
5'» 


9.677609 
9.671847 
9.672084 
9  672321 
9.672  i58 
9.672795 
9.672032 

9  673285 
9.673505 
9.673741 
9.673977 
9.674213 
9.674448 

9.674684 
9.674919 
9.675155 
9.675390 
9.675624 
9.675859 

9.676094 
9.676328 
9.676562 
9.676796 
9.677030 
9.677264 

9.677498 
9.677731 
9  677964 
9.678197 
9.678430 
9.678663 

9  67889: 
9.679128 
9.679360 
9.67959V 
9.679824 
9.680056 

9.680288 
9.680519 
9.680750 
9.680982 
9.681213 
9.681443 

9.681674 
9.681905 
9.682135 
9.682Sr-,5 
9.682.^95 
9.682825 

9.683055 
9.68.^284 
9  683514 
9.683743 
9.68397-2 
9.68420! 

9.684430 
9.6S465f< 
9.684887 
DC85n.<; 
9.685343 
9.685571 


^DefT. 


f  Uisine. 


Cosine, 

9.9459"35 

9.945868 

9.945S0II 

9.945r3.« 

9.945666 

9.945598 

9.U45531 

9.945464 
9.945396 
9.945328 
9.945261 
9.94519.1 
9.945125 

9.945058 
9.944990 
9.944922 
9944854 
9.9U786 
9.944718 

9.944650 
9.944582 
9.944514 
9.944446 
9.94137. 
9.944309 

9.944241 
9.944172 
9.944104 
9.9440;16 
9.943967 
9.943899 

9.943830 
9.943761 
9.943693 
9.943624 
9.943555 
9.943486 

9.943417 
9.94;}348 
9.943279 
9.943210 
9.943141 
9.94307*2 

9943003 
9.9429.14 
9.942864 
9942795 
9.942726 
9.942656 

9  942587 
9.942517 
9.942448 
9.942:i78 
9  942308 
9.942239 

9.942169 
0  942f)99 
9.942025 
9.M41959 
9  941889 
9.941819 
Sine. 


9.725674 
9.725979 
9.726  i84 
9.726588 
9.72(;892 
9.727197 
9.7*27501 

9.727805 
9.728109 
9.728412 
9.728716 
9.729020 
9.729323 

9729626 
9.729929 
9.7302.53 
9.730535 
9.7.10838 
9.731141 

9.731444 
9*7  Jl  746 
9.732048 
9.732351 
9.7.1265.1 
9.732955 

9.73325: 
9.733558 
9.733860 
9.734162 
9.73^W63 
9  734764 

9.735066 
9  7353^17 
9.735668 
9.735969 
9.736269 
9.736570 

9  736870 
9.737171 
9  737471 
9.737771 
9  738(j7I 
9.738371 

9.738671 
9.7SS</71 
9.739271 
9739570 
9.739S70 
9.740169 

9.74016« 
9  740767 
9.74H)6fi 
9.7i:365 
9.741664 
9.741962 

9.74e26! 
9.742559 
9.742858 
9.713156 
P.74.'?451 
9.74.1752 

Co:  an. 


Cotaii:;. 

10274.126 
10.274021 
10.27.1716 
ia2734l2 
10.273108 
I0.2728t)3 
10.272499 

10.272195 
ia27l89l 
10.271588 
10.271284 
10.270980 
1027067; 

10270374 
10.270071 
10269767 
10.269465 
10.269162 
10.268859 

10.268556 
10.268254 
1026795-' 
10.267(449 
10.267347 
10.267045 

10.266743 
10.266442 
IO266I40 
10.265838 
10.265537 
10.265236 

10.261934 

10264633 
10.264332 
IO2640J1 
10.263731 
10.263430 

10.263130 
10.262829 
I0.2625;i9 
10.2n2i29 
I0.26l9cr> 
10.261629 

10.261329 
10  26 If  129 
1 0260729 
IO260430 
10.260130 
10259831 

10259532 
10259233 
10.259834 
10?58635 
10.25833r. 
UI.258038 

10257739 
I025744I 
10.257142 
10256844 
10.25fi54C 
10.2562481 


_6Hx^C. 


Tail-.     1 


.Sine.      1 

9.685799' 
9.686027| 
9.686254 
9.686482 
9  686709 
'9  686936 

9.687t63^ 
9.687389 
9.687616 
9.6878431 
9  688069 
9.688295 

9.fi8852l 
9  688747 
9  688972 
9  689198 
9.689423 
9.6S9648 

9.689873 

9.690J98 
9.69032 
9  690548 
9.690772 
9.690996 

9691220 
9.691444 
9.69I6C8 
9.691892 
9.6921151 
9.698339{ 

9.692562 
9.692785 
9.693008 
9.693231 
9.693453 
9.693676 

9.693898;  9.939195 
9  694lfi0j  9.939123 
9.694342,  9.ft39052 
9.694564|  9  938980 
9  694786!  9.9389U8 
9L695007J  9.938836 

9.695229 
9.695450 
9.696671; 
9.69i892 
9.6961 13 
9.696334 


29rVp 


9;7l3752 


9.744S48 
tt.744«45 


ta.2S6246lco 
9.74405U  ia255950  Sft 
—  •-     I0.:I556S258 

10.255355 


57 

56 

ia85476055 

10.25446254 

53 

58 

Hi 


9.74M>45ilO.«550S7 

9.745240 

9.745538 


iaSS4l65 


9.74S8S5 

9.7461  S2 

9.746499 

9J46786 

9.747083  ia«52977  49 

9.747319, 


ia^53868|58 
IU.8535/1 

lOJ 


).2»327450 


ia25d68l 


41 


9.7476l6|IO,25S9f4/47 
9.74791310.852087  46 
9.74880»ttO.85l791  45 
9.748505  10.851495  44 


CiMJae, 

"994T8T9 

9.941749 

9.941679 

9.941609 

9.941539 

9.941469 

9.941998 

9.941338 
9.941258 
9.941187 
0.941117 
9.941046 
9.940975 

9.940905 
9.940834) 
9.940763' 
9.940695 
9.940688 
9.9I0S51 

9.040480  9749393  ia8S0607!4l 

9.940409 

9.9403.18f 
9.940867 
9.940196 
9.94012S 

9.940054 
9.939982 
9.939911 
9.9.19840 
9.939768 
9.839697 

9.939625 
9.939554 
9.939488 
9.939410 
9.939339 
9.939267 


9.748801 
9.74S097 


9.749689 
9.749985 
9.750881 
9.750576 


ia85l  19943 


10.250911 
I0.8SO015 
ia8497|9 


/I0.249484i37 

9.7S0878flO.JM9JM/36 


9.7$n67ll0.84S833!35 
0.75l462\iO.84l596|34 
9t75l757'l0.84W43l33 
9.738058ilO847948'38 
9.75894710.84765331 
9.7^864810847.^38  90 


9.758937 
9.755831 
9.753586 
9b753880 
9.7541151 
9.754409 


10.84706589 

1084676988 

10.846474 

1 0.846180)26 

ia845885i85 

l0.s)45S9l[24 


9.754703  10.845897  88 
9.754997  I0.84500S« 
9.75589J  10.844709 
9.755585(I084U15 
9.7SS878iia2i4l88 
9.756172  10.845888 


9.6965.'i4| 
9.696775! 
9.696995 
9.697215 
9.697435 
9.697654 

9697874 
9.698094 
9.698313' 
9  698532 
9.698751 
9  698970 


Conine. 


9.9.18763 
9.938691 
9.938619 
9.938547 
9.938475. 
9.938402| 

9.9383501 
9.9.18258 
9.938 1 85J 
9.938113 
9v938040 
9.937967 

9.937895 
9.937828 
9.937749 
9.937676 
9.9376041 
9.9.17431 


9756465 
9.756759 
9.737058 
9.757545 
9.757638 
9.757931 

9.758284 
9.758517 


9.759102 


10.945555 
ia84584l 
I0248948 
10.848655 
10.248368 15 


ia948069 

10841776 
10.841483 


9.75881010.841190 


10840898 


Sine. 


9.759595)10.840605 
9.759687.10.840919 

9.7599t9  ia84002l 
9.760272'|!0899728 
9.7605r4|lO.89»436 
9.7f0856' 10.839144 
9.761 148;  I0.9S88S2 
9.7614.19  10898561 
Comn.  I     Tunt, 


gOD'^S. 


Jigitized  by 
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60 


0 

\ 

3 
4 
5 
6 

7 
B 

9 
10 
II 
18 

IS 

14 
15 
16 
17 
18 

l» 
80 
81 
88 

83 
84 

85 
86 

87 
88 
89 
30 

SI 

38 
33 
34 
35 

36 

87 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 


55 

56 


58 
59 
60 


Siii«. 


30tJ*y. 


9.698970 
9.699189 
9  690407 
9  699626 
9.6998U 
9.70u06^i 
9.700880 

9.700498 
9.700716 
9.700933 
9.70II5I 
9.701368 
9.701585 

9.701808 
9.7O80i9 
9.708836 
9  708452 
9.708669 
9  7U;<885 

91703101 
9.703317 
9  703533 
9  703749 
9.703964 
9.704179 

9  704395 
9.70«6|0 
9.704885 
9.705040 
9.705854 
9.705469 

9.705683 
9.705898 
9.706118 
9  706d26 
9.706539 
9.706753 

9.706967 
9.707180 
9.707393 
9.707606 
9.707819 
9.70803.2 

9  708845 
9.708458 
9.708670 
9.708888 
9.709094 
9709  J06 

9.709518 
9.709730 
9.709941 
9.710153 
9.710364 
9.710575 


9.710786 
9.71099:* 
57  9.711808 
9.71  UI9 
9  711689 
9.7 1 '839 


C(«siiie. 


C4>»ine. 


9.9.17531 
9.937458 
9.937385 
9  937318 
9.937238 
9.937165 
9.937098 

9.937019 
9.936946 
9.936878 
9  936799 
9.936785 
9.936688 

9.936578 
9.936505 
9.936431 
9  9.I6.J57 
9.936884 
9.936810 

9.936136 
9.936068 
9.935988 
9.935914 
9.936840 
9  935766 

9.935698 
9  935618 
9.93S543 
9.935469 
9.935395 
9.935380 

9.935846 
9.935171 
9.935097 
9.9^5088 
9.934948 
9.934^73 

9934798 
9.934783 
9.934649 
9.934571 
9.9^4499 
9.934484 

9.934.349 
9.9.14874 
9.934199 
9.934183 
9.93404b 
9.933973 

•9.935898 
9  93.1888 
9.933747 
9.933671 
9.93.5596 
9.933520 

9.933445 
9.933369 
9.93Si93 
9.933817 
9  933141 
9.933066 


Sine. 


'I'liiijC.    I   Cki'MttfT* 


976l439| 
9  761731 
9  768083 
9  768314 
9.768606 
9  768897 
9.763l8i9 

9  763479 
9  763770 
9  764061 
9  764358 
9  764643 
9764933 

9  7658'i4 
9  765514 
9.7658US 
9  766095 
9  766385 
9.766675 

9  766965 
9.767855 
9.767545 
9  767834 
9  768184 
9.768414 

9.768703 
9.768998 
9  769881 
9.769571 
9769860 
9  770148 

9.770437 
9770726 
9.771015 
9  771303 
9.771598 
9.771880 

9  778168 

9.778457 

9.773745 

9  773033 

9.77338 

9.773608 

9  773896 
9.774184 
9.774971 
9  7747.59 
9.775046 
9775333 

9.775681 
9.775908 
9.776195 
9.776488 
9.776769 
9.777055 

9.777348 
9.777688 
9.777915 
9.778801 
9.778488 
9.778774 


t0.8i»5ol 
10  838869 
10  837977 
10.837686 
lO  '237394 
10  837103 
10.836818 

to  836581 
10.836830 
I0835939 
10  835648 
10  835.i5; 
10  83406/ 

10  834776 
10  834486 
10  8341 'J5 
10  833905 
10  8336 1 5 
10  833385 

IO833035 
10  832745 
10.838455 
10.838166 
10.231876 
10831586 

10.831897 
10.831008 
10.830719 
10.8.30489 
10830140 
10.889858 

10889563 
10.889874 
10  -288985 
lO 388697 
10  888408 
10.888180 

10.887838 
10.887343 
10827255 
10  826967 
lO  886G79 
I O 886398 

10.826104 
108858I6 
10  885589 
10.885841 
10  884954 
10  824667 

10.884379 
10.824093 
10.883805 
1088.3518 
10.823838 
10888945 

10  828658 
10.882378 
10  828085 
10  881799 
10.881518 
10  881886 


Couiii.  I    Tiing. 


L71I839 
9  718050 
9.718860 
9.718469 
9.n8679 
9  748889 
9-713098 

9.713S08 
9.713617 
9713786 
9.713935 
9  714144 
9.714358 

9  714561 
9  714769 
9.714978 
9.715186 
9  715.394 
9.715608 

9  7I5S09 
9  7I60I7 
9.716884 
9716438 
9  716639 
9  716846 

9.717053 
9717869 
9  717466 
9  717673 
9i7l7879 
9.718085 

9.718891 
9  718497 
9.718703 
9  718909 
9  719114 
9.7I9J.20 

9.7l9i>85 

9  719730 
9  719935 
9780140 
9  720345 
9780549 

9  780754 
9.780958 
9.781162 
9.781366 
9  781570 
9781774 

9  781978 
9.788181 
9.788385 
9.788588 
9  722791 
9.7289^4 

9  783197 
9783400 
9783603 
9  78.3805 
9784007 
9  784810 


Co«ifi«. 


31  Peg. 


Co*i 


9.933066 
9.938990 
9.938914 
9.9.i8838 
9  938768 
9  938685 
9.938609 

9  938533 
9.938457 
9.938380 
9.938304 
9  938888 
9.9381 5  ( 

9.932075 
9.931998 
9.931921 
9  931845 
9.931768 
9931691 

9.9SI6I4 
9931537 
9931460 
9  931383 
9.931.306 
9.931889 

9931158 
9.931075 
9.930998 
9.930981 
9  930843 
9  930766 

9.930688 
9.930611 
9  930533 
9.930456 
9.930378 
9.930300 

9  930383 
9  9.30145 
9.930<I67 
9  989989 
9.989911 
9.929833 

9.989755 
9.989677 
9.929599 
9.989581 
9.929448 
9.989364 

9.989886 
9.989807 
9.989189 
9.989050 
9.988978 
9.988853 

99^8815 
9.988736 
9  988657 
9.988578 
9988499 
9  988480 


Cotany. 


Tumt. 

9  77877410881886  6 
9.779060  10  880940 
IO880654 
10  880368 
IO880O88 
10819797 
10819311 


9.779346 
9.779638 
9.779918 
9  78080.^ 
9.780489 

9.780775 
9.781060 
9.781346 
9.781631 
9.781916 
9  788801 

9788486 
9.788771 
9.783056 
9.783341 
9  783686 
9.783910 

9  784195 
9  784479 
9  784764 
9.785048 
9.785338 
9.785616 

9  785900  lo 

9.786184 

9786468 

9.786758 

9787036 

9.787319 


9.787603 
9.787886 
9.788170 
9.788453 
9.788736 
9.789019 

9  789J08 
9.789585 
Q  789868 
9  790151 
9  790434 
9.790716 

9.790999 
9791881 
9.791563 
9.791846 
9.798189 
9.798410 

9  798698 
9  798974 
9  793856  |o 
9  793538 
9  793819 
9.794101 


9.794383 
9  794664 
9  794946 
9  795887 
9.795508 
9795789 


10.819885 
10  8189405 
1081S654  3 
10.818369 
10.8180844 
10.817799  4 

108175144 

108178894 

10816944 

10816659 

10,816374 

10.816090 


3 


10  815805 

10.815581 

50.815836 

10  8149583 

10.8i4668 

10.8143843 

.814100  3 
ia8l38163 
10  813.'>38  3 
10.3138«8 
I0218964 
10818681 

I08I8387 
10318114^ 
10.8118301] 
10.811547 
10.811864  Si 
10.810981  S 


10.810698  i 
10.810415  i 
10.810138 
10.809849 
10  80956^ 
1O80V884 

10.809001 
10.808719 
10.808437 
10.808154 
ia807878 
10.807599 


10.807301 
ia807O94 
80674^ 
I0.8064« 
10.806181 
10.905891 

10805611 
I0.8053;44 
1080503^ 
10.204773 
10804491 
10  80481] 


59  D^. 
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S^De^. 


33  Peg. 


I 

« 
3 
4 
5 
6 

7 
8 
9 
lU 
II 
13 

13 
14 
15 
10 
17 
18 

19 
«J 
41 
]» 

83 

94 

25 
96 
:I7 
98 
99 
JO 

M 
39 
33 
34 
35 


37 
38 
39 
40 
41 
49 

43 
44 
45 

46 
47 
48 

49 
50 
51 
5i 
53 
54 

55 
56 
57 
58 
59 
60 


SiiM 

0|1».7949I0 
9.79U19 

9|  9  794614 
9  794816 
9.795017 
9.7i59l9 
9  795490 


9.795699 
9.795893 
9.796094 
9.7*26995 
9.796496 
9.796696 

9.796897 
9.797097 
9.797998 
9797498 
9.797698 
9.797898 

9.7*8097 
9.798997 
9.798497 
9.798696 
979H895 
9.799094 

9.799923 
9.799499 
9.799691 
9  799890 
9.730018 
9.730917 

9.730415 
9.730C1S 
9.730811 
9.731009 
9.731 9U6 
9.7dUOi 

9.731609 
9  731799 
9.731996 
9-739193 
9.739390 
9.73258 

9.739784 
9.739980 
9.733177 
9.73337.S 
9.733569 
9.733765 

9.73.5961 
9.734157 
97.4353 
9.7.)4549 
9.734744 
9.7.14939 

9.735135 
9.735330 
9.735525 
9.735719 
9.735914 
9  736109 


Coftine 


Cot*i'i«. 

9.998491) 
9.998349 
9.9i8;M3 
9.998183 
9.998104 
9.998025 
9.997946 

9  997867 
9.997787 
9.997708 
9.997699 
9.997548 
9.99/470 

9.997390 
9.997  J 10 
9.9J7931 
9.997151 
9.997071 
9.996991 

9.99691 1 
9.926831 
9.996751 
9.926671 
9.996591 
9.996511 

9.926131 
9.926351 
9.9-26970 
9  996190 
9.996110 
9.926099 

9.995949 
999586S 
9.9z57ii8 
9.925707 
9.9-25G'26 
9.995545 

9.995465 
9.995384 
9.995303 
9.995229 
9  923141 
9.995060 

9  924979 
9.924897 
9.994816 
9.994735 
9.924654 
9.924572 

9.994491 
9.9244O0 
9.99432F 
9.994946, 
9.924104 
9.994083 

9.924001 
9.9J./:ii» 
9.'J938.i7 
9.993755 
9.92.1673 
9,923591 


9i795789 


Cocang 
10.904^11 

9.796070  10.903930 
10.903649 
796632110.903368 
10.903087 
0.909SU6 


9.796351 

9. 

9.79'$9l3 

9.7971.^ 

9.79/47410.902596 


9.797755 
9.7980JO 
9.798316 
9  798596 
9.798877 
9*799157 

9799437 
9.799717 
9.799997 
9.8002;"  7 
9.800557 
9.80j8j6 

9.801116 
9.80I30U 
9.801675 
9.801955 
9.802'2:U 
9S095I3 

9.809799 
9,803079 
9.813351 
9.80363U 
9.803909 
9  804187 

9.804466 
9.804745 
9.80502.3 
9.805309 


10.909245 
10.901964 
10.201684 
10.901404 
10.901193 
1 0.2008  »3 

10.909563 
10,900983 
10.200003 
10.199793 
la  19944.3 
iat99l64 

10.198884 

io.i98nai 

10. 198  >95 
10.198045 
10.197766 
10.1974871 

10.197208 
10.196928 
10.196649 
10.196370 
10. 19609 1 
10.195813 

10.195534 
la  1952551 
10.1949771 
10.1946:18 


9.805580  10.194420 
9.805859  10.194141 


9.806137 
9.806415 
9.806693 
9.806971 
9.8079+9 
9.807527 

9  807805 
9.808083 
9.808361 
9  808638 
9.808916 
9.809193 

9.809471 
9.809748 
9  810095 
'J  810302 
9*8 10580 
9.8i0857 

9.811134 
9.811410 
9.811687 
9.811964 
9.81*2241 
9.819517 
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10*193863 
10.193585 
I0.1l'33n7 
10.193029 
10.1997511 
10.192473 

iai92ld5 
iai9l917 
10.191639 
10.191369 
10.191084 
iat90807 

10.190529 

10.190259 

10.189975 

I0.l89( 

10.189420 

10.189143 

10.188866 
10.188590 
iai8831.? 
10.l8803rt 
10.187759 
10.187483 
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__S«>ie 

9  736109 
9.736303 
9.736498 
9.736699 
9  736886 
9.73/080 
9  737974 

9.737467 
9  737661 
9.737855 
9.738048 
9-738941 
9  738434 

9.738697 
9  738890 
9.739013 
9739206 
9.73J3'J8 
9.733190 

9.739783 
9.739975 
9.740167 
9  740359 
9.740.»50 
9.740749 

9.740934 
9.741 195 
9  741316 
9.741508 
9.741699 
9.741889 

9  742080 
9.7429?! 
9.742169 
9.749659 
9.742842 
9.743033 

9.743923 
9.74.3413 
9.743609 
9.743792 
9.743982 
9.744171 

9.744361 

9.744550 

9-744739 

9744998 

9.74511 

9.74S306 

9.745494 
9.745683 
9.745871 
9.746060 
9.746248 
9  746436 

9746694 
9.746812 
9.746399 
9  747187 
9.747374 
9.747562 
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9.99359T 
9.993509 
9.9934  i7 
9  993345 
9.993963 
9.993181 
9.923098 

9.92,1016 
9.999933 
9.999851 
9.929768 
9.999686 
9.999803 

9.922590 
9  929438 
9.9-29355 
9.992979 
9.999189 
9.992106 

9.929023 
9991940 
9.991857 
9.921774 
9.921691 
9.991607 

9.991524 
9  9il44l 
9.991357 
9.921974 
9.991 190 
9.991 107 

9.991023 

9.990939 
9  990856 
9.990772 
9.990688 
9.990604 

9  920590 
9.920436 
9.990359 
9.990968 
9.990184 
9920099 

9.920015 
9.919931 
9.919846 
9.919762 
9.919677 
9.919593 

9^19508 
9  919495 
9919339 
9.9l;>254 
9.919169 
9.919085 

9.919000 
9.918915 
9  918830 
9.918745 
9.91865^ 
9.918574 
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9.819517  10.18748360 


9.818794 


9.8I307(J  10.186930 


9^13347 
9.813693 
9.813899 
9.814176 

9814459 

9  814788 
9.815U04 
^.815980 
9.815555 
9.815831 

9.816107 
9.816J89 
9.816658 
9.816933 
9.81 790^ 
9.817584 

9.817759 
9.818035 
9  818310 
9.818585 
9.818860 
94119135 


10  186653 
10-186377 
10  186101 
10.185894 

10.185548 
IU.18J979 
1U.1 84996 
10.184/90 
0.184445 
10.184169 

1ULI83893 
10  183618 
lU.1 83349 
10  183067 
10.189/91 
10.189516 

10.189941  41 

10.181965  40 
10181690  39 


9.8l94t0 
9.819684 
9.8I9.'I59 
9  890-234 
9*890508 
9.890783 
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10.187996 
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58 
57 
5f 
55 
54 

53 
5% 

51 
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48 
48 
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U 

43 

49 


10.181415 
10.181149 
10.180865 

10.180590 
10.180316 
ial8U04l 
10.179766 
10.1/9499 
10.179917 


!O.178943^9  0 

89133910.178668198 

1U178394{97 

tai78l90  26 


10.177846 
10.177571 


9.891057 

9. 

9  891606 

9.891880 

9.A39I54 

9899499 

9.898703 
9.899977 
9.893951 
9.89J594 
9.893798 
9824072 

9.894345 

91894619 

9.88489310.175107 

9.895160  10.174834 

9.8954.39 

9.895713 

9.88598610.17401411 


10.177897 

10.177093  [88 

10.176749 

10.176476 

10.176902 

10.175988 


10475655 
iai7538I 


iat7456l 
10.174887 


9.826959 
9.896539 
9.896805 
9.897078 
9.897351 


Cotan. 


10.173741 
10.173468 
10.173195 
10.172989 
10.179649 


9.8976e4|iai79376 
ai79l03 
iai7l830 


9.897897 
9.898170 
9.828U2  iai7l558 
9  828715 
9.898987 


tai7l885 
10.171013 
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14 
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17 
IS 

19 
90 
21 
8f 

S3 
34 

85 
S6 
87 
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31 
38 
33 

34 
35 
36 

37 
38 
89 
40 
41 
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45 


47 


55 

56 
57 
58 
50 
60 


Sill*. 

9  747749 
9.747U36 
9  748183 
9748310 
9  748W7 
9.748683 

9.748870 
9.749056 
9.749843 
9.749489 
9.749615 
9.749801 

9J49987 
9.750178 
9.750358 
9.750543 
9.750789 
9.750914 

9.751099 
9.751884 
9.751469 
9.7516.U 
9.7518.19 
9.758083 

9.752908 
9.758398 
9.758576 
9.758760 
9.758944 
9.7S3188 

9.753318 
9.753495 
9.753679 
9.753868 
9.754046 
9.754389 

9.754418 
9.754595 
9754778 
9-754960 
9-755143 
9.755386 


43  9.755508 

44  9.755690 
9.755878 


9.914860 
9.914773 
9.914685 
46  9.756054|  9.914598 
9.914510 
9.914488 


9.756836 
9.756418 


9.7^6600 
9.756783 
9.756963 
58l  9J57144 

53  9.757386 

54  9  757507 


9.757C88 
9.757869 
9.758050 
9.75883U 
9.758411 
9.7A8S9I 
Cotine. 


9.918574 
9.918489 
9.91840V 
9.918318 
9.91883) 
9.918147 
9918068 

9.917976 
9.917891 
9.9I780S 
9.917719 
9.917634 
9.917548 

9.917466 
9.917376 
9.917890 
9.91 780 » 
9917118 
9  91703^ 

9.916946 
9.916859 
9.916773 
9.916687 
9  916600 
9.916514 

9.916437 
9.916341 
9.916354 
9.916167 
9.910081 
9.9159<H 

9.915907 
9.915880 
9.915733 
9.915646 
9.915559 
9-915478 

9.915385 
9.915897 
9.915810 
9.915183 
9.915035 
9.914948 


9.914334 
9.914846 
9.914158 
9.914070 
9.913988 
9.913894 

9.913806 
9.913718 
9-913630 
9.913541 
9-913453 
9.913365 


Sine. 


Taiic.   I   Om.ui^. 


9.888987 
9.889860 


9.82953210.170468 


9.889d05 
9.830077 
9.830  U9 
9.830681 


9.830893  10.169  .'07 
I0.1688:>5 
iai685C3 
I0.l68i9l 
10  168019 
10.167747 


9.831165 
9.831437 
9  831709 
9.831981 
9.838853 


9.838585 
9  8.18796 
9.833068 
9.833339 
9.833611 


la  167475 
iai67804 
ial66938 
10.166661 
10.166389 
9.83388810.166118 

9.834154  I(IL]65S46 

0.834425 

9.8.^4696 

9.834967 

9.835838 

9.835509  10< 


9.835: 
9.836051 

9.8363881 10.163678 
9.836593  10. 
9.8.S6864  10.163136 
9.837134 


78010.164820 
iai6S949 
163678 
163407 
163136 
lai  68866 


9.837405 

9.837675 

9.837946 

9.8i 

9.838487 

9.838757 


9.839027 

9.839897 

9.839568  10. 

9.839838 

9.840108 

9.840378 


>.840648  10. 


9. 

9.840917 

9.841187 

9.841457 

9.841787 

9.841996 


9,844151 


9.844689 
9.844958 
9.845387 
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Cotan. 


10.1 7 1  Of  3 
10.170740 


10.170195 
10.16992.3 
10169651 
10.169379 


IU.I65575 
I  ai  65304 
10.165033 
10.164768 
164491 


lai  68595 
10.168325 
10  162054 
10.161784 
10.161513 
10.161243 


lOJ  60973 
10.160703 
>.  160438 
10.160168 
10.1598981 
10.159688 


LI  59358 
10.159083 
10.158813 
10.158543 
10.158873 
iai58004 


9.843866 
9.848535 
9  848805 
9.843074  10. 
9.843343  10. 
9.843618  10.156388 

9.84388810.156118 


10.157734 
10.1574651 
10.157iy5' 

».156986; 

U56657I 


10.155849 


9.844480  la  153580 


10.155311 
iai55042 
iai54773 


^in«. 


9.758591 
97587.6 
9.758)58 
9.759133 
9.759318 
9,759498 
9.759678 

9.759858 
9.76lK)il 
9.76081  i 
9  760390 
0.760569 
9.760748 

9.70O?87 
9.761  tor') 
9.761885 
9.761464 
9.761648 
9.761881 

9.761999 
9.768177 
9.768356 
9.768534 
9  762718 
9>68883 

9.763067 
9.763845 
9.763488 
9  7636(X) 
9.76.9777 
9.763954 

9  764131 
9.764.'»08 
9,764465 
9.764668 
9.764838 
9.765015 

9.765191 
9.765367 
9.765544 
9.765780 
9.765896 
9.766072 

9.766347 
9.766423 
9.766598 
9.766774 
9.766949 
9.767124 

9.767300 
9.767475 
9  7676W 
9.767824 
9.767999 
9.768173 

9.768348 
9.76H522 
9.768697 
9.768871 
9.769045 
9.769819 
Cosine 


C<Miii» 


35U,rR 


9.-J13365 
9.913876 
9.913187 
9.913099 
9.913010 
9.918928 
9.918833 

9.913744 
9.918655 
9.918566 
9.918477 
9.913388 
9.91^99 

9.913810 
9.918181 
9.913)131 
9.911942 
0.911853 
9.911763 

9.911674 
9.911584 
9.911495 
9.911405 
9.91 1315 
9.911326 

9.911136 
9  911046 
9.910956 
9910866 
9.910776 
9.9J0686 

9.9l059u 
9.910506 
9.910415 
9.910385 
9.910335 
9.910144 

9.910054 
9.909963 
9.909873 
9.9097  - 
9.90969  L 
9.909601 

9.909510 
9.909419 
9.909328 
9.909337 
9.909146 
9.909055 

9.908964 
9.908873 
9.908781 
9.908690 
9.908599 
9.908507 

9.908416 
9.908324 
9.908333 
9.908141 
9.908(49 
9.907958 


'laiijE. 


9.845887 
9  845496 
9.845764 
9.84603:i 
9.846308 
9.846570 
9.846839 
9.847 1  OH 
9.847.176 
9.84r644 
9.847913 
9.848181 
9.848449 

9.818717 
9.848986 
9.849854 
9.84f*58-< 
9.84«J790 
9.850057 

9.850385 

9.8505931JO. 

9.850861 

9.851189 

9.8513:^6 

9.851664 


9.851931 
9.858199 
9.858466 
9.858733 
9HS.<)00| 
9.853368 

9  853535 
9.853808 
9.85406a) 
9.854336 
9.8.54603 
9.834870 

9.855137 
9.855404 
9.855671 
9.855938 
9.856804 
9.856471 

9.856737 

9.857004  10. 

9.857870 

9.857537 

9.857803 

9.858069 


9.858336 
9.858608 
9.858868 
9.859134 


9.859666 

9.859938 
9.860198 
9  860464 
9.860730 
9.860995 
9.86186L 
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Cuiiftiiit. 

iai54773|M 

10.154504 

10.15483658 

10.I589C7 

10.153698 

10,153430 

iai5316l 


la  158893  S3 


10-158684 
10.158356 
10.1580U7 
10.151819 
10.151551 


58 
51 
50 
49 
48 

iai5t88347 

10.15101446 

10.15U746 

10.150478 

10U08I043 

10449943 


10.149675 
Li  49407 
10.149139 
10.14887* 
10.148604 
10.148336 

10.148069 
10.f4780l 
la  1475.4 
10.147867 
10.Uft9'«9 


10.140/38  .iO 


10  146465 

10.14619828 

10.145931 

10.145664|«6 

10.145397 

10.145I30'34 

10.14486338 
10.14459638 
10.14438981 
10.141' 168  80 


I0.I*5/*J6 
10.143529 

iai4S363 
.148996 
10.148730 
10.148463 
10.143197 
10.141931 


10.141664 
10.141398 
10.141138 
10.140866 


9.85940O|  10.140600 
iai40334 


iai40068 

iai39ao2 

10.139536 
10.139870 
10139005 
10-138739 
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»r7695l9 
9.709393 
9.76^566 
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ii  9.76>^I3 
9.770)17 
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37 
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31 
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S3 
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38 
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40 
41 
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43 
44 
45 
46 
47 
48 

49 
50 
51 
53 
53 
54 

55 
56 
57 
58 
59 
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9  770VS3 
9770606 
9770779 
9.770958 
9  771135 
9.771398 

9  771470 
9  771643 
9^71815 
9.771987 
9.773159 
9.773331 

9.778503 
9773675 
9.773847 
9  773018 
9*773190 
9.773361 

9  773533 
«.773704 
1J.773875 
"9.774046 
9.774317 
9774388 

9.774558 
9  774739 
9.774899 
9.775070 
9.775340 
9.775410 

9.775580 
9.775759 
9.7759M 
9.7760X) 
9.776359 
9776439 

9.776598 
9.776768 
9.776937 
9.777106 
9.777375 
9  777444 

9.777613 
9.777781 
9.777950 
9.778119 
9.778887 
977«455 

9778684 
9.77879i 
9.778960 
9.779188 
9.779995 
9779463 
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9.907  J58 
9.9<>r8art 
9.>*07774 
9.9071183 
9.-.i07590 
9.907498 
9.9J7406 

9.907314 
9.907332 
9.J0713'J 
H.907037 
9.906945 
9.906853 

9.90676.) 
9.9J6>67 
9.90657.1 
9.906482 
9.90638!> 
9.906396 

9.90630i 

9.90011 

9.906018 

9.906935 

9.90i8.)3 

9.905739 

9.905645 
9.905553 
9.90545:> 
9,90S,m 
9.9<  15873 
9.906179 

9.90508.5 
9.90i993 
9.9:)4898 
9.90480  V 
9  9J471I 
9!9046i7 

9.90458) 
9.90U8!» 
9.904335 
9.904841 
9.904147 
9  904053 

9-903959 
9.903864 
9  90.)77O 
9.903676 
9903581 
9.903487 

9.903393 
9.903398 
9.903303 
9.903108 
9.903014 
9.903919 

9.908834 
9.908739 
9.903634 
9.902539 
9.903444 
9.908349 
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9.8UI527 
9  «6l  7'i3 
9.863i5S 
9  863.)3 3 
9.863j89 
9.863854 

9.86111'' 
9.863385 
9  863650 
9  863915 
9  86V180 
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9.86^710 
9.861)75 
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9.865305 
9.865770 
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9  866561 
9.866829 
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9.867887 
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9.868945 
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9.86  J737 
9.870001 
9870265 
9  870539 
9.870793 

9.871057 
9.871331 
9.871585 
9.871849 
9.873113 
9.878376 

9.878610 
9.878903 
9,873167 
9.873430 
9.873694 
9.873957 

9.874330 
9.874484 
9.874747 
9.875010 
9.875373 
9.875537 

9.875800 
9  876063 
9.876336 
9.876589 
9.876853 
9.877U4 
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10.138(73 
10  138-21)3 
IO.IJ7943 
iai3767r 
ial374ll 
10.137146 

iai368Sl 
10.136515 
10.136350 
10  130OS5 
la  135830 
10.135555 

10.135390 
10.135025 
10.134760 
10l3V4i5 
la  13423 J 
10.133365 

la  133700 
10  1334.}6! 
I0.133l7l| 
10.133906 
10.132642 
10.132377 

iai33U3 
iai3l8i8 
10.13I5W 
0.t3133J 
I0.13i035 
10.130791 

10.130527 
I0.l3036i 
10.139999 
10.129735 
10.139471 
10.139207 

10.188943 
10.128679 
10.138(15 
10.138151 
10.137888 
10.1276^4 

10.137360 
10.187097 
10.126833 
10.136570 
10.i36.3(t6 
10136043 

10.125780 
10.135516 
10.125353 
10.124990 
10.184737 
10.124463 

10.124200 
iai23M7 
10.123674 
10.183411 
10.183148 
10.188886 


Tariff. 


9.780634 
9.783S()1 
9.7809.i8 
9.781 13i 
9  781301 
978U6S 

9.781634 
9.781800 
9 78 1 966 
9.782133 
9.783298 
9  783464 

9.783»30 
9.7827J6 
9.78i*J6l 
9.783137 
9  78.^393 
9  783458 

9.78.3623 
9  783/8S 
9.78 ,953 
9.784118 
9.784382 
9.784447 

9  784613 
9.78^776 
9.784941 
9.78510.) 
9.785889 
9  785433 

9.785597 
9  785761 
9.785925 
9.786089 
9  786252 
9  786416 

9.786579 
9.786742 
9.786906 
9.787069 
9.787333 
9.787395 

9.787557 
9.787720 
9.787883 
9.788045 
9.788308 
9.788370 

9.7885.3a 
9.788694 
9.788856 
9.789018 
9.789180 
9783343 
Cosinw 


9'.)'»i3iy 

9.90225.5 

:».9J2158 

9.9.)2ii33 

9.*J0I96 

9.H0187.J 

9  9il776 

9.901 681 
9.901.585 
.'f9oUD0 
9  >01394 
9'901398 
9  901303 

9.901106 
9.5)01010 
9  9(i09l  4 
9.900818 
9.900723 
9.900636 

9.90f)529 
9.900Ui 
9  90033; 
9.90Ji40 
9.90)144 
9  90J0i7 

9.809951 
9.89J854 
9.89  J757 
9.8:^9660 
9.899564 
9.8i>9467 

9.899370 
9.899873 
9.899176 
9.899078 
9.898981 
9.898884 

9.898787 
9.898689 
9.898593 
9.898494 
9.898ji97 
9.898393 

9.898803 
9.898104 
9.898006 
9.897908 
9.897810 
9  897718 

9.897614 
9.897516 
9.897418 
9.8J7320 
9.897323 
9.897183 

9.897035 
9.896986 
9.896838 
9.896789 
9.896631 
_9^96532 
Sine.' 


1' •*".<• 
9.877Tu 
9.877.J77 
9.877640 
9.877903 
9.87816.? 
9.878438 
9.878691 

9.878:)53 
9.879216 
9.S79478 
9.87974T 
9.880003 
9  880365 

9^89538 

9.880790 

9.881053 

9881314 

9.881477 

9.881839 

9888101 

9.8S3.)63 

9.88363 

9.882887 

9.88.>148 

9.883410 

9  88.^673 
4)883934 
9.884196 
9.88U57 
9.884719 
94S4980 

9.885243 
9.885504 
9.885765 
9.886036 
9.886288 
9.886549 

9.886811 
9.887073 
9-887333 
9.887594 
9.887855 
9.888116 

9.888378 
9.888639 
9.888900 
9.889161 
9.889431 
9.889683 

9.889943 
9.890304 
9.890465 
9.890725 
9.890986 
a89t847 

9.891507 
9.891768 
9.898U28 
9.898389 
9.893549 
9-898810 

Cotan. 


IO.I23vl97 
10.131833 
10  131573 
iai31309 

10.181017 
lal  20784 
10.180533 
10.130259 
10.119  <97 
10  119735 

1/1.119478 
iail93fO 
10.118948 
10.118686 
10.118433 
10.11816148 


10.r32<i8 
10.13262; 


10.l23i60>8 


57 
5a 
54 
54 

53 
53 
51 
50 
49 
48 

47 
46 
45 
U 
43 


10.117899 
10.117637 
10.117375 
10.117113 
I  at  1 6852 .37 
lal  16590  36 


la  II 6338 
10.116066 
to  115804  83 
10.115543  33 
m.l  15881 
10.115030 


10.114758 

tai 14496 

iau4835 

10.113974 

IO.irS7l3|35 

10»113451 


10.113189 

10.1 

10.118667 

10.118406 

10.118145 

to.  111884 


11298888 
31 
80 
19 
IS 


10.111638 

iain36i 

10.llll00l|5 
10.110839 
lai  10579 
10.110318 


10.110057 
10.109796 
10.MI9535 
10109375 
iai090l4 
10.108753 

10.108493 
10.108838 
10.107972 
1011^7711 
iai074Sl 
10.107190 

Tuifl;. 


^ 


58  U*ric. 


Digitized  by  VjOOQ IC 


100%  gnpit,  TAKoinyi,  Ac, 


60B 


«i)cg. 


Tang. 


1  »] 


9.789348 
9^89504 
9|  9.789665 
8  9.789887 
4  9.789988 
9.790149 
9.790810 

9J90471 
9J9063S 
9.790793 
lOl  9.790954 


9J91115 

9.791276 

9.791486 
9.791596 
9.791757 
9.791917 
9J98077 
9.79S887 

9.798397 
9J98557 
9.798716 
9.798876 
83|  9793035 
9J93195 


85 
86 
87 
88 
89 
30 

31 
38 
33 
84 
85 
36 

37 
38 

39 
40 
41 
48 

43 
44 
4$ 
46 

47 
48 

49 
50 
51 
58 
$S 
54 

55 

56 
57 
58 
59 
60 


9.793854 
9.793514 
9.793673 
9.793838 
9.793991 
9.794150 

9.794308 
9.794467 
9.794686 
9.794784 
9.794948 
9.795101 

9J9S859 
9-795417 
9.795575 
9.795733 
9.795891 
9.796049 

9.796906 
9.796364 
9J965S1 
9.796679 
9.796836 
9796993 

9.797150 
9.797307 
9797464 
9.797681 
9.797777 
9.797934 

9798091 
9.79884r 
9.798403 
9.798560 
9.798716 
9798878 


"^o&e. 


roL. 


GodoQ. 


9;896538 
9.896433 
9.896335 
9.896836 
9.896137 
9.896088 
9J95939 

9J9S840 
9J95741 
8.895641 
9.895548 
9.895448 
9.895343 

9.895844 
9.895145 
9.895045 
9.894945 
9.894846 
9-894746 

9.894646 
9.894546 
9.894448 
9.894346 
9.894846 
9.894146 

9.894046 
9.893946 
9.893846 
9.893745 
9.893645 
9.893^(44 

9.893444 
9.893343 
9.893843 
9AI93148 
9.893041 
9.898940 

9.898839 
9.898739 
9.898638 
9.892536 
9.898438 
9.898334 

9898833 
9.898138 
9.898030 
9.891989 
9.891887 
9.891726 

9.891684 
9.891583 
9.891481 
9.891319 
9.891817 
9.891115 

9.891013 
9.890911 
9.890809 
9.890707 
9.89060S 
9.890503 


Sine. 


Twag.    I  CotMjg. 


9.898810 
9.893070 
9.893331 
9.893591 
9.893851 
9.894111 
9.894378 


iai07190 
10.106930 
10.106669 
10.106409 
iai06l49 
10.105889 
10.105688 


).89463810. 


9: 

9. 

9.1 

9-895418^  iai04588 

9.895678 

9.895938 


^.894892 10. 
K895158 10. 


9.896198 10.103808 
10.103548 


9*896458 

9.896718110.1038881 

9.896971 

9.897831 

9.897491 


9.897751  10108849 
9.898010  10.101990 
9.898870  10.101730 
9.898530 10.101470 


9.898789 
9.899049 


9.899308  iai00698 

9.899568 

9.899887 

9.900087 

9.900346 

9.900605 


9.903714 

9.903973 
9.904838 
9.90U91 
9.904750 
9.905008 
9.905867 


9.907077 
9.907336 
9.907594 
9.907853 
9.908111 
9.908369 

Cotan. 


L105368I 
L105108] 
1.104848 


10.104388 
10104068 


10.103089 
10.103769 
10108509 


iai01811 
10100951 


10.100438 
10.100173 
10.099913 
10.099654 
10.099395 


10.099136 
10.098876 


9.900864 
9.901184 
9.901383  10.098617 
9.90164810. 
9.901901 
9.908160  10.097840 

9.9084S0  10*097580 
9.903679 
9.908938 
9.903197 


104)97381 
10.097068 
10096803 
9.903456  ia096544 


10.096886 

10096087 
10095768 
10.095509 
10.095850 
10.094998 
10094733 


9905586 

9905785 

9*906043 

9^906308  10.093698 

9.906560 

9.906819 


10.094474 
10.094815 
10.093957 


10093440 
10093181 

10.098983 
10.098664 
10098406 
ia098147 
10091889 
10.091631 


Tuifr. 


9.798872 
9.799098 
9.799184 
9.799339 
9.799485 
9.799651 
9.799806 

9.799968 
8.800117 
9.800878 
9.800487 
9800588 
9.800737 

9.800898 
9.801047 
9.801801 
9.801356 
9.801511 
9.801665 

9.801819 
94K)1973 
9.808188 
9.808888 
9.808436 
9.808589 

9.808743 
9J08897 
9.803050 
9.803204 
9.803357 
9.803511 

9.803664 
9.803817 
9.803970 
9.804183 
9.804376 
9.804488 

9.804581 
9.804734 
9.804886 
9J050S9 
9.805191 
9.805343 

9.805495 
9805647 
9.805799 
9.805951 
^806103 
9.806853 

9.806406 
9.806557 
9.806709 
9.806860 
9.807111 
9  807^63 

9.807314 
9.807465 
9.807615 
9.807766 
9.807917 
9.808067 


51  Peg. 


9490503 
9490400 
9.890898 
9490195 
9.890093 
9.889990 
9.889888 

9.889785 
9889688 
9.889579 
9.889477 
9489374 
9489871 

9489168 
9489064 
9.888961 
9.888858 
9.888755 
9.888651 

9.888548 
9.888444 
9888541 
9.888837 
9.888134 
9.888030 

9.887986 
9.887888 
9.887718 
9887614 
9-887510 
9.887406 

9487308 
9.887198 
9487093 
9.886989 
9486885 
9.886780 

9.886676 
9.886571 
9.886466 
9.886362 
9.886857 
9,886152 

9.88604! 
9.885943 
9.885837 
9.885738 
9485687 
9.885582 

9.885416 
9.883311 
9.885805 
9.885100 
9  884994 
9.884889 


9.908369 
9.908688 
9.908886 
9.9091U 
9.909408 
9.909660 
9909918 

9.910177 
9.910435 
9.910693 
9.910951 
9.911809 
9.911467 

9.911785 

9.91198810 

9.918840 10. 

9.918498 

9.918756 

9.913014 


10091631  60 

10.091378 

10091114 

10090856 

IO090598 

10090340 

IO090088 


10.089883 
10089565 
10.089307 
10^)89049 
10.088791 
10.088533 

ia088875 
.088018 
.087760 


9.913871 
9913589 
9.913787 
99l4044 

91914308 10.085698 
9.914560  ia085440 


9.981347 
9.981503 
9.981760 
9.928017 
9.928274 


Sine. 


Co<Mig. 


89 
58 

57 
56 
55 
54 

53 

58 
51 

50 
49 
48 

47 
46 
45 

10.087508  44 


10.0878U 
10086986 


10.986789 
10.086471 
10086813 
10085956 


9.914817 
9.915075 
9.915333 
9.915590 
9.915847 
9.916104 

9.916368 
9.916619 
9.916877 
9.917134 
9.917391 
9.917648 

9917906 
9.918163 
9.918420 
9.918677 
9.918934 
9  919191 

9.919448 
9.919705 
9.919968 
9.980219 

9.980476  ia079584 
9.980733  10.079867 


10j085183 

10.084985 

10.084668 

ia08UlO 

10.08415331 

10.08389630 

10.08363889 

10083381 

1O083123 

1O088866 

10.088609 

iap8835884 

10.088094  93 

10.08183728 

10.08158021 

10.08138320 

10.08106619 

10.080809  18 

10.080558  17 
10.080895  16 
10.080038  15 
10U)79781  14 
IS 
18 


9.98099010.07971011 
10.078753 
10.078497 
10.078840 
10.077983 
10.077786 


9.884783  9.98853010077470 

9.884677  9.98878410.077813 

9.884578  9.98304410076956 

9484466  9.98330010.076700 

9.884360  9.983557  10076443 

9  884354  9.983814  10X^76186 


<  -otan. 


Tmy. 


'W 


50  D*;;.      ^ 

Digitized  by  VjOOQ  IC 


no 


LOa.  InfBil,  TAirGBm*8»  &e. 


Sin 


<ODeg. 


Cown)^. 


41  Peg. 


7 
8 

9 

10 

? 

12 

Id 
14 
15 
10 
17 
18 

19 
30 

•22 
23 

24 

25 
26 

27 
28 
29 
30 

31 

3'i 
33 
34 
31 
36 

3 

38 

39 

40 

41 

42 

43 
44 

45 
46 
47 
48 

49 
50 
51 
52 
S3 
54 

55 

56 
57 
58 
S9 
60 


9.808067 
9.808218 
9.808368 
0  808519 
d.808669 
9K0S819 
9.8089C9 

9.809119 
9.809269 
9.809419 
9.809569 
9.809718 
9  809868 

9.8100;  7 
9.810167 
9.810316 
9.810465 
9.810614 
9810763 

9.810912 
9.811061 
9811210 
9  811358 
9.811507 
9.811655 

9.811804 
9.8ll95i 
9.8t2lO(J 
9.812243 
9  812396 
9.8I2S44 

9.81 269*2 
9.812840 
94)12988 
9  813135 
9.81S2S3 
9.813430 

9.813578 
9.8Ur25 
9.813872 
9.81 401 U 
9.814166 
9.814313 

9  8:4460 
9.814607 
9814753 
9.814900 
9.815046 
9.81 5 1 9i 

9.815339 
9.815485 
9.815632 
9.815778 
9.81592} 
9.816069 

9416215 
9.816361 
9.816507 
9.8l66.'i<? 
9  816798 
9.816943 


CtJVilltf. 


Cosine. 


9.884254 
9.884148 
9.884042 
9  883936 
9.883829 
9.88J72S 
9.883617 

9.R835I0 
9.883404 
9.883297 
9.883191 
9.883084 
9.882977 

9.882871 
9.882764 
9.882657 
9.882550 
9.8824i3 
9.882336 

9.882229 
9  882121 
9.8^20l4 
9.881907 
9.881799 
9.881692 

9.881554 
9.881477 
9.881369 
9.88|<26l 
9.881153 
9.88(046 

9.8S093S 
9.88U830 
9.880722 
9.880613 
9.880505 
9.880397 

9.880289 
9.880180 
9.880072 
9  879963 
9.879855 
9.879746 

9.879637 
9.879529 
9.879420 
9.879311 
9.879202 
9.879093 

9.878984 
9  b7887.'i 
9.S78766 
9.878656 
9.878547 
9.878438 

9.878328 
9.878219 
9.878101' 
9.877999 
9877890 
9.877/*  80 


Sill 


T«og. 


9.923814 
9.924040 
9.924327 
9,924583 
9.924840 
9.925096 
9.925352 

9.925609 
9.925865 
9.926122 
9.926378 
9.926634 
9926890 

9.927147 
9.927403 
9.927659 
9.927915 
9.928171 
9.928427 

9.928684 
9.928940 
9.929196 
9929452 
9.929708 
9.9'29964 

9.930220 
9.930175 
9930731 
9  93v;y87 
9931243 
9  931499 

9.931755 
9.932010 
9.932266 
9.932522 
9.932778 
9.933033 

9  933289 
9.933545 
9.933800 
9  934056 
9  934311 
9.934567 

9.934822 
9.935078 
9.935333 
9  9J5589 
9.9358U 
9936100 

9.936355 
9.930611 
9.936866 
9  937121 
9.937377 
9  93763;^ 

9.937887 

9.938 1 4'2 
9.938398 
9.9386.'i.s 
9.938908 
9.939163 


(yuiati. 


10.076 1  bb 
10.075930 
10.075673 
10.075417 
10.075160 
10.074904 
10.074648 

10.074391 
10.074135 
10.073878 
10.073622 
10.073366 
10.073110 

10.072353 
10.072597 
10.072341 
10.072085 
10071829 
10.071573 

10.071316 
10.07 1  (»60 
IU07O8O4 
10.070548 
10.070292 
10.070036 

10.069780 
10.06^525 
10.069269 
10.069013 
10.068757 
10.068501 

10  068245 
10.067990 
10  007734 
10.(>67478 
10.067222 
10.O669G7 

10.066711 
(0.066455 
10.066-200 
I0.0659U 
10.065689 
10.065433 

10  065178 
10.06492'. 
10  064667 
10.064411 
10064156 
10  063900 

10.0636*5 
10063389 
10  062134 
10  062879 
10.062623 
10.062368 

10.062113 
10.061858 
l0  0Gl6<h^ 
10  061347 
to  061092 
10  060837 


'l'«n«'. 


Sine. 


9.816943 
9.817088 
9.817233 
9.817379 
9.817524 
9.817668 
9.817813 

9.817958 
9.818103 
9818247 
9.818392 
9.818536 
9.818681 

9.818825 
9.818969 
9.819113 
9.819257 
9.819401 
9.819545 

9.819689 
9.819832 
9.819976 
9.820120 
9  820263 
9.820406 

9  820550 
9  820693 
9  820836 
9  820979 
U.821122 
'J.821265 

9  821407 
'J  821550 
9.821693 
9  821835 
9  821977 
9.822120 

9  822262 
\)  822404 
9  822546 
9-822688 
9  822830 
9.822972 

9  823114 
9.823255 
9  823397 
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